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Abstract

Winding number is an important and familiar mathematical concept which is used
in several medical and research areas such that in electro cardiology. In two dimen-
sions, for any given polygon P we mean by winding number of P about a point p

is how many time that this polygon travels around p.

We established two methods for finding winding number for a given planar polygon
P about an query point p in space, namely, direct method and projective method.
In the first one we extend our works in two dimensions to three dimensions and in
the second one base our approach on finding an orthogonal basis for a given plane

in R3 and project each vector in the space to the xy-plane.

This thesis is mainly concerned with the winding number for a given polyhedron
and solid angles. An analytical expression for solid angles including and explana-
tion of triangular polyhedra with solid angles subtended by plane triangles are also

introduced.
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Chapter 1

Introduction

The concept of counting revolutions or winding is a dominant concept in most life,
for example days are measured by revolutions of the earth, months are measured by
revolutions of the moon around the earth, and our years by revolutions of the earth
around the sun. Windings is an important and familiar notation in mathematics
and sciences as well. To explain consider a closed, oriented curve in the xy-plane.
We can imagine the curve as the path of motion of some object, with the orientation
indicating the direction in which the object moves. Then need to the total number
of counter clockwise turns that the object makes around the origin. The numbers
that needed to be counted in the previous cases called the winding numbers which

are the main concern for this thesis.

Winding numbers play a major role in science and its application on every day
life, for example winding numbers appear in biomedical applications, namely, detec-
tion and counting of ovarian follicles and neuronal cells and estimation of cardiac
motion from tagged MR images [6]. Another application is in robust inside-outside
segmentation [I3]. Winding number is also one of the most common algorithms
for solving the point in polygon problem. In this problem we determine whether a

query point lies inside a polygon or not [2].



Concept Winding number appears widely in the course of topology, physics, dif-
ferential geometry and complex analysis. In topology, the winding number is an
alternate term for the degree of a continuous mapping. In physics, winding numbers
are frequently called topological quantum numbers. In differential geometry we can
express the winding number of a differentiable curve v with respect to the point

P = (ps, y,) that does not lay on the curve as a line integral:

w(v;p) = % /ab (%dy - %dw) dt

where r(t) is the distance between the point p and the point (z(t),y(t)) on the curve
7.
Winding numbers play a very important role throughout complex analysis with the

residue theorem. In the context of complex analysis, the winding number can given

by
w(y: )_L/ dz
TR =50 2= P

This thesis has been in structured in five chapters, as follows
Chapter 1: A general overview materials that motivates the development and his-

tory of winding number.

Chapter 2: Introduces the basic definitions and concepts of geometry. It also
includes a brief discussion for some main concepts and definitions of basic geomet-
ric subjects such that point, lines and planes. Furthermore definition of curve in
complex plane with some property are given. Last section devoted to polyhedra and

solid angles.

Chapter 3 : Sheds light on definitions of winding number in the plane, main
properties and results. Examples to illustrate the concepts were given throughout

this chapter.



Chapter 4: Winding numbers of planar polygon in the space is discussed. Im-
plicit and explicit formula of Plane in 3D are also introduced. Direct and projective

approach to find winding number of Planner Polygons were discussed.

Chapter 5 : Presents an analytical expression for the solid angle subtended by
common object at some arbitrary point in space. It also introduced triangular poly-
hedra and expression of solid angle subtended by a plane triangle. Generalizing the

2D winding number is also mentioned in this chapter.



Chapter 2

The Mathematics of Polygons and
Polyhedra

In this chapter, the basic definitions, concepts of geometry are introduced. So in the
first section of this chapter we present a brief instruction of vectors. We also discuss
the definition of some basic geometric subjects, namely; point, lines and planes,
which are studied in details in [2]. Definition and some properties of the curve are
also mentioned in this section. For the Definition and properties of the curves can be
found in [11] and [21]. The second section presents the basic geometry of polygons

and polyhedra. Finally the last section devoted to plane and solid angles.

2.1 Basic Geometry Definitions

In order to measure many physical quantities, such as force or velocity, we need
to determine both a magnitude and a direction. Such quantities are conveniently
represented as vectors. Also we cannot deal with any geometric objects without a

background in vectors.

Definition 2.1. A vector is a directed line segment ab that can represents the

displacement of a particle from its initial position a to a new position b.



2.1. Basic Geometry Definitions

Remark 2.1. If the vector v starting from origin then it is called a position vector.

We can represent vectors as geometric objects using arrows. The length of the arrow
corresponds to the magnitude of the vector. The arrow points in the direction of

the vector.

Figure 2.1: Vector Description.

Definition 2.2. The magnitude of a vector v with initial point a = (a1, as, ..., a,)

and its terminal point b = (by, bs, ..., b,) ( also called its length or norm), is given

by

Definition 2.3. Let u and v are two vectors in R", ¢ is a real number, then:

1. u and v are equal if and only if they have the same magnitude and the same

direction.

2. Multiplication of u by scalar ¢ is a new vector which we denote by the symbol
¢ u. The magnitude of cuis | ¢ | || u ||, and the direction of ¢ u is the same
as the direction of u if ¢ > 0. However, the direction of (—c u) is opposite of

u provided ¢ > 0.

3. To add or subtract vectors u = (uq, us, ..., u,) and v = (v, vg, ..., v,), add or

subtract the corresponding coordinates:



2.1. Basic Geometry Definitions

u—+v=(uy +v1,us + Vg, ., Uy, + V)

u—v=(u —v,Us — Vo, ...,Up — Uy)

Geometrically, to add two or more vectors (drawn as arrows), join the tail of
each succeeding vector to the head of the preceding one. The resultant vector
is represented by an arrow from the tail of the first vector to the head of the

last one, as shown in Figure [2.2].

=
\E

=

[ }

Figure 2.2: Vectors Addition and Subtraction.

4. The scalar product (also called dot product or Euclidean inner product) of

two vectors u and v is defined in two distinct (though equivalent) ways:

UV =1uUV + UsVy + ... + UpUp

= [[ul[ [[v][ cos 8, 0<O<m

5. If u = (uy,us,u3) and v = (vy,v9,v3) are two vectors in R3, then:
the vector product(cross product) of two vectors u and v is another vector r

such that:
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i 7k
r= |u; wuy ug| = (U2v3 — uzve)i+ (wvs — uzvy)j + (u1v2 — ugvy )k
U1 V2 U3

Definition 2.4. If u = (u1, uz, uz) and v = (v1, v9,v3) are two vectors in R?, then
lux vl =fluf[lv]sing, 0<6<m

Remark 2.2. The right-hand rule gives an intuitive sense of the vector r resulting
from think of rotating w into v, curling the fingers of your right hand in this angular
direction. Then the extended thumb of your right hand will point in the direction of

T.
Definition 2.5. A point is a precise location or place on a plane.

Definition 2.6. A line is a geometric object that is straight infinity long and infinity
thin.

In space, a line is determined by a point and a vector giving the direction of the

line. We have two formulas to determine the equation of line.

1. Point and direction formula: A vector equation for the line L through a point

p, and parallel to vector v is
r(t) =py+tv, —oo<t<oo

where r is a generic point on L.

2. Two point formula: If the line L passes through two points p; and p,, then

its vector equation is

r(t) =p, +t(py —py), —00<t<o0



2.1. Basic Geometry Definitions

Definition 2.7. A plane is a flat surface extending infinitely in all direction.

Consider the plane containing the point p, with the normal vector n. A point p is
in the plane if and only if the displacement vector, with initial point p, and final

point p, is perpendicular to n, that is:

n.(p—py) =0 (2.1)
The previous equation is the well known plane equation.

Definition 2.8. A continuous curve (or simply a curve) or path in the com-
plex plane C is a continuous mapping ~y from a closed interval [a, b], into C, where

v(a),~v(b) are called initial and terminal points respectively.

Remark 2.3. A curve v is said to be closed when the initial and terminal points
are the same (y(a) = (b)), and simple closed if it has no self intersections except

at the end points.

Remark 2.4. If y(t) = z(t) +iy(t), t € [a,b], where x(t),y(t) are real, then x(t)

and y(t) are continuous real-valued function on [a,b].

Definition 2.9. The curve 7 is said to be smooth curve if the function

v(t) = z(t) +iy(t), t € [a,b] is continuously differentiable on [a,b] and y/(t) # 0.

Definition 2.10. A complex-valued function f is said to be continuous on a

continuously differentiable curve v : [a,b] — C if
F(y(#)) = ult) + v (t)
is continuous for a < ¢t < b.

Definition 2.11. Suppose f is a continuous complex-valued function and

v : [a,b] — C is a smooth curve, then the expression

/ f(2)dz = / St

= 3 [ 6w



2.2. Geometry of Polygons and Polyhedra

where th=a <t <..< tj < tj+1 <..<t,= b and (tj,tj+1),j = 0, 1,2, O 1
being the interval in which ~ is differentiable, is called the complex line integral of

f along ~ .

Definition 2.12. If v;,v, are two curves with parametric interval [a,b], we can

define ~; by

a+b
71*:71(215—@)’ tE[a, 9 ]
and 5 defined by
a+b
7;:/72(275_(7)’ tG[ 7b]

are two curves with parametric intervals as indicated. Also,

a+b a+b

VT(T) =7(b) and 75(7) = 72(a)

If we assume that v;(b) = 72(a), then we can define the sum or union of v; and 7,

as a continuous function on [a, b] by

a+b

]
0]

M), if tela,

Y1+ =
. . a+b
’72(t)7 lf te[

Definition 2.13. If 7 : [a,b] — C is a given curve, then the opposite curve —v of

v is defined by
(=) =yla+b—1), a<t<b.

Therefore —v describe the same curve as 7, but in the reverse direction with the

initial and terminal point interchanged.

2.2 Geometry of Polygons and Polyhedra

Polyhedra are beautiful three-dimensional geometrical figures that have fascinated

philosophers, mathematicians and artists for millennia. The word polyhedron has
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slightly different meanings in geometry and algebraic geometry. In geometry, a poly-
hedron is simply a three-dimensional solid which consists of a collection of polygons,

usually joined at their edges.

Definition 2.14. A polygon is a closed plane figure whose sides are line segments

that intersect only at the endpoints.

Remark 2.5. Polygon comes from Greek, (Poly) means "many” and (gon) means

"angle”.

Definition 2.15. 1. Regular / Irregular Polygon: In a regular polygon all sides

and interior angles are the same, otherwise it is irregular polygon.

Regular Palygon Irregular Polygon

Figure 2.3: Regular and Irregular Polygon

2. Convex/Non Convex Polygon: A convex polygon has no internal angle can be

more than 180°, otherwise it is non convex (concave) polygon.

convex polygon concave polygon

Figure 2.4: Convex and concave Polygon
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3. Simple / Complex Polygon: In a complex polygon one or more sides crosses
back over another side which creating multiple smaller polygons. A polygon

that is not self-intersecting in this way is called a simple polygon.

Simple Polygon Complex Polyzon

Figure 2.5: Simple and Complex Polygon

Definition 2.16. A polyhedron (plural polyhedrons or polyhedra) is a solid bounded
by plane region. A polygons form the faces of the solid, and the segments common
to these polygons are the edges of the polyhedron. Endpoints of the edges are the

vertices of the polyhedron.

Remark 2.6. Polyhedron comes from Greek, (poly) meaning "many” and (hedron)

meaning “face”.

Polyhedra are often named according to the number of faces, the naming system
is based on Greek prefixes for the number of faces and the root -hedron, perhaps
these names are being asked to do too much; for example, to describe the inherent

properties of a polyhedron and also certain of its relationships to other polyhedra.
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H Polyhedra Number of faces H

Tetrahedron 4
Hexahedron 6
Octahedron 8
Dodecahedron 12
Icosahedron 20

Table 2.1: Names for Some Polyhedra

Leonhard Euler (Swiss, 1707 — 1763) found that the number of vertices, edges,
and faces of any polyhedron are related by Eulers Equation. This equation is given

in the following theorem, which is stated without proof, for the proof refer to [9].

Theorem 2.1. (Eulers Equation): The number of vertices V', the number of edges

E, and the number of faces F' of a polyhedron are related by the equation

V4+F=E+2

Octahedron

Cube
[Hexahedron]

Tetrahedron

Icosahedron Dodecahedron

Figure 2.6: Some Polyhedra



2.3. Concept of Plane and Solid Angles 13

2.3 Concept of Plane and Solid Angles

Given two intersecting lines or line segments, the amount of rotation about the point
of intersection (the vertex) required to bring one into correspondence with the other

is called the angle (plane angle) 6 between them.

Definition 2.17.
A plane angle # , measured in radian, is the measure of arc-length of a unit circle

subtended by the angle.

The concept of an angle can be generalized from the circle to the sphere, in which
case it is known as solid angle 2 subtended at a point. It is a measure of how large

an object appears to an observer looking from that point.

Definition 2.18. The solid angle €2 subtended by a surface S is defined as the
surface area of a unit sphere covered by the surface’s projection onto the sphere

which is measured in steradian.

: , A .
§ = — radian Q== steradians
" 2

Figure 2.7: Plane and Solid Angle

The term "angle” can also be applied to the rotational offset between intersecting
planes about their common line of intersection, in which case the angle is called
the dihedral angle of the planes. The sides of the angle are perpendicular to the

intersecting edge.



Chapter 3

Winding Number in the Plane

The concept of winding number appears in different fields as complex analysis,
geometric topology, differential geometry, and physics. In this chapter alternative
definitions, main properties and some of results of winding number are presented.

The material of this chapter are mostly taken from [I], [§] and [21].

3.1 Definition of Winding Number

let p be a given point does not lie on a closed curve v in C, then there is a useful
formula that measures how often v winds around p. The number of times the
counting takes place, denoted by w(7;p), is called the winding number of v about
p. Where Counter clockwise winding is assigned a positive winding number, while
clockwise winding is assigned a negative winding number. In general the main

concept (the formal definition) of winding number is given next in definition [3.1]

Definition 3.1. The position of an object moving in a plane relative to some
fixed reference point p = (p,,p,) can be described by a vector-valued function
q(t) = (x(t) — ps, y(t) —py), where ¢ is the time. This function q(¢) is a parametriza-

tion for an oriented curve 7.

14
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Figure 3.1: Description for Winding Numbers.

Assume that the origin does not lie on ~, so that q(¢) is never the zero vector.
For any particular value of ¢, the point (z(¢) — p,, y(t) —p,) on 7 can be represented

using polar coordinates (r(t),0(t)), where

r(t) = la@)l, #(t) = pe = r(t) cos 0(1), y(t) —py =r(t) sin 6(t)  (3.1)

Clearly, the angle 6(t) is not uniquely defined by these equations. If 6y(¢) is one
solution of the equations, then the general solution is 6(t) = 0y(t) 4+ 27s(t), where
s(t) is any integer-valued function of ¢. However, once we have selected an angle
from among the various possible angles at any particular point on the curve, we
can change this angle continuously as we move along the curve, never jumping by a
multiple of 2.

The resulting continuous angle function 6(¢) is not uniquely determined by the
parametrization q(t), but any two continuous angle functions differ by a constant,
which is an integer multiple of 27w. As t varies from ¢t = t; to t = t5, the change
O(ty) — O(t1) does not depend on the particular angle function #(t), since any two
angle functions differ by a constant. This change can be interpreted as the total
angle through which the position vector q(t) turns as ¢ varies from ¢ = t; to t = ts.
In particular, 6(b) — 6(a) represents the total signed angle through which ¢(t) turns
along the entire curve ~.

If 7 is a closed curve (vy(a) = (b)), then the change 0(b) — 6(a) must be an integer
multiple of 27. The integer [#(b) — 6(a)]/(27) represents the number of times that
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~v winds around the origin. This integer is called the index, or winding number of ~
with respect to the origin.

Generally, if v : [a,b] — C be a closed curve and p ¢ 7, then the winding number
of v with respect to p, denoted by w(~v, p) is

ep(b) — HP(G’) (32)

w(vy;p) = o

where 6, is a continuous angle function of v\ {p}.

However, different definitions of winding number can be derived from the winding
number formal definition. For example, in differential geometry which is a branch
of mathematics that uses calculus to study the geometric properties of curves and

surfaces, winding number can be defines as follow:

Definition 3.2. If we have a closed smooth curve v(t) = (x(t) — p,, y(t) — p,), then
any angle function 6(t) has a derivative related to the polar coordinates 6 and r by

the equation:

i = (o ()
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Winding number w(+;p) along the curve 7 with respect to the point p can be

computed by line integral

1 b
w(y;p) = o do(t)
L () —pe) Y1) — () —py) (1)
-5 ( L >dt (3.3)

Equation [3.3] can be written equivalently
1 [P (2(t) — pa y(t) —p
p)=— [ (YL Peg, PPy g
w(7;p) 277/a ( 2 W T

Our main interest is the winding number in complex analysis. We can illustrate the
relation between formal definition of winding number and its formula in complex

plane by next theorem.

Theorem 3.1. let v be a closed curve and p does not lie on vy, then the winding

number w(y,p) of v about p is given by the integral

w(7,p) L[ &

~ omi Z—p

Proof:
For any curve v : [a,b] — C\ {p} we can find a continuous polar coordinate

expression about p such that
v(t) = p + r(t) )

If the curve is differentiable, so that r and 6.
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Using equation (3.2 and the fact that the curve is closed r(b) = r(a) we get

b /
/ dz / Yl
2P o Y1t)—p
B ( )i 6”(25) (@0(1) 4 (B()) '(t) gt
B r(t) e(i0())

iy 0
/ (o) + S
— 0(a)] + Log(r(t)) — log(r(a)

= 2miw(y; p)

Example 3.1. Let v : [0,27] — C where y(t) = 2o + 7 ™) k € Z, be a circle
path with radius r around the center zy which is circulated k£ times. Then we have
k, for all p with |p—z| <T

w(y,p) =
0, for all p with |p—z|>r

3.1.1 Winding Number of Polygon

Since the polygon is a piecewise smooth curve, then we can define the winding
number of any point p does not lie on it. Winding number measures the number
of times a polygon P encloses a point p. To find w(P;p), as an initial step and
without loss of generality the geometry should be translated to that query point p
is at the origin.

Let P be any closed convex polygon with vertices (vg, vy, ..., v,) ( vo = v,,) joined
by a set of edges (eg, ey, ...,e,). Suppose that each edge e; has an equation

e =tvi1+(1—1t) vy t€][0,1], then by equation we have

wPip) Z / ZUVOELEGR

where 6; is the signed angle between the edges pv; and pv;;;.
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Figure 3.2: Winding Number of Non Convex Polygon
3.2 Properties of Winding Number

Their are some Properties of winding number presented in this section.

Theorem 3.2. For any closed curve v and p & v, then w(vy;p) is an integer.

Proof:

Consider a continuous function ¢(t) on interval [a, b] defined as follow

o(t) = QLM / t %dt, telab (3.5)
Since g(t) is continuous on [a, 5] and g(a) = 0, then
g(1) = 5 {%} L tefal) (3.6)
Further
Lm0 (5() ~ )} = O = 2mig () (1) — )

= 290 Ly (1) — (1)}, by[3.6]
= 0, t€[ab]

Consequently e(=279®) (~(¢) — p) must reduce to a constant, say M on [a, b], that is
Y(t) = p = M B9 (3.7)

Making ¢ = a in equation , we find
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v(a) —p = Memigla)) — M
clearly, M # 0 since (y(t) # p). Substitute M in , we have
perig) _ 1) —P (3.8)
Letting ¢ = b in equation (3.8 and since v is closed (y(a) = (b)), therefore
e(2mig(b)) — 1

Which shows that ¢g(b) = K, for some integer K. Hence by

we have w(vy;p) = K, an integer.

Theorem 3.3. Considered a winding number as a function of p, then the mapping

p — w(y; p) is a continuous function of p for all p & =y, where v is a closed curve.

Proof:
Let £ > 0 be given, want § > 0 such that if [p—p,| < 0 then |w(v, p)—w(7y, py)| < €.

Now

1 1 1

w(y,p) — w(v, = — - dz

o) —wpll = 5| [ (25— =)
1 P — Py

< — dz

A e T |
1 P — Dy

= — |dz|
4 12 = pllz = Pyl

Suppose p,py € A(py,d/2) = {w € C: |w — py| < d/2}, where d = dist(py, 7).
Then Vz € v we have |z — py| > d and |z — p| > d/2, Vp € A(py,d/2),p # Po-

Hence

P — Py
lw(v, p) — w(v,p)| < ,mf W!

P — Py
wd? Ly
2

™
For this to be < ¢, we take § < 7 & Hence w(~;p) is continuous at p,,.
gl
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Corollary 3.4. Winding number w(~y; p) is locally constant. This means that if
D & v then we can find small neighbourhood of p where w(~; p) is constant.

This is clearly by continuity of winding number as a function of p and since it also

takes integer values, so it must be constant in a neighbourhood of p.

Theorem 3.5. Let v be a closed curve, then w(y, p) = 0 in the unbounded
component of ~y. [21)]

Proof:
Suppose that v C Ag, see Figure[3.3]. Then for any p in the unbounded component
of C\ Ag, we have |z —p| > |p| — |2| > |p| — R

Figure 3.3:

L/ dz - L(7)
2mi ), z—p| 27mlp| - R

So |w(v;p)| < 1, for |p| sufficiently large. But |w(v;p)| must be a non-negative

Then

lw(v;p)| =

integer and hence must be zero. Thus we must have w(vy; p) = 0. By continuity of

w(7y; p), it follows that it vanishes in the unbounded component.

The concept of winding number is useful to characterize what is meant by the inside

(interior) and the outside (exterior) of closed curve 7 .
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Definition 3.3. let 7 be a closed curve in C then

Int(y) ={p ¢ v :w(v;p) # 0}
Ext(y) ={p ¢ v: w(v;p) =0}

Theorem 3.6. If v is the sum of the two paths v and 7y, in C, then for every p ¢ ~
1. w(y;p) = w(n;p) + w(re; p).

2. w(=m;p) = —w(y; p).

Proof.
The result follow directly from the definition.

3.2.1 Homotopy of Winding Number

Homotopy is a topological concept which identifies two geometric objects. In par-
ticular for two curves, if the first curve can be deformed continuously to another,

these two curves are homotopic and are then considered equivalent.
Definition 3.4. Let vy, : [a,b] — C are two paths with property
Yo(a) =m(a) = ¢ and (b)) =7 (b) =d

We say that vy and ; are homotopic (or 7y is homotopic to 1), written vy >~ 1, if

there is a continuous function H : [a, b] x [0, 1] — C such that:
1. H(s,t) € C for all s € [a,b], t€[0,1]
2. H(s,0) =(s) and H(s,1) = (s) for all s € [a,b].
3. H(a,t) =7o(a) =v(a) =c and H(b,t) = v(b) = 71(b) =d forall t € [0, 1].

Remark 3.1. Such function H in definition |3.4] is called a homotopy between g
and ;.
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Lemma 3.7. Any two curves in a disk D(x,r) with the same initial and terminal

points are homotopic.

Proof:
let vo,7 : [0,1] — D(x,r) such that v(0) = 71(0) = ¢ and (1) = 1 (1) = d.
Define

H(s,t) :]0,1] x [0,1] — D(x,r)
such that H(s,t) = (1 —t) v0(s) +t 71(s), then check that:

1. clearly H(s,t) = (1 —t)vy(s) +tn(s) € D(x,r) forall 0 <s,t <1

2. H(5,0)=(1-0) v(s) +071(s) =70(s) forall0 <s<1.

3. H(s,1) = (1—=1) v(s) + 1 11(s) =7(s) forall0 <s < 1.

4 H(0,8) = (1= 1) 20(0) +1 71 (0) = 70(0) = 3(0) = ¢ forall 0 <t <1

5. HL,t)=(1—1t) y(1)+t (1) =v%(1)=mn(l)=d forall0<t <1
so we have 79 ~ = for all (y0,71) in D(x,r) with the same initial and terminal

points.

Theorem 3.8. Winding number is a homotopy invariant, which means that if two

closed curves are homotopic in C\ {p}, then they have the same winding number.

Proof.

Let H : [a,b] x [0,1] — C\ {p} be a homotopy between v, and ~;. The function
0 :la,b] x [0,1] — R\ {27Z} defined by 0(s,t) = arg(H(s,t) — p) is continuous in
both variables, and can be lifted (by the lifting lemma) into a function 6.

Then you can define the continuous function
w(t) =

d(b,t) — 6(a,t)
Since Z is discrete, it has to be a constant map, so the winding numbers of

2T
H(s,0) = v(s) and H(s,1) = v1(s) are the same.

<Y/
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3.3 Results of Winding Number

This section is intended to provide some results of winding number such that the two
main integral theorems in complex analysis, Cauchy integral formula and Residue
theorem.

Cauchy integral formula is a central theorem in complex analysis and an important
result owing to Cauchy theorem, shows that the values of an analytic function f
on the boundary of a closed curve v determine the values of f interior to . Let
we start with the one of the most important theorems in complex analysis which is

Cauchy Theorem. The proof of Cauchy Theorem depends on green theorem [2].

Theorem 3.9. Let f be analytic on and inside a simple closed curve v and f'(z) is

also continuous on and inside v, then

Af(z)dz =0

Theorem 3.10. (Cauchy Integral Formula): Suppose 2 is an open subset of the
complex plane C, f : Q — C be a analytic function on and inside a positively

oriented simple closed curve vv. Then at any interior point p

[

10 = 5 [ L 3.9)

Proof:
Inside the curve 7y, drawing a small circle ~, with radius r around the point p small
enough to be completely inside 7, see Figure [3.4] .

From Cauchy’s Theorem we can deform the curve ~ into ~,.

<—Z)dz = LZ)dz

'Yz_p 'W'Z_p
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Figure 3.4: Circle 7, inscribed in curve v
Rewrite the second integral as

1) A [ - f®),
%Edz)—f(p)/wz_p—k/% e (3.10)

Using polar coordinates, z = p +r e, 0 < 6§ < 2, the first integral on the right

in equation |3.10] is computed to be

Z2—p r el o)

z el
o) [ Eo s [ =i o) (3.11)

Because f is continuous, for all € > 0, there exist r > 0 such that |f(z) — f(p)| < ¢
for small enough |z — p| = 7.

Then

fz) - f

IN

=
:/Tlfzi HOESII
< ;/O r df

= 2me

=P

Thus as € — 0, the second integral in equation [3.10| vanishes. Hence equation [3.11

and yield Cauchy’s Integral Formula.
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Theorem 3.11. If v winds multiple loops around the point p, then equation

becomes
. _ 1 [ 1)
W) = g [ 50 (312)
Proof:
For p, z € €1, consider
F(z) = z=p
f'(p) , Z=P

Clearly
lim F'(z) = f'(p) = F(p)

zZ—p

-1

and so F(z) is continuous at p. Also f(z) — f(p) and (2 — p)~' are both analytic

functions on 2\ {p}. Thus F' is analytic on Q \ {p}. By continuity of F' at p, we
have that F(z) is analytic on €. Also by Cauchy’s Theorem

/F(z)dz = /%ﬁ(m dz =0 (3.13)

Further, by definition of winding number, we have

1 f(2) ' 1 f(2) 1 dz
gt | 2t fo) = o [ g [ 2
_ 1 [fE)-fp)
_ %/7 e (3.14)
Hence by equations and we have
wisplf ) = 5 [ L

27 +Z—P
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Example 3.2. Let v be a closed curve define as a circle |z — i| = 3, evaluate

/ sin 2% + cos w22
N (z—=1)(z—2)

z

Solution:
By partial fraction

sin w22 + cos w22 sin w22 + cos w22 sin wZ% 4 cos w22

(z—1)(z—2) (z —2) B (z—1)

Therefor

dz

/ sin w22 + cos 7T22d B / sin 722 4 cos 7r22d / sin 2% + cos mz?
N (z—=1)(2-2) N (z—2) N (z—1)

Apply Cauchy’s Integral Formula

/ sin w22 + cos wz? b= 2mif()
;

(z—2)
= 2mi (sin 7(2)? + cos 7(2)?)

= 2m
Also
/ sin w22 + cos w22 2 = 2mif(1)
5 (Z - 1)
= 2mi (sin 7(1)? + cos 7(1)?)
= —2m
Hence

. 2 2
/ s1n mZ° 4 cos Tz dz = (2mi) — (—2mi) = 4mi
”

(z—=1)(z—2)

We shall now formulate and prove Cauchy Residue Theorem. It is one of the most
important theorems in complex analysis. We note that it includes the integral theo-
rem and the integral formula of Cauchy. By Cauchy Residue Theorem we integrate
functions with isolated singularities over closed curves. It is very useful in applica-
tions such as evaluation of definite integrals of various types. We introduce definition

of singularity point of the function.
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Definition 3.5. Let p be a point in C and f be a function analytic in D(p;e)\ {p},
for some € > 0. Then the function f is said to have an isolated singularity at p.

There are three types of singular points:

1. A function f has a removable singularity at p if it extends to a function

analytic on D(p;e) .

2. A function f has a pole at p if (z — p)"f(2) extends to a function analytic on

D(p;e) (for some n; the least n that will do is called the order of the pole.)
3. A function f has an essential singularity otherwise.

Definition 3.6. If the complex function f has an isolated singularity at the point

p, then f has a Laurent series representation

f(Z) = Zzoz_oo ak(z — p)k =
.+ a_o + @—lp —|—ao+a1(z—p) +GQ(Z—p)2 NI D(p;g) \ {p}

_ 1 f(z)
= g | gt

where C' is any circle centred at p and lying inside D. The negative part of series

Z,;:l_oo ar(z — p)* is referred to as the principal part of the series.

Definition 3.7. Let p be an isolated singularity of the complex valued function

f(z), we define the residue of f(z) at p written Res(f;p) as follow

Res(f;p) = a1 = 5 /C f()az

where C' = C(g;p) be a circle about p that contains no other singularity of f and

1
a_1 is the coefficient of ﬁ in the Laurent series given in definition :
Z—=Pp

In calculation we need other way to find the residue number of a function with

respect to its singularity.
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Theorem 3.12. If the function f has an isolating singularity of order one at p,
then

Res(f;p) = lim f(2) (z — p)

Z—Dp

and if p is an isolating singularity of order n then

1 ) dn—l

- lim—
(n—1)! hp dznl

Res(f;p) = f(z) (z=p)"

Proof:
First part of theorem. Since f(z) has a simple pole at p, then the Laurent expansion

of f about p has the form

F2) = — fag+alz—p)+..

(z—p)

Multiplying both sides by the term (z — p), we get

(z—p)f(z)=a_1+ (z —p)ag + a1(z — p)* + ...

Taking the limit as z — p, we obtain

lim(z—p)f(z) = lima1+0+0+..

zZ—Pp zZ—p

= a_
= Res(f;p)

Proof the second part of theorem. Since f(z) has a simple pole of order n at p, then

the Laurent expansion of f about p has the form

f(z) = m +..+ e :p)Q + e — ) +ap+a(z—p)+ ... (3.15)

Multiply by (z —p)"

(z—p)"f(2) =a_p+...+a_s(z—p)" *+a_1(z—p)" *+ao(z—p)" +ar(z—p)" +...

Differentiate both sides (n — 1) times:

dn—l

W(z—p)”f(z) =nm-1! a1 +n! az—p)+.. (3.16)
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Taking limit of equation as z — p

n—1

lim d (z—p)"f(z) = lim(n—1)la_1 +0+..
z—p dznfl z—Pp

= n—1la,

= (n—1)! Res(f;p)

Therefore
1 . dn—l "
Res(f;p) = lim f(z)(z = p)

n—1! z=p dzn1

Theorem 3.13. ( Cauchy Residue Theorem): Let 2 be an open subset of complex
plane and S = (py, Py, ..., P,,) be the finite set of isolated singularity points of f. If
the function f: Q\ {S} — C be a holomorphic function, then

n

[ 1)z = @) Y wip) Restfp)

k=1

Where v be a closed curve in Q\ {S}.

Proof:

As a first step, drawing closed paths (71, y2, ..., 7, ) around each singularity (py, Py, ---, P,,)
such that v; are mutually disjoint and all lie inside v, for all j =1,2,...n .

Since p; (j = 1,2, ..., n) is an isolated singularity of f, then f has Laurent expansion

of the form

fz) =Y ar(z—py)" (3.17)

k=—00

We Consider the principal part

-1

9i(z) = Y arj(z—p)*

k=—o0
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Since each p; lies inside 7, we have

dz
gi(2)dz = a_l-/
/7 ’ ’ S

= 2mi a_y; w(7v; Py

= 2mi w(v;p;,) Res(f;py)

Let F(z) be a function defined as follow
F(z) = f(z) = ) o(2) (3.18)

Note that F(z) is analytic on Q\ {(py, Py, ---, P,)}, since f(z) is analytic on

Q\ {(p1, P2 -, P,) }, and each g;(z) is analytic on C\ {(p;, Py;---, P,)}. Thus all
p;, (j = 1,2,...,n) are removable singularities of F* and hence, by , we write

=D az=p) = D al2)
k=0 k=1,kj

Since the function gy, k # j is analytic on C\ {p;}, lim,,, F(2) exists and equals

n

a; = Y gi(2)

k=1,k+j
If the value of F'is corrected at the points p;, then F' becomes analytic on all of 2.

Hence by Cauchy Theorem

/ F(2)dz=0
N
and so by equation [3.1§

n n

/ f)a: =Y [ o)z =271 3 (wlripy) Res(f.py)

k=1Y7 k=1

[21]

Example 3.3. Use Cauchy Residue Theorem to evaluate

d
f:/z—zg
425 ta
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Where a > 0 and ~ is the non simple contour of Figure 3.5

The residue of —— is
22+ a?
Res(f(2);a) = lin (s — ia) = -
es(f(2);ia) = lim ———3 (2 —ia) = o~
and
Res(f(2): —ia) = 1i 1 (2 +ia) = 1
es(f(z); —ia) = g s z +1ia) = —oui
By Figure [3.5| w(ia) = 2 and w(—ai) = 1. Thus
1 1 T
I=2m 12| — | —=—| =—
m{ (Qai) 2a2} a
- —

Figure 3.5: Non simple curve for example [3.3

In most applications, v will be a simple closed curve and it is frequently the case that
each w(v;p;) is either 0 or 1 . Then by this observation, we can simplify theorem

to be Residue Theorem for simple closed curves.

Theorem 3.14. ( Residue Theorem for Simple Closed Curves): Let vy be a simple

close curve in C and under hypothesis of theorem|3.15 we have.

/f(z)dz = 2m’2 Res(f, z)
v k=1
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Proof:

We enclose each of the points p, by small non-intersecting closed curves, each of
which lies within v : 71,79, ..., 7, and is connected to the main closed crve by cross
cuts.

By Cauchy Theorem we have

/ f)dz =" [ f()de (3.19)

Substituting
2mi Res(fipe) = [ f(2)dz
Yk

in equation [3.19] we get

/ f(2)dz = 2mi Z Res(f;pg)
v k=1



Chapter 4

Winding Number in Planar Space

The previous chapters was devoted for the main concept of winding number in the
plane and some of related theorems, in this chapter winding number in the space
will be discussed.

Implicit and explicit formula of plane in 3D are introduced . Winding Number of

planar in space were found using direct and projective approach.

4.1 Implicit Formula of the Plane in 3D

Geometrically, a plane is just a linear object in more than two dimensions, and linear
means that it has constant slope (in each direction). A plane is determined by a
point p, = (o, Yo, 20) in the plane and a non zero normal vector n = (a,b,c). If
p = (z,y, 2) is any other point in the plane and rq ,r are the position vectors of the

points p, and p, respectively, then an equation of the plane is
n.(r-rp)=0
or equivalently the familiar equation of the plane

ar +by+cz=d (4.1)

34
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Figure 4.1: Plane Description

4.2 Parametric Formula of the Plane

Alternatively, a plane may be described parametrically by a point and two vectors

lying on it, and the vector equation given by
r=rotsut+tv, s,teR (4.2)

Where u = (uq, ug, uz) and v = (v, v9,v3) are two vectors lying on the plane and
parallel to the plane but not parallel between them. So the parametric equations of

a plane is given by

T = g+ su; + tuy

Y = Yo + Sug + tvg

z = 29+ susg + tvs

Figure 4.2: Point Two vectors Plane
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4.3 Winding Number of Planar Polygons in Space

For any polygon P in the space or any high dimensional space, a winding number
could be found by two approach. The first one is geometric approach which is a
direct ways as it is a generalization for a 2D space. The second one is a linear algebra

approach.

4.3.1 Direct Approach

This method finds the winding number of a given polygon in space by using the
equation that was introduced in the previous chapter. Connect each vertex v; of
the given polygon with the query point pg, then the winding number will equal the
sum of the signed angles 6; that formed between each line segment pv; and pviyq,

see Figure |4.3].

vy = (23,1, 23)

v = (20, 0, 20)

y vy = (21,91, 21)

Figure 4.3: Non convex Polygon in the Space

Given a polygon P with n vertices v; = (x;,y;, %), for i = (1,2,...,n) given in a

counter-clockwise order and with plane normal vector n.



4.3.  Winding Number of Planar Polygons in Space 37

The winding number w(P; po) is given by

w(P;py) = == 0;

n—1 -
1 -1 ( PoVi+1 - PoVi ) o
= o cos sgn [(PoVi X PoVit1) - 1
Z IPovirtll [IPovill ° o

n—1 —_—
1 _1( Cit1-GC; ) —
= — Y cos | m=——]sgn|(C; xCiy1) 1
2" gy o (€ x C) n]

4.3.2 Projective Approach

In this subsection another approach for finding the winding number of a planner
polygon in the space is present. First, we take any planner polygon in space and
find the winding number for it’s projected polygon on the xy-plane . This particular

approach is an isomorphism, it preserve the shape, orientation and angle.

We construct an orthogonal basis of a given plane, and getting formula for a map
takes one plane to another or planar polygon to the xy-plane and vies versa.

Let a plane with a polygon P laying on it has an equation
r=ro+su+tv, fors,teR

Consider for this plane the normal n=(a,b,c), and the polygon P with vertices
v, = (z4,9i, 2:), fori=(1,2,...,n). Where are e; = v;;; — v; and then e;= n xe;.

Clearly, (e;,e,) is an orthogonal basis of the plane in R3.

Now Since (p — py)- n = 0 and (e;,e3),n is our right-handed orthogonal basis,
then any point p in R? can be written as a linear combination of element of basis,

ie.,

P = (p-nn+(p-ee+ (p-ex)er

= (pp-n)n+(p-ejer + (p-ez)e
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Clearly, a mapping from R? to R? is given by

(S7t) = (S(x,y,z),t(x,y,z)) = (p'elvp'eQ) (43)

and the inverse mapping is given by

(r,y,2) = (x(s,t),y(s,t),2(s,t)) = (py - n)n + sej + tey (4.4)

As we mentioned this mapping is an isomorphism map, which mean is angle, shape
and orientation preserve. By equations , any polygon in the space can be reflected
to the xy-plane with new component of any point on this polygon. If we have
a polygon P in the space with vertices v; = (x;,v;, %), for i = (1,2,...,n), and
assuming that the reflected polygon of P in the xy-plane is Q with new vertices
w; = (s;,t;), for i = (1,2,...,n), then the winding number of a polygon Q around

the point q, is given by

w(Q;qp) = 7= 0;

n—1
1 -1 ( QoUi+1 - Qo ) [— 7
= — CcoS sgn | (quu; X quuy -k]
27 2 Tlquua [ i) 5" [(G0% X aiss)

=0
n—1 —_
1 1 Ci+1~Ci ) |:_ A
= — coS —————— ) sgn |(C; x C; -k]
o 2 (HCMH c) som [(Cox Cin)

To verify that this winding number is equal to that in the space, it is sufficient to
prove that
PoVi+1 - PoVi = QoUi+1 - oW

Starting with left hand side and using equation 4.3

QoUi+1 = W41 — (g
= (Vi+1 €1, Viy1 - 92) - (po €1, Viy1 - 62)
((Vi+1 - po) - €, (Vz‘+1 - po) ’ 92)

= ((PgVit1) - €1, (PoVit1) - €2)
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Using equation
((PoVit1) - €1, (PoVit1) - €2) = (P m) -n+ ((PeVit1) - €1) e+ ((PoVit1) - €2) €2
By the same way we get that
qu; = (pp-n) -n+((pevi)-e)er+ ((Pyvi) - €2) e
clearly qou;+1 = pyvit1 and qyu; = pyV;, so we have

PoVit+1 - PoVi = QoUi+1 - ol



Chapter 5

Winding Number in 3D

An analytical expression is presented for the solid angle subtended by common object
at some arbitrary point in the space. Triangular polyhedra and expression of solid
angle subtended by a plane triangle are also introduced. The key idea is to use an
analytic expression for the solid angle subtended by a plane triangle for generalizing
the 2D winding number. For the solid angle subtended by a plane triangle the

material was almost taken from [10], [I3], and [31].

5.1 Formulation of Solid Angle

The problem of calculating solid angles appears in many areas of science and applied
mathematics, so it’s important that we know the true meaning of this mathematical
measure. Definition and the method of calculate solid angle of spherical cap, sphere,
hemisphere, cone, cube and faceted polyhedra are presented in this section.

A solid angle is a three dimensional angular volume that is defined analogously to
the definition of a plane angle (ordinary angle) in two dimensions as we mentioned
in chapter two. In particular, for solving Neuman and Dirichlet boundary-value
problem of potential theory a formulation in which the potential ¢ at some point

inside the volume conductor can be found as a solution of the following integral

40
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equation
1 R -dS
Y) =G(Y)— — X)—— 5.1
o) = G¥) = - [ o0 (5.1
Where G(Y) is the potential at field point Y, R = R(Y,X) ( norm of R) is a
vector pointing from surface point X to field point Y, and dS = dS(X) is an
element of the bounding surface S, directed along the local normal.
In the case when the shape of the surface S is more complicated, then surface S
can be triangulate into a large number of small plane triangles A; with constant
potential o, for each triangle. Assuming that the triangles are taken sufficiently

small, then integral equation can be approximated by

N

R dS R -dS

o | —ps—
. R

J

(5.2)

The integral on the right-hand side of |5.2]is the solid angle w;; subtended by triangle
A; at field point Y;.

Without loss of generality, assume that the origin is the observation point for the
plane triangle of vertices (v;,v;,vi), and R =n R, dS =n dS, then the solid
angle ) subtended by this triangle at Y = 0 given by

R -dS
g I

R-ndS
s R

R-'n
= dS
.

REn-n
= dS
e

S

R2

Q:

Where S is the area of the spherical triangle (v;, v;, vi) of the sphere with radius

R. In the case of unit sphere {2 = 4.
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In particular, we will derive the differential solid angle by using spherical
coordinates. Taking any surface S with two dimensions (6, ¢) and q = (x,y,2) be

any point on the sphere with parametric representation of the sphere
q(f, p) =1 sing cosh i+ sing sind j+r cosp k

Where 6 is the colatitude (polar angle) (0 < 6 < 7), ¢ is the longitude (azimuth
angle) (0 < ¢ < 2m), and (i,j, k) are the normal basis of R®. We then consider
formulating the solid angle of the hemisphere with parameters (0 < 6 < 27) and
0<e<3).

Note that the element area vector dA is defined as dA = qy x q,. Where partial

derivatives of q with respect to 6 are given by

Tg = —r sin  sin 6 df
Yo = T sin p cos 6 df
20 = 0 d@,

and the partial derivatives of q with respect to ¢ are given by

T, = 7T cos cos O dp

Yo = 1 cos @ sin b dp

2, = —rsin@dp
Next, we need to determine scalar area element |[dA| = ||qg X q,||
QX q, = —r°sin*p cos0i—r’sin p cos ¢ sin*0 k — r’sin*p sin 0 j — rsin ¢ cos ¢ cos*0 k

2

= —r? sin*p cos 0 i—1r?

2

sin®p sin 0 j — r* sin ¢ cos 0 (sin*60 + cos*0) k

= —1? sinp cosl i —r? sin’p sind j — r* sin ¢ cos ¢ k
Hence,

g X qu|| =72 sin ¢ df dy
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Therefore differential solid angle is given by the following equation

dA
=
(r sin 6 dp)(rdd)

2

dQ} =

r

= sin 0 df dy

Figure 5.1: Differential Solid Angle

5.1.1 Solid Angles for Common Objects

This subsection discus some of the common objects solid angles. Next example

consider the solid angel of spherical cap, sphere, hemisphere and cone.

Example 5.1. To find the solid angel of a spherical cap of a unit sphere, just

compute the following double integral using the unit surface element in spherical

27 0 0
/ / sinf'dd'dp = (2m) / sing'do’
o Jo 0

= 27(1 — cosb) (5.3)

coordinates
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For theta @ = 7 (entire sphere) equation becomes 47, and when 0 = g the spher-
ical cap becomes a hemisphere having a solid angle 27. The solid angle subtended

by a cone whose apex has angle 26 is the area of a spherical cap on a unit sphere

Q =27(1 — cosh)

2
For small angle § we can approximate cos() as cosf ~ 1 — 5 which giving an

approximate value 762 for the solid angle subtended by the cone.

Figure 5.2: Solid Angle of Cone

Next example handle the solid angle for a face of a cube.

Example 5.2. Let’s calculate the solid angle that is subtended by the face of a
cube. Now since the cube has 6 sides, and all of them are equal in size. So if we
project the cube onto the sphere, the surface area covered by one of the faces will
be 1/6 of the total surface area. Then the solid angle subtended by one face of the
cube will be 1/6 of the solid angle subtended by the entire sphere. So the solid angle

2
subtended by one face of the cube is ?ﬂ
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5.2 Winding Number of Triangular Polyhedra

Winding number immediately generalizes to R?® by replacing angle with solid angle
with the same classification properties apply as in R%. Let p be any point in R?
and S an arbitrary closed surface, then the winding number w(S;p) of the surface

S with respect to the reference point p can be defined as
w(s;p) = ) (5.4)

Without loss of generality, any analytic surface can be approximated as triangular

polyhedra. So [5.4] becomes

w(sip) =y AP
f=1

Where €/(p) is the solid angle of the oriented triangle with vertices (v;, v;, vy) with
respect to the point p. To compute each Q;(p) we will make use of an equality
obtained by Van Oosterom and Strackee [31]. Consider a tetrahedron based at the
origin of R?® and spanned by three non-zero vectors a,b and ¢ € R?. Then the
equality expresses the solid angle Q(a, b, c) of the tetrahedron in terms of these

vectors

Q(p)
2

[a, b, c]]
(Faflllb il cl)+@-b)c|+(b-c)fal+(c-a)lbl]

) = (5.5)

tan(

Wherea=v; —p, b=v; —p, c=v, —p.
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Figure 5.3: The Solid Angle of the Spherical Triangle Defined by a,b,c

Without loss of generality, assume that our spherical triangle has vertices (A, B,
C) on the unit sphere, with the center at the vertex O. We denote the unit vectors
(OA, OB, and OC) by a,b, and c, respectively. Also we will use the standard
notation a, b, ¢ for the sides of our spherical triangle(T=ABC), and A, B, C for
the angles. So equation become

an() b,

2) " Tr@b)+bo+t(ca (5.6)

Using terms of dot products and the triple product [a, b, c] = a-(bxc) and according

to Figure [5.4] , we have

N =

Q)) (1= cos*a — cos®b — cos*c + 2 cos a cos b cos c) (5.7)
5) = :

tan(
14 cos c+ cos a+ cos b

The numerator of [5.6] and are the same and equal the volume of parallelepiped
with edges a, b, c. Let us prove this fact, starting from expression for that volume
in terms of components of the unit vectors
a; b ¢
V=|[a,b,c]|==%x |as by ¢
az by c3

Then we have by the product theorem for determinants
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2

a; by ¢ a-a a-b a-c 1 cosc cosb
2
Vi=lay by | =|b-a b-b b-c| = |cosc 1 cos a
as bs c3 c-a ¢c-b c-c cos b cos a 1

=1 — cos®a — cos®b — cos’c + 2 cos a cos b cos ¢

According to Figure the altitude h from the point A of the parallelepiped with

edges a,b,c is

h=sin b sin C

Figure 5.4:

Now since the volume equal the multiplication of area of base and altitude h we
have

V =sin a sin b sin C (5.8)

To continue our prove we will use the following construction. let L and M be
the midpoints of BC' and AC, respectively, in spherical triangle ABC. The great
circles AB and LM intersect in antipodal points P and ). Draw arcs AA’, BB’ and
CC" perpendicular to LM. Then triangles AM A’ and CMC" are congruent, as are
BLB' and CLC". Thus the angle (A, MA") = (C, MC") = u, say, and the angle
(B,B'L) = (C,C'L) = v. Furthermore AA" = CC" = BB’. Thus triangles AA'P
and BB’'(Q) are congruent, because the angles at P and () are equal and the angles
at A’ and B’ are right angles. Hence angle (A, A’P) = (B,QB’). Call this angle t.
We have now fig 5.5
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Figure 5.5:

A+u+t=m, B+v+t=m, C=u+v
and by addition
A+B+C+2t=2r
or
2t=2n—(A+B+C)=n—FE
Thus

S(r—E)=t=(4 AP)
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Now by elementary spherical trigonometry, we get the following expressions for tan

E/2

1
tan — =
an 2 tan t

sin AA’
tan PA’
sin AA’
cot ML

sin CC'sin ML

cos ML

b
sin 5 sin M sin ML

cos ML

sin — sin C sin —
2 2

a

cos ML

(5.9)

(In second equality tan t expressed by a well-known formula for the right angled

1
triangle AA’P. The third equality comes from PA' + ML = (§)PQ = g, and the

sin b sin ¢

sSin a

last one from the law of sines (

sin B sinC sin A

) for triangle CML.)

By the law of cosines for triangle C'M L, the denominator cos ML expressed as

cos ML = ¢ b

.oa
cos — cos — + cos C sin — sin —
2 2 2

b
2

b
4 cos? g cos? 3 +cos C sin a sin b

a
4 cos — cos =

2

2

(1+ cos a)(1+ cos b) + cos ¢ — cos a cos b

a
4 cos 5 cos —

b
2

14 cos a+ cos b+ cos c

4 cos a cos 9
2 2

Inserting this in [5.9) we get

sin a sin b sinC

tan— =

2 14 cos a+ cos b+ cos ¢

Which is [5.7| with numerator |5.8] .[10]
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