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Abstract

is thesis aims to develop a better understanding of ideals, congruence relations
d derivations in distributive lattices. We present the definition of a partially
lered set, a lattice and a distributive lattice, and we furnish the relation between
cepts. We introduce the concept of ideal, filter, prime ideal and maximal
attices . Also we discuss some results related to ideals and their relationship
with distributivity. We introduce the concepts of congruence relations, quotient
; and kernels. In addition we characterize the distributive lattices by kernels.
Furthermore we discuss the notion of derivation in lattices and its properties. We
are between derivations in lattices and lattice homomorphisms. Also we present
the concepts of d-ideal, injective ideal and discuss two types of congruences on a
‘distributive lattice with respect to derivations . Finally the Stone’s result for ideals

a distributive lattice is extended to the case of injective ideals and d-prime ideals.
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Introduction

Formalization of propositional Logic that led to Boolean Algebra was initially de-
veloped by George Boole in the first half of the nineteenth century, Pierce and
Schroder continued to investigate the Boolean Algebra at the end of the nineteenth
century and introduced the lattice concept while independent Richard Dedekind’s
researches led to the same discovery. In fact Dedekind wrote two papers on the sub-
ject of lattice theory, but then the subject lay relatively dormant till the thirties of

the twentieth century that the lattice theory became a subject for systematic studies.

Lattice Theory was further developed by Garrett Birkhoffs in the 1930s , Birkhoff
demonstrated that lattice theory provides a unifying framework for unrelated devel-
opments in many mathematical disciplines. Since then, many mathematicians have
contributed to the subject, including Birkhoff himself, Richard Dedekind, George
Gratzer, Aleksandr Kurosh, Anatoly Malcev, Oystein Ore, Gian-Carlo Rota, Alfred

Tarski and Johnny von Neumann.

In parallel with the development of lattice theory; studies of distributive lattices
were also developed, distributive lattices have received more attention than other
types of lattices and played a central role in providing many results in general lattice
theory. Many conditions on lattices are weakened forms of distributivity. Moreover,
in many applications the condition of distributivity is imposed on lattices arising in

various areas of mathematics, especially algebra.

In the 19th century, important results due to Minkowshi motivated the use of lat-
tice theory in the theory and geometry numbers. The evolution of computer science
in the 20th century led to lattice applications in various theoretical areas such as

information theory, information access controls and cryptanalysis.
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The notion of lattice ideals played an important role in lattice theoretical researches.
On the other hand, the study of congruence relations on lattices had became a spe-
cial interest to many authors . In the paper [14], Gratzer and Schmidt also studied
an inter-relation between ideals and congruence relations in a lattice. Birkhoff [6],
Gratzer, Szasz and many authors have studied various types of ideals and congru-

ences all intimated to some extent the behavior of ideals in a distributive lattice.

In the past several years, there has been an ongoing interest in derivations of rings.
Several authors like Bell H.E., Kappe L.C. [5] and Kaya K. [17] have studied deriva-
tions in rings and prime rings after Posner [21] had given the definition of the
derivation in ring theory. Szasz have introduced and developed the theory of deriva-
tions in lattice structure. In a series of papers [25] and [26] he established the main
properties of derivations of lattices. Ferrari L. [10] extended these concepts to lat-
tices and he embedded any lattice having some additional properties into the lattice

of its derivations.

The material of this thesis lies in three chapters, each one contains basic defini-

tions, examples and important theorems.

Chapter one: In this chapter we begin with basic definitions needed in this work.
We introduce the concept of partially ordered set, totally ordered set, duality, a
lattice, a sublattice and a distributive lattice. Also we study some basic proper-
ties of these concepts. We learn how to represent any finite partially ordered set
graphically. In addition special elements within a partial order such as least and
greatest, minimal and maximal, upper and lower bound will be given. Furthermore

we introduce several maps between partially ordered sets and between lattices.

Chapter two: In this chapter we discuss ideals and congruence relations on lattices.

We introduce the concept of ideal, filter, principal ideal, prime ideal and maximal




. Furthermore we discuss various theorems about ideals and their relationship
tivity, including the famous theorem of Stone which is meant for ideals,
s and prime ideals of a distributive lattice. In addition this chapter is devoted

gruence relations on lattices, quotient lattices and kernels. We characterize

tributive lattice by using kernel of congruence relations.

three: Includes the concept of derivation on lattices. Examples are pre-
strate this concept. Also we will mention some properties of derivation
compare between derivations and lattice homomorphisms. Furthermore the
ncepts of d-ideal, d-prime ideal, injective ideal and maximal injective ideal are
Juced in a distributive lattice with respect to derivations. Also the Stone’s the-
cals of a distributive lattice is extended to the case of injective ideals and
e ideals. In addition two types of congruences are presented in a distributive

with respect to derivation.



pter 1
liminaries

s chapter, the basic definitions that include the definition of partially ordered
ttices and distributive lattices are introduced. The relation between these

, is investigated. In addition; examples are presented to illustrate these

ts of partially ordered set. Duality which is very important will be introduced.

/, We give several maps between partially ordered sets.

1.1.1 Definitions and Diagrams

ition 1.1.1. A Partial Order on a nonempty set P is a binary relation < on
reflexive, antisymmetric and transitive, specifically, for all z,y,z € P,

‘we have that

@)z <z (reflexive)
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(2) fz Xy and y Xz thenz=y. (antisymmetric)
(3) ifzgyand y<zthenz < 2. (transitive)

The pair (P, <) is called a partially ordered set or a poset, although it is often

said that P is a poset, when the order relation is understood.

Remark 1.1.1.

1. The symbol < is read related to or contained in. If v Xy bult v # y, we

writex <y ory >~ x.

2. Ifx <y ory < z, then x and y are said to be comparable. Otherwise, x and

y are incomparable, denoted by x || y.

3. Any subset S of a poset P is it self a poset under the same relation.

Definition 1.1.2. [7] A poset (P, <) is totally ordered if every z,y € P are

comparable, that is z g y or y % .

The alternative name for totally ordered set is a chain. At the opposite extreme
from a chain is an antichain. A poset (P, <) is antichain if every z,y € P are

incomparable.

Example 1.1.1. The sets N, Z, Q, R of natural numbers, integers, rationals, and

real numbers form chains under the usual order < (less than or equal).

Example 1.1.2. On the set N = {1,2,...} of natural numbers the relation | defined
by z | y if and only if y = kx for some k € N, is a partial order and (N, [) is a poset.
On the other hand, (N,|) is not a chain, since not every z,y € N are comparable.

For example, 2 || 3 .

One of the most useful and alternative features of posets is that, in the finite case at
least, they can be ”drawn”. To describe how to represent posets diagrammatically,

we need the idea of covering.
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Definition 1.1.3. [22] Let (P, <) be a poset. Then y cover z in P, denoted by

7 C vy, if z < y and no element in P lies strictly between z and y, that is,
TI2x3Yy=—=2=T0rz=y.
If a C bora=>b, then we write a C b.

For a finite poset P, the covering relation uniquely determines the partial order on

P, since a < b if and only if there is a finite sequence of elements of P such that
GED EBC . CoaT b

Using the covering relation, one can obtain a graphical representation of any finite
poset P as follows:

Draw a small circle to represent each element of P, placing a higher than b whenever
a > b and then draw a straight segment from a to b whenever a 1 b. The resulting
figure is called a diagram or a Hasse diagram of P. This is illustrated in the

following examples.

Example 1.1.3. Figure 1.1 shows the Hasse diagram of the poset {1,2,3,4,6,12}
ordered by divisibility.

12
6 4
3 2
Figure 1.1:

Example 1.1.4. Let X be a nonempty set. If the power set P(X) of X is the set of
all subsets of X, then IP(IX ) is a poset under set inclusion: for A, B € P, we define
A =% B if and only if A C B. Figure 1.2 shows the Hasse diagram of the poset

P({a, b, c}) under set inclusion.
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Figure 1.2:

1.1.2 Extremal Elements of Posets

Suppose that < is a partial order on a set P. Various types of extremal elements of

P play important roles.

Definition 1.1.4. Let (P, <) be a partially ordered set.
(1) An element m € P is called a greatest element of Pif pgmforall p € P.
(2) An element n € P is called a least element of P if n <p for all p € P.

The least and greatest elements of a partially ordered set are also called bottom and
top, or L and T, respectively. A poset (P, <) can have at most one least element
and at most one greatest element. That is, least and greatest elements are unique,

if they exist. (The uniqueness comes from the antisymmetry).

Definition 1.1.5. A partially ordered sct is bounded if it has both a bottom and

a top.
Example 1.1.5.

(1) In (P(X), <), we have L = () and T = X. Therefore, the poset (P(X),Q) is
bounded.

(2) A finite chain always has a bottom and a top elements. So, it is bounded. But
an infinite chain need not have. For example, the chain (N, <) has bottom

element 1, but no top.




1.1. Partially Ordered Sets

Definition 1.1.6. Let (P, <) be a partially ordered set.

(1) An element m € P is called a maximal element of P if
m=<p and peP = m=p
(2) An element n € P is called a minimal element of P if

p<n and pe P = p=n.

Clearly a least element must be minimal and a greatest element must be maximal,

but the converse is not true.

Example 1.1.6. Figure 1.3 shows the Hasse diagram of the poset {2,3,4,5,6,8,12,18}
ordered by divisibility.

Figure 1.3:

Tt is clear that 5, 8, 12, 18 are maximal elements and 2, 3, 5 are minimal elements.

But this poset possesses neither bottom nor top .
Definition 1.1.7. Let (P, <) be a partially ordered set and let S C P.

1. An upper bound for S is an element x € P such that
sz VseS.

The set of all upper bounds for S is denoted by S*. If S* has a least element,

it is called the join or least upper bound or supremum of S and is denoted

by \/ S. The join of a finite set S = {ay, ..., a,} is denoted by
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a V.. Nbids,
2. A lower bound for S is an element z € P such that
r<s VseSs.

The set of all lower bounds for S is denoted by St If Sf has a greatest
element, it is called the meet or greatest lower bound or infimum of S

and is denoted by A S. The join of a finite set 5 = {ay,...,a,} is denoted by
a N\ ...Aay

Example 1.1.7. Consider the poset (N, |). For any two numbers a, b € N, the least
upper bound of a and b or a V b is their least common multiple. The greatest lower

bound of a and b or a A b is their greatest common divisor.

Remark 1.1.2. [22] For any poset P, we have § C P. The join of the empty set ?
is, by definition, the least upper bound of the elements of 0. Since every element of
P is an upper bound for O, we have \/ § = L if P has a least element L; otherwise

0 has no join. Similarly, NO =T if T ezist; otherwise \ @ does not exist.

1.1.3 Duality

Definition 1.1.8. Let (P, <) be a poset. The dual poset (P?, ) is the poset with
the same underlying set but whose order relation is the opposite of £, thatis, z gy

in P? if and only if y < = in P.
Of course, (P?)° = P.
Each statement about the poset P corresponds to a statement about P2, For exam-

ple,  is an upper bound for the set S in the poset (P, <) if and only if z is a lower
bound for S in P?. Similarly, « = \/ S in the poset (P,<) if and only if u = A S
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in (P%,%). In general, given any statement ® about posets, we obtain the dual
statement ®° by replacing each occurrence of < by 3 and vice versa. This allows

us to formulate the following principle.

The Duality Principle of the posets: Given a statement ¢ about posets which is

true in all posets, then the dual statement ®? is also true for all posets.

The validity of this principle follows from the fact that any poset can be regarded
as the dual of some other poset. The duality principle allows us to simplify proofs
of certain statements that concern posets. For statements involving both a concept
and its dual we need to prove only half of the statement; the other half follows
by applying the duality principle. For instance, once we prove the statement ”any
subset of a poset can have at most one least upper bound”, the dual statement
»any subset of a poset can have at most one greatest lower bound” follows. Two
statements ® and ¥ are equivalent if they are true in exactly the same posets. If a

statement or definition is equivalent to its dual then it is said to be self-dual.

For a finite poset P, we obtain a diagram for P? simply by turning upside down a

diagram for P. Figure 1.4 provides a simple illustration.

Qﬂ=1 fo‘e=1
b co\"' ' od
o f\od ob
Oe=0 Qa=0
)i pé
Figure 1.4:
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1.1.4 Monotone Maps

It is reasonable to consider functions between partially ordered sets having certain
additional properties that are related to the ordering relations of the two sets. The
most fundamental condition that occurs in this context is monotonicity. Monotone
functions are central in order theory. They appear in most articles on the subject
and examples from special applications are found in these places. Some notable

special monotone functions are order embeddings and order isomorphisms.
Definition 1.1.9. Let P and Q be posets. A function f: P — @Q is said to be
(1) order-preserving or monotone or isotone if
ey = [l@)<f)
and strictly monotone if
<y = flz)=<f)

(2) an order embedding if

(3) an order isomorphism if it is bijective, monotone and whose inverse

(f~*: Q — P) is also monotone.

Two posets P and Q are isomorphic, denoted by P = @, if there exists an order
isomorphism between them.
We shall say that P and Q are dually isomorphic if P = @ or equivalently, Q & P2.

In particular, if P 2 P9, then we say-that P is self dual.
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Remark 1.1.3. An order embedding is automatically a one-to-one map. By using

reflezivity and antisymmetry of X, first in Q and then in P, we can get

fl@)=fl) & fl@)<fy) and f(y)= f(2)
& =y and Y<Kz
S =
Remark 1.1.4. If f is a monotone bijection, then f~! need not be monotone, that is,

f need not be an order isomorphism. For ezample, map two incomparable elements

to two comparable elements.
A useful criterion for an isomorphism of posets is the following.

Theorem 1.1.1. [7] Posets P and Q are isomorphic if and only if there is a sur-

jective mapping f : P = Q such that
sy e flz) < f(y)

Example 1.1.8. Let E be the set of all positive even integers. Define the map

f:(N,<) = (E,<) by

f(n)=2n foralln €N.
f is one-to-one and onto. Also

Ny < nNg & Iy < 2ne.
Hence, f is an order isomorphism and N = E.

For finite isomorphic posets the Hasse diagrams look the same except for the names
of the elements. Let f : P — @ be an order isomorphism, and let H be any Hasse
diagram of a poset P. If each label z of H is replaced by f(x), then H will become

a Hasse diagram for the poset Q.
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Example 1.1.9. Let P = {1,2,3,6} under |. Let Q = {0, {a},{b},{a,b}} under C.
If f(1) =0, f(2) = {a}, f(3) = (b}, £(6) = {a, b}, then f is an order isomorphism.

6 {a, b}

2 3 = @ ®

Figure 1.5:

1.2 Lattices

In this section we introduce the concept of lattice and sublattice in two ways. Ex-
amples are presented to illustrate this concepts. Furthermore we discuss lattice
homomorphism and its properties. Finally we introduce a distributive lattice which

is very important type of lattices.

1.2.1 Definition of Lattices

Many important properties of a poset P are expressed in terms of the existence of
certain upper bounds or lower bounds of subsets of P. The most important class of
posets defined in this way is lattices.

We can present a lattice in two ways: one based on the existence of an order relation
satisfying certain properties and one based on the existence of binary operations
satisfying certain algebraic properties.

In a partially ordered set P, the least upper bound z V y of {z,y} may fail to exist
for two different reasons: (1) because x and y have no common upper bound, (2) or
because they have no least upper bound. For example, in Figure 1.6, the element a
and b in (i) are incomparable. Therefore, {a,b}* = 0 and hence aV b does not exist.

In (i) we find that {a,b}* = {c,d} and thus a V b does not exist as {a,b}* has no
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least element.

Figure 1.6:

Similar statements can be made for greateast lower bound.

A special structure arises when every pair of elements in a poset has a least upper

bound and a greateast lower bound.

Definition 1.2.1. A lattice is a partailly ordered set (L, <) in which every pair of

elements z,y € L has an infimum and a supremum (in L).
A lattice L is trivial if it has only one element; otherwise, it is nontrivial.
Example 1.2.1.

(1) Any totally ordered set is a lattice. For example, the set 7Z of integers under

the ordinary order is a lattice, where Va,b € Z
aAb=min{a,b} and aVb=maz{a,b}.

(2) If X is a nonempty set, then the power set P(X) of X is lattice under set
inclusion in which VA, B € P(X)

ANB=ANB and AVB=AUB.
(3) The set N of natural numbers is a lattice under division, where Va,b € N

aAb=gcd(a,b) and aVb=lem(a,b).
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(4) If X is a set, and L is a set of subsets of X that is closed under intersections

and contains X , then L is a lattice under set inclusion. In which VH,K € L
HAK=HNK ad HVK=N{CeL|(HUK)CC}

As special cases, the set S(G) of all subgroups of a group G is a lattice under set
inclusion, where the meet of two subgroups is their intersection, and the join
of two subgroups is the subgroup generated by their union. Normal subgroups
are amenable. If AV(G) is the set of all normal subgroups of G, then VH, K €
N(G), meet is again given by N and H V K = HK, where

HK ={hk | he H,k € K}.

Similar statements can be made for other algebraic objects, such as the sub-
modules of a module, the subfields of a field, the subrings of a ring or the

ideals of ring, in which the join of two ideals is their sum.

Note that not all posets are lattices. For example, any antichain with at least
two elements is not a lattice. Another simple example, consider the set {0,1,2}
with the partial order {(0,0), (1,1),(2,2),(0,1),(0,2)} which is indeed a poset (the

verification is simple) but it is not a lattice because 1V 2 does not exist.
Remark 1.2.1. [9] Let L be a lattice. Then for all a,b,c,d € L :

(1) a b impliesaVebVcandaAcbAec.

(2) axbandc<dimpliesaVe<bVdandaNc<bAd.

Theorem 1.2.1. [9] Let L be a lattice. Then the following properties hold for all

a,b,ce L:

(L1) idempotency
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aVa=a, alha=a
(L2 ) commutativity
aVb=bVa, aAb=bAa
(L3) associativily
(avb)Ve=aV (bVec), (aAb)Ac=aA(bAc)
(L) absorption
aV(aAb)=a, aA(aVd)=a.

Proof. Let L be a lattice. Then the idempotency and commutativity are evident.
the associativity is also evident since (a V) V¢ and aV (b V ¢) are both equal to
the least upper bound of {a, b, c}. For (L4), since aV b is the least upper bound for
{a,b}, so @ < a V b. Therefore, a A (aV b) = a. By duality, a V (a A b) =a. W

We introduced lattices as partially ordered sets. However, we may adopt an alterna-
tive viewpoint. In mathematics, and more specifically in abstract algebra, the term
algebraic structure generally refers to a set with one or more operations defined
on it. Lattices can also be characterized as algebraic structures satisfying certain

axiomatic identities.

Theorem 1.2.2. [22] If (L,V,A) is a nonempty set L with two binary operations
V and A satisfying (L1)-(L4), then L is a lattice where join is V, meet is \ and the

order relation is given by
a<b i aVb=b
or equivalently,

a<b if aAb=a.
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Moreover, since the set of arioms (L1)-(L4) is self-dual, it follows that if a statement

holds in every lattice, then any dual statement holds in every lattice.

Proof. Let L be a nonempty set with two binary operations V and A satisfying
(L1)-(L4). As to the equivalence of the statements a V b=>band a Ab = a, the

absorption laws imply that

aAb=a = aVb=(aAb)Vb=D
and

aVb=b = aAb=aA(aVd)=a.

Next we show that =< is a partial order. For (reflexivity), the idempotency law

implies that a < a. For (antisymmetry), if a < b and b < a, then
b=agVh=a
For (transitivity), if a < b and b < ¢, then
aVe=aV (bVe)=(aVbVe=bVe=c = aVec=c = asxc

Finally, we prove that A and V are the meet and join in L. For the meet, a A b is

the lower bound for ¢ and b since
(aAb)Aa=(bAa)Aa=bA(aNa)=bAa=aAb
and so a Ab < a, and
(aAb)Ab=aA(bAb)=aAb

and soaAb=<b

Also, if u is a lower bound of a and b, then u < a and u < b. So
uhNa=u=uAb

then we have
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uA(@aAb)=(uAa)Ab=uAb=u

whence u < a A b. Thus, a A b is the greatest lower bound of a and b. The proof of

join is similar. M

Let L be a lattice. It may happen that (L,<) has greatest and least elements as
defined in Definition 1.1.4. When thinking of L as (L,V,A), it is appropriate to
view these elements from a more algebric standpoint. We say L has a one if there
exists 1 € L such that z A1 = z for all 2 € L. Dually, L has a zero if there exists
0 € L such that z V0 = z for all z € L. Note that the lattice (L,V,A) has a one if

and only if (L, <) has a greatest element. A dual statement holds for zero.

Definition 1.2.2. [9] A lattice (L,V,A) possessing 0 and 1 is called bounded

lattice.
Note that a finite lattice L is automatically bounded, with 1 =\/L and 0 = A L.

Example 1.2.2. Let Ny = {0,1,2,...}. The lattice (No, lem, ged) is bounded with
1 =0 and 0 = 1, while (N, lem, ged) is not bounded (1 does not exists).

1.2.2 Sublattices

Definition 1.2.3. [16] A sublattice of a lattice L is a nonempty subset M of L
that is closed under infimums and supremums.

Equivalently, a sublattice (M, V, A) of the lattice (L, V, A) is defined on a nonempty
subset M of L with the property that a,b € M implies that aVb € M and aAb € M

(the operations V and A are formed in (L, V, A)).

Example 1.2.3. Any one-element subset of a lattice is a sublattice. More generally,

any nonempty chain in a lattice is a sublattice.

Definition 1.2.4. [6] Let L be a lattice and a,b € L such that a < b. The closed

b.
interval [a, b] is the set of all elements z € L which satisfy a s < b.
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Example 1.2.4. Let L be a lattice and a < b, then the closed interval
[a,b)={z€L|axz=b}

is a sublattice of L.

Of course, a sublattice of a lattice is again a lattice. But it is important to note that
a subset S of a lattice L can be a lattice under the same order relation and yet not

be a sublattice of L. We can see that in Example 1.2.5.

Example 1.2.5. Let L = {1,2,3,6,12} under division (see Figure 1.7).

12
6
2 3
1
Figure 1.7:

The subset S = {1,2,3,12} is a lattice under division but not a sublattice of L. The
subset M = {1,2,3,6} is a sublattice of L.

1.2.3 Lattice Homomorphisms

From the viewpoint of lattice as algebraic structures it is natural to regard as canon-
ical those maps between lattices which preserve the operations join and meet. Since
lattices are also ordered sets, order preserving maps are also available.

A mapping f : P — Q between two lattices is
o join preserving if f(aVb) = f(a) Vv f(b) foralla,be i?
o meet preserving if f(a Ab) = f(a) A f(b) for all a, be P.

Remark 1.2.2. A monotone map f : P — Q between lattices need not, in general,
preserve meets and joins. Even an order embedding need not preserve meets and

joins.
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Example 1.2.6. Consider the lattices of integers in Figures 1.8, where the order is

division. The map f : P — Q defined by f(n) = n is an order embedding, but
feva)=f(12)=12 and f(2)Vf(3)=2V3=6.

Hence, f does not preserve joins.
12
12
6
2(@}3 2 3
1 1
P Q

Figure 1.8:

Theorem 1.2.3. [9] Let L and M be lattices and f : L — M a map. For all

a,b € L, the following are equivalent:
(a) f is monotone;
() FaVb) > f(@)V Fb);
(c) Fanb) < £(@) A F(D).
Definition 1.2.5. [22] Let P and @ be lattices.

1. A function f: P — Q that preserves finite meets, that is,
flanb) = f(a) A f(b)

is called a meet-homomorphism.
2. Dually, a join-homomorphism is a function f : P — @Q that preserves finite
joins.
Remark 1.2.3. A meet-homomorphism is order preserving (or monotone), since

agb & aAb=a = [flAfOd)=fla) <« f(a) < f(b).
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Dually, a join-homomorphism is order preserving as well.

Definition 1.2.6. [22] Let P and @ be lattices. A function f: P — Q that

preserves finite meets and joins, that is, for which
flanb)=f@)Af(b) and flaVb)=fla)V ()

is called a lattice homomorphism .

A lattice homomorphism f : P — Q of bounded lattices for which f(0) = 0 and
f(1) =1is called a {0,1} -homomorphism.

By induction, we see that the supremum and infimum of any finite set in a lattice
are preserved under a lattice homomorphism. This is, however, not true for infinite
sets in general. For instance, where P = [0,1) U {2} and @ = [0,1] U {2}, the map
f: P — Q defined by f(z) = , is a lattice homomorphism from (P, <) into (@, <),
bus £(V[0,1)) = /(2) = 2 while \/ £([0,1)) = V[0,1) = 1.

Example 1.2.7. [12] Figure 1.9 shows three maps of four-elements lattice into the
three element chain.

The map in (i) is monotone but it is neither a meet- nor a join-homomorphism. The
map in (ii) is a join-homomorphism but is not a meet-homomorphism, thus not a

homomorphism. The map in (iii) is a lattice homomorphism.

Figure 1.9:

Remark 1.2.4.

o A lattice endomorphism is a lattice homomorphism of a lattice with itself.

o A lattice isomorphism is a bijective lattice homomorphism.
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1.2.4 Distributive Lattices

There are many special types of lattices like complete lattices, modular lattices,
complemented lattices, etc. In this section we introduce one of the most important
types, namely distributive lattices. Since lattices come with two binary operations
A and V, it is natural to ask whether one of them distributes over the other, i.e.
whether one or the other of the following distributive laws holds for every a,b,c

in a lattice L:
(D) aA(®Ve)=(aAb)V(aAc).
(D)2 aV(Ac)=(aVb)AlaVe).

Theorem 1.2.4. [29] If cither of the distributive laws holds for all elements of a
lattice L, then so does the other.

Proof. Suppose that the first distributive law (D) holds. Then applying it to the

right side of the second distributive law (D)? and using absorption gives
(@aVb)A(aVe) = [(avb)Aa]lV[(aVb)Ad
= aV[(aVb)Ad

= aV[l@anc)V (bAc)

= aV(bAc),
which shows that the second law holds. By duality, the (D)? implies (D) too. B

Definition 1.2.7. [9] A lattice L is distributive if it satisfies the distributive

laws.
Remark 1.2.5.

(1) The distributive laws are dual to one another and so o lattice 1 distributive if

and only if its dual lattice is distributive.

(2) The truth of D does not imply that of (D)? for individual elements of a lattice

L. For example, in the lattice L with Hasse diagram given in Figure 1.10,
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r¢)=0BAa)V(bAc)=b but bV(aAc)# (bVa)A(bVe).

Figure 1.10:

For each distributive law, one side is related to the other in all lattices. For

instance, we always have
aA(Ve) = (anb)V(aAc

since each term on the right is related to each term on the left. So, we can
define a distributive lattice as: a lattice is distributive if and only if either of

the following inequalities holds:

aA(bVe)g(anb)V(anc)

aV(bAc) = (aVbd)A(aVo).

et us consider some examples.

le 1.2.8. Every sublattice of a distributive lattice is distributive.
nple 1.2.9. Any chain is a distributive lattice. In fact,
aA(®Ve)and (aAb)V(aAc)

both equal to a if a < b or a < ¢; and both equal to bV ¢ in the alternative case

at a > b and a = c.

ble 1.2.10. [7] If L is a distributive lattice and f : L — M is a lattice
nomorphism, then f(L) the image of f is a distributive sublattice of M.
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Example 1.2.11. The lattice (S(G), <) of subgroups of a group G is distributive
if and only if G is locally cyclic (that is, any finite nonempty subset of GG generates
a cyclic subgroup). For instance, the lattice of subgroups of the group (Z,+) is
distributive. Thus, if G is finite, then S(G) is distributive if and only if G is cyclic.

Definition 1.2.8. Let X be a nonempty set. A subset S of the power set P(X) is
called a ring of sets if it is a sublattice of P(X), i.e. VA, B € S

ANBeS and AUBES.
Remark 1.2.6. Any ring of sets is a distributive lattice, since
AN(BUC)=(ANB)U(ANC).

Example 1.2.12. The lattices M3 (the diamond) and N (the pentagon) of Fig-

ure 1.11 are not distributive. In Mj for example, we can see
zV(yAz)=z but (zVyA(zVz)=1
Also, in N5 we have

sA(yVz)=z but (zAy)V(zAz)==z

1 1
z y
0
M, N,
Figure 1.11:

We have as yet no way of showing that the distributive law is not satisfied except a
random search for elements for which the law fails. Theorem 1.2.5 remedies this in
a most satisfactory way. It implies that it is possible to determine whether or not a

finite lattice is distributive from its diagram. This theorem is due to G. Birkhoff.
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Theorem 1.2.5. [16] A lattice is distributive if and only if it contains no sublattice

that is isomorphic to Msor to Ns .
Proof. see [16].

Theorem 1.2.8. [6] In a distibutive lattice L, if aVb=cV b and a Ab= cAb then

=¢ foralla,b,ce€ L.

Proof. Let L be distributive. Let aVb = ¢Vb and aAb = cAb. By Using repeatedly
(L4), (L2) and (D), we can get

a=aA(Va) = aA(dVe)=(aAb)V(aAc)

Il

(bAc)V(aAc)=(bVa)Ac=(bVc)Ac=c B

Example 1.2.13. The lattice (Np, |) is distributive. To show that use Theorem
1.2.6 and the identity mn = ged (m,n)lem(m, n).

Remark 1.2.7. Of course, distributivity eztends to finite joins and meets, but not

necessarily to infinite ones.

Example 1.2.14. [22] The lattice (Np, |) is distributive. However, let A be the set
of odd natural numbers. Then \/ A =0 and so

2A(V A) = 2.

On the other hand, 2 A a = 1 for all odd numbers and so

Veea2Aa)=1.




Chapter 2

Ideals And Congruence Relations

on Lattices

In this chapter we introduce the concept of ideal and filter in lattices. We present
some types of ideals like prime ideals, maximal ideals and principle ideals. Also we
discuss the properties of ideals in lattices and in distributive lattices. In addition
this chapter is devoted to congruence relations on lattices, quotient lattices and

types of kernels. Furthermore we discuss some theorems and their relationship with

distributivity.

2.1 Ideals and Filters

Ideals are fundamental importance in algebra. Filters, the order dual of lattice ideals,
have a variety of application in logic and topology. In this section we introduce
the concept of ideal and filter in a lattice. In addition we present the concept of
principal ideal and principal filter. Also examples are presented on each concept.

Furthermore we will mention some properties of ideals in lattices and in distributive

lattices.
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Definition 2.1.1. Let L be a lattice.

1. A nonempty subset I of L is called an ideal of L if

(a) r€eL,aclandz<a=z €l

(b) a,beI=aVbel

A proper ideal, that is, an ideal I # L. The set of all ideals of L is denoted
by Z(L).

2. Dually, a nonempty subset F' of L is called a filter of L if

(a) e L,a€e Fandx >a=>z € F.

(b) a,b€ F=aAbeF.

A proper filter, that is, a filter F' # L. The set of all filters of L is denoted
by F(L).

Example 2.1.1. [9] Let L and M be bounded lattices and f : L — M a {0,1}-
homomorphism. Then f~1(0) is an ideal and f~(1) is a filter in L.

It is easy to show that an ideal I of a lattice with 1 is proper if and only if 1 & I,
and dually, a filter F of a lattice with 0 is proper if and only if 0 ¢ F.

Remark 2.1.1. Every ideal I of lattice L is a sublattice, since
aAb=ga Va,beL.
Hence, a Ab € I. Dually, every filter F' of L is a sublattice.

Let us say that two properties p and g of subsets of a lattice L are complementary

if

S has property p ¢ L\ S has property g.

Note that the properties of being an ideal and being a filter are not complementary.
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Example 2.1.2. Let L = {0,a,b,¢,1} be a lattice with Hasse diagram given in
Figure 2.1. We can see that the subset = {0,a} is an ideal of L. On the other
hand, L \ I = {b, ¢, 1} is not a filter of L since

bce L\I but bAc=ag¢L\L

0

Figure 2.1:

Like other algebraic structures, we can also define the sublattice and the ideal gen-

erated by a subset of a lattice.
Definition 2.1.2. [22] Let H be a nonempty subset of a lattice L.

(1) The ideal generated by H, denoted by (H], is the smallest ideal of L con-

taining H.

(2) The filter generated by H, denoted by [H), is the smallest filter of L con-
taining H.

Remark 2.1.2. [9] If H = {a}, then we write (a] or | a instead of ({a}] such that
(aj="lae={zcl |z a}

is known as the principal ideal generated by a. Dually,
[@y=ta={zecl|ez>a}

is known as the principal filter generated by a.
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Example 2.1.3. Consider the lattice L = {1,2,4,5,10,20} with Hasse diagram
given in Figure 2.2. The ideal generated by {2,4} is ({2,4}] = {1,2,4} = | 4,
and the ideal generated by {4,5} is ({4,5}] = {1,2,4,5,10} = | 10. Of course,
1 20 = L, since 20 is the top element in L.

20

Figure 2.2:

Remark 2.1.3. [9] In a finite lattice, every ideal or filter is principal: the ideal I
equals | \/ I. Dually, the filter J of the finite lattice L equals t \ J.

Note that the intersection I N J of two ideals I and J of a lattice L is not empty,

sinceifi € I and j € J, theniAje INJ.

Theorem 2.1.1. [7] If L is a lattice then, ordered by set inclusion, the set Z(L) of

ideals of L forms a lattice in which the lattice operations are given by

= A K
JV K

I

{reL|xz<jVk, for some j€J, ke K}.

Proof. We have to show that every pair of ideals of L has an infimum and a
supremum in Z(L). It is clear that if J and K are ideals of I, then so J N K,
and that this is the biggest ideal of L that is contained in both J and K. Hence,
J Ak € Z(L).

Now, any ideal that contains both J and K must clearly contain all the elements z
such that z < j V k where j € J and k € K. Conversely, the set of all such z clearly
contains both J and K, and is contained in every ideal of L that contains both J

and K.
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Example 2.1.3. Consider the lattice L = {1,2,4,5,10,20} with Hasse diagram
given in Figure 2.2. The ideal generated by {2,4} is ({2,4}] = {1,2,4} = | 4,
and the ideal generated by {4,5} is ({4,5}] = {1,2,4,5,10} = | 10. Of course,
1 20 = L, since 20 is the top element in L.

20

Figure 2.2:

Remark 2.1.3. [9] In a finite lattice, every ideal or filter is principal: the ideal I
equals | \/ I. Dually, the filter J of the finite lattice L equals t \J.

Note that the intersection I N J of two ideals I and J of a lattice L is not empty,

sinceifi € I and j € J, theniAje N J.

Theorem 2.1.1. [7] If L is a lattice then, ordered by set inclusion, the set Z(L) of

ideals of L forms a lattice in which the lattice operations are given by

JANK = JNK;
JV K

|

{reL|xz=<jVk, for some j€J, ke K}.

Proof. We have to show that every pair of ideals of L has an infimum and a
supremum in Z(L). It is clear that if J and K are ideals of I, then so J N K,
and that this is the biggest ideal of L that is contained in both J and K. Hence,
JAk eZI(L).

Now, any ideal that contains both J and K must clearly contain all the elements
such that 2 < j V k where j € J and k € K. Conversely, the set of all such z clearly
contains both J and K, and is contained in every ideal of L that contains both J

and K.
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Moreover, this set is also an ideal of L: if z € JVK and r € L such thatr X © < jVk

for some j € J and k € K, then (by transitivity )
p=jVik = reJVK.
Also, if z,y € JV K, then
z=<jVk and yxihVk for some j,j; € J and k,k; € K.
Hence
iBVy#(ij)V(lekl):(jvjl)v(k\’kl)a

where (jVj1) € J and (kVk,) € K since J and K are ideals. Therefore 2Vy € JVK.
Thus we see that J V K exist in Z(L). B

Theorem 2.1.2. [13] A lattice L is distributive if and only if for any two ideals I, J
of L:

IvI={ivj|iel,jel}.

Proof. Let L be distributive. By Theorem 2.1.1, if t € IV J, then t < @V j, for

some i € I and j € J. Therefore,
t=tA@GEV]) =[NV (AT, tAiel,tAjEJ.

Conversely, if L is not distributive, then L contains elements a, b, ¢ as in Figure 2.3.

Figure 2.3:

Let I =) b and J =] ¢: observe that a € I'V J, since a < bV c. However, a has no

representation as required by Theorem 2.1.2, since if @ = iV 7 for some i € I, j € J,
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then j < a and j < c. Therefore, j < aAc<b. Hence j € JTandsoa=iVj€l, a

contradiction. M
Theorem 2.1.3. [22] A lattice L is distributive if and only if Z(L) is distributive.
Proof. Let L be distributive and A, B,C € Z(L). We must show that
AN(BVC)C(ANB)V(ANCQ).
fre An(BVC),thenz=a€ Aandz=>bVcforsomeb€ B and ¢ € C, so
z=aA(bVe)=(aAb)V(aAc)€(ANB)V(ANC)

fora € A, b€ B and ¢ € C. Hence I(L) is distributive. Conversely, Let Z(L) be
distributive. If L is not distributive lattice, then L contains elements a,b,c as in

Figure 2.3. So
lanle=lbN}ec and Lavic=]lbVlic but Jaz#lb
Hence, by Theorem 1.2.6, Z(L) is not distributive, a contradiction. [ |

Theorem 2.1.4. [22] The map ¢ : L — Z(L) such that p(a) = | a is an injective

lattice homomorphism, that is, for all a,b € L,
lanlb=1,(aAb) and lavlb={(aVd)
The image of ¢ is sublattice P(L) of (L) consisting of all principal ideals of L.

Proof. First, we have to show that the map is one to one. Let a,b € L such that
o(a) = @(b). Since a € | a = | b, we can get a < b. In the same way b X a.

Therefore, by antisymmetric, a = b. Second, we can see that

lanld = {wéL!m#aandm%b}
= {zel|z<anb}

= l(anb)




2.1. Ideals and Filters 31

then j < a and j < c. Therefore, j S aAc<b. Hence j € ITandsoa=iVj€El, a

contradiction. H
Theorem 2.1.3. [29] A lattice L is distributive if and only if T(L) is distributive.
Proof. Let L be distributive and A, B,C € Z(L). We must show that
AN(BVC)C(ANB)V(ANC).
fze AN (BVC), thens=a€ Aand z=>5Vcfor some b€ B and ¢ € C, so
z=aA(®Vec)=(aAb)V(aAc)€(ANB)V(ANC)

fora€ A, b e B and c € C. Hence Z(L) is distributive. Conversely, Let Z(L) be
distributive. If L is not distributive lattice, then L contains elements a, b,c as in

Figure 2.3. So
Tefle=,bnlc and lavle=1lbvlec but la#lb
Hence, by Theorem 1.2.6, Z(L) is not distributive, a contradiction. W

Theorem 2.1.4. [29] The map ¢ : L — Z(L) such that v(a) =1 a is an injective

lattice homomorphism, that is, for all a,b € L,
lanlb=,(aAb) and lavlib=1(aVb)
The image of  is sublattice P(L) of T(L) consisting of all principal ideals of L.

Proof. First, we have to show that the map is one to one. Let a,b € L such that
o(a) = o(b). Since a € | a = | b, we can get a < b. In the same way b < a.

Therefore, by antisymmetric, a = b. Second, we can see that
lanld = {reL|z<aandz < b}
= {ze€eLl|z<aAnb}

= J(aAb)
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and

IEAILD: = {:I:EL|:E:$13\/jfo-réel,aandjelb}

|

{zeL|z<aVb}

="l (@ b).

Hence, ¢ is a lattice homomorphism. The principal ideals thus form a sublattice of

Z(L), since for all | a, | b € P(L)

lanlb=1(anb)eP(L) and Javlb=](aVd)eP(L)

2.2 Prime and Maximal Ideals

In this section we present special types of ideals which play a key role in lattice
theory. Also we discuss the relation between these types in distributive lattices. In

addition we prove the theorem of Stone which play an important role in Chapter 3.
Definition 2.2.1. [19] Let L be a lattice. If a,b € L, then
(1) A proper ideal J is prime if
aAbeJ = a€dJ orbel.
The set of prime ideals of L is denoted by Zp(L).
(2) A proper filter F' is prime if
aVbeF = a€F orbelk.

The set of prime filters of L is denoted by Fp(L).

Example 2.2.1. Let L be the lattice given in Example 2.1.3. The ideal | 10 =
{10,4,5,2,1} is a prime ideal. The ideal I = {1,2} is not a prime ideal since
4N5=2€I,but4¢ Jand5 ¢l.
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and

lavlb = {zeL|z=xiVj foriclaandj€lb}
= {sel|z<gaVb}

= [{avb):

Hence, ¢ is a lattice homomorphism. The principal ideals thus form a sublattice of

Z(L), since for all | a, | b € P(L)

lanlb=1(aAb)eP(L) and lLavlb=|(aVd) e P(L)

2.2 Prime and Maximal Ideals

In this section we present special types of ideals which play a key role in lattice
theory. Also we discuss the relation between these types in distributive lattices. In

addition we prove the theorem of Stone which play an important role in Chapter 3.
Definition 2.2.1. [19] Let L be a lattice. If a,b € L, then
(1) A proper ideal J is prime if
aAbeJ = a€dJ orbel.
The set of prime ideals of L is denoted by Zp(L).
(2) A proper filter F' is prime if
g¥helr = ael abelk.

The set of prime filters of L is denoted by Fp(L).

Example 2.2.1. Let L be the lattice given in Example 2.1.3. The ideal | 10 =
{10,4,5,2,1} is a prime ideal. The ideal I = {1,2} is not a prime ideal since
4AN5=2€],but4¢Jandb ¢l.
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Theorem 2.2.1. [22] Let f : L — M be a lattice homomorphism.
(1) If I € (M) and f~1(I) # 0, then f~*(I) € Z(L).
(2) If P € Tp(M) and f~1(P) # 0, then f~(P) € Ip(L).

Proof. For(1), let I be an ideal of M and let a,b € f~*(I). Then there exist 2,y € I
such that f(a) = z and f(b) = y. So

flavd) = fla)V f(b)

= gVyel.

Therefore a Vb € f~1(I). Let r € L and a € f~(I) such that r < a. Since f is 2
lattice homomorphism, f is order preserving. This implies f(r) < f (a) € 1. But I
is an ideal, so f(r) € I. Hence r € f~'(I). For (2), let P be a prime ideal of M.
We have to show that f~(P) is a prime ideal of L. From(1), f~Y(P) is an ideal.
Let aAb€ f(P). Then

J(anb) = f(a) A f(b) € P.
Since P is prime, we can get

fl@)ePor fb)e P = a€f'(P)orbe (P
Hence f~(P) € Zp(L). B

Remark 2.2.1. [22] The properties of being a prime ideal and being a prime filter
are complementary, that is, a subset J of a lattice L is a prime ideal if and only if

L\ J is a prime filter. Thus it is easy to switch between Zp(L) and Fp(L).

Definition 2.2.2. Let L be a lattice.

(1) A proper ideal J of L is maximal if for any ideal 1,
Jegcl = J=J a =5

(2) A proper filter F of L is maximal if for any filter X,
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wEvaci], = X=F oo X=L
In ring theory, maximal ideals are prime. This is not true in general for lattices.

Example 2.2.2. In the lattice M; of Figure 2.4, the ideal I = {0,z} is maximal.
However, yAz € I but y ¢ I and z ¢ I and so [ is not prime.

Figure 2.4:

Theorem 2.2.2. [7] In a distributive lattice L, all mazimal ideals are prime.

Proof. Let M be a maximal ideal of L. Suppose that a Ab € M but a ¢ M. Then

laV M =L and sob< aVm for somem & M. Hence,
b=bA(avm)=(bAa)V(bAm)EM

which shows that M is prime. H

One of the main results of prime ideals in distributive lattices is the following result

due to Stone.

Theorem 2.2.3. (Stone 1936) Let L be a distributive lattice, let I be an ideal of L,
let F be a filter of L, and let INF = (. Then there ezists a prime ideal P of L such
that I C P and PN F = 0.

Proof. Some form of the Axiom of Choice is needed to prove this statement. The
most convenient form for this proof is:

Zorn’s Lemma: Let A be a set and let X be a nonempty subset of P(A). Let us
assume that X has the following property: If C is a chain in (X, C), then | JC € X.

Then X has a maximal element.
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Let X be the set of all ideals of L that contain I and are disjoint from I. We verify
that X satisfies the hypothesis of Zorn’s Lemma. The set X is nonempty, since
J € X. Let C be a chain in X and let M = |JC. We have to show that M is an
ideal:

1. if a,b € M, then a € X and b € Y, for some X,Y € C; since C is a chain,
either X CY or Y C X:ifsay X CY,thena,beY,andsoaVbeY C M,

since Y is an ideal.
9. also, if a € M and b < a, then a € X € C, since X is an ideal, be X C M.

Thus M is an ideal. It is obvious that I € M and MNF = {, verifying that M € X.
Therefore, by Zorn’s Lemma, X’ has a maximal element P.

We claim that P is a prime ideal. Indeed, if P is not prime, then there exist a, beL
such that a,b ¢ P but aAb € P. The maximality of P yields that (PV | a)NF#0
and (PV | b) N F # 0. Thus there are p,q € P such that pVa € F and qVbeF.
Then z = (pV a) A (gV b) € F, since F is filter. Expanding by distributivity,

z=(pAq)V(aAqg)V(pAb)V(aAd)EP
thus PN F # @, a contradiction. W

Corollary 2.2.4. Let L be a distributive lattice, let I be an ideal of L, and leta € L
and a ¢ I. Then there is a prime ideal P such that I C P and a ¢ P.

Proof. Let I be an ideal such that a ¢ I. If F = 1 a, then INF = @. Apply
Theorem 2.2.3 to [ and F. W

Corollary 2.2.5. Let L be a distributive lattice, a, be L and a # b. Then there is

a prime ideal containing exactly one of a and b.
Proof. Either | an1b=0or tan|b=0, so we can apply Corollary 2.2.4. B

Corollary 2.2.6. Every ideal I of a distributive lattice is the intersection of all

prime ideals containing .
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Let X be the set of all ideals of L that contain I and are disjoint from F'. We verify
that X satisfies the hypothesis of Zorn’s Lemma. The set X' is nonempty, since
J € X. Let C be a chain in X and let M = |JC. We have to show that M is an
ideal:

1. if a,b € M, then a € X and b € Y, for some X,Y € C; since C is a chain,
either X CY orY C X;ifsay X CY,thena,beY,andsoaVbeY C M,

since Y is an ideal.
2. also, if a € M and b < a, then a € X € C, since X is an ideal, b€ X C M.

Thus M is an ideal. It is obvious that I C M and MNF = @, verifying that M € X'
Therefore, by Zorn’s Lemma, X has a maximal element P.

We claim that P is a prime ideal. Indeed, if P is not prime, then there exist a,be L
such that a,b ¢ P but aAb € P. The maximality of P yields that (PV L a)NF # 0
and (PV | b) N F # @. Thus there are p,q € P such that pVa € Fand gVvVbeF.
Then = (pVa) A(qVb) € F, since F is filter. Expanding by distributivity,

zr=(pAq)V(aAg)V(pAb)V(aAd)€P
thus PN F # (, a contradiction. M

Corollary 2.2.4. Let L be a distributive lattice, let I be an ideal of L, and leta € L
and a ¢ I. Then there is a prime ideal P such that I C P anda & P.

Proof. Let I be an ideal such that a ¢ I. If F = 1 a, then INF = @. Apply
Theorem 2.2.3 to I and F. B

Corollary 2.2.5. Let L be a distributive lattice, a,b € L and a +# b. Then there is

a prime ideal containing ezactly one of a and b.
Proof. Either | an1b=0 or 1+ an ] b= 0, so we can apply Corollary 2.2.4. 0

Corollary 2.2.6. Every ideal I of a distributive lattice is the intersection of all

prime ideals containing it.
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Proof. Let I be an ideal of a distributive lattice I and let
I =(P | I C P,P is a prime ideal of L).

If I # I, then there is an a € ; \ I, and so, by Corollary 2.2.4, there is a prime
ideal P, with I C P and a ¢ P. But then a ¢ I is a contradiction. M

Theorem 2.2.7. [9] Let L be a lattice and let X = Ip(L). Then the map
n: L — P(X) defined by

nia— X, ={I €Ip(l) | agl}
is a lattice homomorphism.

Proof. We have to show that Xavs = X, U Xp and Xenp = Xo N X, for all a,b € L.
Take I € Zp(L). Since I is an ideal,

avVbelifandonlyifa€ I and be ]
and, since [ is prime,
anbelifandonlyifaeIorbel.

Thus we have

Xaw = {I1€Zp(L)|aVb¢l}
= {IEI})(L)'G¢IOT3}¢I}
= X,U.X;.

Similarly,

e e T (1) | anbE D)
= {(IeZpL)|a¢Iandb¢ I}
= X.nX,m

Theorem 2.2.8. [6] Every distributive lattice is isomorphic to a Ting of sets.
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Proof. Let I be an ideal of a distributive lattice I and let
I =(\(P | I C P,P is a prime ideal of L).

If I # I, then there is an a € I; \ I, and so, by Corollary 2.2.4, there is a prime
ideal P, with I C P and a ¢ P. But then a ¢ I is a contradiction. H

Theorem 2.2.7. [9] Let L be a lattice and let X = Ip(L). Then the map
n: L — P(X) defined by

nia—= X, ={I€Ip(l) | agl}
is o lattice homomorphism.

Proof. We have to show that X, = X2 U Xp and Xenp = X,N Xy, forall a,b € L.
Take I € Zp(L). Since I is an ideal,

avbelifandonlyifa€ Il and b€l
and, since I is prime,
anbeTifandonlyifa€ T orbel.

Thus we have

Xow = {T€Tp(L) |aVbg T}
= {IEIp(L)lagéIorbgéI}

= X X5
Similarly,

Xy = {I1€Zp(L) | anbgl}
= {IEIp(LHaéIandbéf}

— X.nX.m

Theorem 2.2.8. [6] Every distributive lattice is isomorphic to a Ting of sets.
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Proof. Let I be an ideal of a distributive lattice I and let
I =(P | I C P,P is a prime ideal of L).

If I # I, then there is an a € I \ I, and so, by Corollary 2.2.4, there is a prime
ideal P, with I C P and a ¢ P. But then a ¢ I, is a contradiction. a

Theorem 2.2.7. [9] Let L be a lattice and let X = Ip(L). Then the map
n: L — P(X) defined by

nia— X, ={I €Ip(L) | a¢l}
is a lattice homomorphism.

Proof. We have to show that Xaw = X, U Xp and Xaap = XoN Xy, for all a,b € L.
Take I € Zp(L). Since I is an ideal,

avbelifandonlyifa €I and b€l
and, since [ is prime,
aAbelifandonlyifa€Iorbel.

Thus we have

Xaw = {I€To(l)|avbg )
= {IEIp(L)]agéIorbgéI}

= X, X
Similarly,

e {IEI'P(L)lﬂAbgéI}
= {IeZp(Ll)|a¢ Tandb ¢}
— XaﬂXb.I

Theorem 2.2.8. [6] Every distributive lattice is isomorphic to a ring of sets.
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Proof. Let L be a distributive lattice and let X = Zp(L). Define the map
n: L — P(X) by

nia— X, ={I€Ip(l)|aé¢l}

By Theorem 2.2.7 1) is a lattice homomorphism, so that the image of 7 is a sublattice
of P(X), i.e. Im 7 = the image of 7 is a ring of sets. Now, we have to show that
7 is injective. If a,b € L and a # b, then Corollary 2.2.5 implies that there exist
a prime ideal P such that a € P and b ¢ P. Therefore, P € X, and P ¢ X,. So,
n(a) # n(b). Hence L = Im . W

2.3 Congruence Relations on Lattices

Congruence relations play a central role in lattice theory. This section develops the
rudiments of a theory which goes way beyond the scope of an introductory text
such as this. In this scction we introduce the congruence relation on the group.
Then we discuss the concept of congruence relation on lattices. Some examples and

properties are given to illustrate these concept.

Introducing Congruences

We recall that an equivalence relation on a set A is a binary operation on A which
is reflexive, symmetric and transitive. We write a = b (mod 6) or a 8 b to indicate
that a and b are related under the relation 6.

An equivalence relation 6 on A gives rise to a partition of A into non empty disjoint
subsets. These subsets are the equivalence classes or blocks of 6. Atypical block

is of the form [a]p == {z € A | 2 = a (mod 0)}.

If A is an algebraic structure, such as a lattice, a group, a ring or a module, then

an equivalence relation § on A that also preserves the algebraic operations of A is
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Proof. Let L be a distributive lattice and let X = Zp(L). Define the map
n: L — P(X) by

n:ia— X, :={I€Ip(Ll)|aé¢l}

By Theorem 2.2.7 1) is a lattice homomorphism, so that the image of 7 is a sublattice
of P(X), i.e. Im 7 = the image of 7 is a ring of sets. Now, we have to show that
7 is injective. If a,b € L and a # b, then Corollary 2.2.5 implies that there exist
a prime ideal P such that a € P and b ¢ P. Therefore, P € X3 and P ¢ X,. So,
n(a) # n(b). Hence L = Im 7. W

2.3 Congruence Relations on Lattices

Congruence relations play a central role in lattice theory. This section develops the
rudiments of a theory which goes way beyond the scope of an introductory text
such as this. In this scction we introduce the congruence relation on the group.
Then we discuss the concept of congruence relation on lattices. Some examples and

properties are given to illustrate these concept.

Introducing Congruences

We recall that an equivalence relation on a set A is a binary operation on A which
is reflexive, symmetric and transitive. We write a =b (mod 6) or a 8 b to indicate
that o and b are related under the relation 6.

An equivalence relation 8 on A gives rise to a partition of A into non empty disjoint
subsets. These subsets are the equivalence classes or blocks of 6. Atypical block

is of the form [a]y := {z € A | £ = a (mod 6)}.

If A is an algebraic structure, such as a lattice, a group, a ring or a module, then

an equivalence relation 6 on A that also preserves the algebraic operations of A is
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called a congruence relation on A. For example, a congruence relation § on a
group G is an equivalence relation that is preserve the group operation, i.e., for all

a,b,z,y € G, we have

1. a =a (mod 0) reflexivity
2. if a = b (mod 6) then b = a (mod ) symmetry
3. ifa = b (mod ) and b = z (mod 6), then ¢ = « (mod 6) transitivity

4. if a=b (mod ) and z = y (mod 6), then az = by (mod 9)

5. if a = b (mod 6), then a™! = b~" (mod 6). (This can actually be proven from

the other four, so is strictly redundant).

Now, in elementary algebra, one teaches that there is a correspondence between cer-
tain special types of substructures and quotient structures. In the case of groups, for
example, there is a correspondence between normal subgroups and quotient groups.
A more complete story for groups must include the fact that a subgroup H of a

group G is normal if and only if the equivalence relation modulo H defined by:
a=b(mod H) & aH=0H

is a congruence relation on G.

Therefore, in a group, a congruence relation is the same thing as the coset decom-
position for some normal subgroup. Similar statements can be made for rings or
modules. However, in most treatments of elementary algebra, the role of the congru-
ence relation is underplayed in favor of the role of the special substructure (normal

subgroup, ideal, submodule).

Congruence relations on lattices

We begin with the definition of a congruence relation on a lattice.

Definition 2.3.1. [13] An equivalence relation ¢ on a lattice L is a congruence

relation on I, if for all a,b,z,y € L,
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a=b(modd) and z=y (mod?d)
imply

aAz=bAy (modf) and aVz=>bVy (modS¥).

The equivalence classes under a congruence relation § are called congruence classes
or blocks. The congruence class containing a € L is denoted by [a]s. The set of all
congruence classes for 6 is denoted by L/f. The set of all congruence relations on L

is denoted by Con(L).

Example 2.3.1. In any lattice there are always two trivial congruence relations,
the congruence relation #; where each element is its own congruence class (block),

and at the other extreme the congruence relation 8, with a single block. i.e.

z =y (mod 6,) if and only if z = y;
z =y (mod 65) for all z,y € L.

Example 2.3.2. Let L be a lattice with Hasse diagram given in Figure 2.5.

Figure 2.5:

The following are all congruences of L: 8 : {{0,1,2,3,4, 5}},
8, : ({0}, {1}, {2}, {3}, {4}, {5}}, {{0,1},{2,3},{4,5}}, {{0,2},{1,3},{4},{5}},
({0,1,2,3}, {4,5}}, {{0,2,4}, {1,3,5}}, {{2.4}, 3,5}, {0}, {1}}, {{0, 1}, {2,3,4,5}}.

Example 2.3.3. In a finite chain C, a congruence relation is any decomposition of

C into disjoint closed intervals, as in Figure 2.6.
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Figure 2.6:

Theorem 2.3.1. [22] An equivalence relation 8 on a lattice L is a congruence rela-

tion if and only if for all a,b,x € L,
a=b (modd) = aVz=bVz (modf)andaNz=bAz (mod 8).

Proof. Assume that 8 is a congruence on a lattice L. If a = b (mod 6), then, since

z = z (mod ), we have
aVz=bVz (mod#) and aAz=bAz (mod?b).
Conversely, let the stated property holds, if @ = b (mod #), z = y (mod 6), then
aAz=bAz (mod ) and bAT=DbAY (mod 8).
By transitivity, we have
aAz=bAy (mod b).
Similarly for joins. H

Example 2.3.4. [22] Let L be a distributive lattice and let ¢ € L. Then the binary

relations 8, p defined by

a=>b (mod §) if aVi=bVi

and

a=b (mod p) if aNt=>bAL

are both congruence relations on L.

ons are equivalence relations. For d, it is clear that

It is easy to see that these relati

for all a,b,x € L
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a=b(modd) = (ava)=(bv z) (mod §)
and for meet, the distributivity of L gives
a=b(modd) = aVit=>bVt
= (@VUO)A(zVL)=0OVI)A(zVL)
= (aAz)Vi=(bAz)Vt

= (aAz)=(bAz) (mod d).
A similar argument can be made for y. B

Remark 2.3.1. Let L be a lattice. If a,b € L, a < b and a = b (mod ), then all

elements in the interval [a,b] are congruent, for if x € [a,b], then
z=bAz=aAz=a (mod)
and so every element of [a,b] is congruent to a.

Definition 2.3.2. [7] A nonempty subset S of a lattice L is convex if whenever

a,b € 9, then [a,b] C S.

Theorem 2.3.2. [18] Let 8 be a congruence relation on a lattice L. Then for all

a € L, [a)y is a conves sublattice.
Proof. Let z,y € [a]s; then = a (mod §) and y = a (mod ). Therefore,
sAy=aAa=a(modf) and zVy=aVa=a (mod 6),

proving that [a]y is a sublattice. Now, we need to prove that [a]s is convex subset.

If ,y € [a]p and t € [,y], then 2 =a (mod 6) and y = a (mod §). Therefore,

t=tAy=tAa (mod?b),

and so

a.=a (mod 9)

t:tVa:E(t/\a)V:r::’:(tAa)v
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a=b(modd) = (ava)=(bv z) (mod §)

and for meet, the distributivity of L gives

a = b (mod J) aVt=bVvt

=
= (aVH)A(zVE)=BVI)A(zVi)
= (aAz)Vi=(bAzZ)Vt
=5

(aANz)=(bAz) (mod d).
A similar argument can be made for y. W

Remark 2.3.1. Let L be a lattice. If a,b € L, a < b and a = b (mod §), then all

elements in the interval [a,b] are congruent, for if x € [a,b], then
r=bAx=aAz=a (modb)
and so every element of [a,b] is congruent to a.

Definition 2.3.2. [7] A nonempty subset S of a lattice L is convex if whenever

a,b€ S, then [a,b] C S.

Theorem 2.3.2. [18] Let 8 be a congruence relation on a lattice L. Then for all

a € L, [ay is a convex sublattice.
Proof. Let z,y € [a]s; then 2 = a (mod ¢) and y = a (mod ). Therefore,
rAy=aAa=a(modf) and zVy=aVa=a (mod 8),

proving that [a]y is a sublattice. Now, we need to prove that [a]e is convex subset.

If ¢,y € [a]y and ¢ € [z,y], then z = a (mod 6) and y = a (mod §). Therefore,

t=tAy=tAa (mod¥b),

and so

t=tv:cE(t/\a)\/zs(t/\a.)\/aza(mod&).




2.3. Congruence Relations on Lattices 42

Hence, ¢ € [alo- So, [z,3] C [a]y. W
Theorem 2.3.3. [9] Let 0 be a congruence relation on a lattice L and let a,be L.
a=b(modf) ifandonlyif aAb=aVb (mod 8).
Proof. If a = b (mod 0), then
a=aVa=aVb(modf) and a=aAa=aAb (mod H).

Since 0 is symmetric and transitive, we deduce a A b= a Vb (mod 6). Conversely,
assume a Ab= a Vb (mod #). We have aAb<a <aVb,soaAb=a (mod ), and
similarly, a A b = b (mod ). Because 6 is symmetric and transitive, it follows that

a=b (mod §). W

Sometimes a long computation is required to prove that a binary relation is a con-
gruence relation. Such computations are often facilitated by the following theorem

which assume only a reflexive binary relation.

Theorem 2.3.4. [1] A reflexive binary relation 6 on a lattice L is a congruence

relation if and only if it satisfies the following three properties :
(1) For all a,b € L,

a=b (modf) & aAb=aVb (modb).

(2) Ifa b= cin L, then

a=b (mod?0), b=c (modf) = a=c (mod?).

(3) fa<banda=>b (mod?b), then

and aVz=bVz (modf) foradlzel.

ahz=bAz (modb)
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Hence, t € [a]s. So, [z,y] C [a]y. W
Theorem 2.8.3. [9] Let 0 be a congruence relation on a lattice L and let a,b e L.
a=b(modf) ifandonlyif aAb=aVb (mod 6).
Proof. If a = b (mod 6), then
a=aVa=aVb(modf) and a=aAa=aAb(mod f).

Since 6 is symmetric and transitive, we deduce a Ab = a V b (mod #). Conversely,
assume a A b= a Vb (mod #). We have aAb<a <aVb, soaAb=a (mod ), and

similarly, a A b = b (mod ). Because 6 is symmetric and transitive, it follows that

a=b(mod 6). H

Sometimes a long computation is required to prove that a binary relation is a con-
gruence relation. Such computations are often facilitated by the following theorem

which assume only a reflexive binary relation.

Theorem 2.3.4. [14] A reflexive binary relation 6 on a lattice L is a congruence

relation if and only if it satisfies the following three properties :
(1) For all a,b € L,

a=b(modf) & aNb=aVb (mod 8).

(2) Ifax b= cin L, then

a=b (modb), b=c (modb) = a=c (mod 0).

(3) Ifa<band a=b (modb), then

and aVz=bVz (modf) forallzxel.

ahNz=bAz (modb)
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Proof. The “only if” part being trivial. So, it is sufficient to prove that a reflexive
relation 6 satisfying conditions (1) - (3) is a congruence relation. First, note that 6
is symmetric by (1). Next, we need to show that if a < b and @ = b (mod ), then

all elements in [a, b] are congruent. It is easy to see that any « € [a,b] is congruent

to both a and b, since by using (3) we have
a=aAz=bAz =z (mod0)
and
z=aVz=bVz=>(mod¥0).

Hence, if z,y € |a,b], then zVy € [a,b]. SozVy =a (mod ) . But zAy € [a,z V]
and so 7 Ay =2z Vy (mod 6). By (1), z =y (mod 9).

To prove that @ is transitive, let a = b (mod §) and b = ¢ (mod 6). Then by (1),
aAb=aVb (mod #). We know that a Ab < aVbandso by (3), we have

(aAb)Vb=aVbVb (mod §) = b=aVb(modf) = bVc=aVbVc(modb)

Similarly,

aAb=aVb (modb) = aAb=b(mod ) = aAbAc=bAc (mod b).

Hence,

aAbACEbAchVCEaVch(modﬁ)

and
aAbAc#bAc#ch#avaa

Thus by applying (2) twice, we get aAbAc=aV bV ¢ (mod ). Therefore, all

elements in interval [a AbAC, @V bV ¢, including a and ¢, are congruent. Thus, 6
is an equivalence relation.

We complete the proof using Theorem 2.3.1. Suppose that a = b (mod 6). If a and

b are comparable, then (3) and symmetry of the relation imply that
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aANT=bAx (mod#) and aVz=bVz (mod )
for all z € L. If a || b, then by (1), a Ab=a Vb (mod 6) and by (3), we get
(aAb)Axz=(aVb)Az (mod ) and (aAb)Vz=(aVb)Vz (modb)
for all z € L. But
aAz,bAz € [(aAb) Az, (aVb)Auz]
and so a Az = b A z (mod ). Similarly,
aVz,bVze[aAb)Va (aVd) V]

andsoaVz=bVz (modf). M

2.4 Quotient Lattices

Homomorphisms and congruence relations express two sides of the same phenomenon.
To establish this fact, we first define quotient lattice and take closer look at the prop-
erties of this lattice.

The set L/6 = {[a]s | a € L} of congruence classes of a congruence relation 0 is also

a lattice. Indeed, it is precisely because 0 is a congruence relation that the inherited

lattice operations of 6 are well defined on L/8.

Theorem 2.4.1. [22] Let 0 be a congruence relation on a lattice L. The set L[ of

congruence classes is a lattice, called the quotient lattice of L modulo 6, under the
operations
[a]g A [b]e = [anble and [a)o V [b]e = [aV ble

Proof. First, we must check that these operations are well defined. But if a = a
* b

(mod §) and b=b' (mod 6), then a A b=a Ab (mod 6) and so

aAblp=[a Able

alo = [lo and Bl =0T = |
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which says that the meet operation is well defined. A similar argument applies to

the join operation. Finally, it is routine to check the properties of a lattice. For

instance, the associativity law
([alo V [Ble) V [clo = [als V ([blo V [clo)
is equivalent to
[(avd)Vep=laV(bVe)s

which follows from associativity in L. B

In our discussion of congruences we have so far treated lattices as algebraic struc-
tures; the underlying partial order on a lattice has not been mentioned. Theorem

949 redress the balance and describe the partial order relation in the quotient

lattice.
Theorem 2.4.2. [22] Let L be a lattice and let 6 € Con(L).

(1) [alo < [blo if and only if some element of [a]g is related to some element of [blo-

In particular,

axb = [alo < [ble

(2) [als || [blo if and only if a || B for every & € [a)s and B € [blo-
(3) [ale < [ble if and only if
a<B o «afp
for every o € lale and B € [ble, with strict inequality for at least one pair

(o, B).

Proof. For part (1),

blo = lalo < lalo A [blo = [alo & [a]o < [ble-

axbeanb=a=[aA
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Conversely,
[alo <t [ble = [a A Bl = [als = a A b € [d]o

and so a < B, where « = aAb € [a]p and B = b € [b]y. Part( 2) follows from part
(1). For part (3) if [a]p < [bly, then [alp < [b]o, [a]o # [b]o and [b]s £ [ale. Thus
, part (1) implies that o < B for some a € [a]s, B € [b]y and that B < « cannot
happen for any a € [alg, 8 € [b]s. Conversely, suppose that a < 3 or a || 3 for every
a € [a]s, B € [b]s, With strict inequality for at least one pair. Then part (1) implies
that [a]p < [ble. However, [a]y = [b]y implies that a € [a]y and a € [blp, which is
false. Hence, [a]s < [b]. H

The quadrilateral argument : Let L be a lattice and suppose that {a,b,¢, d} is
a 4-element subset of L. Then a,b and c,d are said to be the opposite sides of the

quadrilateral(a, b; c,d) if a < b, ¢ < d and either
(avd=band aAd=c) or (bVe=dand bAc=a).

We say that the blocks of a partition of L are quadrilateral-closed if whenever

a,b and ¢, d are opposite sides of a quadrilateral and a,b € A for some block A then

¢,d € B for some block B (see Figure 2.7,

b d
c a

Figure 2.7:

Theorem 2.4.3. [9] Let L be a Jattice and let 8 be an equivalence relation on L
Then 6 is a congruence if and only if

(1) each block of 0 s a sublattice of L,

(2) each block of 6 is conver,
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(8) the blocks of 6 are quadrilateral-closed.

Proof. Let & be a congruence relation on L. Then by Theorem 2.3.2, each block of ¢
is a sublattice and convex. For (3), let a,b and ¢, d be opposite sides of quadrilateral,
with aVd = b and a A d = ¢. We assume that a,b € [a]y and d € [d]y and seek to
prove that ¢ € [d]g. Since a = b (mod #), by Theorem 2.3.1, we can get

aANd = bAd (mod?).
¢ = d(mod?b).

Conversely, assume that (1), (2) and (3) hold. We prove that a = b (mod g) , implies
that aAz = bAz (mod 6) for all z € L. Since (1), (2) and(3) are self dual, it follows
that a V2 = bV z (mod ) for all z € L. First suppose that u = v (mod 6) and
u < v. Then we can project « into the interval [u,v] to get uV (v A ), as shown in

Figure 2.8.

uv(VvAX) X
VAX

uax
Figure 2.8:

The convexity of blocks implies that u = wV (vAz) (mod ) and the (3) then implies

that u Az = v Az (mod 6).

For the general case, if a = b (mod 6) then letting u = aAb, and v=aV Ui e

aAb=aVb (mod ), and a A b < a\V b. Hence, the previous remarks show that

(a/\b)/\x?_(avb)/\x (mod 6)

and since a A ¢ and b A z lie in the interval between (a Ab) Az and (aVd) Az,

convexity implies that a AT = b Az (mod 0), as desired. B
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Example 2.4.1. Consider the 4-clement square lattice I with Hasse diagram given

in Figure 2.9. Let 0 be a congruence of L. Then the following cases hold:

0=a(modf) & b=1(modh),0=>b(modf) & a=1(mod?¥),
a=b(modf) = 0=a (mod¥f) andso 8:{0,1,a,b},
0=1(mod#) = 6:{0,1,a,b}.

Using these properties we deduce that there are four congruences in ConL: ({0}, {1},{a}, {b}}
{0,1,a,b}, {{0,a},{b,1}} and {{0,b},{a,1}}.

1

0

Figure 2.9:

Example 2.4.2. The lattice M3, by applying Theorem 2.4.3, has only trivial con-
gruences.

Some examples of congruences and the blocks are given in Figure 2.10. Note that

~ the loops are drawn on the diagrams of lattices represents a partition of L. The

quotient lattice is obtained by collapsing each block to a point.
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Remark 2.4.1. Let 0 be a congruence relation on a lattice L. If L is a distributive,

then L/0 is a distributive lattice. Since for all [a]y, [b]o, [c|o € L/0:
[alo A ([blo V [clo) = (lals A [ble) V ([als A [clo)-

On the other hand, if L)@ is distributive lattice, then L it is not necessary to be

distributive lattice. For instance, in Figure 2.10, Ly /0 is distributive lattice but Lyis

not distributive lattice.

Now we want to look at the relationship between congruence relations and lattice

homomorphisms.
Theorem 2.4.4. [22]

(1) Every lattice homomorphism f: L — M defines a congruence relation 0 given

by
(Va,b € L) a="b (mod ;) & fla)=F(b)

and called it is the congruence kernel of f. The congruence classes of 0

are the sets L/0; = {f'(z) | z € image(f)}. Thus f is injective if and only
if 65 is equality.
(2) Every congruence relation 6 on a lattice L defines a surjective lattice homo-

morphism mg : L — L/6 given by
mo(a) = [alo

and called the natural projection of L modulo 0. The congruence kernel of

g 18 0.

), it is elementary that @y is indeed an equivalence relation. Now

Proof. For part(1
b (mod 6y) and ¢ = d (mod 6y), so that f(a) = f(b) and f(d) = f(c),

assume a =

Hence since f preserves join,

saiversity

L

. 30.[)9 St g3 i
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Remark 2.4.1. Let 8 be a congruence relation on a lattice L. If L is a distributive,

then L/ is a distributive lattice. Since for all [a]y, [blo, [c]o € L/8:
[alo A ([ble V [clo) = (lals A [blo) V ([a]s A [clo)-

On the other hand, if L/0 is distributive lattice, then L it is not necessary to be
distributive lattice. For instance, in Figure 2.10, L,/ is distributive lattice but Lyis

not distributive lattice.

Now we want to look at the relationship between congruence relations and lattice

homomorphisms.
Theorem 2.4.4. [22]

(1) Every lattice homomorphism f: L — M defines a congruence relation 05 given

by
(Va,b€ L)a=b (modby) & fla) = f(b)

and called it is the congruence kernel of f. The congruence classes of 0

are the sets L)8; = {f*(z) | z € image(f)}. Thus [ is injective if and only

if 65 is equality.

(2) Every congruence relation 0 on a lattice L defines a surjective lattice homo-

morphism g : L — L/6 given by
mo(a) = lalo

and called the natural projection of L modulo 8. The congruence kernel of

g 8 8.

), it is elementary that 0y is indeed an equivalence relation. Now

Proof. For part(1
assume o = b (mod f;) and c =4 (mod 6y), so that f(a) = f(b) and f(d) = f(c),

Hence since f preserves join,

et e )
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flave)=fla)V fc) = f(B) V f(d) = f(bV d).

Therefore a Ve =bV d (mod ;). A similar argument can be made for meets. For

part(2), it is clear that my is surjective. Also,
?Tg(a A b) - [a N b]g = [a]g A [b]g = 7:'9((1) A ?Tg(b)

and similarly for join. Hence, 7y is a surjective lattice homomorphism. Finally, the

congruence kernel of 7y is 6, since

a=b (mod 9) < [a.]g = [b]g = 'rrg(a) = ’h‘g(b). O

2.5 Kernels

In this section we define three types of kernels in lattices. One of them is related to
homomorphism, and the other two kernels are related to congruence relation. Then

we characterize the distributive lattices by using the kernel of congruence relations.

Definition 2.5.1. [13] Let f : L — M be a lattice homomorphism. If M has a

least element 0 and if f~1(0) is nonempty, then the set
ker(f) = f(0) = {a € L | f(a) =0}
is called the ideal kernel of f.

Example 2.5.1. Let [: L — M be a lattice homomorphism with Hasse diagram

given in Figure 2.11. The ideal kernel of fis {d,e}.

b -
c — y
d —
= z
. -
L M
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Definition 2.5.2. [13] If f : L, —» M is a lattice homomorphism, then the con-

gruence relation 6y, defined in Theorem 2.4.4, is called the congruence kernel of

it
Example 2.5.2. In Figure 2.11 the congruence kernel of f is

05= {(a,a), (b,0), (¢,0), (d, d), (e ), (a, ), (b, a), (d, ), (e, d) }.

Theorem 2.5.1. [22] Let L be a lattice and § € Con(L). A congruence class [z]g is
an ideal of L if and only if it is the least element of L/0, in which case it is called
the ideal kernel of 6 and is denoted by ker(0). If L has a 0, then ker(8) = [0]o.

Proof. Let [z]s be an ideal of L. Then for any congruence classes [a]y, we have
zAa€ [z]p and z A a < a € [a]p and so, by Theorem 2.4.2, [z] < [alp. Thus, [z]o
is the least element of L/f. Conversely, if [z]s is the least element of L/, then for
any a < y € [z]y we have [a]s < [ylo = [2]o and so [a]s = [z]y, that is, a € [z]o. Let
¢,d € [z]g. Since [z]y is a sublattice, we can get cV d € [z]s. Hence [z]y is an ideal .
[ |

Note that, not all ideals are ideal kernel of some congruence relation.

Example 2.5.3. Consider the lattice L with Hasse diagram given in Figure 2.12.

The subset I = {0,a,b,c} is an ideal, but is not an ideal kernel of any congruence

Figure 2.12:

relation. In fact, if I were the ideal kernel of a congruence g, then we would have
.1 2

d=dv05ch=1(m0d9) and s—aN 0=eVe= 1 (mod?)

whence the contradiction 0 = b=dAe=1 (mod 6).




ee istence in the Example 2.5.3 of a not distributive sublattice prompts a consid-
of the distributive case. In so doing, we obtain the following characterisation

stributive lattices.

Theorem 2.5.2. [7] A lattice L is distributive if and only if every ideal of L is an

kernel of some congruence relation.

»f. Suppose that L is distributive and let I be an ideal of L. Define the binary
relation 6 on L by

a=b(modd) & (Ji€l)aVi=>bVi

In Example 2.3.4, we proved that § is a congruence relation. Now if ¢ € I, then
a = i (mod 8) implies that, for some j € I, aVj = iV j € I and hence a € I.

Figure 2.13:

let I = | a and let 6 be a congruence of which T is the ker(#). Then

In either case,
e=cAb=d=a (mod

‘e=aVb=dVb=b (mod p) from which we obtain ¢=cA

6), which shows that ¢ € I = | a, a contradiction in cach case. Thus L has no such

“

sublattices and is therefore distributive. B

The congruence & considered in the proof of Theorem 2.5.2 has a more significayl

property.
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Theorem 2.5.3. [7] If I is an ideal of a distributive lattice then & is the smallest
congruence with ideal kernel 1.

Proof. Suppose that = = y (mod 4), so that & Vi =y Vi for some i € I. Then for
any congruence ¢ with ideal kernel I we have

[mltp = [m]t,a \ [?'](,o = [m Vv i]tp = [y \ 'i']s.o = [y]so N [7:]90 == [y]tp
so that z = y (mod ¢) and consequently § C . W

Theorem 2.5.4. [22] Let M be a lattice with 0 and let f : L — M be a lattice
homomorphism. Then the ideal kernel ker(f) = f~'(0) is an ideal of L and

ker(8;) = ker(f).
Proof. If z,y € f7'(0), then

f@Vy) = f@)V fy) =0v0=0,

fle)=fy) =0 = =z =y (modby).

So ker(f) = [z]s, is a congruence class of 0. Since ker(f) is an ideal of L, [z]e, is
the least element of L/6;. Hence ker(f) = ker (65). B

Remark 2.5.1. The lattice M 1is a homomorphic image of the lattice L if and only

if there is a homomorphism of L onto M. Theorem 2.4.4 part (2) states that any
‘quotient lattice is a homomorphic image.
morphism Theorem,). Let L be a lattice. Any

‘Theorem 2.5.5. [12] (The Homo |
hic to a suitable quotient lattice of L. In fact,

“homomorphic image of L is isomorp
if f: L — M is a homomorphism of L onto M and 8, is the congruence kernel of

f, then
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L6, 2 M;
an isomorphism(see Figure 2.14) is given by

7: L/0; — M such that 7([z]y,) = f(z)

L——"% >/,
\

Figure 2.14:

T

=<

Proof. To prove 7 is an isomorphiém we have to show check that 7: (1) is well

defined, (2) is one to one, (3) is onto, and (4) preserves the operations.

(1) Let [z]o, = [y)p,- Then z =y (mod 6;); thus f(z) = f(y), that is,
7([z]o;) = T([Wlo,)-
(9) Lt ~({ols,) = 7((slo). Then =y (mod 6); and 50 [elo; = ol

(3) Let a € M. Since f is onto, there is an 2 € L with / ()i=ie s

([zle;) = a-

@)ﬁMwAwh%=ﬂbAmM=ﬁ@Aw=f@VJ@FﬂﬂWQAﬂMwY'




Chapter 3

Congruences and Ideals in
Distributive Lattices with respect

to A derivation

In this chapter we introduce the concept of derivation on lattices. Also we will
mention some properties of derivation and compare between derivations and lattice
homomorphisms. Furthermore the concepts of d-ideal, d-prime ideal, injective ideal
and maximal injective ideal are introduced in a distributive lattice with respect to
derivations. Also the Stone’s theorem for ideals of a distributive lattice is extended

to the case of injective ideals. In addition two types of congruences are introduced

in a distributive lattice with respect to derivation.

3.1 Definition and Examples

In this section we introduce the concept of a derivation of a lattice. Also some

examples are presented to illustrate this concept. Furthermore we will mention

some properties of a derivation.

Given an algebraic structure (A,+,%); where + and * denote two arbitrary binary

55
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operations, we call derivation of A any function f+ A— Asuch that:

fla+0) = f(a) + f(b),

flaxb) = f(a) xb+ax f(b).

This definition clearly coincides with the usual (algebraic) notion of derivation when

(A,+,*) is a ring. However, it can be formally stated for every algebraic structure

endowed with two binary operations. In this chapter, we will consider the special

case in which (A,+, %) is a lattice, so that + and = are, respectively, the join and

the meet operations.

Definition 3.1.1. [26] Let (I, V,A) be a lattice; a derivation of L is a function

d: L — L satisfying:

W) dzVy) = da) v dy),

@) d(z Ay) = (dz) Ay)V (zAd(y)), forallz,yéeL.

Example 3.1.1.

1. In every lattice L, the identity mapping i defined by i(z) = z for each z € L
is a derivation of L.

9. Let I be a lattice with least clement 0. Then the mapping % defined by
¥(z) = 0 for each z € L is a derivation of L.

3. Take the lattice L in Figure 3.1.

1

@
aj

0

Figure 3.1:

Define two functions di and d, on L by
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e a1 S
di(z) = z P L z=1

& otherwise z, otherwise

d; is a derivation but dj is not a derivation. Since

dz.(ag V 1) — dg(l) = a but dz(ag) V dg(l) =asVa; = as.

Now we give some properties for the derivations of lattices.

Theorem 3.1.1. [26] Let d : L — L be a derivation of a lattice L. Then for any
T,y € L, we have :

(1) d(z) < =.

(2) If z < y then d(z) < d(y). Hence, d is an isotone.

(3) If v 5 y, then d(z) =z A d(y).
Proof. Let d: L — L be a lattice derivation. Given z,y € L. For (1),

d(z) = d(z Az) = (d(z) Az) V(T A d(z)) = d@)=znd)=<z vz € L.

For (2),if z < y, then 2 VY =1, and so

d(y) = d(z Vy) = d(z) V ).

Hence,
d(z) < d(¥)-

To prove (3),let z <Y again. Then d(z) ¢ <y by (1). Consequently

d(z) = d@ AY) = (d(z) NY)V (zAd(Y) = d(z) V (z Ad(y)),

i [T W
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ie. zAd(y) = d(z). On the other hand, d(z) < z by (1) and d(z) < d(y) by (2)
Therefore,
z Ad(y) = d(z).
So,
d(z) =z Ad(y). B
Remark 3.1.1. [10] let us have a look at the definition of derivation, and particu-
larly to condition (2), i.e.
dlz Ay) = (d(z) Ay) V (z Ad(y)).

We can prove that this condition is redundant, and we find a suitable way to simplify
it. Indeed, since z Ay < =, we have d(z Ay) < d(z), and we also have d(z A y) <
(z Ay) < y. Therefore we have obtained d(z A y) < d(x) Ay. In the same way we
also get d(z Ay) < @ Ad(y), so we can conclude that condition (2) is equivalent to

the following:
(2) d(z Ay) = d(z) Ny =z Ad(y)-
Definition 3.1.2. [10] An element a of a lattice L is said to be distributive ele-
ment whenever, for every 2,y € L:
aN(zVy) = (aAz)V(aNY):

The set of all the distributive elements of a lattice is called the center of the lattice.

o distributive lattice L are distributive elements. The next,

attices all the derivations

Note that all elements in

fundamental Theorem states that for a very large class of 1

are of the same form.
lementl. Thend: L —

Theorem 3.1.2. [10] Consider ¢ Jattice L with a greatest

L is a derivation of L if and 0

that d(z) = a A @, for every T e L.

nly if there exists @ distributive element a € L such

Obuiously, in this case We have a = d(1).
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Proof. Ifa € Lis a distributive element, then every function of the form d(z) = aAz

is a derivation (even if L. does not have a greatest element) since Vz,y € L:
dzVy) = aA(@zVy)=(arz)V(aAy)=d(z)Vdy).
dzAy) = aN(xAy)=(aAz)Ay=dx)Ay.

Conversely, suppose d : L — L is a derivation; by definition we have:

dler) = d(1 A x) = d(1) Az
d(1) € L is a distributive element, since Vz,y € L

d)A(zVy) = d1A(zVy))
= d((1AzZ)V(1AY)
= d(1Az)VdlAy)
@A) Az)V (d1)Ay). B

I

- Remark 3.1.2. Theorem 3.1.2 is not mecessarily true if a is not a distributive

element.

. Example 3.1.2. Let L be the diamond lattice My of Figure 3.2. Consider the
function f : L — L such that f(z) = bAz. Note that b is not a distributive element.

~ Clearly, f is not a derivation on I

filala)=J(l)="b but f@)V fle)=0.

[

Figure 3.2

J
|
|
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Therefore, for a distributive lattice L with greatest element 1, the class of the deriva-
tions of L coincides with the class of the maps d, : L — L denoted by dil=) =ah:
More precisely, d, is the only derivation of L such that d(1) = a. We will call these
derivations simple derivations (even if the lattice L is not distributive), and we

will say that d, is the simple derivation associated with a.

Theorem 3.1.3. [26] Every derivation d of a lattice L is of the form
d(z) =cAhz

with o suitable chosen ¢ € L if and only if L has a greatest element.

Proof. If 1 is the greatest element of L, then d(z) = « A d(1) for each = € L.
However, if L has no greatest element, then the identity mapping of L cannot be

represented in the form d(z) = ¢ A x, because c A T #xforz>c W

The lattice (N,lem,ged) is a distributive lattice without greatest element. The-
orem 3.1.4 defines and studies a particular function, whose appearences in algebra

and geometry are plentiful. "We call radical of a positive integer n = PaE s P

(uniquely factorized into product of primes ) the positive wnteger

r(n) =r(pf - P =P1 e Pr

Therefore, the radical of a positive integer is the product of the primes of its factor-

ization ”. [10]

Theorem 3.1.4. [10] The radical function v : N = N is a derivation of the lattice

(N: 'Ecma g(‘d) 2

Proof. Let n,m € N such that
r Br+1 : i B
o o oorti. _.pes and m N
n:pll-”"prr.pi‘-l-l pes 5
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(mighis Way We distinguish the common primes belonging to both n and m from the

other primes occurring in the two factorizations). It is not difficult to show that the

following equalities hold:

r(lem(n,m)) = r maz(e,fr) | omaz(ar,r) | o
( ) )) (pl v P ar,Br) .p:+‘;1 e .p‘t:s x qfril e qfe)

= DP1°«'DPr Prig1 e "Ps Grg1 -t Gt
= lem(pr- - Ps; D1 oo " Dr - Gra1 o - G1)

= lem(r(n),r(m));

min(a1,81) miﬂ{ﬂrﬁr))

r(ged(n,m)) = r(p snc il

= M- .. "DPr

Xy

= ged(P® - oo P2 PL o Pr Gl o G)
= gecd(n,r(m)) (= ged(r(n),m)). B

3.9 Derivations of Lattices Vs lattice Homomor-

phisms

In this section we introduce some properties of derivations of lattices. In addition

we compare between Derivations of lattices and lattices homomorphisms.

Theorem 3.2.1. [10] A derivation d is a lattice endomorphism of L and also pre-

serves the least element 0.
Proof. If d is a derivation of a lattice L, then d is join preserving by the definition.

So, we have to show that d is meet preserving. For x,y € L, we get:

dehy) < d@)AdE);
d(x) Ay = d@ A9,

for d is isotone.

d(z) Ad(y) = fromlE

Therefore, d(z A y) = d(z) A d(y)-
If L is a lattice with 0, then
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d(0) = d(0 A 0) = d(0) A0 = 0.

- In fact, a lattice endomorphism need not be a lattice derivation.

Example 3.2.1. [26] Let L be a lattice. Given an element ¢ different from the least
element (eventually existing) of L, the mapping 1(z) defined by

Y(z)=c foreach z€L

is an endomorphism of L which is not derivation because there exists at least one

element b € L such that b < ¢ and thus 1(b) = ¢ > b. Hence, 9 is not a derivation.
Theorem 3.2.2. [10] Ifd: L — L is a lattice derivation, then

d(d(z)) = d(z) Vx € L.
Proof.

d(d(z)) = d(d(zAz))=d(d(z)Az)
= d(z) Ad(z) = d(z). B

Remark 3.2.1. If f : L — L is a lattice endomorphism, then it is not necessary

thet f(f(z)) = f(x) for & € L. For ezample, Let L = {0, 01,02, Ly deu lstice whose

Hasse diagram is given in Figure 3.8. Define a lattice endomorphism f : L — L

such that £(1) = ax, f(az) = flar) = £(0) = 0. Then F(FD) # FQ1)-
1

az
ay
0

Figure 9.5

Theorem 3.2.3. [10] If d, f are derivations of the lattice L, then dof is a derivation

100.
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| Proof. Let d, f are derivations of the lattice L, then
(dof)@Vy) = d(f(@)V f(¥)) = (do @)V (do (),
(dof)zAy) = d(f(z)Ay)=(dof)(z)Ay.

So, do f is a derivation. B

Remark 3.2.2. It is easy to show that if f : L — M and d : M — P are lattice

homomorphisms, then d o f is a lattice homomorphism too.

Theorem 3.2.4. [10] Let L be a distributive lattice and d, f be two derivations on
L. Define

@A f)@)=d(@)Af(z) and (dV f)(z)=d(2)V [(2).
Then dV f and d A f are derivations, and we also have dA f =do f.

Proof. First, we prove dV f is a derivation on a distributive lattice L.

(@vizvy = ﬂmVMVf®Vy%=ﬂﬂdewwﬂ@Vf@)
= @V @)V @vNw:

@V lzAy) = d(:v/\y)vf(w/\y)=(d(w)/\y)v(f(m)/\y)
— yAdE@)V f@)=yA@V (@)

Similarly, we prove dAfisa derivation on L.

dAf)zvy) = daVyA faVy) = @@) VA (fl@)V @)
— (dz) A W)V @A F@) V@A NV @ANY)
. (%)

— (g )V @A ),

dAf)EAY) = d(:cf\y)/\f(:cf\y)=d(x)/\y/\f(9:)/\y

= (dAN@)NY:
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(%) can be explained as follows. We have

dAS@AY) = dary)AflzAy)
= dlz)AyAzAfy)
= d(z) A f(y),

and so both d(z) A f(y) < (dA f)(z) and d(z) A f(y) < (d A f)(y). Finally, we
immediately have:

(do f)(z) = d(z A f(2)) = d(2) A f() = (d A f)(z). B

Remark 3.2.3. [10] Note that the equality do f = d A f does not depend on the
distributivity of L; this means that the map d A f is a derivation even if the lattice

L is not distributive.

Example 3.2.2. Consider the non distributive lattice N5 whose Hasse diagram is

given in Figure 3.4. Since a and b are distributive elements, we can define the

derivations d and [ on N5 by

d(x) =bAz and fo)=a .

Figure 3.4:

but (d A f)(z) = (do f)(z) = 0 for all

Although Nj is not a distributive lattice,
n the other hand, dV f is not a derivation

z € L. Hence, dA f is a derivation on L. O
on Nj since

(@v fleal) =@V HE =" but cA@VHQ)=cAl=c
Theorem 3.2.5. [27] Let L be o distributive lattice and D(L) be a set of all deriva-

tions on L. Then (P(L),V; A) is @ distributive lattice.
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Proof. From Theorem 3.2.4, V and A are binary operators on D(L). Define a
binary relation < on D(L) by d < f if and only if d A f = d. Then < is partial
order relation on D(L) and infimum of {d, f }=dA f, supremum of {d, Th=dV 1.
Therefore (D(L),V, A) is a lattice.

In addition, for &, f,g € D(L) and any z € L, we have:

(@A(FVx) = d(=)A(f(z)Vg(z))
= (d(@) A f(2)) V (d(z) A g())
= (dAf)z)V (dAg))
= ((@AF)V(dAg))(z).
Therefore, dA (fVg) = (dA f)V (dAg). Hence, (D(L),V, A) is a distributive lattice.

[ |
Remark 3.2.4. Let Hom(L, M) be the set of all lattice homomorphism from a
distributive lattice L to a distributive lattice M. Let f,d € Hom(L,M). For all
z € L, define

(A f)(@) = d(@) A flz) and (@V)(z)=d@)V f(z)
Then dV f and d A [ are not necessary lattice homomorphisms. For instance,

let L be a distributive lattice with Hasse diagram s given in Figure 3.5.

1

0

Figure 3.5:

Suppose M = L. Define two maps d,feH om(L,L) as follows:

an = 1ora,
1, w=1lor b, f(z) =

d(z) = ; 0, otherwise.
0, otherwise,
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Then d A f ¢ Hom(L, L), since

@Af)aVvd)=@AS(1)=a but (@A) @)V (dAf)b)=0Vv0=0.

Moreover, dV f ¢ Hom(L, L), since

@V N@Ab) =@V N0)=0 but @V f)a)A@Vf)(b)=arl=a.

Therefore A and V are not binary operators. Hence we can not define a lattice on
the set Hom(L, L).

Theorem 3.2.6. [28] Let d be a derivation and I an ideal of a lattice L. Then we

have
(1) d(I) is an ideal of L such that d(I) C I.
(2) d1(I) = {z € L | d(z) € I} is an ideal of L.
Proof. For (1), d(I) # 0. Let a,b € d(I). Then a = d(x) and b = d(y) for some
z,y € I. So
aVvb=d(x)Vdy) =dzVy) € dl)-
Now, let ¢ € d(I) and z € L such that z < ¢ Then ¢ = d(z) for some z € I. So

r—chp = dlz)hz
= d(zAz)-
Since T is an ideal and Z AT < 2 We get © = d(z Az) € d(I). Hence, d(I) is an

ideal of L. To prove d(I) C I, let 2 € d(I). Then z =
d(y) < y, we get d(y) =Y A d(y) € 1. Hence, x € I. For (2), d"'(I) is not empty
d(y) < v,

sine ] C d~'(I) and I is an ideal s0 I is not empty. Let a,b € d '(I). Then we have

d(a), d(b) € I. Since I is an ideal of L, we get
I = avbed ()

d(y) for some y € I. Since

d(a v b) = d(a) v d() €1
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T i
Again, let ¢ € d=*(I) and x € L such that r < ¢. Then we get d(c) € I. Since T is

jaz ideal of L, we get d(z) = d(c A z)=dlc)Az €l Thusz e d=Y(I). Therefore
4~(I) is an ideal of L.M :

Remark 3.2.5. Let f : L — L be a lattice endomorphism and I be an ideal of L.
Then f(I) may be not an ideal of L. For ezample, let L be a laitice of Figure 3.6
Define a lattice endomorphism f : I — L such that f(z) = c. Then I = {b,a,0} is

OR TN =

Figure 3.6:

an ideal of L but f(I) = {c} is not an ideal of L. Moreover, fi) € 1.

In general, if a lattice homomorphism f: L — M is onto, then the image of an

ideal I is again an ideal. To prove it, let I be an ideal of a lattice L: f(I) # 0. Let
a,b € f(I). Then a = f(z) and b= f(y) for some z,y € I. So

aVb=f@)V fy) = flzVvy) € F).

let ¢ € f(I) and z € M such that z < c. Then ¢= f(2) for some z € I. Since [ is

onto, there exist w € L such that z = f(w). So

r=cANz = f(z)/\f(w)
— f(Z/\’UJ)-

Since T idea,l a.nd 2 AW 4 2, We get G P— f(z/\w) (= f(I). Therefore, f(I) is an

ideal of L.

Hence The condition of onto whi

ch is necessary for getting the image of an ideal

ecome again an ideal is not required in case of a

under a lattice homomorphism to b

derivation.
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: . (23] Let d be a derivation of a distributive lattice I and let I,.J
 two ideals of L. Then we have ’

I C J implies that d(I) C d(J).

d(InJ) =dI)nd(J).

dil N T = d(T) v d(J).

Proof. For (1), suppose that I C J. Let = € d(I). Then we get that z = d(y) for
some y € I C J. Hence, z = d(y) € d(J). Therefore, d(I) C d(J).

2), clearly d(INJ) C d(I)Nd(J) by (1). Conversely, let = € d(I)Nd(J). Then
; = d(a) for some a € I and z = d(b) for some b € J. Since d(b) < b, we get that
) € J and hence a A d(b) € I N J. Thus

z = d(a) Ad(b) = d(a Ad(b)) € d(INJ).

efore, d(I) N d(J) € d(I N J). To prove (8), Clearly d(I) Vv d(J) € d(IV J)
(1). Conversely, let z € d(I Vv J). Then z = d(z) for some z € I'V J. Hence,
7= a\ b for some a € I and b € J. Thus

¢ = d(z) = d(aVb)=d(a)V d(b) € d(I) v d(J).

Therefore, d(IV J) C d(I)V d(J)- B

Remark 3.2.6. Theorem 3.2.7 1s true even if the lattice L is not distributive lattice.

can use the same proof for (1) and (2). To prove($8),
I)vd(J) € d(IVJ) by (1). Conversely, let T € d(IV J). Then z = d(z) for some
2ze 1V J. Hence, z < aV b for somea€ I and b€ J. Thus

(2) < d(a v b) = d(a) Vd(b) €ADV d(J).

r=4d

Therefore, d(IV J) € d(I) V d(J)-
L— M bea lattice homomorphism a
of M, we can prove that d

B o Tetd: nd let I,J any two

s of L. Although d(I
satisfy (1) and () in Theorem 827

) is not mecessary to be an ideal
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8.2.8. A lattice L is distributive if and only if the map d, : L = L such

) =aAz is a lattice derivation for alla € L.

Let L be a distributive lattice. Then a is a distributive element Va € L. So,
€ L we can get:

d(zVy) = aA(zVy) =(aAz) V(aAy) =du(z)Vda(y).
do(zAy) = aA(zAy)=(aAz)Ay=d(z)Ay.

ore, d, is a lattice derivation for all a € L. Conversely, let d, be a derivation

aA(zVy) = difzVy)
= do(2) V da(y)
= (aAz)V(aAy).

ce, L is a distributive lattice. |
Theorem 3.2.9. [23] A lattice L is distributive if and only if the map ma : L = L,
d by

me(z) =aNz

lattice homomorphism for alla € L.

of. It is easy to see that m, preserves joins and meets. As to preservation of
the equation

ma(z V y) = ma(2) V ma(®)

none other than the distributive law

a/\(_:z:Vy)z(aAa:)V(a/\y). [ |
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Ideals and Congruences in Distributive Lat-

tices with respect to a Derivation

section we present many types of ideals in distributive lattice with respect to a
ion d such as d-ideal, injective ideal, d-prime ideal and maximal injective ideal.
we furnish the relation between these types. Furthermore we introduce two
; of congruences in a distributive lattice, one in terms of images of derivations
the other in terms of ideals generated by derivations. In addition we extend

‘theorem to injective ideals and d-prime ideals.

nition 3.3.1. The kernel of a derivation d of a lattice L with 0 is defined as

Ker d={z € L| d(z) = 0}.

orem 3.3.1. [28] Let L be a lattice with 0. For any derivation d of a lattice L,
d is an ideal of L.

Proof. Ker d is not empty since 0 = d(0) € Ker d. Let z,y € Ker d. Then
Vy) =d(z)V d(y) = 0. Hence 2V y ¢ Ker d. Again, let 2 € Ker d and r € L

| that » < ©. Since d(r) < r < z, we get

dir) = dlr)Az
= d(rAx)
= rAd)
= rA0=0.

cer € Ker d. Thus Ker disan ideal of L. B

utive lattice L stands for a dis-

Remark 3.3.1. Throughout this section a distrib

utive lattice with 0, unless otherwise mentioned.
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following, we introduce a congruence relation in terms of a derivation of a

tion ¢ with respect to d on L by

z=y (mod %) <« d(z)=d(y)

as the least element of L/8. Denoted by ker(6).

orem 3.3.2. [24] For any derivation d of a distributive lattice L, we have the

6¢ is a congruence relation on L.

Ser(0%) = Ker d.
of. For(1), clearly 8¢ is an equivalence relation on L. Now let z = y (mod 6%).
we have d(z) = d(y). Let ¢ be an arbitrary element of L. Then
dizhe) = dl@)he
= d(y)Nc

.z Ac=yAc (mod 69). Again

dlzVe = d(z) Vv d(c)
= d(y)Vvd()
= d(yVeo)



 derivation of L, then
Ker(6*) = {z€L|z=0 (mod 6%}
= {zeL|d(z)=d(0)=0}=Ker dHl

Theorem 3.3.3. [2/] For any derivation d of a distributive lattice L, we have the

d(z) =z for all x € d(L).
Ifz=y (mod 6%) and z,y € d(L), thenz =y .
roof. For(1), let « € d(L). Then z = d(a) for some a € L. Since d is a derivation,
et that
d(z) = d(d(a)) = d(a) = =
2), let z = y (mod %). Then d(z) = d(y). Since d is a derivation and z,y € d(L),

set . = y. @

nition 3.3.3. [23] Let d : I — L be a derivation of a distributive lattice L. An

I of L is called a d-ideal if I = d(I).
per d-ideal is 2 d-ideal I # L. For any derivation d of L, the set of all

s denoted by Za(L).

d-ideals

umple 3.3.1.

B e sero idesl {0} is o d-ideal of o distributive lastice [ since d(0) = 0.
) If a derivation d is onto, then d(L) = L and hence L is a d-ideal.

L = {1,2,3,6,12} ordered by

nple 3.3.2. Consider the distributive lattice

isibility. (see Figure )
d: L — L such that d(z) = A2 Then d(1) = d(3) = 1
_ 9 Clearly d is 2 derivation on L. Consider the ideal

_ J. Therefore, I 18 2 d-ideal of L.

ne a self map
d(2) = d(6) = d(12)
{1,2}. We can sec that d(I)



12
8
3
1
Figure 3.7:

: ole 3.3.3. Let L be a distributive lattice with Hasse diagram given in Figure
38. Define a self map d : L — L such that d(z) = A 3. Then d(0) = 0,d(1) =

Figure 3.8:

= d(4) = 2 and d(3) = d(5) = 3. So, disa derivation and the ideal
J={0,1,2,3} is a d-ideal

emark 3.3.2. Let L be a distributive lattice. Define a derivation dfz) =ah=z

L. Then for all ¢ < a, the ideal J =l ¢ is a d-ideal.
, Ifz € J, thenz < ¢ < a. 50 we can get d,(z) = anz = z. Hence do(z) =z
rallz € J. Therefore do(J)=J. B

et d be a derivation of a distributive lattice L. Then Zs(L)

Theorem 3.3.4. (23] L

o distributive lathice with respect to set inclusion.

Proof. {0} € Za(L), so Z,4(L) is not empty. We have to show that every pair of
l-ideals _(ﬁ L has an infimum and a supremum in Zy(L). If J and K are d-ideals of
en by using Theorem 3.2.7 we have :

d(J)Nd(K) = ink

d(J) v d(K) = IV

dJNK) =
dJVEK) =
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So JN K and JV K are d-ideals. Hence (Z,(L),N, V)

i is a sublattice of a lattice
(I(L),ﬂ,v) of all ideals of L. Since L is a distributive lattice, by Theorem 2.1.3

we get that the lattice (Z(L),N,V) is a distributive. Therefore, (Zy(L),N, V) is a
distributive lattice. B

Definition 3.3.4. [23] Let d be a derivation of a distributive lattice L. An ideal
of L is called an injective ideal with respect to d if for z,y € L,d(z) = d(y) and
g € I implies that y € I. The set of all injective ideals of L is denoted by Z%(L).

Example 3.3.4. Consider the distributive lattice {1, 2, 3, 6, 12} ordered by divisibil-

ity. Let d be the derivation given in Example 3.3.2. Then I = {1,3} is an injective
ideal with respect to d.

Example 3.3.5. Let d be a derivation of a distributive lattice L. Evidently
Kerd={z € L | d(z) =0}
is an injective ideal with respect to d.

Though the zero ideal {0} is a d-ideal, there is no guarantee that it is an injective
ideal. However, a set of equivalent conditions are established for {0} to become an
injective ideal.

Theorem 3.3.5. [25] Let d be a derivation of a distributive lattice L. Then the

following conditions are equivalent.

(1) {0} is injective ideal with respect to d.
(2) Ker d = {0}.

(3) d(z) = 0 implies that T = 0 for allz € L.

Proof. (1) = (2): Assume that {0} is injective with respect to d. Let z € Ker d.

Then d(z) = 0 = d(0)- Since {0} is an injective ideal, we can get that = € {0}.

Therefore Ker d = {0}. (2) = (3): Trivial. (3
Let d(z) = d(y) and = € {0}. Hence, d(y) = d(z) = d(0) = 0. By (3), y =0¢€ {0}.

) = (1): Assume the condition (3).
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em 3.3.6. [23] Let d be a derivation of a distributive lattice L. Then the

conditions are equivalent.

d is injective.

Every ideal is injective with respect to d.
EBuvery prime ideal is injective with respect to d.

Proof. (1) = (2): Assume 7 is an ideal of L. Let 2,y € I, d(z) = d(y) and = € I.
is injective, y = z € I. (2) = (3): Obvious. (3) = (1): Assume that every
e ideal of L is an injective ideal. Let 2,y € L be such that d(x) = d(y). Suppose
z # y. Without loss of generality, we can assume that | 2 N 1y = 0. Then by
llary 2.2.5, there exists a prime ideal P such that z € P and y ¢ P, which is a

adiction to P is an injective ideal. B
[ be an ideal of a distributive lattice L. If I is a d-ideal, then I is not necessary
e an injective ideal with respect to a derivation d and vice versa.

mple 3.3.6. Consider a distributive lattice L = {0, a,b,¢,1} whose Hasse dia-

is given in Figure 3.9

1
b c
a
0
Figure 3.9:

e a derivation d : L = L as follows:
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’

d(ﬂ}): 9 a, éfﬂ.?:a,,b

\C, ‘!:f$=c’1

ideal J = {0, a, c} is a d-ideal. Now d(a) = d(b) and a € J but b ¢ J. Therefore,
not an injective ideal with respect to d. The ideal I = {0,a,b} is an injective

| with respect to d but not a d-ideal since d(I) = {0,a} and hence d(I) # 1.

rem 3.3.7. [28] Let d be a derivation of a distributive lattice L. Then a d-ideal
L is injective with respect to d if and only if for any x € I d(z) € I implies

of. Let I be a d-ideal of L. Assume that I is an injective ideal with respect to
et z € L. Suppose d(z) € I = d(I). Then d(z) = d(a) for some a € I. Since I
ctive and @ € I, we get that £ € I. Conversely, let z,y € L, d(z) = d(y) and
v € I. Since z € I = d(I), we get = = d(a) for some a € I. Hence,

d(y) = d(z) = d(d(a))-
d(d(a)) = d(a) and d(a) < a € I which implies that y € I. Therefore, I is an

ive ideal of L with respect to d. W

inition 3.3.5. [24] Let d be a derivation of 2 distributive lattice L. For any

a € L, define the set (a)? as follows:
(@) ={ze€L|ane€Ker d} = {z € L|and(z)=0}.

Ker d, then for all z € L

d(a!\m)=d(a)/\m=0 = aAz€Kerd

: ; 4. Hence d(a) = 0,
efore (a)? = L. Otherwise, let a ¢ Ker d. Suppose a € (a)*. Hence d(a)

d
is contradiction. Hence @ ¢ (a)".
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338 [24] Let L be a distributive lattice with 0 and let d be a derivation
€7 (a)‘i s an ideal in L.

. 0€ (@) Let 7,y € (). Then we get
aNd(@Vy) = aA(d(z)Vd(y))

= (and(@) V (and(y))
= 0vVO0=0.

e 2V y € (a)’. Let 7 € L and z € (a)? such that r < z. Then 2 A7 = 7. So

aAd(r) = aAd(zAr)

= aNd(z)Nr

= 0Ar=0.
ce r € (a)?. Therefore (a)? is an ideal of L. B
ark 3.3.3. Let d be a derivation of a distributive lattice L. For any a € L, the
1 (a)d is an injective ideal with respect to d.
of. Let a € L. By Theorem 3.3.8, (a)? is ideal. Let z,y € L, d(z) = d(y) and
(a)?. So

andlz)=0 = aAd(y)=0

y € (a). N
1a 3.3.9. [24] Let d be a derivation of a distributive lattice L. Then for any
L, we have the following:

(1) a < b implies ()" € ()"

(aV ) = ()¢ (B)".



=0. Thus

aAd(z) = aAbAd(z)

= aN0=0.

Cherefore 2 € (a)?. For (2), Let a,b € L. Then by (1) we have (aVb)¢ C (a)?N (b)%.
nversely, Let z € (2)2 N (b)%. So a Ad(z) =0 and bA d(z) = 0. Then
Bl hdl) = (ahdE)VHAdE)

= 0v0=0.

ma 3.3.10. [24] Let d be a derivation of a distributive lattice L. For any

a,b,c € L, we have

(1) (a)? = (b)¢ implies (a Ac) = (bA c)’.

(a)? = (b)? implies (aV c)! = (bV c)?.

Proof. For(1), assume that (a)? = (b)%. Let z € (@A c)?. Then

aANcAd(z)=0 = ahd(znc)=and@)Ac=0.

hus z A ¢ € (a)? = (b)?. Therefore

bAd(’a:Ac)=bAd(m)/\c=0 = bAcAd(z)=0.

Sise d d
z € (bAc)?. Hence (e © (bAc)?. Similarly, we can get (bAc)? C (anc)™.

Het (a)f = (b)%: By Lemma 3.3.9,

(@vo? = @'N (o)
= ®'n©"
= (bV )l
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tion 3.3.6. [24] Let d be a derivation of a distributive lattice L. Then for
y € L, define a relation ; on L with respect to d, as

=y (mod ;) & (2)¢=(y)

Theorem 3.3.11. [24] For any derivation d of a distributive lattice L, the binary

ion 8 defined on L is a congruence relation on L.

of. It is easy to show that 6, is an equivalence relation. Let 2,y € L such that

p =y (mod 04). Then by Lemma 3.3.10, for any ¢ € L, we get
zAc=yAc(modb;) and zVe=yVce(modb,) B
concept of kernel elements is introduced in the following.

nition 3.3.7. [24] Let d be a derivation of a distributive lattice L. An element
L is called a kernel element if (2) = Ker d. The set of all kernel elements of
is denoted by Kaq.

ample 3.3.7. Consider the distributive lattice {1,2,3, 6,12} under division (see

ure 3.7). Define a derivation d : I, — L such that d(z) = 2 A 2. Then

Ker d={1,3} and Ka = {2,6,12}.

Pheorem 3.3.12. [24] For any derivation d of a distributive lattice L, we have the

ollowing:

(1) K4 is a congruence class with respect to 0a.

(2) Ker d C (x)? forallz € L.
(8) Ky is closed under N and V of L.

(4) K, is a filter of L, whenever Ka 7 0.
¢ L, the congruence class with respect to

Proof. For(1), we know that for any :
{tel |lz=t (mod 04)}- So, its clear that KCg is a congruence

is the set [z]o,
For(2), Let a € Ker d. Then

ass with respect to fa-
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da)=0 = 2Ade)=0forallzel,

a € ()4 for all z € L. Therefore Ker d C (z)? for all z € L. For (3), let
}CdThen we get (a)? = (b)? = Ker d. Then

@V = @n ()
= KerdnNKerd= Ker d.

ce aVb € Ky. To prove that Ky is closed under A. By (2), we get Ker d C (aAb)?.
ersely, let z € (a A b)?. Then

ahbhd(z)=0 = dz)AaAb=0

d(z Aa) Ab=0
zAa€ (b)?=Kerd
d(zAa)=0

diz) Aa=0
and(z)=0

L

= xé(a)d=K6?‘d.

Hence (a A b)d C Ker d. Thus (a A b)d — Ker d. Therefore a Ab € Ky. For (4), let
€ ]Cd By (3), we get a A b € Ka. Let r € L and a € K4 such that a < 7. Then

) = (rva)
= ("N ()’
= (r)¥NnKerd
= Kerd.

Hence r € K. Therefore Kq is a filter of L. |

nition 3.3.8. [23] Let d be a derivation of a distributive lattice L. Then for
On D.0. |49

ideal I of L, define an extension of I as

I ={z€eL| d(z) € 4 d(a) for some a € I}
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ple 3.3.8. Return to Bxample 3.3.2. Let I = {1,2}. Then I’ = {1,2,3,6,12}.
{1,8}, then J' = {1,3} = J.

—

ple 3.3.9. In Example 3.3.3. The extension of the ideal J = {0,2} is J =
4}.
orem 3.3.13. [23] Let d be a derivation of o distributive lattice L. Then for

any ideal I of L, I’ is an ideal of L.

of. Let 2,y € I'. Then d(z) € | d(a) for some a € I and d(y) € | d(b) for some

d(z Vy) =d(z)Vd(y) € Ld(a)V Ldb)=1daVb).

nce I is an ideal, aV b € I. Therefore, 2Vy € I'. Now, let r € L and 2 € I' such
r < x. Then d(z) € | d(a) for some a € I. So

dir) g d(z)€ld@) = dr)eldle) = rE 7.

ce, I' is an ideal of L. B

"he following lemma is a routine verification.

Lemma 3.3.14. [23] Let d be a derivation of a distributive lattice L. Then for any

ideals I, J of L, we have the following:

I C J implies e

(8) I'nJ' =(InJ).

sorem 3.8.15. [23] Let d be a derivation of a distributive lattice L . Then for
i spect to d such that I C 1 -

ny ideal I of L, I' is the smallest injective ideal with Te
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- By Theorem 3.3.13 and by Lemma 3.3.14, I’ is an ideal containing 7. We
to show that I' is an injective ideal with respect to d. et z,y € L,d(z) = d(y)
€ I'. Then d(y) = d(z) € | d(a) for some a € I. Thus y € I'. Let J be an
ve ideal with respect to d such that I C J. Let t € I'. Then d(t) € | d(b) for
bel €J. So

d(t) = d(b) A d(t) = d(b A d(1)).

e J is injective ideal with respect to d and (b A d(t)) € J, we get ¢t € J. Thus
. Hence, I' is the smallest injective ideal with respect to d such that I C I Fy

lary 3.8.16. [23] If I is an injective ideal, then I = T,

orem 3.3.17. [23] The set T4(L) of all injective ideals of a distributive lattice

ith respect to a given derivation of d of L, forms a distributive lattice on their

of. For I,J € Z4(L), define the operations A and U such that

Ing = Ind,
LT = (v,

have to show that every pair of injective ideals of L with respect to d has an

L). Tt is clear that if I and J are injective ideals of

um and a supremum in Z%(
at is contained in both

N J, and this is the biggest injective ideal of L th
Theorem 3.3.15, we can get (I'V J)'is

v J C (IVv J). Therefore,

hen so 1
J. Therefore, inf {I,J} € T4(L). By

ective ideal with respect to d such that T

smallest inj
) is a lattice. For 1,J,K € I%L) we have

{I,7} € THI). Hence (Z%(L),\\H
JUIAK) = (Iv(INK)
— (vI)NUVE)
_ (qvJa) nUVE)
— (quJ)n{uK).
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re, (Z4(L), A,U) is a distributive lattice, B

tlon 3.8.9. [23] Let d be a derivation of a distributive lattice L. A proper
P of L is called a d-prime ideal if for any z,y € L, z Ay € Ker d implies
z€Pory€P.

mple 3.3.10. Let L = {0,1,2,3,4,5} be a distributive lattice with Hasse dia-
 given in Figure 3.10. Define a derivation d : L — L such that d(z) = 1 A z.
d(0) = d(2) = d(4) = 0 and d(1) = d(3) = d(5) = 1. Therefore, Ker d =
2,4}. The ideal I = {0,2,4} is a d-prime ideal. But the ideal J = {0,1} is not

r‘imeide'al_since3/\4=2€Kerdbut3¢Jand4¢J.

Figure 3.10:

nark 3.3.4. Let d be a derivation of a distributive lattice L.

(1) If I is a prime ideal, then I is not necessarily to be a d-prime ideal. For

instance, in Ezample 3.8.10, the ideal T = {0,1} is a prime ideal but not a

d-prime ideal.

If I is a d-prime ideal, then I is not necessarily to be o prime ideal. For

¢ I be a lattice given in Ezample 3.
—5Axz. Then ker d= {0

9.10. Define a derivation d :

instance, le
}and I = {0,2} is a d-prime

L — L such that d(z)
ideal but not prime ideal since

gpa=2€l but 3¢ and4 ¢ 1.
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prime ideal.

nition 3.3.10. [23] Let d be a derivation of a distributive lattice L. A proper

jective ideal J with respect to d is maximal injective ideal if for any injective

e el = J=J o I=IL.

ma 3.3.18. [28] Let d be a derivation of a distributive lattice L. Then for any
ective ideal I of L with respect to d , Ker d C 1. In other words, Ker d is the
allest injective ideal of L.

of. Ker d is an injective ideal with respect to d of L. Let I be an injective ideal
th respect to d. Suppose z € Ker d. Then d(z) = 0 = d(0). Since I is injective
respect to d and 0 € I, it impiies that € I. Hence, Ker d is the smallest
ective ideal in L with respect to the derivation d. B

In Chapter 2 we introduced Theorem 9.2.2: every maximal ideals in a distribu-

lattice are prime. Theorem 3.3.19 develop Theorem 2.2.2 to maximal injective

and a d-prime ideal.

Theorem 3.3.19. [23] Let d be a derivation of a distributive lattice L. Then every

imal injective ideal with respect to the derivation d of L is a d-prime ideal.
Proof. Let P be a maximal injective ideal of L. Choose 7,y € L such that = ¢ P

pcpvizc(@viz) snd PcPVLyC(PViy).
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(PVi(@Ay) = (PVviz) () (PViy)
— (Pviaz) () (PViy)
LT

Itz Ay € Ker d, then | (z Ay) C Ker d. Therefore,
L=(PV{(zAy))C(P VEKerd CP =P,

which is a contradiction to the fact that P is proper. Hence P is a d-prime ideal. B

W

Theorem 3.3.20. [23] Let d be a derivation of a distributive lattice L. Then every

d-prime ideal P is an injective ideal with respect to d if for each a € P there exists

b¢ P such that a A be Ker d.

Proof. Let P be a d-prime ideal which satisfies the given property. Let z,y € L.

Suppose d(z) = d(y) and z € P. Then there exist b ¢ P such that z A b € Ker d.

dz)Ab=d(zAb)=0 = d(y Ab) =d(y) Nb=0.

Therefore, y A b € Ker d. Since P is a d-prime ideal and b ¢ P, we get y € P.

Hence, P is injective ideal with respect to d. [ |

In Chapter 2, we introduced the celebrated result of Stone in Theorem 2.2.3: Let L

'be & distributive lattice, let I be an ideal, let F' be a filter of L, and let INF = 0.

Then there exists a prime ideal P of L such that ¢ Pand POVE =0
filters and prime

‘Theorem 3.3.21 generalise Theorem 9.9.3 which is meant for ideals,
d d-prime ideals.

ideals of a distributive lattice to the case of injective ideals, filters an

tributive lattice L. Suppose I
L such that INF = 0. Then
AE=0.

Theorem 3.3.21. (23] Let d be a derivation of a dis
is an injective ideal with respect t0 d and F a filter of
there egists o d-prime ideal P such that I & P and P
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proof. Let I be an injective ideal with respect to d and F a filter of L such that
InF =0 Consider X = {J € I4(L) | I C J and JN F = {}. The set & is not
. ty, since I € X. Let C be a chain of elements of X and let M = [JC. Then
dearly M is an upper bound for C in X. Hence by Zorn’s lemma, X has a maximal
element, say P. We have to show that P is d-prime. Let z,y € L such that = ¢ P
and y ¢ P. Then

PcPvlzC(PViz) ad PCPVIyC(PViy).
Since P is maximal injective ideal, we can get

(PVJ,:;)_"nF;é@ and (PV.]y) NF#0.
Choose a € (P V L z) NF and b€ (P V | y) NF. Then

anb € Bviz) PV

= (PVviz) () PViy)

= (PVi(zAy).
If Ay € Ker d, then anbe(PVL(zAy) S (P V Kerd) =P =P. Thus,
aAbe PNF, which is a contradiction to PN F = 0. Hence, P is a d-prime ideal.
E '
Corollary 3.3.22. Let d be a derivation of o distributive lattice L, let I be an
injective ideal with respect to d, and let a € L and a ¢ I. Then there is a d-prime
ideal P such that I C P and a & P.
Proof. Let I be an injective ideal with respect to d such that a ¢ I. Define a filter
F such that F = ta={zel|z* a}. Then INF = ¢. By Theorem 2.1.1, there
exists a d-prime ideal P such that ] € P and PN = (. Hencea ¢ P. B
Remark 3.3.5. Let d be a derivation of a distributive lattice L. Ifa,b € L such
that a = b, then it is not true that we can find a d-prime ideal containing ezactly
one of a and b, For instance, in Example 3.3.10 there is just one d-prime ideal that

is1={0,2,4}. For1,3€L
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1#3 but 1¢71and3¢1.

3.3.23. Let d be a derivation of a distributive lattice L. Then every

deal I with respect to d is the intersection of all d-prime ideals containing

t I be an injective ideal of a distributive lattice L and let
IL=N(P|ICP, Pisa d-prime ideal of L).

, then there is an a € I; \ I, and so a ¢ I. By Corollary 3.3.22, there is a
ideal P, with I C P and a ¢ P. But I; is the intersection of all d- prime

it contain I. Then a ¢ I is a contradiction. Hence I; = 7. |
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