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Abstract 

This thesis aims to develop a better understanding of ideals, congruence relations 

and derivations in distributive lattices. We present the definition of a partially 

ordered set, a lattice and a distributive lattice, and we furnish the relation between 

these concepts. We introduce the concept of ideal, filter, prime ideal and maximal 

ideal in lattices . Also we discuss some results related to ideals and their relationship 

with distributivity. We introduce the concepts of congruence relations, quotient 

lattices and kernels. In addition we characterize the distributive lattices by kernels. 

Furthermore we discuss the notion of derivation in lattices and its properties. We 

compare between derivations in lattices and lattice homomorphisms. Also we present 

the concepts of d-ideal, injective ideal and discuss two types of congruences on a 

distributive lattice with respect to derivations . Finally the Stone's result for ideals 

of a distributive lattice is extended to the case of injective ideals and d-prime ideals. 
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Introduction 

Formalization of propositional Logic that led to Boolean Algebra was initially de­ 

veloped by George Boole in the first half of the nineteenth century, Pierce and 

Schroder continued to investigate the Boolean Algebra at the end of the nineteenth 

century and introduced the lattice concept while independent Richard Dedekind's 

researches led to the same discovery. In fact Dedekind wrote two papers on the sub­ 

ject of lattice theory, but then the subject lay relatively dormant till the thirties of 

the twentieth century that the lattice theory became a subject for systematic studies. 

Lattice Theory was further developed by Garrett Birkhoffs in the 1930s, Birkhoff 
demonstrated that lattice theory provides a unifying framework for unrelated devel­ 
opments in many mathematical disciplines. Since then, many mathematicians have 

contributed to the subject, including Birkhoff himself, Richard Dedekind, George 

Gratzer, Aleksandr Kurosh, Anatoly Malcev, Oystein Ore, Gian-Carlo Rota, Alfred 

Tarski and Johnny von Neumann. 

In parallel with the development of lattice theory; studies of distributive lattices 

were also developed, distributive lattices have received more attention than other 

types of lattices and played a central role in providing many results in general lattice 

theory. Many conditions on lattices are weakened forms of distributivity. Moreover, 

in many applications the condition of distributivity is imposed on lattices arising in 

various areas of mathematics, especially algebra. 

In the 19th century, important results due to Minkowshi motivated the use of lat­ 

tice theory in the theory and geometry numbers. The evolution of computer science 

in the 20th century led to lattice applications in various theoretical areas such as 

information theory, information access controls and cryptanalysis. 

1 
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The notion of lattice ideals played an important role in lattice theoretical researches. 

On the other hand, the study of congruence relations on lattices had became a spe­ 

cial interest to many authors . In the paper [14], Gratzer and Schmidt also studied 

an inter-relation between ideals and congruence relations in a lattice. Birkhoff [6], 

Gratzer, Szasz and many authors have studied various types of ideals and congru­ 

ences all intimated to some extent the behavior of ideals in a distributive lattice. 

In the past several years, there has been an ongoing interest in derivations of rings. 

Several authors like Bell H.E., Kappe L.C. [5] and Kaya K. [17] have studied deriva­ 

tions in rings and prime rings after Posner [21] had given the definition of the 
derivation in ring theory. Szasz have introduced and developed the theory of deriva­ 

tions in lattice structure. In a series of papers [25] and [26] he established the main 

properties of derivations of lattices. Ferrari L. [10] extended these concepts to lat­ 
tices and he embedded any lattice having some additional properties into the lattice 

of its derivations. 

The material of this thesis lies in three chapters, each one contains basic defini­ 

tions, examples and important theorems. 

Chapter one: In this chapter we begin with basic definitions needed in this work. 

We introduce the concept of partially ordered set, totally ordered set, duality, a 

lattice, a sublattice and a distributive lattice. Also we study some basic proper­ 

ties of these concepts. We learn how to represent any finite partially ordered set 

graphically. In addition special elements within a partial order such as least and 

greatest, minimal and maximal, upper and lower bound will be given. Furthermore 

we introduce several maps between partially ordered sets and between lattices. 

Chapter two: In this chapter we discuss ideals and congruence relations on lattices. 

We introduce the concept of ideal, filter, principal ideal, prime ideal and maximal 
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ideal. Furthermore we discuss various theorems about ideals and their relationship 

with distributivity, including the famous theorem of Stone which is meant for ideals, 

filters and prime ideals of a distributive lattice. In addition this chapter is devoted 

to congruence relations on lattices, quotient lattices and kernels. We characterize 

the distributive lattice by using kernel of congruence relations. 

Chapter three: Includes the concept of derivation on lattices. Examples are pre­ 

sented to illustrate this concept. Also we will mention some properties of derivation 

and compare between derivations and lattice homomorphisms. Furthermore the 

concepts of d-ideal, d-prime ideal, injective ideal and maximal injective ideal are 
introduced in a distributive lattice with respect to derivations. Also the Stone's the­ 

orem for ideals of a distributive lattice is extended to the case of injective ideals and 

d-prime ideals. In addition two types of congruences are presented in a distributive 

lattice with respect to derivation. 



Chapter 1 

Preliminaries 

In this chapter, the basic definitions that include the definition of partially ordered 

sets, lattices and distributive lattices are introduced. The relation between these 

concepts is investigated. In addition; examples are presented to illustrate these 

concepts. 

1.1 Partially Ordered Sets 

This section describes the basic theory of partially ordered sets. We introduce 

the definition of a partially ordered set and totally ordered set. We learn how 

to represent any finite partially ordered set graphically. Also we discuss special 

elements of partially ordered set. Duality which is very important will be introduced. 

Finally, we give several maps between partially ordered sets. 

1.1.1 Definitions and Diagrams 

Definition 1. 1. 1. A Partial Order on a nonempty set P is a binary relation ~ on 

P that is reflexive, antisymmetric and transitive, specifically, for all x, y, z E P, 

we have that 

(l) r. (reflexive) 

4 
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(2) if a =< y and y ~ x then a = y. 

(3) if y and y ~ z then x ~ z. 

(antisymmetric) 

(transitive) 

The pair (P, ) is called a partially ordered set or a poset, although it is often 
said that P is a poset, when the order relation is understood. 

Remark 1.1.1. 

1. The symbol ~ is read related to or contained in. If x ~ y but 7# y, we 

write <y or y > • 

2. If x ~ y or y ~ x, then and y are said to be comparable. Otherwise, a and 

y are incomparable, denoted by x II y. 

3. Any subset S of a poset P is it self a poset under the same relation. 

Definition 1.1.2. [7] A poset (P,) is totally ordered if every 1,y € P are 

comparable, that is a y or y ~ x. 

The alternative name for totally ordered set is a chain. At the opposite extreme 

from a chain is an antichain. A poset (P,) is antichain if every 1,y € IP are 

incomparable. 

Example 1.1.1. The sets N, Z, Q, R of natural numbers, integers, rationals, and 

real numbers form chains under the usual order ~ (less than or equal). 

Example 1.1.2. On the set N == {1, 2, ... } of natural numbers the relation I defined 
by a ] y if and only if y = ka for some k EN, is a partial order and (N, [) is a poset. 

On the other hand, (N, ]) is not a chain, since not every x, y €N are comparable. 

For example, 2 II 3. 

One of the most useful and alternative features of posets is that, in the finite case at 

least, they can be "drawn". To describe how to represent posets diagrammatically, 

we need the idea of covering. 
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Definition 1.1.3. [22] Let (P,) be a poset. Then y cover z in P, denoted by 
x c y, if x -< y and no element in Plies strictly between x and y, that is, 

x ~ z ~ y ~ z = T Or z = y. 

If a tb or a = b, then we write a ~ b. 

For a finite poset P, the covering relation uniquely determines the partial order on 

P, since a ~ b if and only if there is a finite sequence of elements of P such that 

appat...p, t b. 

Using the covering relation, one can obtain a graphical representation of any finite 

poset P as follows: 

Draw a small circle to represent each element of P, placing a higher than b whenever 

a>- b and then draw a straight segment from a to b whenever a b. The resulting 
figure is called a diagram or a Hasse diagram of P. This is illustrated in the 

following examples. 

Example 1.1.3. Figure 1.1 shows the Hasse diagram of the poset {1, 2, 3, 4, 6, 12} 

ordered by divisibility. 

Figure 1.1: 

Example 1.1.4. Let X be a nonempty set. If the power set IP(X) of Xis the set of 

all subsets of X, then P(X) is a poset under set inclusion: for A, Be P, we define 
A ~ B if and only if A ~ B. Figure 1.2 shows the Hasse diagram of the poset 

P({ a,b,c}) under set inclusion. 
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{a,b} 

{a} 

Figure 1.2: 

1.1.2 Extremal Elements of Posets 

Suppose that ~ is a partial order on a set P. Various types of extremal elements of 

P play important roles. 

Definition 1.1.4. Let (P,) be a partially ordered set. 

(1) An element m € Pis called a greatest element of P if p ~ m for all p E P. 

(2) An element n € Pis called a least element of P if n p for all p E P. 

The least and greatest elements of a partially ordered set are also called bottom and 

top, or L and T, respectively. A poset (P,) can have at most one least element 
and at most one greatest element. That is, least and greatest elements are unique, 

if they exist. (The uniqueness comes from the antisymmetry). 

Definition 1.1.5. A partially ordered set is bounded if it has both a bottom and 

a top. 

Example 1.1.5. 

(1) In (P(X),C), we have I = 0 and T = X. Therefore, the poset (P(X), C) is 

bounded. 

(2) A finite chain always has a bottom and a top elements. So, it is bounded. But 

an infinite chain need not have. For example, the chain (N, <) has bottom 

element 1, but no top. 
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Definition 1.1.6. Let (P, ) be a partially ordered set. 

(1) An element m E Pis called a maximal element of P if 

m =$ p and p E DP => m= p. 

(2) An element n € P is called a minimal element of P if 

p n and p E P => p == T. 

Clearly a least element must be minimal and a greatest element must be maximal, 

but the converse is not true. 

Example 1.1.6. Figure 1.3 shows the Hasse diagram of the poset {2, 3, 4, 5, 6, 8, 12, 18} 

ordered by divisibility. 

Sbr:18 
4 6 

2, a/ {o 

Figure 1.3: 

It is clear that 5, 8, 12, 18 are maximal elements and 2, 3, 5 are minimal elements. 

But this poset possesses neither bottom nor top . 

Definition 1.1.7. Let (P,) be a partially ordered set and let S ~ P. 

1. An upper bound for S is an element z € P such that 

s 1 Vs€S. 

The set of all upper bounds for S is denoted by S". If S" has a least element, 
it is called the join or least upper bound or supremum of S and is denoted 

by \/S. The join of a finite set S = {@1, ...,a,} is denoted by 
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2. A lower bound for S is an element € P such that 

Ts Vs€S. 

The set of all lower bounds for S is denoted by S. If S has a greatest 

element, it is called the meet or greatest lower bound or infimum of S 

and is denoted by /\S. The join of a finite set S = {a1,...,a,} is denoted by 

Example 1. 1.7. Consider the poset (N, [). For any two numbers a, b E N, the least 

upper bound of a and b or a V b is their least common multiple. The greatest lower 

bound of a and b or a A bis their greatest common divisor. 

Remark 1.1.2. [22] For any poset P, we have 0 C P. The join of the empty set 0 
is, by definition, the least upper bound of the elements of 0. Since every element of 

P is an upper bound for , we have V 0 = __l_ if P has a least clement L; otherwise 
0 has no join. Similarly, /\0 = T if T exist; otherwise /\0 does not exist. 

1.1.3 Duality 

Definition 1. 1.8. Let ( P,) be a poset. The dual poset ( P8, );=) is the poset with 

the same underlying set but whose order relation is the opposite of , that is, z = y 

in P? if and only if y =< r in P. 

Of course, (P8)8 = P. 

Each statement about the poset P corresponds to a statement about P?. For exam­ 

ple, xis an upper bound for the set Sin the poset (P, ~) if and only if xis a lower 

bound for Sin P8. Similarly, u = VS in the poset (P, ~) if and only if u =AS 
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in (P],). In general, given any statement @ about posets, we obtain the dual 
statement 4>° by replacing each occurrence of = by - and vice versa. This allows 
us to formulate the following principle. 

The Duality Principle of the posets: Given a statement <I> about posets which is 

true in all posets, then the dual statement <I>8 is also true for all posets. 

The validity of this principle follows from the fact that any poset can be regarded 

as the dual of some other poset. The duality principle allows us to simplify proofs 

of certain statements that concern posets. For statements involving both a concept 

and its dual we need to prove only half of the statement; the other half follows 

by applying the duality principle. For instance, once we prove the statement "any 

subset of a poset can have at most one least upper bound", the dual statement 

"any subset of a poset can have at most one greatest lower bound" follows. Two 

statements <I> and / are equivalent if they are true in exactly the same posets. If a 

statement or definition is equivalent to its dual then it is said to be self-dual. 

For a finite poset P, we obtain a diagram for P? simply by turning upside down a 
diagram for P. Figure 1.4 provides a simple illustration. 

p po 

Figure 1.4: 
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1.1.4 Monotone Maps 

It is reasonable to consider functions between partially ordered sets having certain 

additional properties that are related to the ordering relations of the two sets. The 

most fundamental condition that occurs in this context is monotonicity. Monotone 

functions are central in order theory. They appear in most articles on the subject 

and examples from special applications are found in these places. Some notable 

special monotone functions are order embeddings and order isomorphisms. 

Definition 1.1.9. Let P and Q be posets. A function f: P-+ Q is said to be 

(1) order-preserving or monotone or isotone if 

and strictly monotone if 

(2) an order embedding if 

J(x) f() 

f@) < f(); 

f(x) ~ f(y); 

(3) an order isomorphism if it is bijective, monotone and whose inverse 

(f':Q3 P) is also monotone. 

Two posets P and Q are isomorphic, denoted by P= Q,if there exists an order 

isomorphism between them. 

We shall say that P and Q are dually isomorphic if P ± Q? or equivalently, Q pP©, 

In particular, if P e: PO, then we say that P is self dual. 
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Remark 1.1.3. An order embedding is automatically a one-to-one map. By using 

reflexivity and antisymmetry of , first in Q and then in P, we can get 

f(x) =f(u) f(@) J(y) and f(y) f(x) 

< a5y and y= r 

<> a=3y, 

Remark 1.1.4. If f is a monotone bijection, then f need not be monotone, that is, 
f need not be an order isomorphism. For example, map two incomparable elements 

to two comparable elements. 

A useful criterion for an isomorphism of posets is the following. 

Theorem 1.1.1. [7] Posets P and Q are isomorphic if and only if there is a sur­ 

jective mapping f : PQ such that 

X ~ Y ¢:? f(x) ~ f(y). 

Example 1.1.8. Let E be the set of all positive even integers. Define the map 

f:(N,<)> (E,<) by 

f(n) = 2n for all n EN. 

f is one-to-one and onto. Also 

Hence, f is an order isomorphism and N ~ E. 

For finite isomorphic posets the Hasse diagrams look the same except for the names 

of the elements. Let f : P --+ Q be an order isomorphism, and let H be any Hasse 

diagram of a poset P. If each label a of H is replaced by f(a), then H will become 

a Hasse diagram for the poset Q. 
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Example 1.1.9. Let P = {1,2,3,6} under ]. Let Q = {0, {a}, {b}, {a,b}} under C. 
If f(l) = 0,f(2)= {a}, f(3) = {b}, J(6) = {a, b}, then f is an order isomorphism. 

p Q 

Figure 1.5: 

1.2 Lattices 

In this section we introduce the concept of lattice and sublattice in two ways. Ex­ 

amples are presented to illustrate this concepts. Furthermore we discuss lattice 

homomorphism and its properties. Finally we introduce a distributive lattice which 

is very important type of lattices. 

1.2.1 Definition of Lattices 

Many important properties of a poset P are expressed in terms of the existence of 

certain upper bounds or lower bounds of subsets of P. The most important class of 

posets defined in this way is lattices. 
We can present a lattice in two ways: one based on the existence of an order relation 

satisfying certain properties and one based on the existence of binary operations 

satisfying certain algebraic properties. 

In a partially ordered set P, the least upper bound a V y of { x, y} may fail to exist 
for two different reasons: (1) because x and y have no common upper bound, (2) or 
because they have no lea.st upper bound. For example, in Figure 1.6, the element a 

and b in (i) are incomparable. Therefore, {a, b}" = 0 and hence a Vb does not exist. 
In (ii) we find that { a, b}" = { c, d} and thus a V b does not exist as { a, b}" has no 
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least element. 

0 

a 
o 
b 

(i) 

A .J ls 
(ii) 

Figure 1.6: 

Similar statements can be made for greateast lower bound. 

A special structure arises when every pair of elements in a poset has a least upper 

bound and a greateast lower bound. 

Definition 1.2.1. A lattice is a partailly ordered set (L, <) in which every pair of 

elements z,3/ EL has an infimum and a supremum (in L). 

A lattice L is trivial if it has only one element; otherwise, it is nontrivial. 

Example 1.2.1. 

(1) Any totally ordered set is a lattice. For example, the set Z of integers under 

the ordinary order is a lattice, where Va, b E Z 

a Ab= min{a,b} and a Vb= max{a, b}. 

(2) If X is a nonempty set, then the power set P(X) of X is lattice under set 

inclusion in which VA, B E JP>(X) 

A A B = An B and A V B = A UB. 

(3) The set N of natural numbers is a lattice under division, where Va, b EN 

a Ab= gcd(a,b) and a Vb= lcm(a, b). 
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(4) If X is a set, and Lis a set of subsets of X that is closed under intersections 

and contains X,then L is a lattice under set inclusion. In which VH, K E L 

HANK=HOK and HVK=({C€L](HUK)CC} 

As special cases, the set S( G) of all subgroups of a group G is a lattice under set 

inclusion, where the meet of two subgroups is their intersection, and the join 

of two subgroups is the subgroup generated by their union. Normal subgroups 

are amenable. If (G) is the set of all normal subgroups of G, then VI-I, KE 

N(G), meet is again given by n and H V K = HK, where 

HK = {hk \he H,k€K}. 

Similar statements can be made for other algebraic objects, such as the sub­ 

modules of a module, the subfields of a field, the subrings of a ring or the 

ideals of ring, in which the join of two ideals is their sum. 

Note that not all posets are lattices. For example, any antichain with at least 

two elements is not a lattice. Another simple example, consider the set {0,1,2} 
with the partial order {(0,0), (1, 1),(2,2),(0,1),(0,2)} which is indeed a poset (the 
verification is simple) but it is not a lattice because 1 V 2 does not exist. 

Remark 1.2.1. [9] Let L be a lattice. Then for all a,b,c,d E L : 

(1) abimplies aVc {bVc and aAcbAc. 

(2) a bandcd implies aVcbVd and aAc=bAd. 

Theorem 1.2.1. [9] Let L be a lattice. Then the following properties hold for all 

a,b, c EL: 

(L1) idempotency 
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a V a = a, a A\ a = a 

(L2 ) commutativity 

a V b = b V a, a A b = b A a 

(L3) associativity 

(a Vb) V c = a V (bV c), (a Ab) Ac = a I\ (b Ac) 

(L}) absorption 

a V(a/Ab)=a, a/A(aVb)=a. 

Proof. Let L be a lattice. Then the idempotency and commutativity are evident. 

the associativity is also evident since ( a V b) V c and a V ( b V c) are both equal to 

the least upper bound of { a,b, c }. For (L4), since a Vb is the least upper bound for 
{a,b},so a aVb. Therefore, a A(a Vb)= a. By duality, a V (a Ab) = a. IEl 

We introduced lattices as partially ordered sets. However, we may adopt an alterna­ 

tive viewpoint. In mathematics, and more specifically in abstract algebra, the term 

algebraic structure generally refers to a set with one or more operations defined 

on it. Lattices can also be characterized as algebraic structures satisfying certain 

axiomatic identities. 

Theorem 1.2.2. [22] If (L, V,A) is a nonempty set L with two binary operations 

V and I\ satisfying (L1)-(L4), then Lis a lattice where join is V, meet is /A and the 

order relation is given by 

a=b if aVb=b 

or equivalently, 

a ~ b if a Ab = a. 
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Moreover, since the set of axioms (L1)-(L4) is self-dual, it follows that if a statement 

holds in every lattice, then any dual statement holds in every lattice. 

Proof. Let L be a nonempty set with two binary operations V and A satisfying 

(Ll)-(L4). As to the equivalence of the statements a Vb = b and a A b = a, the 

absorption laws imply that 

aAb=a => aVb=(aAb)Vb=b 

and 

a Vb= b => a I\ b = a I\ (a Vb)= a. 

Next we show that ~ is a partial order. For (reflexivity), the idempotency law 

implies that a a. For (antisymmetry), if a band b a, then 

b = a Vb= a. 

For (transitivity), if a b and b c, then 

a V c = a V ( b Vc)= ( a V b) V c = b V c = c => a V c = c => a ~ c. 

Finally, we prove that A and V are the meet and join in L. For the meet, a A b is 

the lower bound for a and b since 

( a Ab) A a =(bA a) /\ a = b A( a A a) = b A a = a A b 

and so a A b ~ a, and 

(a Ab) A b = a A (bAb)= a A b 

and so a/Ab b. 
Also, if u is a lower bound of a and b, then u ~ a and u b. So 

u/Aa= u= u/Ab 

then we have 
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u I\ (a Ab)= (Aa) Ab = uAb = u 

whence u = a A b. Thus, a A b is the greatest lower bound of a and b. The proof of 

join is similar. ■

Let L be a lattice. It may happen that (L,) has greatest and least elements as 
defined in Definition 1.1.4. When thinking of L as (L, V,A), it is appropriate to 
view these elements from a more algebric standpoint. We say L has a one if there 

exists 1 E L such that 2 A 1 = x for all a € L. Dually, L has a zero if there exists 

0 E L such that z V O = a for all x E L. Note that the lattice (L, V, A) has a one if 

and only if (L, <) has a greatest element. A dual statement holds for zero. 

Definition 1.2.2. [9] A lattice (L, V, A) possessing O and 1 is called bounded 

lattice. 

Note that a finite lattice Lis automatically bounded, with 1 = V L and O =AL 
Example 1.2.2. Let N, = {0,1,2,...}. The lattice (IN», lcm, gcd) is bounded with 
1 = 0 and O = 1, while (N, lcm, gcd) is not bounded (1 does not exists). 

1.2.2 Sublattices 

Definition 1.2.3. [16] A sublattice of a lattice L is a nonempty subset M of L 

that is closed under infimums and supremums. 

Equivalently, a sublattice (M,V, A) of the lattice (L, V, A) is defined on a nonempty 

subset M of L with the property that a, b E M implies that a Vb E M and a Ab E M 

(the operations V and A are formed in (L, V, A)). 

Example 1.2.3. Any one-element subset of a lattice is a sublattice. More generally, 

any nonempty chain in a lattice is a sublattice. 

Definition 1.2.4. [6] Let L be a lattice and a, b E L such that a ~ b. The closed 

interval [a,b] is the set of all elements 2 € L which satisfy a 2 b. 
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u A (a I\ b) ==(uAa) Ab Ab 

whence u a Ab. Thus, a Ab is the greatest lowor oiiill Gf % #ill • Th 

join is similar. ■

Let L be a lattice. It may happen tlH\l (:J, -~) ·:, 1'- •· -~ 

defined in Definition 1.1.4. \i\Then tM1\k:;1t <'>: 

view these elements from a more algel:' s:+\ 

exists 1 E L such that x I\ 1 = :r fr1,: ~~ :: . , 

0 E L such that x V O = x for all r < 
and only if (L, ) has a great~- • >· , 

Definition 1.2.2. [9] A :s.-.:::~­ 
lattice. 

:_,2.2 p 2Jf.ace 

,i:llt , J 
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Example 1.2.4. Let L be a lattice and a <b, then the closed interval 

[a,b] = {r € L\a=b} 

is a sublattice of L. 

Of course, a sublattice of a lattice is again a lattice. But it is important to note that 

a subset S of a lattice L can be a lattice under the same order relation and yet not 

be a sublattice of L. We can see that in Example 1.2.5. 

Example 1.2.5. Let L ={1,2,3, 6,12} under division (see Figure 1.7). 

3 , 
1 

Figure 1.7: 

The subset S ={1,2,3,12} is a lattice under division but not a sublattice of L. The 

subset M = {1,2,3, 6} is a sublattice of L. 

1.2.3 Lattice Homomorphisms 

From the viewpoint of lattice as algebraic structures it is natural to regard as canon­ 

ical those maps between lattices which preserve the operations join and meet. Since 

lattices are also ordered sets, order preserving maps are also available. 

A mapping f : P -+ Q between two lattices is 

• join preserving if f(a Vb)= f(a) V.f(b) for all a,b € P. 

• meet preserving if f(a Ab)= f(a) A f(b) for all a, b E P. 

Remark 1.2.2. A monotone map f: P-+ Q between lattices need not, in general, 

preserve meets and joins. Even an order embedding need not preserve meets and 

joins. 
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Example 1.2.6. Consider the lattices of integers in Figures 1.8, where the order is 
division. The map f : P---+ Q defined by f(n) == n is an order embedding, but 

f(2 v 3) = f(12)= 12 and f(2) V f(3) = 2 V 3 = 6. 

Hence, f does not preserve joins. 

% " » K 1 1 

p Q 

Figure 1.8: 

Theorem 1.2.3. [9] Let L and M be lattices and f L -» M a map. For all 

a, b € L, the following are equivalent: 

( a) f is monotone; 

() f ( a V b)> f (a) V f (b); 

(c) f(a I\ b) ~ f(a) I\ f(b). 

Definition 1.2.5. [22] Let P and Q be lattices. 

1. A function f : P» Q that preserves finite meets, that is, 

f(a Ab)= f(@) A f(b) 

is called a meet-homomorphism. 

2. Dually, a join-homomorphism is a function f : P Q that preserves finite 

joins. 

Remark 1.2.3. A meet-homomorphism is order preserving (or monotone), since 

ab «> ab=a f(a)Af(b)=f(a) 3 f(a) .f(b). 
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Dually, a join-homomorphism is order preserving as well. 

Definition 1.2.6. [22] Let P and Q be lattices. A function f P Q that 

preserves finite meets and joins, that is, for which 

f(a Ab) = f(a) A f(b) 

is called a lattice homomorphism . 

and f (a Vb) = f(a) v f(b) 

A lattice homomorphism f : P» Q of bounded lattices for which f(O) = 0 and 

f (1)= 1 is called a { 0, 1} -homomorphism. 
By induction, we see that the supremum and infimum of any finite set in a lattice 

are preserved under a lattice homomorphism. This is, however, not true for infinite 

sets in general. For instance, where P =[0,1) U {2} and Q =[0,1] U {2}, the map 

f: PQ defined by f(a) = a, is a lattice homomorphism from (P,<) into (Q,<), 

but f(\/0, 1)) = f(2) = 2 while \/ f([0,1)) = \V[O,1)= 1. 

Example 1.2.7. [12] Figure 1.9 shows three maps of four-elements lattice into the 

three element chain. 
The map in (i) is monotone but it is neither a meet- nor a join-homomorphism. The 

map in (ii) is a join-homomorphism but is not a meet-homomorphism, thus not a 

homomorphism. The map in (iii) is a lattice homomorphism. 

) a) (Ii) 

Figure 1.9: 

Remark 1.2.4. 

• A lattice endomorphism is a lattice homomorphism of a lattice with itself. 

o A lattice isomorphism is a bijective lattice homomorphism. 
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1.2.4 Distributive Lattices 
There are many special types of lattices like complete lattices, modular lattices, 

complemented lattices, etc. In this section we introduce one of the most important 

types, namely distributive lattices. Since lattices come with two binary operations 

A and V, it is natural to ask whether one of them distributes over the other, i.e. 

whether one or the other of the following distributive laws holds for every a, b, c 

in a lattice L: 

(D) a(bVc)=(a Ab)V(aAc). 

(D)® aV(bAc)= (aVb) A(aVc). 

Theorem 1.2.4. [22] If either of the distributive laws holds for all elements of a 

lattice L, then so does the other. 

Proof. Suppose that the first distributive law (D) holds. Then applying it to the 

right side of the second distributive law (D)? and using absorption gives 

(a Vb)A(aVc) = [(aVb) Aa] V[(a Vb) Ac] 

= av[(aVb) Ac] 

= aV[(aAc) V(bAc)] 

- a V (bAc), 

which shows that the second law holds. By duality, the (D)? implies (D) too. ■
Definition 1.2.7. [9] A lattice L is distributive if it satisfies the distributive 

laws. 

Remark 1.2.5. 

(1) The distributive laws are dual to one another and so a lattice is distributive if 

and only if its dual lattice is distributive. 

(2) The truth of D does not imply that of (D)8 for individual elements of a lattice 

L. For example, in the lattice L with Hasse diagram given in Figure 1.10, 
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b A (a V c) = (bAa) V (bAc) == b but 

Figure 1.10: 

b V (a Ac) (b V a) I\ (b V c). 

(3) For each distributive law, one side is related to the other in all lattices. For 

instance, we always have 

a A (bV c) > (a Ab) V (a/Ac) 

since each term on the right is related to each term on the left. So, we can 

define a distributive lattice as: a lattice is distributive if and only if either of 

the following inequalities holds: 

a A(bVc) (aAb) V (aAc) 

a V (bAc) > (a Vb) A (a V c). 

Let us consider some examples. 

Example 1.2.8. Every sublattice of a distributive lattice is distributive. 

Example 1.2.9. Any chain is a distributive lattice. In fact, 

a A( b V c) and ( a A b) V ( a Ac) 

are both equal to a if a bor a < c; and both equal to bVc in the alternative case 

that a > b and a > c. 

Example 1.2.10. [7] If L is a distributive lattice and f : L ➔ M is a lattice 

homomorphism, then f(L) the image off is a distributive sublattice of M. 
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Example 1.2.11. The lattice (S(G), C) of subgroups of a group G is distributive 

if and only if G is locally cyclic (that is, any finite nonempty subset of G generates 

a cyclic subgroup). For instance, the lattice of subgroups of the group (Z,+) is 
distributive. Thus, if G is finite, then S(G) is distributive if and only if G is cyclic. 

Definition 1.2.8. Let X be a nonempty set. A subset S of the power set IP(X) is 
called a ring of sets if it is a sublattice of P(X), i.e. \IA, B E S 

AB€S and 

Remark 1.2.6. Any ring of sets is a distributive lattice, since 

An( B u C) = (An B) u (An C). 

Example 1.2.12. The lattices .A13 (the diamond) and N; (the pentagon) of Fig­ 

ure 1.1l are not distributive. In Mg for example, we can see 

x V (y I\ z) = x but 

Also, in N; we have 

A (y V z) = x but 

AUB €S. 

(x V y) A (a Vz)= l. 

(a A y) V (rAz)= z. 

1 1 

© {» 
0 0 

Figure 1.11: 

We have as yet no way of showing that the distributive law is not satisfied except a 

random search for elements for which the law fails. Theorem 1.2.5 remedies this in 

a most satisfactory way. It implies that it is possible to determine whether or not a 

finite lattice is distributive from its diagram. This theorem is due to G. Birkhoff. 
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Theorem 1.2.5. [16] A lattice is distributive if and only if it contains no sublattice 

that is isomorphic to Maor to N; . 

Proof. see [16]. 

Theorem 1.2.6. [6] In a distibutive lattice L, if a Vb == c\Vb and a Ab = cAb then 

a = c for all a,b,c € L. 

Proof. Let L be distributive. Let a Vb= cVb and a/Ab= c/\b. By Using repeatedly 

(L4), (L2) and (D), we can get 

a= a A (bV a) = a I\ (b V c) = (a Ab) V (a Ac) 

= ( b A c) V ( a Ac) = ( b V a) Ac= ( b V c) Ac= c. ■

Example 1.2.13. The lattice (No, I) is distributive. To show that use Theorem 

1.2.6 and the identity mn = gcd (m, n)lcm(m, n). 

Remark 1.2.7. Of course, distributivity extends to finite joins and meets, but not 

necessarily to infinite ones. 

Example 1.2.14. [22] The lattice (No, I) is distributive. However, let A be the set 
of odd natural numbers. Then V A = 0 and so 

2A(\VA)= 2. 

On the other hand, 2A a = 1 for all odd numbers and so 

V aEA ( 2A a) = 1. 



Chapter 2 

Ideals And Congruence Relations 

on Lattices 

In this chapter we introduce the concept of ideal and filter in lattices. We present 

some types of ideals like prime ideals, maximal ideals and principle ideals. Also we 

discuss the properties of ideals in lattices and in distributive lattices. In addition 

this chapter is devoted to congruence relations on lattices, quotient lattices and 

types of kernels. Furthermore we discuss some theorems and their relationship with 

distribu ti vi ty. 

2.1 Ideals and Filters 

Ideals are fundamental importance in algebra. Filters, the order dual of lattice ideals, 

have a variety of application in logic and topology. In this section we introduce 

the concept of ideal and filter in a lattice. In addition we present the concept of 

principal ideal and principal filter. Also examples are presented on each concept. 

Furthermore we will mention some properties of ideals in lattices and in distributive 

lattices. 

26 
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Definition 2.1.1. Let L be a lattice. 

1. A nonempty subset I of Lis called an ideal of L if 

(a) a€L,a€land±a+a€I. 

(b) a, b E I => a Vb E J. 

A proper ideal, that is, an ideal J -=f. L. The set of all ideals of L is denoted 

by T(L). 

2. Dually, a nonempty subset F of Lis called a filter of L if 

(a) €L,a€F and±> a=€F. 

(b) a,b€F=ab€F. 

A proper filter, that is, a filter F -=f. L. The set of all filters of L is denoted 

by (L). 

Example 2.1.1. [9] Let L and M be bounded lattices and .f : L -+ M a {O, 1}­ 

homomorphism. Then f '(0) is an ideal and f'(1) is a filter in L. 

It is easy to show that an ideal J of a lattice with 1 is proper if and only if 1 f/: I, 
and dually, a filter F of a lattice with O is proper if and only if 0¢ F. 

Remark 2.1.1. Every ideal I of lattice L is a sublattice, since 

a A b ~ a Va, b EL. 

Hence, a A b E J. Dually, every filter F of L is a sub lattice. 

Let us say that two properties p and q of subsets of a lattice L are complementary 

if 

S has property p «> L \ S has property q. 

Note that the properties of being an ideal and being a filter are not complementary. 
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Example 2.1.2. Let L = {O, a, b, c, 1} be a lattice with Hasse diagram given in 

Figure 2.1. We can see that the subset I = {O, a} is an ideal of L. On the other 

hand, L\I= {b,c, 1} is not a filter of L since 

b,c €L\I but bAc=a4 L\I. 

b 

Figure 2.1: 

c 

Like other algebraic structures, we can also define the sublattice and the ideal gen­ 

erated by a subset of a lattice. 

Definition 2.1.2. [22] Let H be a nonempty subset of a lattice L. 

(1) The ideal generated by H, denoted by (HJ, is the smallest ideal of L con­ 

taining H. 

(2) The filter generated by H, denoted by [H), is the smallest filter of L con­ 

taining H. 

Remark 2.1.2. [9] If H = {a}, then we write (a] or L a instead of ({a}] such that 

(a]= 4a={r€L\Ka} 

is known as the principal ideal generated by a. Dually, 

[a)=ta= {r€L\r> a} 

is known as the principal filter generated by a. 
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Example 2.1.3. Consider the lattice L = {1,2,4,5,10, 20} with Hasse diagram 

given in Figure 2.2. The ideal generated by {2,4} is ( {2, 4}] = {1,2,4} = .!, 4, 
and the ideal generated by { 4, 5} is ( { 4, 5}] = {1,2,4, 5, 10} = .!, 10. Of course, 

L 20 = L, since 20 is the top element in L. 

20 

4 5 

Figure 2.2: 

Remark 2.1.3. [9] In a finite lattice, every ideal or filter is principal: the ideal I 
equals .!, V I. Dually, the filter J of the finite lattice L equals t /\ J. 

Note that the intersection In J of two ideals I and J of a lattice L is not empty, 

since if i E I and j €.J, then i A j E I '1 J. 

Theorem 2.1.1. [7] If L is a lattice then, ordered by set inclusion, the set T(L) of 
ideals of L forms a lattice in which the lattice operations are given by 

JAK = JOK; 

JVK = {a€L\r?jVk, for some j€J, k € K}. 

Proof. We have to show that every pair of ideals of L has an infimum and a 

supremum in I(L). It is clear that if J and K are ideals of L, then so J K, 
and that this is the biggest ideal of L that is contained in both J and K. Hence, 

J A k €T(L). 
Now, any ideal that contains both J and K must clearly contain all the elements 2 

such that x ~ j Vk where j E J and k € K. Conversely, the set of all such x clearly 

contains both J and K, and is contained in every ideal of L that contains both J 

and K. 
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Example 2.1.3. Consider the lattice L = {1,2,4,5,10, 20} with Hasse diagram 

given in Figure 2.2. The ideal generated by {2,4} is ( {2, 4}] = {1,2,4} =4 4, 
and the ideal generated by {4,5} is ( {4,5}] = {1, 2,4,5,10} = 410. Of course, 
-!, 20 == L, since 20 is the top element in L. 

20 

4 5 

Figure 2.2: 

Remark 2.1.3. [9] In a finite lattice, every ideal or filter is principal: the ideal I 
equals-!, VI. Dually, the filter J of the finite lattice L equals t /\ J. 

Note that the intersection In J of two ideals I and J of a lattice L is not empty, 

since if i €I and j €J, then i A j E I '1 J. 

Theorem 2.1.1. [7] If L is a lattice then, ordered by set inclusion, the set T(L) of 
ideals of L farms a lattice in which the lattice operations are given by 

JAK = JK; 

JVK = {a€L\r?jVk, for some j€J, k€ K}. 

Proof. We have to show that every pair of ideals of L has an infimum and a 

supremum in T(L). 1 is clear that if J and K are ideals of L, then so JK, 
and that this is the biggest ideal of L that is contained in both J and K. Hence, 

J Ak €T(L). 
Now, any ideal that contains both J and K must clearly contain all the elements 2 

such that x ~ j Vk where j E J and k E K. Conversely, the set of all such x clearly 

contains both J and K, and is contained in every ideal of L that contains both J 

and K. 
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Moreover, this set is also an ideal of L: if x E JV K and r € L such that r x ~ jV k 
for some j E J and k E K, then (by transitivity ) 

T = j V k => r€JV K. 

Also, if x, y E JV K, then 

ajVk and yjVk; forsomej,j €J and k,k; €K. 

Hence 

rVy(jVk) V (jr Vk)=(jVj+) V (kV k;), 

where (jVj,) € J and (kVk,) € K since J and K are ideals. Therefore zVy € JVK. 

Thus we see that JV K exist in T(L). ■
Theorem 2.1.2. [13] A lattice L is distributive if and only if for any two ideals I, J 

of L: 

IvJ={iVj\i€ l,j€J} 

Proof. Let L be distributive. By Theorem 2.1.1, if t E JV J, then t ~ i V j, for 

some i E J and j €.J. Therefore, 

t =tA (iV j) = (tAi) V (tA j), tAi€l,tAj€J. 

Conversely, if Lis not distributive, then L contains elements a, b, c as in Figure 2.3. 

a 

c a 

0 0 

Figure 2.3: 

Let I =-t. band J =L c: observe that a E JV J, since a = b V c. However, a has no 

representation as required by Theorem 2.1.2, since if a= i V j for some i EI, j E J, 
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then j a and j c. Therefore, j a A c --< b. Hence j € J and so a = i V j € I,a 

contradiction. ■
Theorem 2.1.3. [22] A lattice L is distributive if and only if T(L) is distributive. 

Proof. Let L be distributive and A, B, CE I(L). \Ve must show that 

AO( B V C) ~ ( An B) V ( A n C). 

If a € A( B V C), then x = a E A and = b V c for some b E B and c E C, so 

== a A ( b V c) = ( a Ab) V ( a Ac) € ( A n B) V ( AnC) 

for a E A, b E B and c E C. Hence T(L) is distributive. Conversely, Let T(L) be 
distributive. If L is not distributive lattice, then L contains elements a,b, c as in 

Figure 2.3. So 

Lan4c= 4bf4c and 4aV4c=4bVLc but 4a# 4b. 

Hence, by Theorem 1.2.6, T(L) is not distributive, a contradiction. ■

Theorem 2.1.4. [22] The map cp: L3 T(L) such that cp(a) =-!, a is an injective 

lattice homomorphism, that is, for all a,b € L, 

-!, an 4 b =4( aAb) and -!, a V 4b =4( a V b) 

The image of p is sublattice P(L) of T(L) consisting of all principal ideals of L. 

Proof. First, we have to show that the map is one to one. Let a, b EL such that 

cp(a) = cp(b). Since a E -!, a = -!, b, we can get a ~ b. In the same way b ~ a. 

Therefore, by antisymmetric, a = b. Second, we can see that 

-!, an -!, b - { x E L I x ~ a and b} 
= {a€L\a8aAb} 
! (a A b) 
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then j a and j c. Therefore, j a I\ c <b. Hence j € I and so a = i V j E I, a 
contradiction. ■
Theorem 2.1.3. [22] A lattice L is distributive if and only if T(L) is distributive. 

Proof. Let L be distributive and A, B, CE 'L(L). Vve must show that 

An(BVC) C (An B)v (An.C), 

If r € A n ( B V C), then x = a E A and = b V c for some b E B and c E C, so 

x = a A (bV c) = (a A b) V (a A c) E (An B) V (An C) 

for a € A, b € B and c € C. Hence T(L) is distributive. Conversely, Let T(L) be 
distributive. If L is not distributive lattice, then L contains elements a, b, c as in 

Figure 2.3. So 

Lan14c=4bf4c and 4aV4c=4bV\c but 4a# 4b. 

Hence, by Theorem 1.2.6, T(L) is not distributive, a contradiction. ■

Theorem 2.1.4. [22] The map cp: L3 T(L) such that cp(a) =+a is an injective 

lattice homomorphism, that is, for all a, b EL, 

+ an + b =4( a Ab) and \a V 4 b =4( a V b) 

The image of p is sublattice P(L) of T(L) consisting of all principal ideals of L. 

Proof. First, we have to show that the map is one to one. Let a, b € L such that 

cp(a) = cp(b). Since a E + a = + b, we can get a ~ b. In the same way b ~ a. 

Therefore, by antisymmetric, a = b. Second, we can see that 

+ an + b - {a € L [a a and x ~ b} 
= {r€L\a&aAb} 
= 4(a Ab) 
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and 

Lav4b = {a€L\riVjfor i€\aandj€Lb} 

= {a€L\s&avVb} 

- .J,. (a Vb). 

Hence, c.p is a lattice homomorphism. The principal ideals thus form a sublattice of 

T(L), since for all .J,. a, .J,. b e P(L) 

\an4b=4(aAb) cP(L) and 4av[b=L(avb) €P(L). 

2.2 Prime and Maximal Ideals 

In this section we present special types of ideals which play a key role in lattice 

theory. Also we discuss the relation between these types in distributive lattices. In 

addition we prove the theorem of Stone which play an important role in Chapter 3. 

Definition 2.2.1. [19] Let L be a lattice. If a, b EL, then 

(1) A proper ideal J is prime if 

a A b E J => a E J or b E J. 

The set of prime ideals of Lis denoted by 'Ip(L). 

(2) A proper filter F is prime if 

a V b E F ⇒ a E F or b E F. 

The set of prime filters of Lis denoted by Fp(L). 

Example 2.2.1. Let L be the lattice given in Example 2.1.3. The ideal 4 10 = 
{10, 4, 5, 2, 1} is a prime ideal. The ideal J = {1, 2} is not a prime ideal since 

4A5=2€I,but 4 ¢ I and 5 ¢ I. 
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and 

Lav4b = {a€L\a?iVjfor i€\aandj€\b} 
= {a€L\3aVb} 

- + (a Vb). 
Hence, is a lattice homomorphism. The principal ideals thus form a sublattice of 

T(L), since for all 4 a, 4 b € P(L) 

Lan4b=4(aAb)cP(L) and 4av!b=4(avb) cP(L). 

2.2 Prime and Maximal Ideals 

In this section we present special types of ideals which play a key role in lattice 

theory. Also we discuss the relation between these types in distributive lattices. In 

addition we prove the theorem of Stone which play an important role in Chapter 3. 

Definition 2.2.1. [19] Let L be a lattice. If a, b EL, then 

(1) A proper ideal J is prime if 

a A b E J => a E J or b E J. 

The set of prime ideals of L is denoted by Ip ( L). 

(2) A proper filter F is prime if 

a V b E F => a E F or b E F. 

The set of prime filters of L is denoted by Fp( L). 

Example 2.2.1. Let L be the lattice given in Example 2.1.3. The ideal 4 10 = 
{10, 4, 5, 2,1} is a prime ideal. The ideal J = {1, 2} is not a prime ideal since 

4 A 5 = 2 E J, but 4 ¢I and 5¢1. 
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Theorem 2.2.1. [22] Let f: L ➔ 11,1 be a lattice homomorphism. 

(1) If 1 E 'I(NI) and f'(I) 0, then f-1(1) E 'I(L). 

(2) If Pc T,(M) and f'(P) ± 0, then f\(P) € Tp(L). 

Proof. For(l), let I be an ideal of Mand let a, b E f-1(1). Then there exist ,y € I 
such that f(a) = x and f(b) =y. So 

f(a Vb) f(a) v f(b) 

a Vy€I. 

Therefore a Vb E f-1(1). Let r E L and a € f'(T) such that r a. Since f is a 
lattice homomorphism, f is order preserving. This implies f(r) < f(a) E I. But I 
is an ideal, so f(r) E I. Hence r € f'(T). For (2), let P be a prime ideal of M. 

We have to show that J-1(P) is a prime ideal of L. From(l), J-1(P) is an ideal. 

Let a I\ b E J-1(P). Then 

f(a Ab)= f(a) I\ f(b) E P. 

Since P is prime, we can get 

f(a)€ Por f(b)€ P = a€f'(P)orb€ f '(P), 

Hence f '(P) e T,(L). I 

Remark 2.2.1. [22] The properties of being a prime ideal and being a prime filter 

are complementary, that is, a subset J of a lattice L is a prime ideal if and only if 

L \ J is a prime filter. Thus it is easy to switch between 'Ip(L) and F(L). 

Definition 2.2.2. Let L be a lattice. 

(1) A proper ideal J of Lis maximal if for any ideal I, 

J ~ I ~ L = I = J or I = L. 

(2) A proper filter F of L is maximal if for any filter X, 
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F ~ X ~ L = X = F or X = L. 

In ring theory, maximal ideals are prime. This is not true in general for lattices. 

Example 2.2.2. In the lattice Ms of Figure 2.4, the ideal I = {0,r} is maximal. 
However, y A z E J but y ~ I and z ~ I and so I is not prime. 

Figure 2.4: 

Theorem 2.2.2. [7] In a distributive lattice L, all maximal ideals are prime. 

Proof. Let M be a maximal ideal of L. Suppose that a Ab E M but a ~ M. Then 

! a V M= L and so b ~ a V m for some m € M. Hence, 

b=bA(aVm)= (bAa)V(bAm) € M 

which shows that M is prime. ■

One of the main results of prime ideals in distributive lattices is the following result 

due to Stone. 

Theorem 2.2.3. (Stone 1936) Let L be a distributive lattice, let I be an ideal of L, 

let F be a filter of L, and let In F = 0. Then there exists a prime ideal P of L such 

that I C P and PnF= 0. 

Proof. Some form of the Axiom of Choice is needed to prove this statement. The 

most convenient form for this proof is: 
Zorn's Lemma: Let A be a set and let A' be a nonempty subset of P(A). Let us 
assume that 2 has the following property: If C is a chain in (X',C), then (JC € a. 

Then X' has a maximal element. 
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Let ' be the set of all ideals of L that contain I and are disjoint from F. We verify 

that 2' satisfies the hypothesis of Zorn's Lemma. 'fhe set X' is nonempty, since 

I€a. Let C be a chain in 2' and let M =JC. We have to show that Mis an 
ideal: 

1. if a, b € M, then a € X and b E Y, for some X, Y E C; since C is a chain, 

either X ~ Y or Y ~ X; if say X ~ Y, then a, b E Y, and so a V b E Y C M, 

since Y is an ideal. 

2. also, if a€ M and b a, then a € X €C,since X is an ideal, b € X C M. 

Thus M is an ideal. It is obvious that I C M and MnF = 0, verifying that M € a. 
Therefore, by Zorn's Lemma, X' has a maximal element P. 

We claim that P is a prime ideal. Indeed, if P is not prime, then there exist a, b € L 

such that a,b 4 P but aAb€ P. The maximality of P yields that (PV 4 a)F # 0 
and (PV b) n F =/= 0. Thus there are p, q € P such that p Va€ F and q Vb E F. 

Then x = (p V a) A (qV b) E F, since Fis filter. Expanding by distributivity, 

x =(pAq) V (a A q) V (pAb) V (a Ab) € P 

thus P n F =I= 0, a contradiction. ■
Corollary 2.2.4. Let L be a distributive lattice, let I be an ideal of L, and let a € L 
and a ¢ I. Then there is a prime ideal P such that I C P and a 4 P. 

Proof. Let I be an ideal such that a 4 1. If F = fa, then IF = 0. Apply 

Theorem 2.2.3 to I and F. ■
Corollary 2.2.5. Let L be a distributive lattice, a, b € L and a b. Then there is 
a prime ideal containing exactly one of a and b. 

Proof. Either L a { b = 0 or f an! b= 0, so we can apply Corollary 2.2.4. ID 

Corollary 2.2.6. Every ideal I of a distributive lattice is the intersection of all 

prime ideals containing it. 
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Let X' be the set of all ideals of L that contain I and are disjoint from F. We verify 

that 2' satisfies the hypothesis of Zorn's Lemma. The set X is nonempty, since 

IE X. Let C be a chain in 2' and let M =UC. We have to show that Mis an 
ideal: 

1. if a, b € M, then a € X and b E Y, for some X, Y E C; since C is a chain, 

either X ~ Y or Y ~ X; if say X C Y, then a, b €Y, and so a V b E Y CM, 

since Y is an ideal. 

2. also, if a€ M and b a,then a€ X €C,since X is an ideal, b€ X C M. 

Thus M is an ideal. It is obvious that I C M and MnF = 0, verifying that M € a. 
Therefore, by Zorn's Lemma, X' has a maximal element P. 

We claim that P is a prime ideal. Indeed, if P is not prime, then there exist a, b € L 

such that a,b 4 P but aAbe P. The maximality of P yields that (PV 4 a)nF # 0 
and (PV Lb)nF =40. Thus there are p,q € P such that pVa € F and qVb€ F. 
Then x = (p Va) A (q V b) € F, since Fis filter. Expanding by distributivity, 

=(pAq) V(aAq) V(pAb) V(a Ab) € P 

thus P n F =/= 0, a contradiction. ■
Corollary 2.2.4. Let L be a distributive lattice, let I be an ideal of L, and let a € L 
and a ¢ I. Then there is a prime ideal P such that I ~ P and a ¢:. P. 

Proof. Let I be an ideal such that a ¢ I. If F = t a, then In F = 0. Apply 

Theorem 2.2.3 to I and F. ■
Corollary 2.2.5. Let L be a distributive lattice, a, b € L and a =/= b. Then there is 

a prime ideal containing exactly one of a and b. 

Proof. Either ..!, an t b = or t an L b = , so we can apply Corollary 2.2.4. ■
Corollary 2.2.6. Every ideal I of a distributive lattice is the intersection of all 

prime ideals containing it. 
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Proof. Let I be an ideal of a distributive lattice L and let 

I,= ((P \IC P,P is a prime ideal of L). 

If 1 =I 11, then there is an a E 11 \ 1, and so, by Corollary 2.2.4, there is a prime 

ideal P, with I C P and a (ft P. But then a ¢h, is a contradiction. ■

Theorem 2.2.7. [9] Let L be a lattice and let X = Tp(L). Then the map 

n: L ➔ JP>(X) defined by 

n) : a ➔ X a : = {I e 'Ip ( L) I a (ft I} 

is a lattice homomorphism. 

Proof. We have to show that X,%= X,UX; and X, = X,0X%, for all a,b € L. 

Take 1 E 'Ip(L). Since 1 is an ideal, 

a V b E J if and only if a E J and b E J 

and, since J is prime, 

a Ab E J if and only if a E J or b E J. 

Thus we have 

Xo = {I€T(L)\avb¢ I} 
= { 1 E 'Ip ( L) I a (ft I or b (ft J} 

Similarly, 

X a/\b - { J E 'Ip ( L) I a A b (ft I} 
= { J E 'Ip ( L) I a ¢ I and b (ft I} 

= X,0X,, m 

Theorem 2.2.8. /6} Every distributive lattice is isomorphic to a ring of sets. 
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Proof. Let 1 be an ideal of a distributive lattice L and let 

11 = n(P I 1 ~ P, pis a prime ideal of L). 

If I Iy, then there is an a E 11 \ 1, and so, by Corollary 2.2.4, there is a prime 

ideal P, with 1 ~ P and a 4 P. But then a 4 l, is a contradiction. ■

Theorem 2.2.7. [9] Let L be a lattice and let X = Tp(L). Then the map 

71: L ➔ IP(X) defined by 

n:a»X4= {I€Tp(L)[a¢ I} 

is a lattice homomorphism. 

Proof. We have to show that Xavb = Xa u xb and Xa/\b =X,0X%, for all a, b € L. 

Take 1 c Tp(L). Since 1 is an ideal, 

a V b E 1 if and only if a E 1 and b E 1 

and, since 1 is prime, 

a A b E 1 if and only if a E 1 or b E 1. 

Thus we have 

Xao = {I€T(L)\avb¢I} 
= {I E 'Ip ( L) I a 1- 1 or b 1- I} 

Similarly, 

X%a = {I€T(L)\aAb¢I} 
- {1 E 'Ip(L) I a 4 I and b 1- I} 
= X40X,, I 

Theorem 2.2.8. [6] Every distributive lattice is isomorphic to a ring of sets. 
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Proof. Let I be an ideal of a distributive lattice L and let 

,= ((P \IC P,P is a prime ideal of L). 

If l -=J 11, then there is an a E 11 \ l, and so, by Corollary 2.2.4, there is a prime 

ideal P, with I C P and a ff. P. But then a ff. 11 is a contradiction. ■
Theorem 2.2.7. [9] Let L be a lattice and let X = Tp(L). Then the map 

1J :L3P(X) defined by 

n] : a ➔ X a : = { l E '.Ip ( L) I a ~ I} 

is a lattice homomorphism. 

Proof. We have to show that X,»= X,UX; and X,» = X,0X%, for all a,b € L. 

Take I € Tp( L). Since I is an ideal, 

a V b E l if and only if a € I and b € I 

and, since I is prime, 

a I\ b E l if and only if a € I or b E l. 

Thus we have 

Xas = {I€Tr(L)[avb¢ I} 
= { I E '.Ip ( L) I a ~ l or b ff. I} 

Similarly, 

Xa/\b - {l E '.Lp(L) I a Ab ¢ T} 
- { l E '.Ip ( L) I a ff. I and b ff. I} 
= X,0X,, m 

Theorem 2.2.8. [6} Every distributive lattice is isomorphic to a ring of sets. 
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Proof. Let L be a distributive lattice and let X = Tp(L). Define the map 

n: L3PX) by 

n:a3X,={I€T(L) \a¢ I}. 

By Theorem 2.2.7 n is a lattice homomorphism, so that the image of n) is a sublattice 

of IP(X), i.e. Im n) = the image of n) is a ring of sets. Now, we have to show that 

n is injective. If a, b E L and a b, then Corollary 2.2.5 implies that there exist 

a prime ideal P such that a € P and b 4 P. Therefore, P € X; and P ¢ X,. So, 

n(a) nb). Hence L ~ Im 'T/· ■

2.3 Congruence Relations on Lattices 

Congruence relations play a central role in lattice theory. This section develops the 

rudiments of a theory which goes way beyond the scope of an introductory text 

such as this. In this section we introduce the congruence relation on the group. 

Then we discuss the concept of congruence relation on lattices. Some examples and 

properties are given to illustrate these concept. 

Introducing Congruences 

We recall that an equivalence relation on a set A is a binary operation on A which 

is reflexive, symmetric and transitive. We write a = b (mod 0) or a 0 b to indicate 

that a and b are related under the relation 0. 
An equivalence relation 0 on A gives rise to a partition of A into non empty disjoint 

subsets. These subsets are the equivalence classes or blocks of 0. Atypical block 

is of the form [a]»:== {r € A]a=a (mod 0)}. 

If A is an algebraic structure, such as a lattice, a group, a ring or a module, then 

an equivalence relation 0 on A that also preserves the algebraic operations of A is 
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Proof. Let L be a distributive lattice and let X = Tp(L). Define the map 

n: L-3P(X) by 

By Theorem 2.2. 7 n) is a lattice homomorphism, so that the image of n) is a sublattice 

of IP(X), i.e. Im n) = the image of n) is a ring of sets. Now, we have to show that 

n) is injective. If a, b E L and a =/ b, then Corollary 2.2.5 implies that there exist 
a prime ideal P such that a € P and b 4 P. Therefore, P € X; and P ¢ X,. So, 

n(a) nb). Hence L ' Im n). Ill 

2.3 Congruence Relations on Lattices 

Congruence relations play a central role in lattice theory. This section develops the 

rudiments of a theory which goes way beyond the scope of an introductory text 

such as this. In this section we introduce the congruence relation on the group. 

Then we discuss the concept of congruence relation on lattices. Some examples and 

properties are given to illustrate these concept. 

Introducing Congruences 
We recall that an equivalence relation on a set A is a binary operation on A which 

is reflexive, symmetric and transitive. We write a= b (mod 0) or a 0 b to indicate 

that a and b are related under the relation 0. 
An equivalence relation 0 on A gives rise to a partition of A into non empty disjoint 

subsets. These subsets are the equivalence classes or blocks of 0. Atypical block 

is of the form [a]o := {x EA I x = a (mod 0)}. 

If A is an algebraic structure, such as a lattice, a group, a ring or a module, then 

an equivalence relation 0 on A that also preserves the algebraic operations of A is 
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called a congruence relation on A. For example, a congruence relation 0 on a 

group G is an equivalence relation that is preserve the group operation, i.e., for all 

a,b,1,y € G, we have 

l. a a (mod 0) 

2. if a== b (mod 0) then b = a (mod 0) 

3. if a == b (mod 0) and b= z (mod 0), then a = a (mod 0) 

4. if a==b (mod 0) and z = y (mod 0), then az=by (mod 0) 

5. if a==b(mod 0), then a' = b' (mod 0). (This can actually be proven from 

reflexivity 

symmetry 

transitivity 

the other four, so is strictly redundant). 

Now, in elementary algebra, one teaches that there is a correspondence between cer­ 

tain special types of substructures and quotient structures. In the case of groups, for 

example, there is a correspondence between normal subgroups and quotient groups. 

A more complete story for groups must include· the fact that a subgroup H of a 

group G is normal if and only if the equivalence relation modulo H defined by: 

a=b(mod H) > al=bH 

is a congruence relation on G. 

Therefore, in a group, a congruence relation is the same thing as the coset decom- 

position for some normal subgroup. Similar statements can be made for rings or 

modules. However, in most treatments of elementary algebra, the role of the congru­ 

ence relation is underplayed in favor of the role of the special substructure (normal 

subgroup, ideal, submodule). 

Congruence relations on lattices 

We begin with the definition of a congruence relation on a lattice. 

Definition 2.3.1. [13] An equivalence relation 0 on a lattice L is a congruence 

relation on L if for all a, b, x, y E L, 
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a b (mod 0) and x - y (mod 0) 

imply 

a /A= b A y (mod 0) and a V x = b Vy (mod 0). 

The equivalence classes under a congruence relation U are called congruence classes 

or blocks. The congruence class containing a € L is denoted by [a]». The set of all 
congruence classes for 0 is denoted by L / 0. The set of all congruence relations on L 

is denoted by Con(L). 

Example 2.3.1. In any lattice there are always two trivial congruence relations, 

the congruence relation 01 where each element is its own congruence class (block), 
and at the other extreme the congruence relation 02 with a single block. i.e. 

r= y (mod h,) 
T= y (mod 0%) 

if and only if x = y; 
for all a,y € L. 

Example 2.3.2. Let L be a lattice with Hasse diagram given in Figure 2.5. 

0 

Figure 2.5: 

The following are all congruences of L: 0% : {{0,1,2,3,4,5}}, 
h, : {{0},{1},{2},{3},{4},{5}}, {{0,1},{2,3},{4,5}}, {{0,2},{1,3},{4},{5}}, 
{{0,1,2,3},{4,5}}, {{0,2,4},{1,3,5}}, {{2,4},{3,5},{0},{1}}, {{0,1},{2,3,4,5}}. 

Example 2.3.3. In a finite chain C, a congruence relation is any decomposition of 

C into disjoint closed intervals, as in Figure 2.6. 



2.3. Congruence Relations on Lattices 40 

Figure 2.6: 

Theorem 2.3.1. [22] An equivalence relation 0 on a lattice L is a congruence rela­ 

tion if and only if for all a, b, x EL, 

a==b (mod 0) => aVa=bVz (mod0) and aAa=bAa (mod0). 

Proof. Assume that 0 is a congruence on a lattice L. If a= b (mod 0), then, since 

x ==a (mod 0), we have 

a V x = b V r (mod 0) and a A a= b A a (mod 0). 

Conversely, let the stated property holds, if a= b (mod 0), a = y (mod 0), then 

a Ar=bAr (mod 0) and bAa=bAy (mod 0). 

By transitivity, we have 

a A a= b A y (mod 0). 

Similarly for joins. ■
Example 2.3.4. [22] Let L be a distributive lattice and let t E L. Then the binary 

relations 0, defined by 

a==b(mod 6) if aVt= bVt 

and 

a==b(mod ) if aAt=bAt 

are both congruence relations on L. 
It is easy to see that these relations are equivalence relations. For 6, it is clear that 

for all a,b, € L 
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a=b(mod 6) => (aV)= (bVa) (mod 6) 

and for meet, the distributivity of L gives 

a = b ( mod 0) => a V t = b V t 
= (aVt)A(aVt)=(bVt) A(a Vt) 

= (aAa)Vt=(bAs)Vt 
⇒ (a/\ x) ==(bA x) (mod 6). 

A similar argument can be made for µ. ■

Remark 2.3.1. Let L be a lattice. If a, b € L, ab and a= b (mod 0), then all 
elements in the interval [a, b] are congruent, for if r € [a, b], then 

T= b Aa==a= a (mod 0) 

and so every element of [a, b] is congruent to a. 

Definition 2.3.2. [7] A nonempty subset S of a lattice L is convex if whenever 

a, b € S, then [a, b] C S. 

Theorem 2.3.2. [13] Let 0 be a congruence relation on a lattice L. Then for all 

a E L, [a]o is a convex sublattice. 

Proof. Let a,y € [a]; then z = a (mod 0) and y=a (mod 0). Therefore, 

x Ay==aAa= a (mod 0) and x V y= a Va= a (mod 0), 

proving that [a]o is a sublattice. Now, we need to prove that [a]o is convex subset. 

If a,y € [a]o and t E [x, y], then x = a (mod 0) and y = a (mod 0). Therefore, 

t = t /\ y = t /\ a ( mod 0), 

and so 

t = t v x = ( t /\ a) V x = ( t /\ a) V a = a ( mod 0). 
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a=b(mod 6) => (aVa)=(bVa) (mod 6) 

and for meet, the distributivity of L gives 

a = b ( mod 0) => a V t = b V t 

=> (a Vt) A(a Vt) =(bVt)A (a Vt) 

=> (aAa)Vt=(bAs)Vt 

=> (a I\ x) ==(bAa) (mod 6). 

A similar argument can be made for µ. ■

Remark 2.3.1. Let L be a lattice. If a, b € L, a ~ b and a= b (mod 0), then all 
elements in the interval [a, b] are congruent, for if x E [a, bl, then 

x = b I\ x = a /A a= a ( mod 0) 

and so every element of [a, b] is congruent to a. 

Definition 2.3.2. [7] A nonempty subset S of a lattice L is convex if whenever 

a,b ES, then [a,b] C S. 

Theorem 2.3.2. [13] Let 0 be a congruence relation on a lattice L. Then for all 

a€ L, [alo is a convex sublattice. 

Proof. Let a,y € [al; then a = a (mod 0) and y= a (mod 0). Therefore, 

x I\ y = a I\ a= a (mod 0) and x Vy= a Va= a (mod 0), 

proving that [a]e is a sublattice. Now, we need to prove that [a]e is convex subset. 
If x, y E [a]e and t E [x, y], then x = a (mod 0) and y = a (mod 0). Therefore, 

t = t A y = t A a (mod 0), 

and so 

t = t Va== (t A a) V a= (tAa) Va= a (mod 0). 

lg 
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Hence, t € [a]g. So, [a,y] C [a],. m 

Theorem 2.3.3. [9] Let 0 be a congruence relation on a lattice L and let a, b EL. 

a = b ( mod 0) if and only if a /\ b = a V b ( mod 0). 

Proof. If a=b( mod 0), then 

a= a Va - a Vb (mod 0) and a= a/\ a== a A b (mod 0). 

Since 0 is symmetric and transitive, we deduce a/\ b = a Vb (mod 0). Conversely, 
assume a Ab=aVb(mod 0). We have a/Ab=a aVb,so a/Ab a (mod /), and 
similarly, a Ab= b (mod 0). Because 0 is symmetric and transitive, it follows that 

a= b (mod 0). I 

Sometimes a long computation is required to prove that a binary relation is a con­ 

gruence relation. Such computations are often facilitated by the following theorem 

which assume only a reflexive binary relation. 

Theorem 2.3.4. [14} A reflexive binary relation 0 on a lattice L is a congruence 

relation if and only if it satisfies the fallowing three properties : 

(1) For all a,b € L, 

a =b( mod 0) <> a Ab= a Vb( mod 0 ). 

( 2) If a ~ b ~ c in L, then 

a= b (mod 0), b= c (mod 0) => a= c (mod 0). 

(3) Ifa b and a=b (mod 0), then 

a/\ x ==bA x (mod 0) and a V x ==bV x (mod 0) for all x EL. 

Ill 
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Hence, t < [al. So, [a,y] C [a],. I 

Theorem 2.3.3. [9] Let 0 be a congruence relation on a lattice L and let a, b EL. 

a = b ( mod 0) if and only if a A b = a V b ( mod 0). 

Proof. If a - b (mod 0), then 

a= a Va= a Vb (mod 0) and a= a /A a - a Ab (mod 0). 

Since 0 is symmetric and transitive, we deduce a A b = a Vb (mod 0). Conversely, 
assume a Ab - a V b ( mod 0). We have a Ab =;< a =< a V b, so a A b - a ( mod 0), and 
similarly, a A b = b (mod 0). Because 0 is symmetric and transitive, it follows that 

a - b ( mod 0). I 

Sometimes a long computation is required to prove that a binary relation is a con­ 

gruence relation. Such computations are often facilitated by the following theorem 

which assume only a reflexive binary relation. 

Theorem 2.3.4. [14} A reflexive binary relation 0 on a lattice L is a congruence 
relation if and only if it satisfies the fallowing three properties : 

(1) For all a, b E L, 

a==b (mod0) aAb=aVb (mod0). 

(2) Ifa b c in L, then 

a= b (mod 0), b = c (mod 0) => a== c (mod 0). 

{3) If a b and a= b (mod 0), then 

a /A a = b A a (mod 0) and a V a= b V a (mod 0) for all x EL. 

Ill 
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Proof. The "only if'' part being trivial. So, it is sufficient to prove that a reflexive 

relation 0 satisfying conditions (1) - (3) is a congruence relation. First, note that 0 

is symmetric by (1). Next, we need to show that if a ~ b and a = b (mod 0), then 
all elements in [a, b] are congruent. It is easy to see that any x E [a, b] is congruent 
to both a and b, since by using (3) we have 

a = a /A a= bAa= x ( mod 0) 

and 

x = a V x b V x = b (mod 0). 

Hence, if a,y € [a,b], then xVy E [a,b]. So xVy = a (mod 0). But x/\y E [a,xVy] 

and so x I\ y ==zVy (mod 0). By (1), x = y (mod 0). 
To prove that 0 is transitive, let a = b (mod 0) and b = c (mod 0). Then by (1), 
a A b = a Vb (mod 0). We know that a A b ~ a Vb and so by (3), we have 

(aAb)Vb==aVbVb(mod0) = b=aVb(mod0) = bVc=aVbVc(mod0). 

Similarly, 

a A b = a Vb (mod 0) = a I\ b = b (mod 0) => a I\ b Ac = bA c (mod 0). 

Hence, 

a I\ bA c = bA c = b V c = a V b V c (mod 0) 

and 

aAbAcbAc=bVcaVbVc. 
(2)t · <1' t a I\ bA c = a V b V c (mod 0). Therefore, all Thus by applying wice, wee 

1 
· · 1 [ /\ b Ac av b V c]. including a and c, are congruent. Thus, 0 

e ements m mterva a , , 

is an equivalence relation. 
· f · Th orem 2.3.1. Suppose that a= b (mod 0). If a and 

We complete the proot using 1e 

b bl th (3) and symmetry of the relation imply that 
are compara e, en 

- 
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a A a - b A (mod 0) and a V x = b V x (mod 0) 

for all x EL. If a [] b, then by (1), a I\ b== a\Vb (mod 0) and by (3), we get 

(a Ab) A a = (a V b) A a (mod 0) and (a Ab) V x = (a Vb) V x (mod 0) 

for all € L. But 

a Aa,bAs€[(aAb) Az,(aVb) Aa] 

and so a A a = b I\ x ( mod 0). Similarly, 

a Va,bVs€[(aAb)Va,(aVb) Va] 

and so a V x = b V a (mod 0). ■

2.4 Quotient Lattices 
Homomorphisms and congruence relations express two sides of the same phenomenon. 

To establish this fact, we first define quotient lattice and take closer look at the prop- 

erties of this lattice. 
The set L/0 = {[a]o I a EL} of congruence classes of a congruence relation 0 is also 

a lattice. Indeed, it is precisely because 0 is a congruence relation that the inherited 

lattice operations of 0 are well defined on L / 0. 

Theorem 2.4.1. [22] Let 0 be a congruence relation on a lattice L. The set L/O of 
congruence classes is a lattice, called the quotient lattice of L modulo 0, under the 

operations 

[a]o I\ [b]o = [a I\ b]o and [a]o V [b]o = [a V b]o 

Proof. First, we must check that these operations are well defined. But if a = a' 
(mod 0) and b== b' (mod 0), then a Ab= a' Ab' (mod 0) and so 

[a]» = [a], and [bl» =[b]o => [aAbl»=[a' Ahlo 
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which says that the meet operation is well defined. A similar argument applies to 

the join operation. Finally, it is routine to check the properties of a lattice. For 

instance, the associativity law 

([a]» V [b],) v [c]» = [a]» V ([bl, v [c]») 

is equivalent to 

((a Vb) V clo = [a V (bV c)]o 

which follows from associativity in L. ■

In our discussion of congruences we have so far treated lattices as algebraic struc­ 

tures; the underlying partial order on a lattice has not been mentioned. Theorem 

2.4.2 redress the balance and describe the partial order relation in the quotient 

lattice. 

Theorem 2.4.2. [22] Let L be a lattice and let 0 E Con(L). 

(1) [al» [b]8 if and only if some element of [alo is related to some element of [b]o. 

In particular, 

ab = [al, [blo. 

(2) [al, [] [bl, if and only if a \] B for every a € [a\, and 3 € [bl. 

(3) [a]o -< [b]o if and only if 

a -< (3 or a II (3 

for every a € [al, and (3 E (b]o, with strict inequality for at least one pair 

(a,(3). 

Proof. For part (1), 
a baAb=a>[aAbls=[als [al, A[bls = [al [alo [blo. 

- 
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Conversely, 

[al [b], => [a Ab],= [al» =+ a Ab € [al, 

and so a S, where a = a/\ b E [a]o and /3 = b E [b]0. Part( 2) follows from part 

(1). For part (3) if [a], < [b]», then [al» [b]», [a]» # [bl» and [b]» [a]». Thus 
, part (1) implies that a -< /3 for some a E [a]0, /3 E [b]o and that /3 ~ a cannot 
happen for any a E [a]o, /3 E [b]o. Conversely, suppose that o <S or a II /3 for every 
a E [a]o, /3 E [b]o, with strict inequality for at least one pair. Then part (1) implies 
that [a]o [b]. However, [a]o = [b]o implies that a € [aly and a € [bl, which is 

false. Hence, [al, <[b],. I 

The quadrilateral argument : Let L be a lattice and suppose that { a,b,c, d} is 
a 4-element subset of L. Then a, b and c, d are said to be the opposite sides of the 

quadrilateral(a, b; c, d) if a-< b, c-< d and either 

(a V d= band aAd = c) or (bV c = d and bA c = a). 

We say that the blocks of a partition of L are quadrilateral-closed if whenever 

a, b and c, d are opposite sides of a quadrilateral and a, b € A for some block A then 

c, d E B for some block B (see Figure 2.7). 

Figure 2.7.: 

!911 Let L be a lattice and let 0 be an equivalence relation on L. Theorem 2.4.3. '/ 
Then 0 is a congruence if and only if 

(1) each block of 0 is a sublattice of L, 

(2) each block of 0 is convex, 

ll 
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(9) the blocks of 0 are quadrilateral-closed. 

Proof. Let 0 be a congruence relation on L. Then by Theorem 2.3.2, each block of 0 

is a sublattice and convex. For (3), let a, band c, d be opposite sides of quadrilateral, 
with aVd= band aAd= c. We assume that a,b € [al and d € [d] and seek to 
prove that c € [dlg. Since a =b (mod 0), by Theorem 2.3.1, we can get 

a /\ d b /\ d ( mod 0). 

c == d (mod 0). 

Conversely, assume that (1), (2) and (3) hold. We prove that a b (mod 0), implies 

that a/\x = b/\x (mod 0) for all a € L. Since (1), (2) and(3) are self dual, it follows 
that a VT= b V a (mod 0) for all a € L. First suppose that u = v (mod 0) and 
u ~ v. Then we can project z into the interval [u, v] to get u V (v /\ x), as shown in 

Figure 2.8. 

x 

UAX 

Figure 2.8: 

The convexity of blocks implies that u = uV (vAa) (mod 0) and the (3) then implies 

that uAa = v A a (mod 0). 

F h 1 
·t - b (mod 0) then letting u =ab, and v = a V b, we have 

or t e genera case, 1 a = 
( d 0) d /\ b __,, a v b Hence the previous remarks show that 

a Ab=aVb mo,an a " 

( a Ab) A a= ( a Vb) A a ( mod 0) 

,, b i> » the interval between (a Ab) A a and (a Vb) A , 
and smce a A a and /\ x ie m 

==b /\ (mod 0), as desired. ■
convexity implies that a A a = x ' 
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Example 2.4.1. Consider the 4-element square lattice L with Hasse diagram given 

in Figure 2.9. Let 0 be a congruence of L. Then the following cases hold: 

0 = a (mod 0) b = l (mod 0), 0 = b (mod 0) <«3 a l (mod 0), 
a= b (mod 0) => O = a (mod 0) and so 0 : {0, 1,a,b}, 

0 = 1 (mod 0) = 0:{0, 1,a,b}. 

Using these properties we deduce that there are four congruences in ConL: { { 0}, { 1}, {a}, { b}}, 

{0,1,a,b}, {{O,a},{b,1}} and {{O,b},{a,l}}. 

1 

< 0 

Figure 2.9: 

Example 2.4.2. The lattice M», by applying Theorem 2.4.3, has only trivial con­ 

gruences. 

Some examples of congruences and the blocks are given in Figure 2.10. Note that 

the loops are drawn on the diagrams of lattices represents a partition of L. The 

quotient lattice is obtained by collapsing each block to a point. 

., 
Figure 2.10: 
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Remark 2.4.1. Let 0 be a congruence relation on a lattice L. If L is a distributive, 

then L/0 is a distributive lattice. Since for all [a]0, [b]0, [c]0 E L/0: 

[a] A ([bl» V [cls) = (f@lo A [b]») V ([al» A [ls). 

On the other hand, if L /0 is distributive lattice, then L it is not necessary to be 
distributive lattice. For instance, in Figure 2.10, Li/ 0 is distributive lattice but Lis 
not distributive lattice. 

Now we want to look at the relationship between congruence relations and lattice 

homomorphisms. 

Theorem 2.4.4. [22] 

( 1) Every lattice homomorphism f : L3 M defines a congruence relation 0; given 

by 

(a,b€ L) a=b (mod0;) f(a)= f(b) 

and called it is the congruence kernel off. The congruence classes of 0, 
are the sets L/0; = {f-1(x) I x E image(!)}. Thus f is injective if and only 

if 0, is equality. 

(2) Every congruence relation U on a lattice L defines a surjective lattice homo­ 

morphism mo: L» L/0 given by 

no(a)= [a]o 

and called the natural projection of L modulo 0. The congruence kernel of 

To is 0. 

P (1) 
·t · 1 mentary that 0; is indeed an equivalence relation. Now 

roof. For part , 1 1s e e 

b ( d 0 ) an
d c = d (mod 01 ), so that f(a) = f(b) and f(d) =f(c), assume a = mo f 

Hence since f preserves join, 
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Remark 2.4.1. Let 0 be a congruence relation on a lattice L. If L is a distributive, 

then L/0 is a distributive lattice. Since for all [a]0, [b]0, [c]0 E L/0: 

[a] A ([bl» V [cls) = (f@lo A [b]s) V (fa]» A [cl»). 

On the other hand, if L / 0 is distributive lattice, then L it is not necessary to be 

distributive lattice. For instance, in Figure 2.10, Li/ 0 is distributive lattice but Lis 
not distributive lattice. 

Now we want to look at the relationship between congruence relations and lattice 

homomorphisms. 

Theorem 2.4.4. [22] 

(1) Every lattice homomorphism f : L ➔ ]\II defines a congruence relation 0 f given 

by 

(a,b€ L) a=b (mod0;) f(a)= f(b) 

and called it is the congruence kernel of f. The congruence classes of 0, 
are the sets L/0;= {f-1(x) I x E image(!)}. Thus f is injective if and only 

if 0; is equality. 

(2) Every congruence relation 0 on a lattice L defines a surjective lattice homo­ 

morphism o: L ➔ L/0 given by 

no(a)= [a]o 

and called the natural projection of L modulo 0. The congruence kernel of 

To is 0. 

P (1) 
·t · 1 mentary that 0; is indeed an equivalence relation. Now 

roof. For part , 1 1s e e 
assume a= b (mod 0,) and c = d (mod 0;), so that f(a) = f(b) and f(d) =f(c), 

Hence since f preserves join, 

c;ass. ••••••••"'~" I~!: ..,'7•1~) 

,J 
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f(a V c) = f(a) V f(c) = f(b) V f(d) = f(b V d). 

Therefore a V c = b V d (mod 0f ). A similar argument can be made for meets. For 

part(2), it is clear that 1re is surjective. Also, 

no(a Ab) = [a Ab]s== [al» A[bl, = mo(a) A no(b) 

and similarly for join. Hence, 1re is a surjective lattice homomorphism. Finally, the 

congruence kernel of mo is 0, since 

a=b(mod 0) > [al,=[bl mo(a)= mo(b). I 

2.5 Kernels 

In this section we define three types of kernels in lattices. One of them is related to 

homomorphism, and the other two kernels are related to congruence relation. Then 

we characterize the distributive lattices by using the kernel of congruence relations. 

Definition 2.5.1. [13] Let f : L3 M be a lattice homomorphism. If NJ has a 

least element 0 and if f7'(0) is nonempty, then the set 

ker(f)= f '(0) = {a € L\ f(a)= 0} 

is called the ideal kernel of f. 

Example 2.5.1. Let f : L3 M be a lattice homomorphism with Hasse diagram 

given in Figure 2.11. The ideal kernel of f is { d, e} • 
a 

b 

C 

d 

• 
L M 

Figure 2.11: 
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Definition 2.5.2. [13] If f · L -~ ]\ff · 1 · • --, '1 1s a attice homomorphism, then the con- 

gruence relation Bf, defined in Theorem 2.4.4, is called the congruence kernel of 

f. 

Example 2.5.2. In Figure 2.11 the congruence kernel off is 

Bt= {(a,a),(b,b),(c,c), (d,d),(e,e),(a,b),(b,a), (d,e),(e,d)}. 

Theorem 2.5.1. [22] Let L be a lattice and 0 c Con(L). A congruence class [x]0 is 
an ideal of L if and only if it is the least element of L /0, in which case it is called 
the ideal kernel of 0 and is denoted by ker(0 ). If L has a 0, then ker(0) = [0]8• 

Proof. Let [x]8 be an ideal of L. Then for any congruence classes [a]8, we have 
A a E [x]o and x I\ a ~ a E [a]o and so, by Theorem 2.4.2, [x]e :;< [a]e- Thus, [x]e 

is the least element of L/0. Conversely, if [x]8 is the least element of L/0, then for 

any a y € [a], we have [a]o [ylo = [a]o and so [a]s = [a]s, that is, a € [r]. Let 
c,d € []y. Since [a] is a sublattice, we can get cVd € [r]. Hence []y is an ideal. 

■
Note that not all ideals are ideal kernel of some congruence relation. 

' 
Example 2.5.3. Consider the lattice L with Hasse diagram given in Figure 2.12. 

The subset J = { o, a, b, c} is an ideal, but is not an ideal kernel of any congruence 

.<9>· 
0 
L 

Figure 2.12: 

;, ifI the ideal kernel of a congruence 0, then we would have 
relation. In fact, i were 1e 1 

d = d V O = d V c = 1 (mod 0) 

d. . 0 - b== d I\ e = 1 (mod 0). whence the contradiction == = 

and e = e VO = e V c = 1 (mod 0) 
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The existence in the Example 2.5.3 of a not distributi blatti it: id ·· vesu at ace prompts a consit- 

eration of the distributive case. In so doing, we obtain the following characterisation 

of distributive lattices. 

Theorem 2.5.2. [7] A lattice L is distributive if and only if every ideal of L is an 
ideal kernel of some congruence relation. 

Proof. Suppose that L is distributive and let J be an ideal of L. Define the binary 

relation on L by 

a= b (mod 6) > (3i€I) aVi= bVi. 

In Example 2.3.4, we proved that d is a congruence relation. Now if i € I,then 
a = i (mod 6) implies that, for some j € I, a V j= i V j € J and hence a E J. 

It follows that J is a 0 class, and is indeed the bottom element of L/6. Thus I 
is the ker(6). Conversely, suppose that every ideal of L is an ideal kernel of some 

congruence relation. If L were not distributive then it would contain as a sublattice 

one of the lattices in Figure 2.13. 

Figure 2.13: 

In either case, let J == 4 a and let 0 be a congruence of which I is the ker(0). Then 

e = av b = d vb= b (mod 0) from which we obtain c = c I\ e = c A b = d = a (mod 

0), which shows that c E J = ..j, a, a contradiction in each case. Thus L has no such 

sublattices and is therefore distributive. ■

Th 
£ ·d d in the proof of Theorem 2.5.2 has a more significant 

e congruence o consitere 

property. 
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Theorem 2.5.3. [/7] If J is a ·d l f . n .€a o a distributive lattice then 8 is the smallest 

congruence with ideal kernel J. 

Proof. Suppose that a = y (mod 6). th t . . ' so a x V i = Y V i for some i €I. Then for 
any congruence p with ideal kernel I we have 

[ac],, =[a], Vi], =[a Vi], = [Vil, = [ul» V [il,, = [l 

so that x = y (mod cp) and consequently 6 C cp. ■

Theorem 2.5.4. [22] Let M be a lattice with O and let f : L ➔ M be a lattice 

homomorphism. Then the ideal kernel ker(f) = J-1(0) is an ideal of L and 

ker(0;) = ker(f). 

Proof. If a,y € f'(O), then 

f(x Vy)= f(x) v f()= 0 V 0= 0. 

Hence x Vy E J-1(0). If x E J-1(0) , r E L and r ~ x, then J(r) <f(a)= O. 
Therefore f(r) = 0 and r € f'(O). Hence J-1(0) is an ideal of L. Now let 

x, y E ker(f) . Then 

f(a)=f(v)=0 = a=y(mod@;). 

So ker(f) == [a]o, is a congruence class of 0}. Since ker(f) is an ideal of L, [a]o, is 

the least element of L / 0 I· Hence ker(f) = ker( 0 I). ■
Remark 2.5.1. The lattice M is a homomorphic image of the lattice L if and only 

if there is a homomorphism of L onto M. Theorem 2.4./ part {2) states that any 

quotient lattice is a homomorphic image. 

Theorem 2.5.5. [12] (The Homomorphism Theorem). Let L be a lattice. Any 
homomorphic image of L is isomorphic to a suitable quotient lattice of L. In fact, 

if f : L-3 M is a homomorphism of L onto M and 0, is the congruence kernel of 

f, then 
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L/0, ee NI; 

an isomorphism{see Figure 2.14) is given by 

T: L/01 ➔ M such that T([x]01) = f(x) 

Figure 2.14: 

Proof. To prove T is an isomorphism we have to show check that r: (1) is well 

defined, (2) is one to one, (3) is onto, and (4) preserves the operations. 

(1) Let [a]o, = [y]er Then x = y (mod 0;); thus f(x) = f(y), that is, 

(2) Let r([a]o,)= r([lo,). Then r = y (mod 0/); and so [s]o, = [lo, 

(3) Let a € M. Since f is onto, there is an x EL with J(x) = a. Thus 

r([@]o,) = @­ 



Chapter 3 

Congruences and Ideals in 

Distributive Lattices with respect 

to A derivation 

In this chapter we introduce the concept of derivation on lattices. Also we will 

mention some properties of derivation and compare between derivations and lattice 

homomorphisms. Furthermore the concepts of d-ideal, d-prime ideal, injective ideal 

and maximal injective ideal are introduced in a distributive lattice with respect to 

derivations. Also the Stone's theorem for ideals of a distributive lattice is extended 

to the case of injective ideals. In addition two types of congruences are introduced 

in a distributive lattice with respect to derivation. 

3.1 Definition and Examples 

In this section we introduce the concept of a derivation of a lattice. Also some 

examples are presented to illustrate this concept. Furthermore we will mention 

some properties of a derivation. 

Gl
·v 1 b · tu cture (A + *) where + and * denote two arbitrary binary 

en an algebraic stru ·» 7 ' 

55 
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operations, we call derivation of A any function f : A ➔ A such that: 

f(a + b) = f(a) + f(b), 
f(a»b) = f(a) +b+a+ f(b). 

This definition clearly coincides with the usual (algebraic) notion of derivation when 

(A,+,) is a ring. However, it can be formally stated for every algebraic structure 
endowed with two binary operations. In this chapter, we will consider the special 

case in which (A,+,*) is a lattice, so that + and * are, respectively, the join and 

the meet operations. 

Definition 3.1.1. (26] Let (L, V,A) be a lattice; a derivation of Lis a function 

d: L ➔ L satisfying: 

(1) d(r Vy) = d(x) v d(y), 

(2) d(cAy)= (d(a) Ay) V(a Ad(y)), for alls,ye I. 

Example 3.1.1. 

1. In every lattice L, the identity mapping i defined by i(x) = x for each x E L 

is a derivation of L. 

2. Let L be a lattice with least element 0. Then the mapping / defined by 

(a) = 0 for each z € L is a derivation of L. 

3. Take the lattice Lin Figure 3.1. 

Figure 3.1: 

Define two functions d; and d» on I by 
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{

a2, X = l 
d(r)= 

x, otherwise 

d is a derivation but do is not a derivation. Since 

Now we give some properties for the derivations of lattices. 

= l 

otherwise 

Theorem 3.1.1. [26] Let d : L ➔ L be a derivation of a lattice L. Then for any 

x, y E L, we have : 

(1) d(a) x. 

(2) If x ~ y then d(x) ~ d(y). Hence, d is an isotone. 

{3) If x y, then d(x) =a Ad(y) 

Proof. Let d: L ➔ L be a lattice derivation. Given x, y EL. For (1), 

d(x) = d(x I\ x) = (d(a) A a) V (a Ad(r)) => d(a)= x I\ d(x) -< x 

For ( 2), if x ~ y, then z V y = y, and so 

d(y) = d(x Vy)= d(x) V d(y). 

Hence, 

d(x) ~ d(y). 

. d( ) ~ ~ by (1). Consequently 
To prove (3), let 2 =< Y agam. Then x ...., x...., y · 

d(x) = d(x I\ y) = (d(x) I\ y) V (a Ad(y))= d(x) V (x I\ d(y)), 

Va €L. 
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i.e. a Ad(y) d(a). On the other hand, d(:) ' x ~ x by (1) and d(x) ~ d(y) by (2). 
Therefore, 

r Ad(y) > d(a). 

So, 

d(x) = x I\ d(y). ■
Remark 3.1.1. [10] let us have a look at the definition of derivation, and particu­ 
larly to condition (2), i.e. 

d(x I\ y) =(d(a) A y) V (x I\ d(y)). 

We can prove that this condition is redundant, and we find a suitable way to simplify 

it. Indeed, since a /A y =;< x, we have d( x I\ y) d(a), and we also have d(a A y) ~ 
(x I\ y) =;< y. Therefore we have obtained d(x I\ y) ~ d(x) I\ y. In the same way we 

also get d(x I\ y) =;< x I\ d(y), so we can conclude that condition (2) is equivalent to 

the following: 

(2') d(rAy)= d(a) Ay=r Ady). 

Definition 3.1.2. [10] An element a of a lattice Lis said to be distributive ele­ 

ment whenever, for every ,/ EL: 

a A (a Vy)= (aA a) V(a/Ay), 

The set of all the distributive elements of a lattice is called the center of the lattice. 

Note that all elements in a distributive lattice Lare distributive elements. The next, 

fundamental Theorem states that for a very large class of lattices all the derivations 

are of the same form. 

Theorem 3.1.2. [10] Consider a lattice L with a greatest element l. Then d: L ➔

L 
· d J L if d nly if there exists a distributive element a € L such 
is a erivation oj ij an€ O 

th t d( ) f E 
L Obviously in this case we have a =d(l). 

a. = a I\ x, or every · ' 
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Proof. If a E Lis a distributive element th f · , en every [function of the form d(a) = a/a 
is a derivation ( even if L does not have a great t 1 ) · es e ement since Va, y € L: 

d(xVy) 

d(x /\y) 

a/A(a Vy) =(aA±) V (aAy) =d(z) vd(y). 

a I\ (rAy)= (a I\ r) A y = d(a) A y. 

Conversely, suppose d : L ---+ L is a derivation; by definition we have: 

d(x) = d(l /\ x) = d{l) /\ x. 

d(l) EL is a distributive element, since Va, y € L 

d(l) /\ (x Vy) d(l /\ (x Vy)) 

- d((l /\ x) v (1A y)) 

- d(l /\ x) V d(l /\ y) 

= (d(1)Aa) V (d(1) A y). I 

Remark 3.1.2. Theorem 3.1.2 is not necessarily true if a is not a distributive 

element. 

Example 3.1.2. Let L be the diamond lattice M, of Figure 3.2. Consider the 

function f: L---+ L such that f (x) = bAa. Note that bis not a distributive element. 

Clearly, f is not a derivation on L: 

f (a V c) =f(l)= b but f(a) V f(c) = 0. 

l 

0 

Figure 3.2: 
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Therefore, for a distributive lattice L with greatest el t 1 th 1 f h d · ement , e c ass o t e eriva­ 

tions of L coincides with the class of the maps d . L -----'. L d t d b d ( ) a · -----r eno e y a = a /A a. 

More precisely, d, is the only derivation of L such that d(l) = a. We will call these 

derivations simple derivations (even if the lattice Lis not distributive), and we 
will say that d, is the simple derivation associated with a. 

Theorem 3.1.3. [26] Every derivation d of a lattice L is of the form 

d(r)= c A a 

with a suitable chosen c E L if and only if L has a greatest element. 

Proof. If 1 is the greatest element of L, then d(x) = Ad(l) for each € L. 

However, if L has no greatest element, then the identity mapping of L cannot be 

represented in the form d(r) = c /A a, because c A a a for x >- c. ■

The lattice (N, lcm, gcd) is a distributive lattice without greatest element. The­ 

orem 3.1.4 defines and studies a particular function, whose appearences in algebra 

and geometry are plentiful. "We call radical of a positive integer n= p]' ·...·" 

(uniquely factorized into product of primes) the positive integer 

r(n) =r(pf' ·...-p)=pP··P» 

There! ore, the radical of a positive integer is the product of the primes of its factor­ 

ization ". [10] 

(10
11 The radical Junction r : N-+ N is a derivation of the lattice 

Theorem 3.1.4. '/ 
(N, lcm, gcd). 

Proof. Let n,m € N such that 

a+1 .p]® 
n - Pai . . par . -+1 .. . s - 1 ... r r 

and 
h .3,,6+1. ., ,B m=pI '..-·}% hr+i ·• l 
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(in this way we distinguish the comm . . on primes belonging to both n and m from the 
other primes occurring in the two fact . . . . . · torizations). It is not difficult to show that the 
following equalities hold: 

r(lcm(n, m)) = r( max(a1 ,lh) Pi ·....p@"(@».) .,¥. . @% ,41 ,h r+I ... Ps . qr+l ..... qt ) 

- Pl · · · · · Pr · p +I • . p q r ... s · r+I · ... · qt 

= lcm(p·...·%sP1·...·pr ·4r+1 ·% 4) 
= lcm(r(n),r(m)); 

r(gcd(n,m)) = r(n[""@@)....p@80) 
'..°r 

= gcd(p'·...·p,°,p·.-·P»4+1·.·q) 
= gcd(n,r(m)) (= .gcd(r(n), m)). I 

3.2 Derivations of Lattices vs lattice Homomor- 

phisms 

In this section we introduce some properties of derivations of lattices. In addition 

we compare between Derivations of lattices and lattices homomorphisms. 

Theorem 3.2.1. [10] A derivation d is a lattice endomorphism of L and also pre- 

serves the least element 0. 
Proof. If d is a derivation of a lattice L, then d is join preserving by the definition. 

So, we have to show that d is meet preserving. For x, y E L, we get: 

d(a A y) ~ d(x) I\ d(y), ford is isotone. 

d(a) Ad(y) d(a) Ay = d(A), from (2'). 

Therefore, d( A y) = d(a) Ad(y) 
If L is a lattice with 0, then 
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d(0) = d(0 /\ 0) =d(0) A0 = o. 

In fact, a lattice endomorphism need not be a lattice derivation. 

Example 3.2.1. [26] Let L be a lattice. Given an element c different from the least 

element (eventually existing) of L, the mapping (r) defined by 

(r)= c for each x EL 

is an endomorphism of L which is not derivation because there exists at least one 

element b E L such that b <c and thus (b)== c b. Hence, / is not a derivation. 

Theorem 3.2.2. [10] If d : L ➔ L is a lattice derivation, then 

d(d(x)) =d(z) Va€ L. 

Proof. 

d(d(x)) - d(d(x /\ x)) = d(d(x) /\ x) 
- d(x) /\ d(x) = d(x). ■

Remark 3.2.1. If f : L ➔ L is a lattice endomorphism, then it is not necessary 

that f(f(a))= f(a) fora€L. For example, Let L= {0,a,,a», 1} be a lattice whose 
F% 8.8. D fine a lattice endomorphism f : L ➔ L 

Hasse diagram is given in igure .0. '© 

such that f(1)= a,f(a»)= f(@) = f(0)= 0. Then f(f(1)) # f(1)­ 

Figure 3.3: 

. : of the lattice L, then do f is a derivation 
Theorem 3.2.3. [10] If d, f are derivations O 

too. 
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Proof. Let d, f are derivations of the lattice L th , en 

(d O f)(x Vy) = d(f(a) v f(y)) =(do f)(x) V (do f)(y), 

(do f)(x I\ y) - d(f(a) Ay)=(do f)(a) I\ y. 

So, do f is a derivation. ■
Remark 3.2.2. It is easy to show that if f : L ➔ M and d : M P are lattice 
homomorphisms, then d o f is a lattice homomorphism too. 

Theorem 3.2.4. [10] Let L be a distributive lattice and d, f be two derivations on 

L. Define 

(d I\ f)(x) = d(x) I\ f (x) and (dV f)(x) = d(x) V f(x). 

Then d V f and d A f are derivations, and we also have d A f = d O f. 

Proof. First, we prove d V f is a derivation on a distributive lattice L. 

(dvV f)(x Vy) = d(r Vy) V f(x Vy)= d(x) V d(y) V f(a) V f(y) 

= (dV f)(x) V (d V J)(y); 

(d V f)(x I\ y) - d(x I\ y) V f(x I\ y) = (d(a) A y) V (f(x) I\ y) 

= yA(d(a) vf(a))=9A(dvf)()­ 

Similarly, we prove d A f is a derivation on L. 

(@A f)(a Vy) = d(a Vy)A f(a Vy)=(@(a) V d(y)) A(f(a) V f()) 
- (d(x) I\ f(y)) V (d(y) I\ J(x)) V (d I\ J)(x) V (d I\ f)(y) 

)( ) (*) 
= ( d I\ f) ( x) V ( d A f Y , 

d(aAy)Af(aAy)=d(a) AyAT(a) Au 

= (dAf)(@)/Au 

(d I\ f)(x I\ y) 
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(±) can be explained as follows. We have 

(d /\ f)(x /\ y) - d(x /\ y) /\ f( A y) 

- d(x) /\ y /\ x /\ J(y) 

= d(a)Af(y), 

and so both d(x) /\ f(y) ~ (d /\ f)(x) and d(x) /\ f(y) (d A f)()- Finally, we 

immediately have: 

(do f)(x) = d(x /\ f(x)) = d(x) /\ f(x) = (d /\ f)(x). ■
Remark 3.2.3. [10] Note that the equality do f = d A f does not depend on the 
distributivity of L; this means that the map d A f is a derivation even if the lattice 

L is not distributive. 

Example 3.2.2. · Consider the non distributive lattice N; whose Hasse diagram is 

given in Figure 3.4. Since a and b are distributive elements, we can define the 

derivations d and f on N; by 

d(x) = bA and 

Figure 3.4: 

Although N
5 
is not a distributive lattice, but (d A f)(c) = (d O f)(x) = O for all 

. ti L On the other hand, dV f is not a derivation 
T €L. Hence, dA f is a derivation on 

on N; since 

(dv f)(cA1)= (dV J)(c) = b but 

f(x) = a/\x. 

c A( d V fy)= c A 1 == C. 

d
. t .b t. e lattice and D(L) be a set of all deriva­ 

Theorem 3.2.5. [27] Let L be a listrbutw 
tions on L. Then (V(L), V, /\) is a distributive lattice. 
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Proof. From Theorem 3.2.4 V and /\ ar bi . ' e nary operators on D(L). Define a 
binary relation on D(L) by d f if and l if d :. .: only it A f= d. Then is partial 
order relation on D( L) and infimum of {a, f}=d /\ f , - , supremum of {d, f}= d V f. 
Therefore (D(L), V, A) is a lattice. 

In addition, for d, f, g € D(L) and any x E L, we have: 

(d A (f V g))(x) JJJJ d(r) A (f(x) V g(x)) 

lsJJJJ (d(x) /\ f(x)) V (d(x) /\ g(x)) 

- (d A f)x) V (d A g)x) 

ooo ((d /\ f) V (d /\ g))(x). 

Therefore, dA (f V g) =(dA.f) V (d/\g). Hence, (D(L), V, A) is a distributive lattice. 

■
Remark 3.2.4. Let H om(L, M) be the set of all lattice homomorphism from a 

distributive lattice L to a distributive lattice M. Let f,d E H om(L, M). For all 

s €L, define 
(d A f)(x) =d(a) A f(a) and (d V f)(x) = d(a) V f(x). 

Then d v J and d /\ J are not necessary lattice homomorphisms. For instance, 

let L be a distributive lattice with Hasse diagram is given in Figure 3.5. 

1 

C> 
0 

Figure 3.5: 

Suppose M -- L. D :fi t o maps d f e Hom(L, L) as follows: e ne w , 

{

1, 
d(r) = 

0, 

= l orb, 

otherwise, 
{

a x = l or a, 
' f(r)= o, otherwise. 
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Then d A f ~ H om(L, L), since 

(d I\ f)(a Vb)= (d I\ f)(l) = a but (d I\ !)(a) V (d A f)(b) = o v o = o. 

Moreover, d V f ~ Hom( L, L), since 

(d V f)(a Ab) = (d v f)(0) = 0 but (d V f)(a) A (d v f)(b) = a A 1 = a. 

Therefore A and V are not binary operators. Hence we can not define a lattice on 

the set Hom{L, L). 

Theorem 3.2.6. [23] Let d be a derivation and I an ideal of a lattice L. Then we 

have 

(1) d(T) is an ideal of L such that d(I) ~ I. 

(2) d\(T)= {r€ L]d(a) €I} is an ideal of L. 

Proof. For (1), d(J) f- 0. Let a, b c d(T). 'Then a= d(r) and b = d(y) for some 

x,y E J. So 

a Vb= d(z) V d(y) = d(x Vy) E d(J). 

Now, let c E d(J) and a € L such that a c. Then c = d(z) for some z E J. So 

a=cAa = d(z)Ar 
= d(zAa), 

et x = d(zAr) € d(J). Hence, d(I) is an 
Since I is an ideal and z I\ x ~ z, we g 

d(J) Then x = d(y) for some y E J. Since 
ideal of L To prove d(J) ~ I, let x E · . 

· He el. For(2), d'(I) is not empty 
) _ /\ d( ) E J. ence, x · ' 

d(y) ~ Y, we get d(y' = 9 y L t b E d-1(1). Then we have 
id a J is not empty. e a, sine I Cd '(I) and I is an ideal so 

d(a), d(b) E J. Since I is an ideal of L, we get 
a(T) => avbed'(l). 

d(a V b) = d(a)V d(b) E 
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Again, let c c d'(I) and x E L such that ~ T = C. hen we get d(c) E J. 
an ideal of L, we get d(x) = d(c /\ x) =d(:) /\ 1 c) a€ .Thus €d'(T), 
d'(I) is an ideal of L.I 

Since I is 

Therefore, 

Remark 3.2.5. Let J : L ➔ L be a lattice e d hi ncvomorpsm and I be an ideal of L. 

Then f (J) may be not an ideal of L. For example, let L be a lattice of Figure 3.6. 

Define a lattice endomorphism f : L ➔ L such that J(x) = c. Then I= {b,a, O} is 

Figure 3.6: 

an ideal of L but J(J) = { c} is not an ideal of L. Moreover, f(I) </c I. 

In general, if a lattice homomorphism f : L M is onto, then the image of an 
ideal J is again an ideal. To prove it, let J be an ideal of a lattice L: f (I) =J. 0. Let 

a, b E f(J). Then a= f(r) and b =.f(u) for some x, y E J. S'o 

a Vb= f(a) V f(y) = f(x Vy) c fU) 

let c € J(J) and x E M such that c. Then c = f(z) for some z € I. Since f is 

onto, there exist w EL such that a = f(w). So 

a=cAr = f(z)A f(w) 
= f(zAw), 

S
. . . d e get x = f(z /\ w) c f(I). Therefore, f(I) is an 
ince I is an ideal an z/Aw = z, W 

ideal of L. 
h
. h : 3cessary for getting the image of an ideal 

Hence The condition of onto whicl is 1e ain an ideal is not required in case of a 
under a lattice homomorphism to become ag 

derivation. 
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Theorem 3.2.7. [23] Let d be a d + ti « » ervation of a distributive lattice L and let I J 
any two ideals of L. Then we have 
(1) ICJ implies that d(I) C d(J). 

(2) d(I n J) = d(J) n d(J). 

(3) d(I VJ)= d(J) V d(J). 

Proof. For (1), suppose that J ~ J. Let x E d(J). Then we get that x =d(y) for 
some y E J ~ J. Hence, x = d(y) c d(J). Therefore, d(I) ~ d(J). 
For (2), clearly d(I n J) ~ d(J) n d(J) by (1). Conversely, let x E d(J) n d(J). Then 
x = d(a) for some a E J and x = d(b) for some b E J. Since d(b) < b, we get that 

d(b) e J and hence a A d(b) € J n J. Thus 

x =d(a) Ad(b) = d(a I\ d(b)) E d(I n J). 

Therefore, d(I) n d(J) ~ d(I n J). To prove (3), Clearly d(I) V d(J) ~ d(I v J) 
by (1). Conversely, let x cd(Iv J). Then x = d(z) for some z € JV J. Hence, 

Z== a V b for some a E J and b E J. Thus 

x = d(z) =d(a Vb)= d(a) V d(b) E d(J) V d(J). 

Therefore, d(I VJ) ~ d(J) V d(J). ■
Remark 3.2.6. Theorem 3.2.7 is true even if the lattice Lis not distributive lattice. 

We can use the same proof for (1) and (2). To prove(3), 
d(J) V d( J) ~ d(I v J) by (1). Conversely, let x E d(I V J). Then x = d(z) for some 

z €I V J. Hence, z = a V b for some a E J and b E J • Thus 

x = d(z) d(a Vb)= d(a) V d(b) E d(J) V d(J). 

Therefore, d(I VJ) ~ d(J) V d(J). 

R d L M be 
a lattice homomorphism and let I, J any two 

emark 3.2.7. Let ' } 
· ( ) • t ssary to be an ideal of M, we can prove that d 
ideals of L. Although d(I is not nece 

satisfy (1) and {2) in Theorem 3.2.'7. 
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Theorem 3.2.8. A lattice L is distributive if and only if the map d, : L ➔ L such 

that d, ( x) = a /A a is a lattice derivation for all a E L. 

Proof. Let L be a distributive lattice. Then a is a distributive element Va EL. So, 

Vx, y E L we can get: 

d,(Vy) = aA(aVy)=(aAa)V(aAy)=d,(a)Vd,(y). 

d,( X I\ y) - a I\ (aA) = ( a A a) A y =d,( x) /\ y. 

Therefore, d, is a lattice derivation for all a € L. Conversely, let d, be a derivation 

for all a EL. Then Va, x, y EL, we can get 

a A( x Vy) = d,( x V y) 

= d,() v d,() 

(a Ar) V (a A y). 

Hence L is a distributive lattice. ■
' 

Th 3 2 9 !2211 A lattice L is distributive if and only if the map ma : LL, eorem . . . J 

defined by 

m,() = aA 

is a lattice homomorphism for all a EL. 

d t As to preservation of Proof. It is easy to see that ma preserves joins an mee s. 

joins, the equation 

m,(a Vy) = m,(a) V m,(v) 

is none other than the distributive law 

a A (a V y) = (a Ar) V (a I\ y). ■
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3.3 Ideals and Congruences in Distributive Lat­ 
tices with respect to a Derivation 

In this section we present many types of ideals in distributive lattice with respect to a 

derivation d such as d-ideal, injective ideal, d-prime ideal and maximal injective ideal. 

Also we furnish the relation between these types. Furthermore we introduce two 

types of congruences in a distributive lattice, one in terms of images of derivations 

and the other in terms of ideals generated by derivations. In addition we extend 

Stone's theorem to injective ideals and d-prime ideals. 

Definition 3.3.1. The kernel of a derivation d of a lattice L with O is defined as 

the set 

Ker d = {x EL [d(r)= 0}. 

Theorem 3.3.1. [23] Let L be a lattice with 0. For any derivation d of a lattice L, 

Ker d is an ideal of L. 

Proof. Ker d is not empty since O = d(O) E Ker d. Let x, Y E Ker d. Then 

d(x V )= d(a) V d(y) = 0. Hence x Vy E Ker d. Again, let x E Ker d and r € L 

h tl t _J s1·nce d(r) ~ r << T, we get sucI hat T =$ • 

d(r) - d(r) A r 

- d(r I\ x) 

- r A d(as) 

- r A O = 0. 

K d · an ideal of L. ■Hence r € Ker d. Thus er IS 

. . a distributive lattice L stands for a dis- 
Remark 3.3.1. Throughout this section 

. therwise mentioned. tributive lattice with 0, unless o 
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In the following, we introduce a congruence relation in tc f dc® ti of erms o a enva 10n o a 
distributive lattice. 

Definition 3.3.2. [24] Let d be a derivation of a distributive lattice L. Then define 

a relation 0° with respect to don L by 

=y(mod 0°) «> d(a)=d(y) 

for x, y EL. 

Recall that in Chapter 2, for a congruence relation 0, we defined the ideal kernel 

of 0 as the least element of L/0. Denoted by ker(0). 

Theorem 3.3.2. [2/] For any derivation d of a distributive lattice L, we have the 

following: 

{1) 0d is a congruence relation on L. 

(2) Ker(0) = Ker d. 

Proof. For(l), clearly 0° is an equivalence relation on L. Now let x = y (mod 0). 
Then we have d() = d(y). Let c be an arbitrary element of L. Then 

d(a Ac) - d(a) A c 

- d(y) A c 

- d(y/\c). 

Hence z Ac== y Ac (mod 0°). Again 

d( V c) - d(x) V d(c) 

- d(y) V d(c) 

- d(y V c). 
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Hence z V c == y V c (mod 0°). Therefore 0+ · . . . is a congruence relation on L. For (2) 
if d any derivation of L, then 

Ker() {rL\=0 (mod 0)} 
= {a€L [d(r) = d(O) = O} = Ker d.■

Theorem 3.3.3. [2/] For any derivation d of a distributive lattice L, we have the 

following: 

{1) d(x) = x for all a € d(L). 

(2) Ifs==y (mod 0°) and a,y € d(L), then a=y > 

Proof. For(l), let x E d(L). Then x = d(a) for some a EL. Since dis a derivation ' 
we get that 

d(x) = d(d(a)) = d(a) = T. 

For(2), let a == y (mod 0). Then d(x) ==d(y). Since dis a derivation and x, y E d(L),. 

we get z = y. ■
Definition 3.3.3. [23] Let d : L ➔ L be a derivation of a distributive lattice L. An 

ideal I of Lis called ad-ideal if J = d(J). 
A proper d-ideal is ad-ideal I 4 L. For any derivation d of L, the set of all d-ideals 

of Lis denoted by Id(L). 

Example 3.3.1. 
(1) The zero ideal {O} is ad-ideal of a distributive lattice L since d(O) = 0. 

(2) Ir a derivation dis onto, then d(L) = L and hence Lis ad-ideal. 

Example 3.3.2. Consider the distributive lattice L = {l, 2, 3, 6,12} ordered by 

divisibility. (see Figure 3.7). 
Define a self map d : L» L such that d(x) = x I\ 2. Then d(l) = d(3) = 1 

and d{2) = d{6) = d(12) = 2. Clearly d is a derivation on L. Consider the ideal 

I= {l, 2}. We can see that d(l)= I. Therefore, I is ad-ideal of L. 
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: ·, 
1 

Figure 3.7: 

Example 3.3.3. Let L be a distributive latt" ·th H . ice wi asse diagram given in Figure 

3.8. Define a self map d : L -+ L such that d(r) = x I\ 3_ Then d(O) = 0,d(1) = 

Figure 3.8: 

1, d(2) = d(4) = 2 and d(3) = d(5) = 3. So, d is a derivation and the ideal 

I= {0,1, 2, 3} is a d-ideal. 

Remark 3.3.2. Let L be a distributive lattice. Define a derivation d,(T) = a I\ x 

on L. Then for all c ~ a, the ideal J = -!, c is ad-ideal. 
Proof. If x E J, then x ~ c ~ a. so we can get d,(a) = a/\x = x. Hence d,(a) = x 

for all x E J. Therefore d,(J)= J. ■
Theorem 3.3.4. [23] Let d be a derivation of a distributive lattice L. Then T4(L) 

is a distributive lattice with respect to set inclusion. 

Proof. {O} E Id(L), so Id(L) is not empty. We have to show that every pair of 

d-ideals of L has an infimum and a supremum in Id(L). If J and K are d-ideals of 

L, then by using Theorem 3.2.7 we have : 

d( JK) - d( J) n d( K) = JK 
a(J v K) _ d(J) V d(K) =JV K. 
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So J K and JV K are d-ideals. Hence (Id(L), n, V) is a sublattice of a lattice 

(T(L),, V) of all ideals of L. Since L is a distributive lattice, by Theorem 2.1.3, 

we get that the lattice (T(L),n, V) is a distributive. Therefore, ('.Id(L),n,v) is a 

distributive lattice. ■
Definition 3.3.4. [23] Let d be a derivation of a distributive lattice L. An ideal I 

of Lis called an injective ideal with respect to d if for x, y E L, d(x) = d(y) and 
r €I implies that y € I. The set of all injective ideals of L is denoted by T'(L). 

Example 3.3.4. Consider the distributive lattice {1, 2,3, 6, 12} ordered by divisibil­ 
ity. Let d be the derivation given in Example 3.3.2. Then I= {l, 3} is an injective 

ideal with respect to d. 

Example 3.3.5. Let d be a derivation of a distributive lattice L. Evidently 

Ker d ={a € L [d(a) = O} 

is an injective ideal with respect to d. 

Though the zero ideal {O} is a d-ideal, there is no guarantee that it is an injective 

ideal. However, a set of equivalent conditions are established for {O} to become an 

injective ideal. 

Theorem 3.3.5. [23] Let d be a derivation of a distributive lattice L. Then the 

fallowing conditions are equivalent. 

( 1) { O} is injective ideal with respect to d. 

(2) Ker d = {0}. 

(s) d(a)= O implies that a = 0 for all a € L. 

Proof. (1) = (2): Assume that {O} is injective with respect to d. Let a € Ker d. 

Then d(r) = 0= d(0). Since {O} is an injective ideal, we can get that z € {O} 

). Trivial. (3) => (1): Assume the condition (3). 
Therefore Ker d = {0}. (2)+(8): 1 By (3), ·=0€ {0}. 

d(g)= d(a) =d(0)=0. 3y J%9 Let d(a) = d(y) and a € {O}. Hence, y - 

■
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Theorem 3.3.6. [23] Let d be a derivation of a distributive lattice L. Then the 
fallowing conditions are equivalent. 

(1) d is injective. 

(2) Every ideal is injective with respect to d. 

(3) Every prime ideal is injective with respect to d. 

Proof. (1) = (2): Assume I is an ideal of L. Let z, y E I, d(x) = d(y) and a € I. 
Since dis injective, y = T € I. (2) =+ (3): Obvious. (3) => (1): Assume that every 
prime ideal of L is an injective ideal. Let a,y € L be such that d(r) = d(y). Suppose 
that a # y. Without loss of generality, we can assume that Lr 7 y = 0. Then by 
Corollary 2.2.5, there exists a prime ideal P such that x E P and y ¢:. P, which is a 

contradiction to P is an injective ideal. ■

Let J be an ideal of a distributive lattice L. If I is a d-ideal, then J is not necessary 

to be an injective ideal with respect to a derivation d and vice versa. 

Example 3.3.6. Consider a distributive lattice L = {O, a,b,c,1} whose Hasse dia­ 

gram is given in Figure 3.9 

b C 

0 

Figure 3.9: 

Define a derivation d : L ~ L as follows: 
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0, if= 0 
d(c)= a, ifa=a,b 

c, ifr= c, 1 
The ideal J = { 0, a, c} is a d-ideal. Now d(a) = d(b) and a E J but b (/. J. Therefore, 

J is not an injective ideal with respect to d. The ideal J = {0, a, b} is an injective 
ideal with respect to d but not ad-ideal since d(I)= {0, a} and hence d(I)-=/- I. 

Theorem 3.3.7. [23] Let d be a derivation of a distributive lattice L. Then ad-ideal 

I of L is injective with respect to d if and only if for any r € L, d(a) € I implies 

€I. 

Proof. Let J be a d-ideal of L. Assume that J is an injective ideal with respect to 

d. Let z € L. Suppose d(a) € I = d(I). Then d(x) = d(a) for some a E J. Since J 

is injective and a €I, we get that x E J. Conversely, let 2,y € L, d(a)= d(y) and 

€I. Since x E J = d(J), we get = d(a) for some a E J. Hence, 

d(y) = d(x) = d(d(a)). 

But d(d(a)) == d(a) and d(a) a € I which implies that y E J. Therefore, I is an 

injective ideal of L with respect to d. ■
Definition 3.3.5. [24] Let d be a derivation of a distributive lattice L. For any 

a E L, define the set ( a )d as follows: 

( a)'= {a € L I a A a € Ker d} = {a € L I a Ad(r)= 0} • 

If a € Ker d then for all a € L 
' 

a Aa € Ker d. 

¢ Ke d. Suppose a € (a)'. Hence d(a) = 0, 
Therefore ( a )d = L. Otherwise, let a "F er . 

which is contradiction. Hence a 4 (a)". 
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Theorem 3.3.8. [24} Let L be a distribut · l tt · • ve .a ice with O and let d be a derivation 
of L. Then (a)d is an ideal in L. 

Proof. 0 € (a)'. Let z,y € (a). Then we get 

a A d( V y) a/\ (d(x) V d(y)) 

- (a/\ d(x)) V (a/\ d(y)) 

- 0 VO= 0. 

Hence x VY E (a)d. Let r EL and x E (a)d such that r ~ x. Then x /AT== r. So 

a Ad(r) = ad(Ar) 

a A d() A r 

- 0 /\ r = 0. 

Hence r E (a)d. Therefore (a)d is an ideal of L. ■
Remark 3.3.3. Let d be a derivation of a distributive lattice L. For any a EL, the 

ideal (a)d is an injective ideal with respect to d. 

Proof. Let a EL. By Theorem 3.3.8, (a) is ideal. Let x, y E L, d(x) = d(y) and 

r € (a)". So 

a Ad(a)=0 = aAd(y)=0. 

Hence y € (a)®. I 

Lemma 3.3.9. /24] Let d be a derivation of a distributive lattice L. Then for any 

a, b E L, we have the following: 

(1) a <b implies (b) C (a)". 
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Proof. For (1), Suppose a ~ b. This implies a/\ b = a. Let x E (b)d. Then 
b Ad(r) = 0. Thus 

a/\ d(x) - a/\ b /\ d(x) 

- a/\ 0 = 0. 

Therefore x E (a)d. For (2), Let a, b EL. Then by (1) we have (av b)d ~ (a)d n (b)d. 

Conversely, Let x E (a)d n (b)d. So a/\ d(x) = 0 and b /\ d(x) = O. Then 

(a Vb) Ad(a) = (a Ad(c)) V (b /\ d(x)) 

- 0 VO= 0. 

Hence, z € (a V b)d. ■
Lemma 3.3.10. /24} Let d be a derivation of a distributive lattice L. For any 

a,b,c EL, we have 

(1) (a) = (b)° implies (a Ac)® = (bA c)". 

(2) (a) = (b)° implies (av c)® = (bv c)°. 

Proof. For(l), assume that (a)d = (b)d. Let x E (a/\ c)d. Then 

a/\ c /\ d(x) = 0 ⇒ a/\ d(x /\ c) =a/\ d(x) /\ c = 0. 

Thus a A c E (a)d = (b)d. Therefore 

b I\ d(x /\ c) = b /\ d(x) /\ c = 0 => b /\ cl\ d(x) = 0. 

d ( /\ )d C (b/\c)d. Similarly, we can get (b/\c)d ~ (a/\c)d. 
Thus a € (bAc)'. Hence a C 
For(2), let (a)d (b)'. By Lemma 3.3.9, 

(a v c) - (a)"n (c) 

- ()'n (c) 

- (b v c)®.m 
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Definition 3.3.6. [24] Let d be a derivation of' d' t 'b · • a listri,utive lattice L. Then for 

any x, y E L, define a relation 0d on L with respect to d, as 

Theorem 3.3.11. /24} For any derivation d of a distributive lattice L, the binary 

relation 0; defined on L is a congruence relation on L. 

Proof. It is easy to show that 0, is an equivalence relation. Let 1,y € L such that = y (mod 0d). Then by Lemma 3.3.10, for any c EL, we get 

Ac=yAc(mod 04) and aVc=yVc (mod 0,). ID 

The concept of kernel elements is introduced in the following. 

Definition 3.3.7. [24] Let d be a derivation of a distributive lattice L. An element 

x E L is called a kernel element if ( x )d = Ker d. The set of all kernel elements of 

Lis denoted by Ka. 

Example 3.3.7. Consider the distributive lattice {1,2,3,6,12} under division (see 
Figure 3.7). Define a derivation d: L ➔ L such that d(a) = x I\ 2. Then 

Ker d = {1, 3} and a = {2, 6, 12}. 

Theorem 3.3.12. [2/] For any derivation d of a distributive lattice L, we have the 

following: 

( 1) J(,d is a congruence class with respect to 0 d • 

(2) Ker d C (a) for all a e I. 

{3) J(,d is closed under A. and V of L. 

(l) Ca is a filter of L, whenever a 0. 

f 
E L the congruence class with respect to 

Proof. For(l), we know that or any · o 
I 
- t ( d 0,) } So its clear that a is a congruence 

04 is the set [a]o, = {t€ L = (mo 7a) ° 
F (2) L t a € Ker d. Then 

class with respect to Bd· or , e 
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d(a) = O ⇒ x /\ d(a) = 0 for all x EL. 

Thus a E (x)d for all x E L. Therefore K d C (y er - x for all x E L. For (3), let 
a,b E JCd. Then we get (a)d = (b)d = Ker d. Then 

= Ker d n Ker d = Ker d. 

Hence a Vb E JCd, To prove that a is closed under/\. By (2), we get Ker d C (ab)'. 
Conversely, let x E (a/\ b)d. Then 

a/\ b /\ d(x) = 0 ==> d(x) /\a/\ b = 0 

=> d(x /\ a) /\ b = 0 

=> x /\ a E (b )d = Ker d 

==> d(x /\a)= 0 

::::} d(a) Aa= 0 

::::} a/\ d(x) = 0 

=p> r €(a)" = Ker d. 

Hence (a A b)° C Ker d. Thus (a/\b)d = Ker d. Therefore a/\b E /(d, For (4), let 

a, b E J(d· By (3), we get a/\ b E J(d· Let r EL and a € a such that a r. Then 

(r) - (r v a)" 

- (r)'n (a)° 
- (r)®n Ker d 

- Ker d. 

Hence r E J(d· Therefore a is a filter of L. ■
Definition 3.3.8. (23] Let d be a derivation of a distributive lattice L. Then for 

any ideal J of L, define an extension of I as 

I' = {x EL I d(x) E -1, d(a) for some a E J}. 
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Example 3.3.8. Return to Example 3.3.2. Let J ={1,2}. Then I' = {1, 2, 3, 6, 12}. 
If J = {1,3}, then .J' == {1,3} = J. 

Example 3.3.9. In Example 3.3.3. The extension of the ideal J ={0,2} is J' = 
{0,2,4} 

Theorem 3.3.13. [23] Let d be a derivation of a distributive lattice L. Then for 

any ideal I of L, I' is an ideal of L. 

Proof. Let x,y E J'. Then d(x) E-!, d(a) for some a E J and d(y) E-!- d(b) for some 

b E J. So 

d(x Vy)= d(x) V d(y) E-!, d(a)V-!, d(b) =-!, d(a Vb). 

Since I is an ideal, a Vb E J. Therefore, x Vy E I'. Now, let r € L and a € I' such 

that r =< x. Then d(x) E-!, d(a) for some a E J. So 

d(r) ~ d(x) E-!, d(a) =;, d(r) Et d(a) =;, r E J'. 

Hence, I' is an ideal of L. ■

The following lemma is a routine verification. 

Lemma 3.3.14. [23] Let d be a derivation of a distributive lattice L. Then for any 

two ideals I, J of L, we have the following: 

()1c1'. 

' a (2) 1CJ implies I C · 

( 3 J J' n J' = (I n J)'. 
d . t·on of a distributive lattice L . Then for 

Theorem 3.3.15. [23] Let d be a eriva i , 
3-456 ideal with respect to d such that I C I. 

any ideal I of L, 1' is the smallest inJec ive i 
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Proof. By Theorem 3.3.13 and by Lemma 3 3 14 J' · . . . · · , 1s an ideal contammg J. We 
have to show that I' is an injective ideal with respect to d L t L d( )=d(;) . e x, y E , x - y 

and x E J' · Then d(y) = d(x) Et d(a) for some a E J. Thus y c I'. Let J be an 
injective ideal with respect to d such that J ~ J. Lett c I'. Then d(t) Et d(b) for 
some b € I ~ J. So 

d(t) =d(b) A d(t) =d(bAd(t)) 

Since J is injective ideal with respect to d and (b /\ d(t)) E J, we get t E J. Thus 

I' CJ. Hence, I' is the smallest injective ideal with respect to d such that J ~ I'. 

■
Corollary 3.3.16. [23] If I is an injective ideal, then I= I'. 

Theorem 3.3.17. [23] The set T®(L) of all injective ideals of a distributive lattice 
L, with respect to a given derivation of d of L, forms a distributive lattice on their 

own. 

Proof. For I,J € 1(L), define the operations A and LJ such that 

I A J - In J, 

J lJ J = (I V J)'. 

We have to show that every pair of injective ideals of L with respect to d has an 

infimum and a supremum in zd(L). It is clear that if J and J are injective ideals of 

L, then so In J, and this is the biggest injective ideal of L that is contained in both 

I and J. Therefore, inf {1,J} € T(L). By Theorem 3.3.15, we can get (I VJ)' is 
the smallest injective ideal with respect to d such that I V J ~ (I V J)' · Therefore, 
sup {1,J} € T®(L). Hence (T®(L),A,LU) is a lattice. For 1, .J,K € T(L) we have 

J u ( J AK) _ (I V ( 1K))' 
= ( (I V J) n (I v K))' 

(IvJY'(vK) 
_ (I u J) n (I uK) 
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Therefore, (T®(L), A,U) is a distributive lattice. ID 

Definition 3.3.9. [23] Let d be a derivation of a distributive lattice L. A proper 

ideal P of L is called a d-prime ideal if for any x, y E L, aAy € Ker d implies 

either x E P or y € P. 

Example 3.3.10. Let L ={0,1,2,3, 4, 5} be a distributive lattice with Hasse dia­ 

gram given in Figure 3.10. Define a derivation d : L ➔ L such that d(x) = 1 A a. 

Then d(O) = d(2) = d4) = 0 and d(l) = d(3) = d(5) = 1. Therefore, Ker d = 
{0,2,4}. The ideal J = {0,2,4} is ad-prime ideal. But the ideal J = {0,1} is not 
ad-prime ideal since 3A4 = 2 E Ker d but 3 ¢.J and 4 ¢J. 

5 

1 

4 

0 

Figure 3.10: 

Remark 3.3.4. Let d be a derivation of a distributive lattice L. 

iha, tc be a d-prime ideal. For ( 1) If I is a prime ideal, then I is not necessary o . . 
. . E l 3.8.10, the ideal I = {0,1} is a prime ideal but not a 
instance, in xamp e · · , 

d-prime ideal. 
. , . ot necessarily to be a prime ideal. For 

(2) If I is a d-prime ideal, then I s n . d . 
:. % Ea 3le 3.3.10. Define a derivation . 

instance, let L be a lattice given in 'aamp» · . 

k d _ {0} and I = {0, 2} is ad-prime 
L ➔ L such that d(x) = 5Aa. Then er - 

ideal but not prime ideal since 

3A4= 2 €I but 3¢ I and44 I. 
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(3) If ker d= {O}, then the ideal I = {O} is a d- » idcal if -prme ilea iy and only if it is a 
prime ideal. 

Definition 3.3.10. [23] Let d be a derivation of ad' t 'b t· 1 · IS r1 ·u 1ve attice L. A proper 
injective ideal J with respect to dis maximal injective ideal if for any injective 

ideal J: 

J ~ I ~ L == I = J or I = L. 

Lemma 3.3.18. [23] Let d be a derivation of a distributive lattice L. Then for any 

injective ideal I of L with respect to d , Ker d ~ I. In other words, Ker d is the 

smallest injective ideal of L. 

Proof. Ker d is an injective ideal with respect to d of L. Let I be an injective ideal 

with respect to d. Suppose € Ker. d. Then d(x) = 0 = d(O). Since I is injective 
with respect to d and O € I,it implies that x E J. Hence, Ker d is the smallest 

injective ideal in L with respect to the derivation d. ■

In Chapter 2 we introduced Theorem 2.2.2: every maximal ideals in a distribu­ 
tive lattice are prime. Theorem 3.3.19 develop Theorem 2.2.2 to maximal injective 

ideal and ad-prime ideal. 

Theorem 3.3.19. [23] Let d be a derivation of a distributive lattice L. Then every 

maximal injective ideal with respect to the derivation d of L is a d-prime ideal. 

· 'd 1 f L Choose x,y EL such that r ¢ P 
Proof. Let P be a maximal injective 1 ea o · 

and y ~ P. Then 

PCPVLaC(PVLz)' and PCPvy©(PVu) 

By maximality of P, we can get 

(P v La)'=I and (P V + y)' = L. 
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Hence 

(P v 4 (@Ag))' ((P V -ix) n (P V -i y))' 
(Pv4as)' () vo' 

= L. 

If x A y E Ker d, then -i (x J\ y) ~ Ker d. Therefore, 

L = (P v 4( x J\ y)') ~ ( P V Ker d)' C p' = P, 

which is a contradiction to the fact that Pis proper. Hence Pis ad-prime ideal. ■

Theorem 3.3.20. [23] Let d be a derivation of a distributive lattice L. Then every 

d-prime ideal P is an injective ideal with respect to d if for each a € P there exists 

b ~ P such that a A b E Ker d. 

Proof. Let P be a d-prime ideal which satisfies the given property. Let x, y E L. 

Suppose d(a) = d(y) and a € P. Then there exist b ¢ P such that Ab E Ker d. 

Hence 

d(a)Ab=d(Ab)=0 = d(yAb)=d(y)Ab=O. 

Therefore, y Ab E Ker d. Since P is a d-prime ideal and b €/: P, we get y €P. 

Hence, P is injective ideal with respect to d. ■

In Chapter 2, we introduced the celebrated result of Stone in Theorem 2.2.3: Let L 

be a distributive lattice, let J be an ideal, let F be a filter of L, and let J n F = 0. 
Then there exists a prime ideal P of L such that J ~ P and P n F = ), 
Theorem 3.3.21 generalise Theorem 2.2.3 which is meant for ideals, filters and prime 

ideals of a distributive lattice to the case of injective ideals, filters and d-prime ideals. 

Theorem 3.3.21. [23] Let d be a derivation of a distributive lattice L. Suppose I 

is an injective ideal with respect to d and F a filter of L such that In F =. Then 

there exists a d-prime ideal P such that I ~ P and P n F = • 
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Proof. Let J be an injective ideal with respect to d and F a filter of L such that 

JnF == 0. Consider X = {J E Jd(L) I J ~ J and J n F =0}. The set Xis not 
empty, since I E X. Let C be a chain of elements of X' and let M =JC. Then 
clearly M is an upper bound for C in X'. Hence by Zorn's lemma, 2' has a maximal 

element, say P. We have to show that Pis d-prime. Let ,y € L such that r ¢P 

and y ~ P. Then 

PCP V ._j, x ~ (P V La)' and PCP V-!, y ~ (P V -l,. y)'. 

Since Pis maximal injective ideal, we can get 

(P VLa)'nF#0 and (PVLy)'nF #0. 

Choose a € ( P v 4a)' n F and b E ( P v 4u)' F. Then 

a c (Pv\as)' ()(Pv) 
= ((P V ._j, x) n (P V ._j, y))' 
= (P VA(aAg))'. 

If x I\ y E Ker d, then a A b E ( P v 4 ( A y))' C ( P V Ker d)' = P' = P. Thus, 

a A b E P n F, which is a contradiction to P n F = 0. Hence, Pis ad-prime ideal. 

I 

Corollary 3.3.22. Let d be a derivation of a distributive lattice L, let I be an 

injective ideal with respect to d, and let a € L and a 1 I. Then there is a d-prime 

ideal P such that I C P and a ¢ P. 

Proof. Let J be an injective ideal with respect to d such that a 1 I. Define a filter 
F such that F =ta= {x EL I > a}. Then J n F =0. By Theorem 2.1.1, there 

exists ad-prime ideal P such that J ~ P and P n F =. Hence a ¢ P. ■
Remark 3.3.5. Let d be a derivation of a distributive lattice L. If a, b € L such 
that a b, then it is not true that we can find a d-prime ideal containing exactly 

one of a and b. For instance, in Eaample 3.3.10 there is just one d-prime ideal that 

is I = {0,2,4}. For 1,3 € L 
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1 3 but 1 ~ J and 3 ~ I. 

Theorem 3.3.23. Let d be a derivation of a distributive lattice L. Then every 

injective ideal I with respect to d is the intersection of all d-prime ideals containing 

it. 

Proof. Let I be an injective ideal of a distributive lattice L and let 

I,=((P\IC P, P is a d-prime ideal of L). 

If 1 =/- 11, then there is an a E 11 \ 1, and so a ~ I. By Corollary 3.3.22, there is a 

d- prime ideal P, with I C P and a ~ P. But 11 is the intersection of all d- prime 

ideal that contain I. Then a 4 I; is a contradiction. Hence J, = I. Ill 
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