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SUMMARY
This paper proposed a new approach for the joint friction estimation of non-slipping walking biped
robots. The proposed approach is based on the combination of a measurement-based strategy and
a model-based method. The former is used to estimate the joint friction online when the foot is in
contact with the ground, while the latter adopts a friction model to represent the joint friction when
the leg is swinging. The measurement-based strategy utilizes the measured ground reaction forces
(GRF) and the readings of an inertial measurement unit (IMU) located at the robot body. Based on
these measurements, the joint angular accelerations and the body attitude and velocity are estimated.
The aforementioned measurements and estimates are used in a reduced dynamical model of the
biped. However, when the leg is swinging, this strategy is inapplicable. Therefore, a friction model is
adopted. Its parameters are identified adaptively using the estimated online friction whenever the foot
is in contact. The estimated joint friction is used in the feedback torque control signal. The proposed
approach is validated using the full-dynamics of 12-DOF biped model. By using this approach, the
robot center of mass (CoM) position error is reduced by 10% which demonstrates the effectiveness
of this approach.

KEYWORDS: Humanoid robot; Joint friction; Non-slipping feet; CoM states; Biped model.

1. Introduction
Humanoids are the most versatile robots employed in the human environment because of their
remarkable advantages stemming from their bipedal structure. Humanoids can easily avoid the
obstacles via leg-based locomotion capabilities. These enable the bipeds to widely operate in human
environments such as offices and factories.1 Moreover, their high mobility enhances their use in
human assisting applications.2 In the same context, humanoid robots are helpful in replacing humans
in hazardous environments.3

The research trend of the biped adaptive, efficient and robust walking is highly demanding.4–11

However, the biped has many coupled degrees of freedom (DOF) to be controlled. Moreover, bipeds
are highly nonlinear and complex to be dynamically stabilized. One more difficulty rises from the
complexity of the mechanical structure of the robots. In general, the robot mechanical structure
contains transmissions or drive mechanisms to transfer the power from the actuator to the robot
link through the joint.12 Therefore, friction is observed at the joints. This friction has a considerable
effect on the robot behavior. Joint friction may deteriorate the robot performance resulting in unwanted
consequences such as steady state errors, limit cycles and poor responses.13–15 Therefore, joint friction
compensation received a considerable interest in various studies.16,17 Here, the compensation of the
joint friction is divided into three methods: friction model-based, model-free and actuator fault-based.
These methods are discussed with their advantages and disadvantages in the next subsection.

1.1. Related work
In the first joint friction compensation method, the friction behavior is based on a mathematical
model.18–21 The model parameters are identified offline. Then the model with the identified parameters
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is used to compensate for the joint friction.22–27 However, the friction model parameters vary due to
environmental changes like surfaces and wear. Moreover, the friction is a complex phenomenon that
depends on factors including joint position and load.28 To overcome these problems, model-based
adaptive methodologies were developed. In these methodologies, the friction model parameters are
tuned online to obtain a satisfactory compensation action.29–33 However, friction modeling is a
challenge since the friction behavior is highly nonlinear. Therefore, the tendency is to develop more
detailed friction models to evoke the online friction compensation procedure.21

The second method is based on a model-free approach. Several strategies are used here to
compensate for the friction. One strategy relies on the measurement-based friction compensation.34,35

The transmitted torque to the manipulator’s link is measured by torque sensors and used in the feedback
torque control loop. Although the performance of the measurement-based strategy is shown to be
effective in practice,34,35 the torque sensors should be added in the design process. The drawback of
mounting extra torque sensors was solved for the fixed base robots by using the base sensor control
(BSC) method.28 The BSC method assumes that the robot base is equipped with a force/torque sensor
then it projects the sensor readings on the robot links to compute the manipulator’s link torque. This
torque is consequently used in the feedback torque control law. However, the biped robot is not fixed
to ground.

Another strategy is based on the disturbance observer (DO) theory.36,37 In this strategy, the
friction, external disturbances, system model uncertainty, gravity torque and so on are regarded
as sources of disturbance. The DO is used to eliminate the effects of this disturbance based on the
frequency band.38–40 Notably, it is assumed that the observer dynamics are faster than the disturbance.
Combining the DO with the model-based method is reported to improve the system performance as
they complement each other.41 However, the design of the DO depends on the low pass filter design,
and there is no systematical filter design criterion.38

Friction approximator is another strategy which uses the soft computing techniques. Neural
networks (NNs) are characterized by the parallelism and low level learning. NNs are able to
approximate the nonlinear functions. Using this property, NNs are used to build compensators for
the friction models.42–44 NNs are also used to handle the unknown dynamics including friction
discontinuity.30 However, the approximation error exists and depends on the structure of the NN.
Heavy computation is the result of an overdetermined NN while low approximation accuracy will
be obtained from an underdetermined NN. Furthermore, NNs are locally applicable and sensitive
to the NN initialization.45 In addition, fuzzy systems are used for friction approximation. Fuzzy
systems are characterized by the linguistic information and the high level of logic. Fuzzy systems are
universal approximators for nonlinear functions and functionally equivalent to feed-forward NNs.
This property gives them the ability to build models to represent the friction behavior.46–51 However,
the approximation error does also exist.

The third method treats the friction as an actuator fault with time varying characteristics. The
friction is compensated based on the robust fault estimation theory. To accomplish this, the fault-
tolerant control (FTC) scheme is used for linear systems.52

1.2. Problem definition
Joint friction compensation is of great importance. It is studied intensively for the industrial robots.
However in bipeds, joint friction compensation is generally neglected.53–56 The reported studies
that considered the joint friction are few. They are either model-based or model-free. In the former
method, the friction model with the offline identified parameters is used to compensate for the joint
friction.22,57 The latter regards the joint friction as disturbance, and the DO is used to eliminate it.38

However, both of them have the aforementioned drawbacks.
Among the model-free strategies, the measurement-based strategy is fruitful. It is the goal for

the online friction compensation since it avoids the friction modeling and approximation problems.
However, the measurement-based strategy cannot be applied on bipeds if there are no mounted joint
torque sensors. Moreover, the bipeds are not fixed to ground. While walking, the biped switches its legs
from the double support phase (DS) to the single support phase (SS) and so forth. The model-based
method is characterized by having much precision friction compensation if the identified parameters
have very small uncertainty.58 The high accuracy can be achieved by adaptive model parameter tuning.
However, adaptive tuning requires information about the friction to update the model parameters.

http://journals.cambridge.org


http://journals.cambridge.org Downloaded: 23 Nov 2014 IP address: 195.3.190.71

Humanoid robot, joint friction, non-slipping feet, CoM states 3

The biped dynamical model includes the unmeasured body velocity in addition to the joint angles
and their derivatives. This adds more challenge to the friction estimation and compensation problem.

Thus, a method that has the advantages of the measurement-based strategy and the adaptive model-
based methodology is sought. Moreover, this method must be able to overcome the challenge of the
unmeasured variables in the biped dynamical model.

1.3. The proposed method
In this paper, we propose a novel method combining both model-free and model-based compensation
methods. More precisely, the measurement-based strategy is combined with the model-based method
of compensation. First, the body attitude is estimated by utilizing the IMU readings through a
sensor fusion approach. Then the robot body (called base later on) velocity is estimated using the
linear inverted pendulum model (LIPM).59 This model relates the robot base position, velocity and
acceleration with the measured GRF. Bearing in mind the non-slipping foot assumption, the joints
accelerations are estimated using the pseudo inverse matrix multiplication.

The measurement-based strategy only functions when the foot is in contact with the ground without
slipping. This strategy is employed for two purposes. The first purpose is to provide online feedback
joint friction compensation. The joint friction is estimated by using the robot link torque and the
applied joint control torque. The robot link torque is computed (not measured) using a reduced
dynamical model of the biped. This reduced model utilizes the GRF and the IMU readings. It also
utilizes the estimated base velocity and attitude and joints accelerations. However, when the foot loses
the contact with the ground, the online friction compensation is no longer applicable. For this case,
a friction model is adopted. The second purpose of the measurement-based strategy is to update the
adopted friction model parameters. Thus, the model parameters are adaptively identified whenever the
foot is in contact with the ground. Hence, the proposed method is measurement-based online friction
compensation when the foot is in contact with the ground and model-based adaptive method when
the leg is swinging. The proposed method while exploiting the advantages of the measurement-based
strategy and the model-based method does overcome their disadvantages. Since this method uses the
foot and base measurements it is called: foot base sensor estimation (FBSE).

The rest of the paper is organized as follows: Section 2 describes the biped model. Section 3
introduces the base attitude estimation approach. The base states observer is in Section 4. Section 5
introduces the link torque computation. Section 6 introduces the friction parameter identification and
Section 7 presents the results. The paper conclusion is in Section 8.

2. Biped Model
The biped consists of a body and two legs connected to it as in Fig. 1. The biped motion is defined in
the fixed world frame Ow. The body is considered as the base link with the base coordinate systemOb.
The hips and feet soles have coordinate frames too.

For this work, it is assumed that the biped is equipped with contact force sensors with frame origin
OF assembled at the feet soles,7 joint encoders attached to the joint actuators and an IMU with a
frame origin OI . The IMU is composed of 3-axes accelerometer and 3-axes gyroscope.

The walking biped is modeled as a free-fall manipulator. For a biped with N joints, and the defined
generalized coordinates

xT = [pT
b , AT

b , θT ] ∈ R3 × SO(3) × RN, (1)

generalized velocities

vT = [vT
b , ωT

b , ωT ] ∈ R3 × R3 × RN, (2)

and generalized forces

uT = [fT
b , nT

b , τ T ] ∈ R3 × R3 × RN, (3)

the robot dynamical model is

H(x)v̇ + C(x, v)v + g(x) + uF = u + uE, (4)
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Fig. 1. (Colour online) Left: the humanoid SURALP (Sabanci University Robotics Research Laboratory
Platform).60 Right: coordinate systems. Ow and Ob stand for the origins of the world and body coordinate
frames, respectively. The feet coordinate frames are fixed to the feet soles.8

where θ ∈ RN is the joint displacements vector and θ̇ = ω ∈ RN the joint angular velocity vector,
Ab ∈ SO(3) the transformation matrix giving the position of joint axes relative to the world axes,
pb and ṗb = vb the position and linear velocity of the base coordinate frame origin, ωb the angular
velocity of the base coordinate frame and follows the relation Ȧb = ωb × Ab, fb ∈ R3 the force vector
generated in the base, nb ∈ R3 the torque vector generated at base, τ the generalized joint control
vector, uF the joint frictional forces vector, the matrix H represents the inertia, the C(x, v) matrix
specifies the centrifugal and Coriolis effects and the g(x) vector specifies the gravity effect.

The core of this paper is to estimate the joint frictional forces, so that for simplification, the bias
term b is used as b = C(x, v)v + g(x). Then Eq. (4) is rewritten as

H

⎛
⎜⎜⎜⎜⎝

v̇b

ω̇b

θ̈L

θ̈R

⎞
⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎝

b1

b2

bL

bR

⎞
⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎝

uF1

uF2

uFL

uFR

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

fb
nb

τL

τR

⎞
⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎝

uE1

uE2

uEL

uER

⎞
⎟⎟⎟⎟⎠ , (5)

with

H =

⎛
⎜⎜⎜⎜⎝

H11 H12 H13 H14

H21 H22 H23 H24

H31 H32 H33 0

H41 H42 0 H44

⎞
⎟⎟⎟⎟⎠ ,

where Hij for (i, j ) ∈ {1, 2, 3, 4} are sub-matrices of the robot inertia matrix, uE1 the net force effect
and uE2 the net torque effect of the reaction forces on the base, uEL and uER stand for the effect of
reaction forces generated by environmental interaction on the robot joints for the left and right legs,
respectively. The subscripts ()L and ()R stand for the left and right legs, respectively.

The bipeds are not fixed to the ground, while walking they are switching from the DS phase to
the SS phase and so forth. The robot dynamics depend on the attitude Ab and base velocity vb. This
necessitates looking for a method to estimate Ab and vb based on fussing the readings of the available
sensors. Moreover, this estimation must not depend on the biped phase.
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Fig. 2. Attitude estimation approach.

3. Base Attitude Estimation
The authors developed a sensor fusion approach to estimate the attitude of robots by utilizing the
IMU readings.61 This approach is independent on the robot model so that it can be applied for the
bipeds too. It employs two sequential estimators. The first estimator is for the gravity estimation and
uses Kalman filter (KF). The second estimator is for the attitude estimation and uses the extended
Kalman filter (EKF) as in Fig. 2.

KF is employed for the gravity estimation mainly based on acceleration readings. KF states are the
gravity acceleration, linear acceleration and acceleration bias. The accelerometer output consists of
the gravity acceleration, linear acceleration, bias and noise. The gravity acceleration vector contains
information about the roll and pitch angles of the body. To initialize KF states, the accelerometer
output signal has to be decomposed. By ignoring the noise, the values of the accelerometer signal
terms are predicted using the pseudo inverse matrix multiplication. The predicted values are used as
initial values for KF. The gravity acceleration estimate from KF is used for the computation of the
x- and y-Euler angles. The computed Euler angles are transformed into quaternion representation to
be considered as a “measured quaternion” for the correction stage in the EKF. To accomplish this
transformation, the z-Euler angle is also required. The z-Euler angle is borrowed from the quaternion
estimate of the EKF and initially it is considered to be zero.

The EKF uses the measured quaternion and the gyroscope readings to produce the correct
quaternion vector. Since the quaternion has the unity norm constraint, this correction is followed
by a numerical norm correction to keep the unity magnitude of the quaternion. Then the normalized
estimated quaternion is converted to represent the attitude. The two estimators feed each other
cyclically: The EKF provides the z-Euler angle for the gravity estimator, whereas the gravity estimator
produces the measured quaternion for the attitude estimator. The noise covariances initializations are
provided for both estimators.

The resulted attitude matrix Aw
I represents the attitude of the IMU frame OI with respect to Ow.

It is assumed that the IMU is fixed at a known position rI and attitude Ab
I with respect to Ob. Thus,

http://journals.cambridge.org
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the base frame attitude Ab with respect to Ow can be calculated as

Ab = Aw
I AI

b. (6)

AI
b is the rotation of Ob frame with respect to OI frame. The rotation matrices have the properties

AI
b = (Ab

I )T = (Ab
I )−1 since the coordinate system is orthogonal.

4. Base States Observer
The base velocity and acceleration states have an important role in the estimation process. The
acceleration is measured, however the velocity is not. A sensor fusion approach is used here to
estimate the base velocity by utilizing the GRF and IMU readings into the LIPM. In this model, the
base is modeled as a point mass concentrated at the CoM. This mass is connected to a stable contact
point on the ground using a massless rod.62 The CoM has fixed height zc and position coordinates in
the three dimensional space c = [ cx cy zc ]T . The LIPM is given by

c̈ = g

zc

(c − pZMP) , (7)

where g is the constant gravity acceleration, pZMP the zero moment point63,64 and c̈ the CoM
acceleration. The model (7) requires the pZMP which can be calculated using the feet contact force
measurements FE to form pFE

ZMP as65

pFE
ZMP = ρL

(
FE,L · ẑw

) + ρR

(
FE,R · ẑw

)(
FE,L · ẑw

) + (
FE,R · ẑw

) , ẑw = [
0 0 1

]T
, (8)

where

ρm = (
pm + pm,CoP

)
, (9)

and

m =
{

L left leg
R right leg . (10)

Here, pm,CoP is the position of the center of pressure (CoP) for the foot m, FE,R and FE,L the force
vectors measured from the contact force sensors, (FE,m · ẑw) the dot product and pm the position of
the foot frame origin for the leg m, it is given by the forward kinematics as pm=fm(x).

The LIPM (7) can be written in several discrete state space models depending on the considered
states, inputs and measurements.66–68 Let ( cT ċT c̈T )T be the states. With this state description, Eq.
(7) can be written66 as

d

dt

⎡
⎢⎣

c

ċ

c̈

⎤
⎥⎦ =

⎡
⎢⎣

03 I3 03

03 03 I3

03 03 03

⎤
⎥⎦
⎡
⎢⎣

c

ċ

c̈

⎤
⎥⎦ +

⎡
⎣03

03

I3

⎤
⎦ c̈ (11)

pZMP = [
I3 03 − zc

g
I3

]⎡⎢⎣
c

ċ

c̈

⎤
⎥⎦ . (12)
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In discrete from, Eqs. (11) and (12) correspond to

⎡
⎢⎣

c

ċ

c̈

⎤
⎥⎦

k

=

⎡
⎢⎣

I3 I3T I30.5T 2

03 I3 I3T

03 03 I3

⎤
⎥⎦

︸ ︷︷ ︸
A

⎡
⎢⎣

c

ċ

c̈

⎤
⎥⎦

k−1

+

⎡
⎢⎣

03

03

T I3

⎤
⎥⎦

︸ ︷︷ ︸
B

c̈k + wk−1

pZMP,k = [
I3 03 − zc

g
I3

]︸ ︷︷ ︸
C

⎡
⎢⎣

c

ċ

c̈

⎤
⎥⎦

k

+ vk, (13)

with

c̈k = c̈k − c̈k−1

T
. (14)

Here, k is the time index and ċ the CoM velocity. The input c̈ is piecewise constant over the
sampling time interval T , i.e. c̈(t) = c̈kk, tk ≤ t < tk+1 = tk + T . w and v are the process and
measurements noises, respectively. w and v are assumed to be Gaussian, independent and mutually
uncorrelated with zero mean and covariances Q and R, respectively defined as

E (wk) = E (vk) = E
(
wkv

T
i

) = 0

Q = δkiE
(
wkwT

i

)
; R = δkiE

(
vkv

T
i

)
,

δki =
{

1 i = k

0 i �= k

}
, (15)

where E(.) stands for the expectation of (.).
In general, the CoM frame origin is not necessarily to be the same as the base frame. The CoM

may have an offset coffset as expressed in Ow. An example of this offset is shown in Fig. 3, the CoM
has an xoffset from the base frame which has to be considered in the estimation. The IMU output
acceleration v̇I and angular velocity ωI are utilized to compute c̈ in Eq. (14) as

c̈ = Aw
I v̇I + Aw

I ωI × (
Aw

I ωI × (AbrI + coffset)
) + Aw

I ω̇I × (AbrI + coffset) . (16)

Then, the model (13) along with Eqs. (14) and (16) are used directly in the stable adaptive KF which
is proposed by the author.69 First, define the states vector x =[ cT ċT c̈T ]T , then a priori estimate of
the state vector x̂−

k is given by

x̂−
k = A x̂k− 1 + B c̈k, (17)

with a priori estimated covariance P −

P −
k = APk− 1 AT + Qk− 1. (18)

The measurement residual e and its mean ē are defined as

ek = pFE
ZMP − C x̂−

k , (19)

and

ēk = α 1 ēk− 1 + 1

NR

ek, (20)
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Fig. 3. (Colour online) Base frame offset.

respectively, where NR is a positive tuning constant and

α 1 = NR − 1

NR

. (21)

The measurement noise covariance matrix R is updated as

Rk = | diag ( α 1 Rk− 1 + �Rk )| , (22)

where diag stands for the diagonal matrix. �R is given by

�Rk = 1

NR − 1
(ek − ēk ) ( ek − ēk )T − 1

NR

(
C P − CT

)
k
. (23)

A posteriori estimate x̂ is obtained using the update rule

x̂k = x̂−
k + Kk ek, (24)

where K is KF gain and expressed by

Kk = P −
k CT

(
C P −

k CT + Rk

)− 1
. (25)

A posteriori covariance P is updated by

Pk = ( I − Kk C ) P −
k , (26)

where I is the identity matrix. The process covariance matrix Q is updated by the expression

Qk = |diag ( α 2 Qk− 1 + �Qk )| , (27)

here, �Q is defined by

�Qk = 1

NQ

(
Pk − APk− 1 AT

) + 1

NQ − 1

(
�̂k − �̄k

) (
�̂k − �̄k

) T
, (28)
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where NQ is a positive tuning constant and

α 2 = NQ − 1

NQ

. (29)

�̂ and �̄ are the state error and its mean, respectively. They are defined by

�̂k = x̂k − x̂−
k , (30)

and

�̄k = α 2 �̄k− 1 + 1

NQ

�̂k, (31)

respectively. For convenience, the time index k is removed later on. Then, the base frame position
and velocity are calculated using the estimated states ĉ and ˆ̇c as:

pb = ĉ + coffset, (32)

and

vb = ˆ̇c + Aw
I ωI × coffset, (33)

respectively.

5. Link Torque Computation
In the proposed approach, the joint friction estimation depends on the knowledge of the applied joint
control torque τ and the transmitted torque to the link τ l . It can be stated mathematically as(

τL

τR

)
=

(
uFL

uFR

)
+

(
τ l

L

τ l
R

)
, (34)

where τ l
L and τ l

R are the transmitted torque to the manipulator’s left and right legs links, respectively.
Referring to Eq. (5), the links torque vector can be represented by the reduced biped model as

(
τ l

L

τ l
R

)
= H̄

⎛
⎜⎜⎜⎜⎝

v̇b

ω̇b

θ̈L

θ̈R

⎞
⎟⎟⎟⎟⎠ +

(
bL

bR

)
−

(
uEL

uER

)
, (35)

with

H̄ =
(

H31 H32 H33 0

H41 H42 0 H44

)
. (36)

In Eq. (35), the right-hand side is the response due to the vectors τ l
L and τ l

R from the total applied
joint control torque vector. Moreover, Eq. (35) explains that the reaction forces are the net transmitted
forces and torques to the robot’s links.

The basic idea of the friction estimation is to compute the right-hand side of Eq. (35). The bias
term components bL and bR contain the gravity and Coriolis effects. Hence, the bias term can be
formulated as

bm = fm (Ab, θm, ωm, ωb, vb) . (37)
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All of the variables required to compute bm are known either by direct measurements or estimation
explained in Sections 3 and 4.

The effect of the reaction forces uEm can be calculated based on the contact force sensors readings
FER and FEL . These forces, FEm , are mapped to the links by using the Jacobian JFm

as

uEm= JT
Fm

(x) FEm . (38)

The Jacobian JFm
computation depends on the robot geometry which is known. The matrices Hij

for j ∈ {1, 2, 3, 4}, i ∈ {3, 4} depend on θ and Ab only and they are both known. The main difficulty
is the existence of the angular acceleration terms which are in most cases unmeasured directly. One
solution to this problem is using the band limited periodic excitation trajectories.70 However, it is
not always possible. Another solution is using offline numerical differentiation.12 However, it is
inapplicable in the real time applications. One more solution is using the filtered dynamic model.71,72

Here, the non-slipping foot constraint is used to calculate the angular accelerations for the DS and SS
phases. The acceleration of the foot frame p̈m can be obtained by double differentiating the position
of the foot frame pm as

Jm (x)

⎡
⎢⎣

v̇b

ω̇b

θ̈m

⎤
⎥⎦+J̇m (x)

⎡
⎢⎣

vb

ωb

θ̇m

⎤
⎥⎦= p̈m, (39)

where Jm is the Jacobian of the foot frame origin and it can be expressed in terms of its sub-matrices
Jmi, i = 1, 2, 3 as

Jm= [
Jm1 Jm2 Jm3

]
, (40)

J̇m is the first derivative of Jm. The base acceleration is measured based on the IMU position and
readings, therefore, Eq. (39) can be written as

[
Jm2 Jm3

] [ ω̇b

θ̈m

]
= p̈m−J̇m (x)

⎡
⎢⎣

vb

ωb

θ̇m

⎤
⎥⎦−Jm1 v̇b. (41)

However, the biped has two phases. The formulations for these phases are as follows:

5.1. DS phase
In the DS phase, bearing in mind that there are neither feet accelerations nor slipping, i.e. p̈L = p̈R � 0,
then the angular accelerations can be calculated as

⎡
⎢⎣

ω̇b

θ̈L

θ̈R

⎤
⎥⎦ = JT

DS

(
JDSJT

DS

)−1
ϒDS, (42)

where

ϒDS =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−J̇L (x)

⎡
⎢⎢⎣

vb

ωb

θ̇L

⎤
⎥⎥⎦ − JL1 v̇b

−J̇R (x)

⎡
⎢⎣

vb

ωb

θ̇R

⎤
⎥⎦ − JR1 v̇b

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (43)
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and

JDS =
[

JL2 JL3 0

JR2 0 JR3

]
. (44)

This fulfills the requirements to calculate the link torque in Eq. (35). Then the friction is estimated
from Eq. (34) as

ûFm=τm − τ l
m, (45)

where ûF is the estimated joint friction vector.
The estimated link torque can be used in the control loops to compensate for the friction. However

for the SS phase, the friction for the swinging leg cannot be estimated using this strategy. For this
reason, it is necessary to use models for the friction and identify their parameters while the leg is in
contact as in Section 6.

5.2. SS phase
For the SS phase, assuming that there is no foot acceleration nor slipping for the foot which is in
contact, i.e. p̈m � 0, then the angular accelerations can be calculated from Eq. (41) as

[
ω̇b

θ̈m

]
= JT

SS

(
JSSJT

SS

)−1
ϒSS, (46)

where

ϒSS= −J̇m (x)

⎡
⎢⎣

vb

ωb

θ̇m

⎤
⎥⎦−Jm1 v̇b, (47)

and

JSS = [
Jm2 Jm3

]
. (48)

Then the link torque is formulated as

τ l
m = H̄m

⎛
⎜⎝

v̇b

ω̇b

θ̈m

⎞
⎟⎠ + bm − uEm, (49)

where

H̄m =
{

(H31 H32 H33), m = L

(H41 H42 H44), m = R
.

The calculated τ l
m is substituted in Eq. (45) to estimate the joint friction vector for the joints of the

leg m.

6. Friction Model Parameter Identification
The estimated friction in Eq. (45) depends on the measurement-based strategy and functions only
when the foot is in contact with the ground. Therefore, for the swinging leg, a friction model is
adopted to represent the frictional forces at the leg joints. The estimated friction in Eq. (45) is used
to identify the adopted model parameters. Thus, the model parameters are adaptively identified in
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every step the biped walks. Without loss of generality, for the joint n, the friction model is written as
a function of the model parameters vector φn and the input vector ϑn as

ûn
Fm

= fn (ϑn, φn) , (50)

where f (.) can be linear or nonlinear function and ûn
Fm

the estimated friction for the joint n. For a
number of samples Ns , the least squares (LS) estimate φ̂n is

φ̂n = min
φn

Ns∑
j=1

(
ûn

Fmj
− fnj

(
ϑnj, φn

))2

= min
φn

(
ûn

Fm
− f

n

(
ϑn, φn

)) (
ûn

Fm
− f

n

(
ϑn, φn

))T

, (51)

where

ûn
Fm

=
[

ûn
Fm1

ûn
Fm2

· · · ûn
FmNs

]
, (52)

and

f
n

(
ϑn, φn

) = [
fn1

(
ϑn1, φn

)
fn2

(
ϑn2, φn

) · · · fnNs

(
ϑnNs

, φn

) ]
. (53)

Equation (50) is for one joint. For N̄ joints, Eq. (50) can be extended as

ûFm
= fm (ϕm, �m) , (54)

where

ϕm = diag
([

ϑT
1 · · · ϑT

N̄

]T )
,

and

� = [
φT

1 · · · φT
N̄

]T
.

The goal is to estimate �. The vector ϕm is the angular speed of the joints and is indeed known.
The friction vector ûFm

is also known from Eq. (45). Then the estimated parameter vector �̂ is given
by

�̂m = arg min
�m

1

2

(
ûFm

− fm (ϕm, �m)
) (

ûFm
− fm (ϕm, �m)

)T
. (55)

Equation (55) is used when the foot is in contact with the ground. Once the foot loses contact, the
joint friction is calculated by employing the estimated model parameters vector �̂ into the adopted
friction model and then the friction model is used for joint friction compensation.

7. Results
A 12 DOF biped model is used for the simulations. It consists of two legs, each has 6 DOF, and a
trunk connecting them. The hip has three joint axes, the ankle has two joints and the knee has one
joint (Fig. 4). The dimensions are taken to match our experimental humanoid robot SURALP. The
details of contact modeling and simulation algorithm are in ref. [73]. The body frame has an offset
xoffset = 25 mm.

All measurements and calculations are in the world frame. The IMU is located with a position rI =
[ 0.01 −0.01 0.02 ]T and attitude AI

b = I3, where I3 is a 3 × 3 identity matrix. In the simulations, the
3-axes IMU which is available in MATLAB Simulink is used. It is composed of 3-axes accelerometer
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Fig. 4. (Colour online) SURALP dimensions.
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Fig. 5. (Colour online) Foot walking trajectories, DS stands for the double support phase, LS stands for the left
leg single support phase, and RS stands for the right leg single support phase.

and 3-axes gyroscope with contaminated noise. Each foot has four force sensors. Each force sensor
is 3-axes and located at a known position with respect to the foot frame.60

7.1. Walking trajectory
The foot walking trajectories are shown in Fig. 5. The biped has a SS period of 0.6 s and a DS period
of 0.9 s. It starts walking after 0.5 s, left single support (LS) then DS then right single support (RS)
and so forth. The robot stops at the time instant 10.1 s.
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Table I. True friction model parameters for each joint of the leg.

θ1 θ2 θ3 θ4 θ5 θ6

γ1 0.7 0.6 0.5 0.4 0.2 0.05
γ2 100 100 100 100 100 100
γ3 10 10 10 10 10 10
γ4 0.6 0.5 0.4 0.3 0.02 0.01
γ5 100 100 100 100 100 100
γ6 0.9 0.9 0.9 0.9 0.9 0.9
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Fig. 6. (Colour online) The estimated joint friction (solid blue line) and the true generated joint friction (dashed
red line) for the left leg joints.

Figure 5 shows the negative value of the xoffset where both of the feet frames origins are at −0.025 m
as shown in Fig. 3 too.

7.2. Joint friction generation
Here, the joint friction is generated using the nonlinear model21

uF = γ1
(
tanh

(
γ2θ̇

) − tanh
(
γ3θ̇

)) + γ4 tanh
(
γ5θ̇

) + γ6θ̇ , (56)

where γi, i = 1, · · · , 6 are positive constants. The model has the viscous dissipation term γ6θ̇ and the
coulomb friction term γ4 tanh (γ5θ̇ ). It captures the Stribeck effect by the term tanh (γ2θ̇) − tanh (γ3θ̇ ).
The static coefficient of friction can be approximated by γ1 + γ4.

The parameters values of the friction model (56) for each joint of the leg are listed in Table I. The
corresponding generated true friction is shown Fig. 6 as the dashed red line.
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7.3. Joint friction estimation
To be more realistic, Eq. (56) is used solely for the generation of the joint friction. To estimate the
friction, another model which differs from Eq. (56) is adopted. Here, the adopted model is linear in its
parameters. The coulomb and viscous friction effects are considered. For joint n, the adopted friction
model is written as

ûn
Fm

= Fn
c sgn

(
θ̇n

) + Fn
v θ̇n, (57)

where Fv is the viscous friction coefficient and Fc the coulomb friction. When the foot is in contact,
the estimated friction ûFm from Eq. (45) is used to estimate Fv and Fc for each joint. Then, when the
leg is swinging, the estimated parameters F̂v and F̂c are used to calculate the friction forces for each
joint. Equation (57) can be written in a matrix form that includes all the joint friction values for the
leg m as

ûFm
= ϕT �, (58)

where

ϕT =

⎡
⎢⎢⎣

sgn
(
θ̇1
)

0 0 θ̇1 0 0

0
. . . 0 0

. . . 0

0 0 sgn
(
θ̇6
)

0 0 θ̇6

⎤
⎥⎥⎦

6×12

, (59)

� =
[

Fc

Fv

]
12×1

, (60)

Fc = [
F 1

c F 2
c · · · F 6

c

]T
, (61)

and

Fv = [
F 1

v F 2
v · · · F 6

v

]T
. (62)

Then, by storing a number of samples Ns , the estimated parameter vector �̂ is calculated by

�̂ =
⎛
⎝ Ns∑

j=1

ϕ (j ) ϕT (j )

⎞
⎠−1 ⎛⎝ Ns∑

j=1

ϕ (j ) ûFm
(j )

⎞
⎠ . (63)

For real time applications, �̂ can be estimated recursively using the recursive least squares method
(RLS). The RLS algorithm is

�̂k = �̂k−1 + KRLSk
eRLSk

, (64)

eRLSk
= ûFm

− ϕT
k �̂k−1, (65)

KRLSk
= PRLSk−1ϕk

(
I + ϕT

k PRLSk−1ϕk

)−1
, (66)

PRLS,k = (
I − KRLS,k ϕT

k

)
PRLS,k−1, (67)

where the matrix PRLS can be interpreted as the covariance of the parameter vector. The RLS method
is used here for the estimation as a real time application. The estimation initializations for the adaptive
KF and the RLS algorithm are listed in Table II.

Joint friction is computed simultaneously for all joints. The switching between the DS and the SS
phases is time based. The two legs are assumed to have the same frictional models, the same number
of joints and the same number of the ground contact points at each foot. The estimation process is
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Table II. The adaptive KF and RLS initializations.

Parameter Value

Q0 I9

R0 10−4I3

NR 1000
NQ 5000
x̂0 09×1

P0 10I9

ē0 03×1

�̄0 09×1

�0 012×1

PRLS0 10I12

as follows: in the DS phase, the friction compensation is model free and the friction is estimated
based on the force measurements. At the same time, the estimated friction is used to identify the
friction model parameters Fv and Fc for each joint in each leg. At the time instant t = 0.5 s, the robot
switches from the DS phase to the LS phase. At this instant, the friction models with the identified
parameters F̂v and F̂c are used to compute the friction for the right leg joints. For the left leg joints,
the friction estimation is still model-free and the corresponding friction model parameters are still
being identified. At the time instant t = 1.1 s, the robot again switches to the DS phase. Again,
the friction estimation is model-free and the friction model parameters are being identified for both
legs joints. Hence, the friction model parameters are adaptively identified and corrected. At the time
instant t = 2 s, the robot switches from the DS phase to the RS phase. At this instant, the friction
models with the identified parameters are used to compute the friction for the left leg joints. For the
right leg, the friction estimation is still carried on as friction model-free. The corresponding friction
model parameters are still being identified, and so forth.

The Estimated friction values for the left leg joints are shown in Fig. 6 (solid blue line). The same
goes for the right leg. When the foot is in contact with the ground, the measurement-based online
friction compensation is used. When the leg is swinging, the model (57) is used to estimate the joint
friction. As depicted in Fig. 6, the estimated joint friction tracks the true friction for all of the friction
cases. One observation is that when the foot is in contact, the estimated friction is noisy. This is due
to the measured noisy forces. However, when the leg is swinging i.e. when the friction model is used,
the friction is much smoother. In these simulations, small and large frictional forces are used to test
the ability of the proposed method.

7.4. Joint friction compensation using the FBSE method
To compensate for the joint friction, the control structure in Fig. 7 is used. The position controller is
a PD controller with proportional gain kp = diag([ 6 2 2 3 3 6 ] × 103) and derivative gain kd = I12.
The output of the PD controller τ pos is

τ pos =
[

kp 0
0 kp

] (
θ ref − θ

) + kd

(
θ̇

ref − θ̇
)

, (68)

where θ ref and θ̇
ref

are the reference trajectories. Note that θ ref is generated based on the desired CoM
position cdes. Therefore, the actual c is compared with cdes. The torque controller output τ tor is

τ tor =
[

ki 0
0 ki

] ∫ t

0

(
τ pos − (τ − ûF)

)
dτ, (69)

where ki is the integral gain with vales ki = diag([ 2 2 1 2 2 4 ]), τ the integration variable.
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Fig. 7. (Colour online) Friction compensation using the proposed FBSE method.
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Fig. 8. (Colour online) (a) CoM trajectory in the x− direction cx , (b) RSE in cx , (c) CoM trajectory in the y−
direction cy and (d) RSE in cy .

The root square error (RSE) is used as a performance measure of the response. The RSE is defined
by

RSE =
√(

cdes − c
)2

. (70)

Figure 8 demonstrates the improvement due to the proposed method. First, the conventional PD
controller is used alone and its response is compared with the response of the proposed FBSE method.
As shown in Fig. 8(b) and (d), the position error of the PD controller alone is higher than the position
error when the PD controller is combined with the FBSE method.

8. Conclusion
A Novel FBSE method for estimating the joint friction of walking bipeds is proposed. The method
utilizes the readings of IMU and feet contact reaction forces into a reduced model of the biped. The
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FBSE method combines the measurement-based strategy with the adaptive model-based methodology
to estimate the joint friction. The measurement-based estimation is used when the foot is in contact
with ground, while the adaptive model-based friction is used when the leg is swinging. To achieve this
estimation, the joint angular accelerations are estimated online using the foot contact non-slipping
constraint. Furthermore, the base velocity vector is estimated too by fusing the IMU readings and
force measurements through the LIPM. Thus the FBSE method requires the IMU, joint encoders and
ground contact force measurements. The FBSE does not require excessive joint torque sensors. The
results show that the estimated friction tracks the true one. Furthermore, using the FBSE method in
the feedback torque signal improves the response. Although, the method is proposed for bipeds, it
can be extended to multi-leg robots easily.
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