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Abstract

A real matrix is called fotally nonnegative or totally positive if all minors are non-
negative or positive, respectively. In this thesis, we derive the condensed form of the
Restoration Algorithm which is a new result and it is the inverse of the condensed
form of the Cauchon Algorithm where the latter provides an efficient tool to check a

given matrix to be totally nonnegative or totally positive.

In this thesis we perform some elementary operations on a nonsingular totally non-
negative matrix and apply the condensed form of the Cauchon Algorithm on it, we
determine how the entries of this matrix are changing after performing the elemen-
tary operations. Also, we present a new algorithm for computing the eigenvalues
of a nonsingular totally nonnegative matrices with high accuracy using the results

obtained in this thesis.
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Chapter 1

Introduction

In this chapter, we introduce the totally nonnegative and totally positive matrices
which play an important rule in mathematical applications.

This chapter consists of three sections. In Section 1.1, we introduce some nota-
tion, basic definitions, and various facts and identities that will be used throughout
this thesis. In Section 1.2, we present the definition of totally nonnegative and to-
tally positive matrices and review the operations that preserve total nonnegativity
and total positivity. In Section 1.3, we recall various examples of totally positive and
totally nonnegative matrices.

1.1 Preliminaries

The set of all n x m matrices with real elements will be denoted by R™**™. If the
number of rows of a matrix is equal to the number of columns, that is n = m, then
the matrix is called a square matriz of order n. For A € R"*™ the notation A = [a;]
will indicate that the entries of A are a;; €R, fori =1,2,...,nand j=1,2,...,m.
The I, denotes the identity matrix of order n, and for 1 < 4, j < n, we let E;; denote
the n X n standard basic matrix whose only nonzero entry is a 1 that occurs in the
(¢,7) position. The transpose of the matrix A will be denoted by A” whose entry at
the position (¢, j) is aj;.

For A & Rnx-m, (0l {G.'l, Qa,..., Oép} g {1 2? st Tl}, and .*3 o {ﬁl)ﬁ?: R :ﬁq} g
{1,2,...,m}, the submatriz of A lying in the rows indexed by « and the columns
indexed by 3 will be denoted by

Alelf] = Aler, 0n,..., 00|81, B, ..., 8] = A [ gjzgj:jj;jgj ] :

Similarly, A(a|B) is the submatrix obtained from A by deleting the rows indexed
by a and columns indexed by 3. We let a® and 3° denote the complements of the
index set @ in {1,2,...,n} and the index set 8 in {1,2,...,m}, respectively. So,




1.1. PRELIMINARIES

A(a|B) = Alaf|9). If a = f, then the principal submatriz Ala|a] is abbreviated to
Ala]. In the special case when « = {1,2,...,k} with 1 < k < min{n, m}, we refer
to the principal submatrix Ala] as a leading principal submatriz.

For a square matrix A, det A denote the determinant of A. A minor in a given
matrix A is the determinant of a square submatrix of A € R"™™, denoted by

detA[aIﬁ]zdetA[al,cxg,...,cyp|‘8m621___’;gp]:detA @1, 03,00 |
}311[3)2:"'1[3?

and if a = (3, then the determinant of this principal submatrix is called principal
manor, denoted by

al'.laz!""rap

detA[(}:'] =dctA ! Oflsﬂz,...;ap :| ,

The dispersion of « is the measure of the gaps in the index sequence a and is denoted
by d(a) which is defined by d(a) := a, —a; —p+1. If d(a) = 0 we call « contiguous,
if d(a) = d(B) = 0 we call the submatrix A[a|f] contiguous and in the case p = g we
call the minor det A[«|8] contiguous.

For integers p,n, we denote by (), . the set of all strictly increasing sequences of
p integers chosen from {1,2,...,n}. We order the sequences from @, , with respect
to the lezicographical ordering: If o, B € 0, We say that « is less than or equal to
B with respect to the lexicographical order, denoted by

a={o,0,...,0} < B ={B1,P2....5}
if and only if @ = 3 or the first nonzero term in the following sequnce
B — o, fo—ag, ..., 0p — O,

is positive.
In the following definition, we present some interesting families of matrices.
Definition 1.1. [FJ11] An n x n matriz A = [a;;] is called

1. diagonal if aj; = 0 whenever i # j,

2. tridiagonal if a;; = 0 whenever i — 7| > 1,

3. upper (lower) triangular if a;; = 0 whenever i > j (i < j).

A tridiagonal matriz that is also upper (lower) triangular is called an upper (lower)
bidiagonal matrix.




1.1. PRELIMINARIES

The following theorem introduces some important properties of determinants.

Theorem 1.1. [KH05] Let A be a square matriz of order n. The determinant of A
satisfies the following properties:

1. The determinants of a matriz and its transpose are equal, i.e., det AT = det A.

2. If matriz B results from matriz A by interchanging two rows (columns) of A,
then det B = — det A.

3. If B obtained from A by multiplying a row (column) of A by a real constant c,
then det B = ¢ det A.

4. If B = [b;;] is obtained from A = [a;;] by adding to each element of the rth row
(column) of A the corresponding elements in the sth row (column) multiplied
by a constant ¢ such that r # s, then det B = det A.

5. The determinant of upper (lower) triangular matriz is the product of the el-
ements on the main diagonal, i.e., det A = []7, ay if A = |a;;] is an upper
(lower) triangular matriz.

Definition 1.2. [Pin10] The p-th compound matrix of an n x m matriz A is denoted
by APl and is defined as the ( ;" ) % ( T;' ) matriz with entries

det Ala|3],

where a € Qppn and f € Q,n are arranged in lexicographical order, and p =
1|2 G min{n, m}.

The following theorem is a generalization of the multiplication formula of matrices
which plays a significant rule in proving some fundamental results.

Theorem 1.2. [FJ11](Cauchy-Binet Identity) Let A € R™* and B € R¥*™, Then
for a € @ and B € Qpm, where 1 < p < min{n, k,m}, we have

det AB[a|8] = _ det Alaly] det B[y|8],
7
where the sum is taken over all sequences v € Qp k.

The following is an illustrative example of Theorem 1.2.




12 1 2 -1
Example1.1. LetA= | 0 2 3 | andB= | —
! 10 -2
= {2,3}, B = {3,4}, can be calculated by the application of the Cauchy-Binet

=

2 |. Thendet AB[a|f],

o
= O N
N WO
'_L

det AB [2,3(3,4]

det A [2,3(1,2] det B [1,2]3,4]
det A [2,3]1,3] det B [1, 3|3, 4]
det A [2,32,3] det B [2, 3|3, 4]

det A 0 2:|det.B|:0 1]

+ +

10 3 2

o

3

+ det A _9 } det B

T
—

1
]

+ detA f’QJdetB — 40,

r
]

The following determinant identity plays a rule in proving the results of this thesis.

Theorem 1.3. [FJ11](Sylvester’s Determinant Identity) Let A € R™™ and suppose
a € Qp,,,,ﬁ € Qpm be such that det Ale|3] # 0. Define the (n —p) x (m — p) matriz
= [b;;] whose entries are given by

by += det Al U {i}|8 U {5}],

with i € a%,j € B°. Then Sylvester’s Identity states that for each § C o,y C /3¢,
with (6] = |y =,

det B[d|v] = (det Aler|])" " det AlaU |8 U] (1.1)

Let A be a square matrix of order n be such that n > 3 and let o = B=12,...,n—1},
so the matrix B in Theorem 1.3 is defined as follows:

by b
B = 11 In :
l: bnl bnn
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* with entries
' by = det AlaU {1}3U{1}]
= detA[l,2,...,n-1]1,2,...,n—1],
b = detAleU{1}8U {n}]
= detA[L,2,...,n-1/2,...,n—1,n],
b = det AlaU{n}|BU{1}]
= detA[2,...,n—-1,n[1,2,...,n—1],
bnn = det AlaU{n}|BU {n}]
= detAf2,...,n—1,n|2,...,n—1,n].

For 6 = {1,n} and v = {1,n} and by application of (1.1) we get

det [ gn ;:1“ ] =det A[2,...,n — 1] det A.
nl nn

Hence,

b110nn — bpibiy
det A2,...,n — 1]

det A[1,2,...,n=1]1,2,...,n —1]det A[2,...,n— 1,n|2,...,n— 1,7

detA =

det A2,...,n—1]
_ detA2,...,n—1,n1,2,...,n—1]det A[1,2,...,n —1]2,...,n—1,7]
det A[2,...,n —1] :
(12)

provided that det A[2,...,n —1] # 0.

'Tﬁiie-:fol-lowin_g example illustrates (1.2).

=1 2 3
Example 1.2. Let A = 2 4 6 |. By (1.2), det A can be found as follows:
JaGRs 18
— 5 46 273 2 4
det_A[ 9 4Jdetfl[3 2]—detA[4 ﬁj]detfl[1 3]

det A = ; . |

—8(—10) — 0(2)
4

= 20.
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The following theorem gives the relationship between the determinant of a given
square matrix and its minors.

Theorem 1.4. [Kar68|(Laplace Expansion by Minors) Let A € R™™. Then for any
p=1,...,n aend € Qp, we have

BEQpn
where s =3, i+ 3 5]
-1 0 2
Example 1.3. For A = 3 2 1| anda={1,2}. Thedet A can be calculated
3 4 -1

by using the Laplace expansion as follows:
detA = ) (—1)*det A[e|B] det Ala%57]
BEQP,N
= (=1)°det A [1,2[1,2] det A [3]3] + (—1)" det A [1, 2|1, 3] det A [3]2]
+ (—1)°det A[1,2/2,3] det A [3]1]

= det “31 g]det[—l}—det[_; f]det{q

" det—g f}det[.’i}

= 18

The following lemma is a basic tool in getting some results of this thesis.

Lemma 1.1. If B = [b;] is a square matriz obtained from A by multiplying the ith
row with a positive scalar x and add it to the nest row multiplied by y, then forp > 2,

i+1,i+2,...,i4+p FEL AT
det B by = t A
: [ BusBas- -+ By ] b { iy Bar- -+ fp }

A

Proof. The entries in the row ¢ + 1 of the matrix B are given by:
binij=za; +y e, j=12,...,n

6




1.2. TOTALLY NONNEGATIVE MATRICES

; 1+1,i+2,..., g
By the Laplace expansion along the first row of B e , we get
61;;621 L :.Sp
|
Taig t¥ 1, T QG TYG41E .- T Qig, TY Git1.g,
i +1,442,...,i4+p ] Qi+2,8, @i+2,8, Qi+2,8,
det B 2 ¥ 2 L =
[ 181152-.---361? ‘ : :
Qitp, B Qit+p,Ba e Qitp.B,

xdetA{i,z’-{-Q,._,i-{-p i+1,é+2,..,,i+p}

181:)823”-1.‘9}3 ]+ydet“4{ 611182:"-331}
a

1.2 Totally Nonnegative Matrices

In this section, we introduce the totally nonnegative and totally positive matrices,
also we present some basic properties of these classes of matrices.

Definition 1.3. [Pin10] An n x m matriz A is said to be totally nonnegative (TN)
if all of its minors are nonnegative, i.e.,

det A [(x

. 0,00;...,Q
Bl = det A e N e 1.4
:| i {6133?1-“13}3]_ ( )
forall a € Qprn, B E Qpm, and all p = 1,2,... min{n,m}. It is said to be totally
positive (TP) if strict inequalities hold in (1.4).

Alternatively, by using the compound matrix terminology, we can restate the defini-
tion of TN (T'P) in terms of the compound matrices. A matrix A € R**™ is TN
(TP) if all entries of the p-th compound matrices of A are nonnegative (positive),
p=1,2,...,min{n,m}.

is TN.

[ R

Example 1.4. The matriz A =

[ S
TG O G J

—
(=]

To check that A is totally nonnegative matrix we will show that all the p-th compound

e |




OTALLY NONNEGATIVE MATRICES

matrices of A are nonnegative, p = 1,2, 3.

il gt

o e

b Wb
= =
~ p5 O oy 00 W
[
(=]

Al =

o e T T

Hence all entries in the p-th compound are nonnegative, p = 1,2,3. Therefore A is
totally nonnegative matrix, also A is totally positive since all the entries are positive.

Proposition 1.1. [Pin10] If A is an n x m TN (TP) matriz, then
1. The transpose of A is TN (TP).
2 IfB = [.bi.?']) where b,fj = Gn+1_§,m+1_j,i = 1, t .,ﬂ,j — 1, 2,. sy i then B is

TN (TP). That is, the matriz B which is obtained from A by reserving the
order of both of its rows and columns is TN (TP).

Proof. Let A be TN (TP).

1. By the definition, every submatrix of A is totally nonnegative, so all minors of
AT are nonnegative (positive). Hence AT is TN (TP).

2. Let & € Qpn and S € Q,,,n. Then

613 .. -;Bp—lsﬁp

5 1, ..., Qp,Q n+l=0,...;0n+1-0pg,n+1l—a,
! B e P o
det [ J detA[m+1~ﬁl,...,m+1—ﬂp_l,m-l-l—ﬁp

|
|

T o B IR o B, A R
§; m+1_.611"'!m+1_ﬁp—lsm'f_l"ﬁp
" detA- n+l-—o,...,n+tl—-apn+1l—ap,
= m41=pr,...,m+1=Bpm+1—f,
g i n+l—apy...,n+l—-mn+l-ao
e m+1_ﬁpv"':m+1“ﬁ2lm+1_ﬁl :




1.2. TOTALLY NONNEGATIVE MATRICES

which is nonnegative (positive). Therefore A is TN (TP).
O

Proposition 1.2. [Pin10] If A is ann x m TN and B is an m x r TN, then AB
isannxr TN,

Proof. Let A and B be TN. Then by Definition 1.3 we have

det A [a|y] = det A [ L >0,

and

711725-‘.}’}’;} >0
61"52""’:3;! — Y

for all @ € Qp,“m v E Qp,m and 3 € Qp.r: p=1,..., min{n, Ty m}

det B [v|8] = det B

By the application of the Cauchy-Binet Identity we obtain

B, B2, -1 B
ZdetA O:IIJQQ'J"'}GIJ det B Y1y 7V2s- -5 Vp = 0.
» 711721---:’7:0 1311132:-”1;8;)

Therefore, AB is T'N. O

detAB{a[ﬂ] = dctABI:QI,O'g,...,ap:!

Il

Proposition 1.3. [Pin10] Assume A is an n x m TN (TP) matriz. The following
operations preserve the resulting matrices as TN (T'P).

1. Multiplying a row (column) by a positive scalar.

2. Adding a positive multiple of a row (column) to the previous or the next row
(column,).

Proof. 1. Let A be an n X m TN matrix and B be the matrix obtained from A
by multiplying the row (column) i with a positive constant ¢. For any o € Q,,.,
and B € Qpm- If i ¢ , then

det Bla|3] = det Ala|S] > 0.

If 7 € a, then by using Theorem 1.1, we have

8T 50 o AW (o A S 1
det B # = cdet A =0
[ ,‘31,...,,‘313 :I ﬂl?"':ﬁp
Since all the minors of A are nonnegative, the matrix B is TN.

9



TALLY NONNEGATIVE MATRICES

Let B be the matrix that is obtained from the totally nonnegative matrix A
by multiplying the row ¢ with a positive constant ¢ and add it to the next row
le., 1 o therow i + 1. Let a € @pn and B € Qpm. If i +1 ¢ a, then

det Ba|f] = det A[a|8] > 0.
Else if 4,7+ 1 € , then by using Theorem 1.1, we have

Ao,y QAay B2 e Gay fy
’ a5 a3 ai,8, e a8,
ToT [ S [ 4
A S %}= Caipy +iv1p COig T Cr1p - Caig, +0it1g,
b
gt Qit2,6 ita,p, i Gi+2,6,
a‘-"p:ﬂl Qo By g Qo B
o O1yevnshy bt oo 0p
Brivs i85

o
Otherwise, if i ¢ «, then by Laplace expansion along the row i + 1 in «, we
have
det B [a[ﬁ} = cdetA [(au{z‘}) \ {i + 1}|ﬁ] +det A [a|ﬁ}
> 0.

Therefore, B is TN.

[=]
Definition 1.4. [Pin10] Let A € R™™, we define the right shadow of the submatriz

A a+la+2,...,;a4+T
PELEF2,. .. f4r

as the (@ +r) x (m — B) submatriz

74 120 e
5+11ﬁ+21"':m

ind the left shadow of the submatriz is the (n — a) x (B8 + r) submatriz

i a+1,a+2,...,n]

2yeies BT

10
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ple 1.5. Let

ST e O

e 1 05 1
4 G R TR
57 8 10 3

r the submatrix

right shadow of the submatrix B is

6
1
3

N O -
— o
O o

-- ‘and the left shadow of the submatrix B is

(5L RSN ]
~ W
oo N O

- Proposition 1.4. [Pin10] If A is an n x m TN and

B ok 2T L
ra.nkA[ﬁ+1’6+2’._.’ﬂ+r]—r 1,

then at least one of the following holds. Either the rows a+1,a+2,...,a+7 or the
~ columns B+1,B+2,...,8+r of A are linearly dependent, or the right or the left
shadow of

a+l,at+2,...,a+r

B+1,8+2,....8+r7

e

By permuting some rows and columns of a given matrix A and the fact that A is
_ ar if and only if its rank is less than the number or rows and columns of A, we
have the following lemma.

Lemma 1.2. Let A be an n x n matriz and suppose A has a zero submatriz of size
pXqwherep+qg>n+1. Thendet A=0.

Theorem 1.5. [Kar68] Let A be an nxn nonsingular TN. Then all principal minors
.qf A are positive.

11




1.3. EXAMPLES OF TOTALLY NONNEGATIVE MATRICES

Proof. We will proceed by induction on the size of the principal submatrices. Firstly,
we will prove that the principal minors of order 1 are positive, i.e.,

@ >0,¥r e {1,...,n}. (1.5)

On the contrary, assume that a,, = 0 for some r € {1,...,n}. By Proposition 1.4
either the r-th row or r-th column of A is zero, or the right or left shadow of a,.,
Is zero. Since A is nonsingular, ie.; det A # 0, we cannot have that the r-th row
or r-th column is zero. Thus either the left or right shadow of a,, is zero. Assume
without less of generality that its right shadow is zero, so a;; =0,YVi<randVj2>r.
Since the right shadow of a,, is a zero submatrix of size » x (n — 7 + 1) such that
r+n—r+1=n+1, by Lemma 1.2 we have det A = 0 but A is nonsingular, therefore
arr > 0. So when the size of the principal minors is 1, these principal minors are
positive.

Assume that all principal minors of order p — 1 of A are positive. We want to prove
that all principal minors of order p are positive. We do this again by contradiction.
Let o € @y, be such that det A[a] = 0, whereas det A [o/] > 0, where @ = o/ U {a,}
for some s € {1,...,p}. Let B = [b;;] be defined as follows

bi; = det A| o Ufi}lo’ UL} |,
for all 7,5 € o, For i = j = a,, we have
baar = detA | o UfaHo' Ufas} |
= det A[a] =0, (1.6)

But by Theorem 1.3 B is nonsingular TN. The diagonal entries of B must be positive
by the induction hypothesis. Therefore,

By >0,
which is a contradiction. Therefore, all principal minors of a nonsingular TN matrix
are positive. O
1.3 Examples of Totally Nonnegative Matrices

In the previous section, we define the totally nonnegative matrices as the matrices
with all of its minors are nonnegative. In this section, we introduce some fundamental
examples of totally positive matrices and totally nonnegative matrices.

Definition 1.5. [FJ11](Vandermonde matriz)
For n real distinct positive numbers 0 < z; < 3 < -+ < z,, the Vandermonde

12



1.3. EXAMPLES OF TOTALLY NONNEGATIVE MATRICES

matrix V(2y, s, ...,2,) is defined as follows:

2 n—-1
]- Tl .T:% saa Tl g
s n—
1 Ly Ty ... Ty
V(xl_‘x?i"')x‘n) = i
2 e |
Ly Sl e e

By using the classical determinant formula for this matrix which is given by

det V(zy, 29,...,3,) = H(mi - ),

i>j
we can easily see that V(z,2s,...,z,) is TP,

Example 1.6. The matriz A is a Vandermonde matriz

G R S|
Le2 4 08

A Lod 90 22047
1 5 26 125

with ) = 1,43 = 2,23 = 3 and 74 = 5.

Definition 1.6. [FJ11](Pascal matriz)
Consider the n X n matriz P, = [p;;] which is defined as follows:

ol Jor i=lerji=1,
¢ Pi-1,j t+ Pij-1, for 2545 <n.

P, is called symmetric Pascal matrix.

We will prove that P, is 7P by showing the existence of a bidiagonal factorization
of P, with special form in Chapter 2.

Example 1.7. The 4 x 4 symmetric Pascal matriz is given by

1o o e
1 2 3 4
le13610
T 4+19" 20

1
Definition 1.7. [Pin10](Cauchy matriz) The matriz C = [r i :I sl S an

is called a Cauchy matrix.

13



LES OF TOTALLY NONNEGATIVE MATRICES

Ty KTy < < Ty, 0 <y < Yo < -+ < Yy, C is a totally positive
lich can be shown by an induction argument and by using the following
formula

e Hz<k_(¢°’k — ) H;<k(’£fk ~)
e T, + )

s 12 Lik<=mn,
ple 1.8. The matriz
1/4 16 1/7 1/10
s Ly 18 yyn
BT /o 1710 1418 |
1/8 1/10 1/11 1/14

chy matriz with £1 = 1,2y = 2,23 = 4,24 =5 and y; = 3,y = 5,y3 =

1.8. [Pin10](Jacobi matriz) A Jacobi matrix A = [a;;] is a square tridi-
malriz. In other words, it is an n x n matriz of the form

B TR SRS ) SURVINNOR | TIN  (
c] Qg b; 0 0
0 a 0 0

i ol
(Dl D e An—1 bn_.]_

_0' 0 0 Cn—1 (129 )

a; =0,  for |i—j| =2,

a; = ag, fOT i=1s---1n!

Qi1 = bé; fOT i=1...,m=1,

Git1; =¢;, for i=1,...,n—1.

reorem 1.6. [Pin10] A Jacobi matriz A is TN if and only if all of its off-diagonal
ents {ba}, {ci}, and all its contiguous principal minors are nonnegative.

e 1.9. The following matriz A is a Jacobi matriz,

320 0 0
1 44 0 0
A= 1031 g 't 0
0 06 10 2
0 0 0 20 10

By application of Theorem 1.6, it is easy to show that A is TN.

14




Chapter 2

The Cauchon Algorithm

In this chapter, we present the condensed form of the Cauchon algorithm. This
algorithm provides an efficient method for checking total nonnegativity and total
positivity. One of the applications of this algorithm is to find the bidiagonal factor-
1zation of a given nonsingular totally nonnegative or totally positive matrix.

This chapter consists of three scctions. In Section 2.1, we present the Cauchon
diagram, Cauchon matrix, condensed form of the Cauchon algorithm, our new algo-
rithm the condensed form of the restoration algorithm, and we define the lacunary
sequences with respect to a given Cauchon diagram. In Section 2.2, the bidiago-
nal factorization of a given nonsingular totally nonnegative matrix is introduced. In
Section 2.3, the condensed form of the Cauchon algorithm is applied to nonsingular
totally nonnegative matrices and a method to find the bidiagonal factorization from
the resulting matrices is given.

2.1 Condensed Form of the Cauchon Algorithm
and Totally Nonnegative Matrices

In this section, we present the Cauchon diagram, Cauchon matrix, and condensed
form of the Cauchon algorithm. We will use this algorithm to check whether a given
maftrix is totally nonnegative (totally positive).

Definition 2.1. [LL1/] A Cauchon diagram C is an n X m grid consisting of n - m
squares colored black and white, where each black square has the property that either
every square to its left (in the same row) or every square above it (in the same column)
s black.

We define an n x m Cauchon diagram by identifying set of pairs of its black squares,
i.e., we fix positions in a Cauchon diagram in the following way:

For a given Cauchon diagram C and ¢ € {1,...,n}, j € {1,...,m}, we say that
(2,7) € C if the square in row ¢ and column j is black.

15



2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY

NONNEGATIVE MATRICES

For example, for the Cauchon diagram C' as shown in Figure 2.1, we have (3,2) ¢ C,

whereas (3,1) € C.

(3,2)

Figure 2.1: An example of a Cauchon diagram.

Definition 2.2. [LL1/] An nxm matriz A = [a;;] is called a Cauchon matrix asso-
ciated with a given Cauchon diagram C if for all (i, 5),i € {1,...,n},j € {1,...,m},
we have a;; = 0 if and only if (i,7) € C. Eguivalently, a;; = 0 if and only if
ag; = 0,Vk =1,...,i—1oray =0Vl =1,...,5 — 1 implies that A is Cauchon

matriz.

Algorithm 2.1. [AG1{/(Condensed form of the Cauchon algorithm) Let A = [a;;] €

Rnxm'
o Set AM = A,

o Fork=mn—1,...,1 define A% = [agf)] € R™™ as follows;
oy —1.....8 7=1,....m—1,

set u; := min {h = m} | aff:ilg # O} (we define that u; := oo if this

set is empty)

) k1) (k1)
(k+1 k+1,5 % S
(k) a;; —; T Zf u; < CQ,
;" = k+1,u;
(k+1) - - ==
a” if u; =o0.

ij
Fori:k_‘-l?"'!nﬁj_—_17--.,'m-; and3=1k3:m'
(k) _ _(k+1)

o Put A= AW,

16



2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY
NONNEGATIVE MATRICES

Example 2.1. Returning to Ezample 1.4, by application of the condensed form of
the Cauchon algorithm to A we obtain

L 3/4 3/4 1
124 1/2 1 4
(0= = ® _
- A 1 3 9 A 1/4 3/4 9 ’
i R I 1 4 16
/e 2/3 1 1/3 1/2 1
176 2/3 4| . 1/6 2/3 4
@ _ Ll
A 1/4 3/4 9 |A=4 1/4 3/4 9
1 4 16 1 4 16

Theorem 2.1. [LL14] Assume that A € R"™*™, A is TP (TN ) if and only if A > 0
(A > 0 and a Cauchon matriz).

In the following we illustrate the Algorithm 2.1 and Theorem 2.1.
Example 2.2. Let A be the following matriz.

— A

1
A=11
1

el
—
[@p]

By the application of the condensed form of the Cauchon algorithm on A we have

1 2 4 Iy FLE 4
A A 11 1 1 |, AP=13/4 3/4 1|,
1 4 16 e
~1/2 =2 4
A=A =) 3/4 3/4 1
gt

Since A is not entrywise positive, A is not TP.

Example 2.3. Let A be the following 3 x 3 Vandermonde matriz with z; = 3,2, =
7,23 = 11. By the applicalion of the condensed form of the Cauchon algorithm we
will show that A is T'P.

3 9 8/11 24/11 9
S 7 49 | AB= ] 411 28711 49 |,
11555 L 1 T, =900



D FORM OF THE CAUCHON ALGORITHM AND TOTALLY
VE MATRICES

3 32/77 132/77 9
A=AD= | 4/11 28/11 49
1 L

>0, Ais TP.

4. The following matriz A is a Jacobi matriz. We will use the condensed
- Cauchon algorithm to show that A is TN.

0
0
2

o N
[ BEVLIN I
(=2 ™
—_

2

application of the condensed form of the Cauchon algorithm we have

520 0 (6506 0]

00 6 12 00 6 12

6 20 0 EXE a
AR PR
Do s 19 00 6 12

A is nonnegative and a Cauchon matrix, A is TN.

04], an algorithm called restoration algorithm is introduced as the inverse
e Cauchon algorithm. In the following, we present the condensed form of this

1thm 2.2. ( The condensed form of the restoration algorithm)

Set Am = A.
Fork=2,...,n define AW = [ag-c)] € R™™ as follows

ori=1,...,k—1, Forj=m—1,..,1,

(k-1) (k-1)

S E’:,,H + 35-"-"7‘,,17‘5-'-"— if arm #0,
em-«-l i (k=1) .
g % if G =0

18




FORM OF THE CAUCHON ALGORITHM AND TOTALLY

M{he {g+1,....m- 1}|agf,:1] # 0} (we set u; = oo if this set

(k 1) E-'C)
k_' 3,
( b + —gm)—l i uy < oo,
k“J
k—1
EJ ) if u; = o0,

jeweg Ty andi =1, ... 5—1.5 =m,

oy - e
N “Ej g
1= AM , A is called the matriz obtained from A by the restoration algo-

2.5. For the following matriz

1 i 1
1/6 2/3 4
1w g g |
e 18

A=

apply the condensed form of the restoration algorithm, we have

1/3 1/2 1 172 2/3 1
o o | 1/8 2/3 4| 5 |1/6 2/3 4
“is 1/4 3/4 9 |4 1/4 3/4 9 |°
I 4 18 £ o4& 18
3/4 3/4 1 15
i || AT RS S
AU R el R
Lo 16 1 & 16

that A is a positive matrix and when we apply the condensed form of the
tion algorithm on A we get the matrix A which is TP according to Theorem

 2.6. For the following matriz

o O MM
oW N
(=2 BRPC R
-

Reoo

19




2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY
NONNEGATIVE MATRICES

when we apply the condensed form of the restoration algorithm on A we have

220 0 (620 0|
T 31 11
A= A @).—
el 53 o |4 033 2|
00 6 12 00 6 12
620 0 g o0
7 . 979 ) Ve
@ _ i
A 033 2 |4=4 03 4 2
00 6 12 00 6 12

Observe that A is a nonnegative Cauchon matrix and when we apply the condensed
form of the restoration algorithm on A we get the matrix A which is TN according
to Theorem 2.1.

We can represent each entry of the matrix A which is obtained by the application of
the condensed form of the Cauchon Algorithm to a given TP matrix A as a ratio of
two contiguous minors.

Theorem 2.2. [Adm16] Let A € R™*™ be TP. Then the entries y; of the matriz A
obtained from A by the condensed form of the Cauchon algorithm can be represented
as

detA[k,...,k+w[;’,...,j+w}
det A[k+1,....k+wlj+1,...,5+w]

jj N T [, S (2.1)

where w = min{n — k,n — j}.

In the following, we introduce the definition of a lacunary sequence associated with
Cauchon diagrams.

Definition 2.3. [LL1}] Let C be a Cauchon diagram. We say that a sequence
ﬂ}'(:{(ak'.r'gk)vkzosl;Q!"'}p} (22)

which is strictly increasing in both arguments is a lacunary sequence with respect to
C if the following conditions hold:

8oy, 0) $C k=1,2,...,p.
2. (a,)eC forap<a<nand B, < B <m.

3. Let s € {0,1,...,p—1}. Then (a,B8) € C if

20



2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY
NONNEGATIVE MATRICES

(a) either for all (o, B), as < & < ey and B < B,
or for all (o, ), s < & < gy and By < B < Bus1,
and

(b) either for all (a, B), @, < & and B, < B < Boi,
or for all (a: ﬁ): @ < tgy1 and B < f < Poy1.

Example 2.7. In Figure 2.1, the sequence {(1,1),(2,3),(4,4)} and {(2,1),(5,2)}
are a lacunary sequence with respect to C while the sequence {(1,2),(3,3)} is not.

Proposition 2.1. [AMAFG18] Let A be an n x m matriz such that A is a Cauchon
matriz and let v = {(cw, fo), (a1, B1), - . ., (ap, Bp)} be a lacunary sequence with respect
to a given Cauchon diagram C' associated with A. Then

detAECl’g, Qpy ... aaplﬁﬂs 51: ik ia sﬁp] = aau,lﬂn &'al,ﬁ‘h win &'ﬂ'p,ﬁp: (23)

holds for all lacunary sequences v given by Definition 2.3.

We can determine if a given TNV matrix A is nonsingular or not by the value of the
diagonal entries of A.

Proposition 2.2. [AG13] Let A be an n x n TN matriz. Then A is nonsingular if
@deonly ifa; > 0,6 =1,2,...,n.

Proof. Let A be nonsingular TN and C be the Cauchon diagram associated with A.
By Theorem 1.5, all the principal minors of A are positive and when we apply the
condensed form of the Cauchon algorithm, we have

lf-j!'n-n = llpn > n

Assume there exist 1 < k < n such that ag, = 0 and a; > 0,2 = k+1,...,n.
Consider the lacunary sequence (with respect to C) {(i,7),i = k,k+1,...,n}. Then
by Proposition 2.1 it follows that if (¢,7) € C then
det A[k, S ,n] = Bk (hlk+1‘k+1 venlpn =0,
contradicting Theorem 1.5. Conversely, assume that a; > 0,7 = 1,2,...,n. Then
the sequence {(i,i),7 = 1,2,...,n} is a lacunary sequence with respect to C and by
Proposition 2.1 it follows that
dEtA[].,2, Bk ,'?’1] = {1 Q92 .-.8nn > 0.
So, A is a nonsingular matrix. O



2.2. BIDIAGONAL FACTORIZATION OF TOTALLY NONNEGATIVE
MATRICES

2.2 Bidiagonal Factorization of Totally Nonnega-
tive Matrices

Factorization of matrices is one of the most important topics in matrix theory and
it plays a central role in many related applied areas such as numerical analysis and
statistics. In this section, our main focus will be on bidiagonal factorization for non-
singular totally nonnegative matrices which allows one to obtain algorithms with high
relative accuracy for the computation of singular values, eigenvalues, and inverses of
totally nonnegative matrices [Koe05], [Koe07].

Definition 2.4. [FJ11](Elementary Bidiagonal Matrices)
For any positive integer n and complex numbers s,t, we let

Li(S) T SE,'_‘,:_;[ and Uj(t) =l tEj_l‘j, 2<4,] £n,

matrices of the form L;(s) or U;(t) above are called elementary bidiagonal matrices,
and the class of elementary bidiagonal matrices will be denoted by EB.

The EB matrices L;(s) and Uj(t) satisfy the following relations [FJ11]:
1. Li(s)L;(t) = L;(t)Li(s), if |i — j| > 1,
2. Li(s)L;(t) = Liy(s + t), for all 4,
3. Liy1(7)L;i(8)Liy1(t) = Li(r") Lis1(s") Li(t'), for each i,
4. Li(s)U;(t) = U;(t)Li(s), if i # j.
In addition, relations from 1. to 3. are true for the upper EB matrices Us.

Example 2.8. The following two matrices are lower elementary bidiagonal matrices

with n = 3 -
1 0 1 G 0
- -2 1 0},Lm3=]|0 1 o0
0 a1 0 1

L L e

0.3

Example 2.9. The following two matrices are upper elementary bidiagonal matrices
with n = 3

[1 25 ¢ Lo o
W =10 1 0|, 0(6=]|01 -6
0 00 1

Definition 2.5. [FJ11](Generalized Elementary Bidiagonal Matrices)
Matrices of the form

D 8Bss 0 or D+iBi15 254,51,

S
bO



2.2. BIDIAGONAL FACTORIZATION OF TOTALLY NONNEGATIVE
MATRICES

where D is an n X n diagonal matriz, n is a positive integer, and s,t are complex
numbers are called generalized elementary bidiagonal matrices, and the class will be
denoted by GEB.

It is easy to see that

(Li(s)) ™" = Li(-s).
It is obvious that any GEB matrix is TN whenever D is nonnegative and s,¢ > 0,
and any EB matrix is TN whenever s,¢ > 0, see, e.g., [FJ11].

Theorem 2.3. [Loe55] An n x n nonsingular TN(TP) matriz can be written as

(Ln(lk) Ln—l(skul) st Lz(lk—nﬂ)) (Ln(zk—n-i—]) cee LS(Ik—2n+4)) cee (Ln.(zl)) s
18 (Un(ul)) (Un—l(u2) U‘H(HEJ) e (U2(’U»k—n+2) e Un_l(uk—l) Un(uk)) ) (24)

where k = ; douy; 2 0 (L,u; > 0) for all i,5 € {1,2,...,k}, and D =
diag (d1, ds, . . . ,d,) is a diagonal matriz with all d; > 0.

If we use the relation 1. for the EB matrices in Theorem 2.3, we can write (2.4) in
another form as we present in the next theorem, see, e.g., [Koe05], [FJ11].

Theorem 2.4. An n x n nonsingular TN (T P) matriz can be written as
= ARG s B L I L (2.5)
where D = diag (dy,ds, ..., d,), and

IO = Lpra(i")Ln-rs2(ly”). .. Ln(l), r=1,...,n 1
1

n-r+1 $— !gf) 1




2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION

and

BN (), (). Vo), r=1,...,0—1

1

O fi 151[~r)

For example, the symmetric Pascal matrix P, can be written as [FJ11]

RL=LR(1)---L2(1)[3 P“} Us(1) -+ Un(1).

By the induction, P, has the factorization (2.4) in which the u;’s and ;’s involved
are all equal to one. Consequently, the symmetric Pascal matrix P, is TN forn > 1,
since it is a product of TN matrices.

Theorem 2.5. [Cry76] Any n x n TN matriz A can be written as

M N
s H jAQ) H U(J'}1

i=1 j=1

where N, M < n and the matrices LY and UY) are not required to be nonsingular, nor
are they assumed to have constant main diagonal entries, as they are GEB matrices.

2.3 Cauchon Algorithm and Bidiagonal Factoriza-
tion

In this section, we present how we can find the bidiagonal factorization of a given
nonsingular TN matrix A = [a;;] by application of the condensed form of the Cauchon
algorithm. The numbers /; and u; given in Theorem 2.3 can be obtained by running
the condensed form of the Cauchon algorithm on G = (A#)7 and get in this way a
bidiagonalization of A, where the entries of G = [g;;] are

9i§ = Gn4l-jns1-ir 1 £ 2,5 S M.

Algorithm 2.3. [Adm16](Bidiagonal Factorization)
Let A be a TP matriz, we can find l;’s and u;’s given in Theorem 2.3 as follows:

e Run the condensed form of the Cauchon algorithm on G = (A#)T,

24



2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION

o gn n-1

— fn2
=t "‘J’Ek—ﬂ+2_

® I = bl b1

Gn2’ = Gn3’ = Gnn 7
E . = gn—l,l = gn-12 _ Jn-1n-2
b ‘n+il gn-1,2"7 lk_“ I A 'gk—-2n+4 == gn_—-—l,:u—l’ “ivieg
81 = &
g22
® di; = = 1.2, n.
8 U = :12
: g2’ &
U2 §33’1'f'3 gag? "
gn-1.n o =
Up— = = ik L = en — fin
k—n+2 Gnn 7 s Uk—1 Fan U Fom

Algorithm 2.4. (Bidiagonal Factorization)
Let A be a TP matriz, we can find I\ ’s and ug’j s given in Theorem 2.4 as follows:

® Run the condensed form of the Cauchon algorithm on G = (A#)T.

® Igl) = g:—;
12 = gn2

7

(2) _ gn-1a1
32 = === -y

gn3’ On—d 2t
z(r) — _Gnr Ef?'} — Gn-1r-1 l(r) — Gn-rt12
1 Gnrt1? 2 T, A Gn—r+1,2 °
. dii = gﬂ-i'l—i,ﬂﬁ-l——hi = 1! 21 sy I
(1) _ &
(2) _ gam-1 ,,(2) _ Gan
e T = — A §0 %
ul §2‘n_1 ,‘U.2 Fan y vrey
[T) .&1 n—r+1 (7') G2,n—r+2 (r) “g—
e = Uy — = U =
1 g2n—r+1’ 2 g3, n—r+2’ ot Or+1,n

Example 2.10. Let A be the following 4 x 4 Vandermonde matriz with ©; = 2, z, =
4,23 = 6 and 4 = 8:

4 8

16 64

36 216

64 512

= e
Co Oy = bD

Firstly, we find the matrix G as follows:

512 216 64 8

; 64 36 16 4
& s 8 4o
fEs e g



2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION

By the application of the condensed form of the Cauchon algorithm on G we get:

512 216 64 8 296 152 56 8
GO_g—| 64 36 16 4| o |28 2 12 4
8 8 S D12 53 2 2 2 2
1 1 L ! 1 1 5 Al 11
144 96 48 8 48 48 32 8
S El e i ~ 8 8 8 4
G(Q} == i (1) suoe
2Wal 2 2| G=0 2 2 2 2
1 il il P 1 4 i

The number k of ; in (2.4) is k = ( :; ) = (4 ) =6, wefind allof [;, 7 =

2
as follows:
{7 | 92 1 Gaz 1
l:——-—-——l,l—”—': —1,!_]:__—‘-—_—1
‘ Jig 1 : ga3 1 ; g 1
gn 2 g2 2
h==—=—=-=1 h="S=-=1,
- g2 2 A g3 2
Ilzg—gz‘l
g2 8

Also, the values of the entries on the diagonal matrix D are

di1 = gaa =1, dop = Jaz = 2, daz = Go2 = 8, dyy = §11 = 48,

and the values of u;, j=1,2,...,6 are
g 48
U]_:&:—:G,
Ga2 8
g 8 q 32
ugzg’_ﬁ:w:él,ua,:g—l%:—:él,
g3z 2 g3 8
Gas 2 ga 4 gia 8
-,zl-—:—_—_ﬂ_“u-:h__:-:Q,u :_‘_—:—:2.
e 044 1 ey 2 ; Gos 4

So, the bidiagonal factorization of A is

A == (L&;Uﬁ) ]J:}(Es) Lg(ﬂ‘g)) ([14(1!3) Lg(!g)) (I;4{f1)) L D
-(U4(u1)) (Ua(uz) {74('1-53)) (Uz(u4) Us(us) Ud(us)) 3

26
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2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION

or
i ga 0 0 0 1000 1 00O 1000
A=0100 0L 0D 1 100 0100 0100
0010 gect 40 1 i 0110
00 1 1 0 g 0 3 o 0001
A0S0 100 0 | S 1 000
0100 B 2.0 b 0100 0140
ge0a1 0 008 0 0016 0010
N0 1 1 0 0 0 48 0001 00 8 1
00 0 L 200 R U 1000
gt 0 0 AIA 0 12 40 0100
Ol 14 (31000 1 O . @1 0 1 00 T 1
00T 0 001 O T 0001
=6 0 0 1 & 0 0 1.6 0 0 1 00 0
A_()loo 410 () 13 1010 020 0
e 1 0 o O A 0 1 10 00 8 0
[0 Ty R i 0o 11 0 0 0 48
152 00 1 @0 Db 1000
01 40 L 0100
001 6 0.6 1 4 A4 73 d
N B a B 0001

Ramark 2.1. [AG14] For any nonsingular TN matriz A, we can approzimate A by
a TP matriz A. as follows: Let A be a nonsingular TN. After the application of
the condensed form of the Cauchon algorithm, we get A. Then by Theorem 2.1 and
Proposition 2.2 Aisa nonnegative Cauchon matric with positive diagonal entries.
For a given zero entry in the upper part in A, all entries in the same column above it
are zero. If the zero entry in the lower part, then all entries in the same row to the
left of it are zero. We replace the zero entries from the bottom to the top in the upper
part and from the right to the left in the lower part by increasing integer powers of a
positive number €. We call this matriz by A, We apply the condensed form of the
Restoration Algorithm to A. and obtain by Theorem 2.1 the TP matriz A, since all
entries in A. are positive. Since A, tends to A as e tend to 0, A, tends to A. So we
can approximate the given nonsingular TN matriz A by the TP matriz A,.

]
=1



2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION

Example 2.11. For the following nonsingular TN matriz

(S I ]
Wk o=
W = = O
LW~ = o

when we apply the condensed form of the Cauchon algorithm for A, we get

/2 44 0
e 0
A_0[131

2 3 3 3

We can approximate A by a TP matrix A,. In the matrix A we replace all zero entries
in each row from the right to the left in the lower part and in each column from the
bottom to the top in the upper part by increasing integer powers of a positive number
€, SO we have

&

€

'

3

O m b
Gl = = m

By application the condensed form of the restoration algorithm to A., we get

2+ 106+ Te* +5/3¢ + 2/3¢* 1+ Te+3¢2+2/3¢® 4e +2€% ¢

B 7+ 4de +4/3¢* + 1/3€3 6 + 2¢ + 1/3¢? 44+¢ 1
A 4+ ¢+ ¢ 4+¢€ 4 11

3 3 3 3

which is a TP matrix since all entries in A, are positive. As € tend to 0, A, tends
to A, therefore A, tends to A. So we approximate the nonsingular 7N matrix A by

the TP matrix A..

To extend Algorithm 2.3 to the nonsingular TN case, we approximate the given
nonsingular TN matrix G by the TP matrix G, as described in the above remark.
After cancellation of common powers of ¢, we obtain that the denominators do not
contain ¢. Letting ¢ tend to 0, the extension of Algorithm 2.3 to the nonsingular TN
case follows. So we set % = 0. Therefore, all quantities in Algorithm 2.3 are defined
since in the upper part of G if one entry is zero then the entry above it is zero, also
if one entry is zero in the lower part then the entry to the left of it is zero.

28



2.9. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION

ﬁxample 2.12. Return to Ezample 2.4. We can find the bidiagonal factorization of

OO N3
S WK
Lo Y e e
—

b 0O O

A is a nonsingular TN matrix, by application Algorithm 2.4 to

(12 2 0 0
§ 4 1 0
) B39 2|
0 02 6
we get %

1959 0 0 [12 2 0 o0
e a1 0 . |64 10
G =6 0322‘0_034,/3-2=

0026J ¢ 0 2 B

B2 0 O 88/ 2 0 ©
o 10l s 6 T4 1 0§
(2 _ = i
G (g o |E=C g 8 445
el o 8 g0 8 9 B
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So, the bidiagonal factorization of A is
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o - O o =i O
Ly [ o B o [ e o 0 e O o o
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Chapter 3

Elementary Operations and
Cauchon Algorithm

In the previous chapters, we present the operations that preserve total nonnegativity
and total positivity. Also, we apply the condensed form of the Cauchon algorithm
on totally nonnegative and totally positive matrices and we introduce a method to
calculate the bidiagonal factorization of nonsingular totally nonnegative matrices. In
this chapter, we present how the elementary operations applied on A affect on A and
the bidiagonal factorization of A.

This chapter consists of two sections. In Section 3.1 we have a new results, we present
how the entries of A will be changed after performing the elementary operations on
A. In Section 3.2, we introduce how the entries of the bidiagonal factorization of A
will be changed after performing the elementary operations on A.

3.1 Elementary Operations and the Cauchon Al-
gorithm
In this section, we perform on the matrix A the following elementary operations:
1. multiplying a row (column) by a positive scalar;
2. adding a positive multiple of a row (column) to the next row (column).

Each of these elementary operations preserves the total nonnegativity, see Propo-
sition 1.3. In the following we present how the entries of A will be changed after
performing the above elementary operations on a T'P matrix A.

Multiplying a row (column) by a positive scglar.
Let A = [ay;] be an n x n T'P matrix and B = [b;] be the matrix obtained from A

by multiplying the row i by a positive scalar . Then the entries of B are given as
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

follows:

b zag;, for k=i, (3.1)
kj = 3
? ag;, for k#i,

k!.?'zljgp---,n]- and$> [].

This elementary operation preserves the total positivity if A is a given TP matrix
as we observe in Proposition 1.3. The following theorem displays how to compute
B which we get by running the condensed form of the Cauchon algorithm on B in
terms of the entries of the matrix A.

Theorem 3.1. Let A be an n x n TP matriz, z > 0, let A be the matriz obtained
from A by running the condensed form of the Cauchon algorithm on A, and let B
defined as in (3.1). When we apply the condensed form of the Cauchon algorithm on
B, we get the matriz B with entries given as follows

{m&kj, for k=4,

s
’” Gy, for k#i,

k,j=1,2,...,n, and z > 0. The matriz B can be computed from A in exactly n
arithmetic operations without performing any subtractions.

Proof. Let x > 0 and A be a TP matrix. When we multiply the row 7 in the matrix
A by x we get the matrix B which is defined as follows:

ainn a2 ... @Gin-1 Q1p
Ho | T8 T Qo i: Tlu—1 T Gin
n1 n2 ... Qpnp-1 Ann

The matrix B is TP by Proposition 1.3. The entries of the matrix B obtained from
B by the condensed form of the Cauchon algorithm can be represented as

det Blk, ..., k+wl|j,...,J +w]
detB[k+1,...,k+w|j+1’_“,3'_1_%.]

, w=min{n—k,n— j}.

bis

To find all entries of B in terms of the entries of A, we have three cases:
Case 1: k<1

detB[k,..,,k-mw[jr___?j_i_w]
dEtB[k"F1,...,)"x?+wlj+1g...,j+w]

det Alk,...,k+wlj,...,] +w]
det Ak + L,... .k +w|j+1,...,5 +w]

s

= &A:j:




3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

smt.:e the row i will be involved in the denominator and numerator of Bkj, or will not
be involved.

Case 2: k>

b — dEtB[kT"'?k-i-ur‘j:"'!j+w]
det Bk +1,...,k+w|j+1,...,5 +w]

detA[k,,k+WIjs1.?+w]
det Alk+1,... . k+wl|j+1,...,]+w

== akj:

since the row ¢ will not be involved in the denominator and numerator of 5kj.
Case 3: k=1

det B[k,...,k+*wfj,...?j—i—-w]
det Bk+1,...,k+w|j+1,...,7 +w]

e

z det Alk,... . k+w|j,...,j+w]|
det Ak +1,....k+w|j+1,...,5+w]

The expression in (3.2) involves no subtractions and requires n arithmetic operations,
ey —1.2....,7. O

Similarly, when we multiply a column ¢ in the matrix A by a positive scalar z and
apply the condensed form of the Cauchon algorithm on the resulting matrix B. Then
the entries of B are given by:

£ Tay;, for j=1,
U7\ @y, for j#i,

1.2 ...,n.

Example 3.1. Let A be the following matriz

4
9
6

= W b

1
A= | 1
1

—

Then by the application the condensed form of the Cauchon algorithm to A we get

1/6 2/3 4
A= 1/4 3/4 9
I & 16
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

Hence A is: TF.' since all entries of A are positive. Let B be the matrix obtained from
A by multiplying the second row of A by 4. By application of Theorem 3.1, we have

e 2 4
B 1 3 35
I 4 18

Adding a positive multiple of a row to the next row.

Let A be an n x n matrix, we define the matrix B —= [br;] with entries given as
follows:

i g, for k=1
bkj —] T a’k—l,j + Yy (ij, fol" l!i: = ‘E. -4~ 1, (33)
Qi for k#iand k#i+1,

J=12,...,n and z,y > 0. That is, B is obtained by multiplying the ith row in
the matrix A by a positive scalar z and add it to the next row multiplied by y, and
multiply row i by 1/y. We want to find the entries of the matrix B which we get by
running the condensed form of the Cauchon algorithm on B in terms of the entries
of the matrix A.

Theorem 3.2. Let A be TP, x,y > 0, let A be the matriz obtained by running
the condensed form of the Cauchon algorithm on A, and let B be defined as in (3.3).
When we apply the condensed form of the Cauchon algorithm on B, we get the matriz
B with entries as follows:

( B . Jor =11 < v,
y+x(ZIL.-;j._.-1 ﬁ;flln;;)
i Qg for k=1,j=n,

bkj = 4 Y apj+ (ak-l.-j + d; (E:mj-‘rl %IIT")) Sl S G

Y 8xj + T Gr—1,j, for k=i+1,5=mn,

\ (3.4)

34
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

Proof. The TP matrix B can be written as follows:

a11 Q12 lm'-l,]r:,—l Q1n
@21 a2z az,n-1 2n
1/y a; ; : :
B = /y di1 1/3} Q2 l/y Qjn—1 I/y Qin

an—l,l
Qn1

YGi+11 + A1 Yaigy 0 + 2a; o

lf“fn—-l,?
an,’d

Ylit1n—1 + TQjn1

Ap—1,n—1

Upn—-1

Uhip 1,n T xai,n

an—l,n

Gf‘n.n

To find the entries of B in terms of the entries of A, we distinguish the following
three cases:

Case 1: k<iork>i+1.

Since B is TP, by Theorem 2.2 we have

det Blk,...,k+w|j,...,7 + w)

. - -
i det Blk+1,....k+wlj+1,...,7+w
debAlb bl d
~ detAfk+1,..., k+w|j+1,...,5+w
== akj.
The second equality follows in the cases k > i+1 and k+w < isince B [k,..., k +wlj, ...

A [k,...,k+w|j,...,j+w]. Otherwise, if k+1 < i< k+wandi+1<k+w,
then by determinantal properties, the second equality also follows. If i +1 > k + w,
then ;: = k+w holds. Hence by determinantal properties, the second equality follows.

Case 2: k =1+ 1. p
Since Gis1n = @it1my din = Gin, a0d bir1 = bit1n, and from the definition of B it

follows that

bH—l,'n. =Y Qi+1,n + T Qi

In the following we will explain how the other entries in the row i + 1 of B are

35
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d.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

changed. By Theorem 2.2 and determinantal properties, we obtain

e det Bli + 1,1+ 2|n — 1,n]
: det B[i + 2|n]
_ Ydet Al +1,i+2n—1,n] +zdet Afi, i+ 2/n — 1,7
det Afi + 2|n]
% det Afi +1,i + 2|n — 1, 7] e det Afz,7 + 2|n — 1, n]
det Afi + 2|n] 3 det Afi + 2|n]

det Ali,i + 2|n — 1,n)]

e ai n— -+
A det A[i + 2|n]

(3.5)

To find the value of the second term in (3.5) in terms of the entries of A, we add and E
subtract the following quantity to it: |

det Ali+1,i+2lIn—1,n] detAlijn]  _ Qpp
det Afi + 2|n] det Afi + 1|n] B Eivtg:
Hence,
det Afi,i+2|n—1,n]  det Ali,i+2|n —1,7]
det Afi + 2|n] 3 det A[i + 2|n] |
, detAfi+1,i+2n—1,n] _det Aliln] |
det A[i + 2|n] det Afi + 1|n]
i1 Qin—10i+2n — Cinli+2n-1
i42.n
Qin G n— Qin
+ 2 S g (ai+1,n—la£—-—2,n 5 ﬂi+1,nae+2,n—1)
Qit1n Q2,0 0itln

in—10it1,n — GnQitin-1 , Gin Ditin-1

Ai+1.n ai—rl.n
det Ali,i +1n —1,n]  @in Gis1n

det Ali + 1|n] NG

a;
— &i,‘n--l “+‘ ai+1’n_1 (~ 1,M ) 3 (36)

Qit+1,n

By substituting (3.6) into (3.5) we get

o o = a'i,n
birin—-1 =Y Gitln-1 & (Q:,nl + Qit1n—1 (ﬁ?-i—l‘n)) . (3-7)
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Now,

P detBli+1,i+2,i+3jn—2,n—1,n]
det Bli +2,i + 3|n — 1, 1]

ydEtA[i+1,i+2,i+3]n—2,n- 1,n]+zdet Ali,i +2,i+ 3|n —2,n —1,n]

det A[i + 2,i+ 3|n — 1,7]

det Ali+1,i+2,i+3n—2,n—1,n]  det Ali,i +2,i+3jn—2,n — 1,n] !

det Afi,i+2,i+3|n —2,n — 1,7
det Ali +2,i 4+ 3|n — 1, 7]

= Y Girino+z

To find the value of the second term in (3.8) in terms of the entries of A, we add and

subtract the following quantity to it:

det Ali+1,i4+2,i+3ln—2,n—1,n] det Aliyi+2ln —1,n]/det Afi + 2|n]

det A[i + 2,1 + 3[n — 1, 7] T T det AR+ 2,5 + 3n — L7]

(3.8)

det A[i + 2,7 + 3|n — 1, n) det Ali + 1,7+ 2|n — 1,n]/det A[i + 2|n]

I det A4, i + 2|n — 1, 7]/ det A[i + 2|n]
= Qj+1,n-2 Brran 1 .
i+1,n—

Hence, by using Sylvester’s Determinant Identity, we obtain

det Ali,i4 2,4+ 3n —2,n — 1,7] det Afi,i 4+ 2|n — 2.n — 1] det Ali + 2,1 + 3|n — 1, n]
det Afi + 2,1+ 3|n — 1,n] det Ali +2,i + 3|n — 1,njdet Afi + 2[n — 1]

det Ali,i 4+ 2|n — 1, n]det Ali + 2,74+ 3|n — 2,n — 1]
det Afi +2,i -+ 3|n — 1,n] det Afi + 2|n — 1]

det Ali+1,i4+2,i4+3n—2,n—1,n] detAli,i+ 2/n—1,n]/det Afi + 2|n]

det Afi + 2,7+ 3/n — 1,n] det Ali + 1,7 4 2|n — 1, n]/ det Az + 2|n]
det Afi,i +2[n —2,n —1]  det Alt, i+ 2n — 1, n]det Ali +2,i+ 3n — 2,n — 1]

det Ai +1,7+2,i+3n—2,n—1,n] detAli,i+2n—1,n]
det A[i+2,i+3ln—1,n] det Ali + 1,i+ 2|n — 1, n]

det Ali,i + 2|n — 1,n]/ det A[i + 2|n]

@i+1,n—1

+  @it1,n-2

Again, we use Sylvester’s Determinant Identity, we have

detA[i-I—]_’;'+2|n.—2,i’1—l]dEtA[i‘f‘z,i-i-Sln—],ﬂ.]

det Ali +1,i+2,i+3n—-2,n—-1, n]
det Ali +2,i 4 3|n — 1,n]det A[i + 2|n - 1]

det Ali +2,i+ 3[n — 1,7]

det A[i +1,i+2|n — 1,n]det Ali + 2,4+ 3|n — 2,n — 1]
det Ali + 2,1+ 3|n — 1,n]det Ali + 2|n — 1]

det Ali+1,i+2ln—2,n~1]
det Afi + 2|n — 1]

det Afi +2,i+3ln—2,n—1]det Afi + 1,i + 2|n — 1, 7]
det Afi + 2,i + 3|n — 1,n]det Ali + 2|n — 1]
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By substituting (3.10) into (3.9) we obtain

det Ali,i+92,i Sone i
d{[:;;l‘["_?';ﬂl" Zn=lin] _ detAlii+2n—2n-1 detAli,i+2n—1,njdet Afi+2,i+3n—2n—1]
i+ 2,i+3n—1,n] det Afi + 2|n — 1] det Ali + 2,1+ 8|n — Ln]det A[i + 2/n — 1]

debt Ali +1,i+2n—2,n—1] det Alt, i+ 2|n — 1,n]
det Afi +2[n — 1] det Ali + 1,i +2|n— 1,n]

det Ali +2,i+3n—2,n—1]det Ali+ 1,i +2jn — 1,n] det Ali,i+2/n— 1,7

det A[i +2,i + 3|n — 1, n] det A[i + 2|n — 1] det Ali +1,i+ 2|n— 1,n]

det A[i,i + 2|n — 1, n}/ det Ali + 2|n)

Ait+1,n-1

+  Git1,n-2

det Afi, i + 2|n — 1,7/ det A[i + 2|n]

Qi+1,n-1

+  Git1n-2

det Ali,i+1,i+2ln—2,n—1,n]
det Ali + 1,i+2jn — 1, 7]

= det Ali,i + 2|n— 1, 7]/ det Ali + 2| " .
+  Bif1,n-2 [ ! i dat e +2in) , by Sylvester’s Determinant Identity,

l"-i:'a+1,1"xa—1
= Bineg it tHin2 (&i_,,_l T R ) , by using (3.6).
a4l n—-1 Ai+1n
By substituting (3.11) into (3.8), we get
- s " ” @ p—1 @ n ;
Ve = Gt | G2t Gipapn | S + (3.12)

Ait1ln-1 Qiyin

We use the following decreasing induction on the column index of the entries in row
i+ 1 of B, to get all the entries in the row i + 1, which are given as follows:

n

= o = a-i,m 3 r
bi+1 n—j = Y &H-l,n—j b A p—j T Qit1,n—j Z TEIA i LB o=l
¥ : Ai41,m
m=n—j+1 2
(3.13)
By using (3.7) and (3.12), (3.13) is true for j = 1,2. Assume it is true when j = #~,

i.e.,

n o
1 & ks @i m p
bitin—y =Y Gitln—y T | Gin—y + Qit1,n—y o : (3.14)
m=n—y+1 R

38
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From (2.1), we have

5‘i+1,n—'r detB[ﬁ+1:---,i+1+w|n—'}',...,n—'y+'m]
detB[i+21---,i+1+w|n—-'y+1,...,n—'y+w]

detA[z',i+2“..,i+1+w|n—’y,n—’y+1_.---,??—’)'+w]

= YGitiny+2z :
det Ali+2,...,i+1+wln—7+1,...,n—7+u]

(3.15)
From (3.14) and (3.15) we have
detA[i,i+2,...,i+1+w]n—'y,n—'y-i-l,.,.,n——'y+w] . . - @i m
det A[i +2,...,i+1+wn—~v+1,... n - + wj = Uiy ZH Qit1,m
m=n—y i
(3.16)

I_f n—7 >i+1, then for j = n —+ — 1 we are on the upper part or on the main
diagonal of the matrix B. Now, we want to prove that (3.13) holds for j = v+ 1.

7 det Bli+1,...,i+2+wn—v—-1,...,n— 9+ w|
i+1ln—y—1 7 ‘ 7
det Bli+2,...,i+24+wn—1,...,n — 7+ w]

ydet Ali+1,i+2,...,i+2+wn—vy—-1,n—7,...,n—y+uw|
det Ali +2,...,i+2+wn—7,...,n—7+w)

deb AL, i +2,...,i+24wjn—7=Ln—7,..,n—7+uj
detA[’i+2’...,'i+2—{—‘]‘_{,"?’1—*‘]{:_”’”_7_’_“}]

+

R (dctA[i,z'JrQ,..‘,i+2+w|n—'y—-l,n-*y,‘..,n—'y-i—w]
e det Ali+2,...,i+2+wn—7,...,n—v+uw] ‘
(3.17)

To find the value of the second term in (3.17), we apply Sylvester’s Determinant
Identity on its numerator to obtain

det A[i.i42,..i+1+uln—9-1 won—y—1+w] det A[i+2....,i+2+w|n—7y,...,n—y+u]

Alii+2,..it24wln—y—1,..,n—y+w] _ 2 :
det Ali,i+ i | = Tdet Ait2,... i 1twln—7,..,n—y—1+w| det Ali+2,....i+2+w[n—7,...,n—y+w]

det A2, i+ 2Fwn—y,--n—y+uw]

det Ali,i+2,...it1+wn—>,...,
det A[i+2,....i+1+w[n—y

on—y—14w] det Ali,i+2,...i+1+w[n—7y,...,n—y+w] detA{i+2,_,,,,i+2+w|1;—~r—1....,11—1—1+u,-]
T T det Ali+2,. it it wn—,.n—y—1+w] det Ali+2,... i+ 2+wln—7,. n—vtu]

_ det Ali,i4+2,.. i+ 1+wn—y—1
det A[H-Z,...,i+1+w1n-‘r,‘..,n-—'}--—1+w}

...,n—'}'-i—-wl det Ali,i+2,. it l+wln—7yn—y+1l,...n—y+uw]/det Ai+2,....i+1+wln—y+1,..n—y+u]
A(H—l,,,.,i+w+1|n—-}',...,-n—1'+m)

det A [i+1,...,i+w+‘2|n—~‘v——1,
det Ali+2....i+w+2|n—7,.., iYW

- Ali 4 i —%,-..,n—y+w] det A[i+2 sl 24wln—y—1 =,
s 2 ; s -—1,...,!‘!—'}'—1'9'&1 det A[;,;+2,,.,,1~_i-l+w|n Yyeemy =Y+ w| o : ¥—1,...,n—v +u.]
= de;‘i[;;i;:?é.""‘;P':]?:'u:jrn_‘th““"-’y_1+w] b det.A[f-e—Q,_..,f-i-l-!-w]n-? ..... n—y—1+w| det Ali+2,..a4+24wn—7, .., n—vy+uw|
e [ELA ] 3
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_ det A[£+1,...,'.-'.+2+w!n—-'y—1.,..,11-'~(+w

det Afi+2,....i+2+wn— det Alsi42,...it1+wln—yn—y+1,..,n—y+u]

Voee=ytw]  det A[i+1442, it I +wn—y,n—7+1,...n—7+w)

+0it) n—y—-1 =

1 detAIigf'f“?:---,iJl-1-!-w|n—7',n—7+l.,..,n—~y+w]
Ait+1,n—y

det Ali +2,...,.i+1l+wn—~+1,...,n—7+w]
; : 3.18
Now, again by Sylvester’s Determinant Identity, we have e

dntA[z+1,...,z?+2+w|n~-r—1,....n-—*r+w] _ det A{;‘+1,,,_,-.:+1-|-w|n—7—1,_._‘71_7-1+tu] det A[i+2,....i4+24win—y,...,n—y-+w]

det A[H_z"""+2+w1n_7'"'!n"7+w1 det Ali+2,...,i+24+w[n—~,...n—7+w] det A[i+2,...,1+1+wln—7,....n—y—1+w]

H__detA[i-ljl,.-..i+_-1+w1n—~r,‘..,n—1+w] det A[i+2,....i+2+w|n—y=1,... n—y—1+uw]
detA[z+2,...,1+2+w}n-—'y,.,.,n—'}'+w] det Ali42,....i+1+wln—,...n—y—1+u|
__ det Afi+1,.. i+ 1+win—y—1,...n—y—1+uw]
det A[i+2,...,i+1+wn—~,....n—y— 14w

_detAli+1,...i+1+wn—1,...,n—y+u) det Ai +2,...,i+24+wn—vy=1,....,n—7— 1+
det Ali+2,...,i+2+wn—7,....n—v+uw| det A +2,... i+ 1+wn—"7...,n—7—1+w]
(3.19)
By substituting (3.19) into (3.18) and after simplifications, we get

det Al#,i42,...i+24+w|n—y—1,..,n—y+w] __ det A[i,i+2,...,i+1+win—y—1,...n—y—1+u]
det Ali+2,...,i4+24wln—7,..n—y+w] —  det A[i+2,....i+1+w[n—,...n—y—1+w]

det Ali+1,....i+1+w|n—y—1,...n—y—1+w| det Afi,i+2,....i+1+win—y,n—y+1,...n—y+w|
det A[i+2,....i+1+w[n—7,...,n—y—1+w] det A[i+1,...,i+14w|n—7,...,n—y+w]

@it1n—n—1 [ det Al,;i+2,..i+l+twn—yn—y+l,..n—y+u]
@it 1n— det A[i+2,....i+1+w[n—y+1,...,n—y+w]

det Afi,...,i+1+wn—v-1,...,n—v+u]
det A[i +1,...,i+1+wn—7,...,n—7+w]
il n—y—1 (detA[z',z'+2,...,3’-!—1—|—w[n—7,n—7—|—1,...,n—7+w]) (3.20)

Spe = 7 s : T
Airtn—ry det Ali +2,...,i+1+wn—7+1,...,n—v+w)
5 n a
5 Gi+l,n—y—1 o = i,m :
Mg — - Qin—~ + Bit+ln—y Z == , from (3.16)
Ai+l,n—y m=n—~+1 i+=1,m
~ 1,
= ai,n—'}'—-l + Qit1,n—v-1 § : = 2 (321)
m=n—v i+1,m

Hence by substituting (3.21) into (3.17) we conclude (3.13) is true when j = v +1
on the upper part and on the main diagonal of B, i.e.,

n -~
s ai,'.rn
5 — 1 Q. = €T Q; pmy—1 T Citl n—y—1 E = : (322
bi-}-l,n—"{—-l = Y Gj+1,n—v—1 T in—y—1 = e Qiy1,m )



3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

Forn—1 <i+1, then for J =n—7~—1 we are on the lower part of B and we have

T - detB[f‘F1;--‘,i+1+w|n—'}f—l‘...,n—'y—1+w]
detB[f“‘?,---,’i—i-1+w|n—~y,.,.,nw~7—1+w]
o detA[z'+1,...,1'+1+w|n—fy——1,...,n—fy—1+w]
det A[i +2,...,i+14 win—7,...,n—v—1+w
. detA[’ia'i+2,--.,?l+1+-w|:rr.—-'jr-—1,-n.—fy,.‘.,n—-",/—1+u:]

det Ai+2,....i+1+wn—7,...,n—v— 1+ w]

£ det Al4,i+2,...,i+1l+wn—y-1,n—7,...,n—y—1+u
= Y Giyin—mat+2 : ; -

det Ali +2,...,i+1+wn—7,...,n—5— 1+ u]
(3.23)

. det Afi,'i+2,.,.,i-}-l+w|n—'y—l,n—v"r,..,‘n~7—1+w] . ]
In (3.23), we can rewrite Gt Ali+ 2, i+ wln e Tya] — DY using the Sylvester’s

Determinant Identity and add and subtract the following quantity:

detA[i'f,...,z'—}—w—‘:-1|n~’}f-—1....,n-'y+w]

detA[z'—{-l,...,i—l—fw—l-1ln—f)f,...,n—“,r+'w]'

Hence,

det Ali,i+2,...,i+1+w|n—y—1,n—7,..,n—y—14+w] det A[i|---='i+“f‘-'+ ln—vy—1 :---;"—’)‘+w]
det A[i+2,....i+1+w[n—7y,...,n—y—1+u] det A [r’.—i—l,,..,i+w—'~l|n—'y,,..,n—-'y 1 ml

_ det A[1,i+2,....i+14+wn—y—1,n—y,..,n—y=1+w] chA[?'._..,,,H-tu+1|n-—'-,f--1‘___,11_7.'.1”]
det Ai+2,... i+1+wn—y,...n—y—1+uw| " det Ali+1,..itwt1n—y,...,n—y+w|
det Ali,i+2,...i+1+w|n—y—1,n—y,..n—y—14+w] det Ali+1,i+2,...i+1+w|n—y,n—y+1,..n—y+uw]
T det Ali+ 1t 2, .. it twln—yn—v+1..n—y+tuw] det Ali4+2,:43,. .+ 1+wn—yn—+1. . n—y—1fu]

det Afii+2,..itltwln—yn—y+l,...n—ytw] det Afi+lit2, . itltwin—y-ln—vy..n-y-1+u]
T et A1, 2, ot F L w[n—y iy P L=y ] Qeb Al 2,143, 1 w[n—, = F1,n—y—1+u]

dctA|.i,.,.,£+w+1|n—1f—-1!,..,'n,—1f+w|
“detAlé-i-l ..... i+w+1|n-—'y,...,n—'r+wj
b : A - i +2,..,i+14wn—y=1n—,.. n—y—1+uw]
det Ali,i+2,....i+14w|n—y,n—y+1,...,n—y+w) detA[i_+l,g+, ! ]
+det A[-;"I-l-l,i+2,“.,£+1+w|u-—")-,n—'}f+1,._,:n---y+m] det A[i+2,:43,... 0+ 1+ w|n—y,n—vy+1,....n—y—1+w]

- o det Afi,i+2,..,i+1+w|n—yn—y+1,.,n—y+w]/ det A[i-ih—z,,..,ii.—1+w|n—j+l yeeyTe— Y] )
= ai,u-—"{“l"l'a-i-l-l,n-—'}"— 1\ et Ali+1,i+2,... i+ 14+wln—y,n—7+1 yeest—y+w] [ det A[!,-'.—Q,...,1+l+w}n-—'}'+1:..,‘n—'}'+w]

; 7 deaA[z',-z+2,...,z'+_1+w!n—v=n-f‘7+1v~=n‘7+w]) (3.24)
= Gin--1T1 i41,n—7 det Afi + 2,..,i+ltwn—v+1,...,n—7+u
T -
= &i+1‘n-ﬂr—l a + a £y _a'l-.m ,fr()m (316)' (325)
Al v—-—————&i+1‘n_1 f = i+1, o Ai+1.m

Hence by substituting (3.25) into (3.23) we conclude (3.13) is true when j =y +1
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

in the lower part of the matrix B ie.,

-~ m -~

. — ps 7 a a'.l
bs+l,rr.—"}"-1 =¥ Qitip—y-1+x Gin—y—1 t Qit1n—y-1 Z =

s
m=n—y #+1,m

Case 3: k=
In this case we show that the entries in the row i of B are given by

i a'i_n_j, fOI' j' = O,
(3.26)

b@‘,n-—j ai.rl—j

'“7’ for 1< 5<n.

n ar’..
y+I(§:m=n—j+l T

Because all the entries in the last column of B do not change when we apply the
condensed form of the Cauchon algorithm on B. Hence for j = 0, (3.26) holds, i.e.,

bin:

Bw (3.27)

< =

To prove (3.26) for j = 1,...,n — 1 we use mathematical induction on j. For j =1,

A __ det Bfi,i+1|n—1,n]
it det B[i + 1|n]
det Afi,i + 1|n — 1,7
ydet A[i + 1|n] + z det Afi|n]
det A, i+ 1jn — 1,n]/ det Afi + 1|n]
(ydet Al + 1|n] + z det Aliln]) / det Afi + 1|n]

b _?51-.,“—; : (3.28)
y + :I: 1,1

Gi+1.n
Assume (3.26) is true when j = v > 0, that means

- a’f-,ﬂ-- iy g
bi‘n-—‘}' e 7 @i,m v (5‘29)
y+zo (Zm=n—"r+1 Gi+1,m




3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

AS i .
SUIE 7 — 7 > 7, we want to prove that (3.26) is true when j =y + 1.

detB{i,...,£+1+win—7-1,,..‘n—'y+w]

Bi.ﬂ“—'{-l ==
det B[ + 1,.,.,3'+l—!—wln—’r,...,n—-y-kw]

= detA{z',,..,i+1+u=|n—'}-—1,,..,n—'r+w]

det Af: ] g
v i+1,...,i+1 Fwln =y, on—9dw +zdetAfi,i+2,..., i+ 1+ wlm—7,.0 37 — 7 + @)
= +i¢;-‘:€;-l-:.z+l+%ufn—7—l ,,,,, n—vy+uw)/det Ali +1,...i+1+wn—m,...,n—v+w
y bAlli+2,.. it 1t wln—7,....,n—y+wl/det AG+1,...;i+ L+ Dln—r. i — 7 + W]
— &1,11—7-—1

Id;LtAjf"i‘}-z"“v_i"'1+7-Ul"1—')’r---,n—'}‘+w]/dct11[é+‘2,..,,3'+ 1+uwn—v+1,...,n—y+w
g [3+1"""+1+w|ﬂ—’?r--fﬂ—‘r+w]}detA[z'+2,...,i+l+w]n—~r+1,.,.,n—}'+w]

i Qi n—-y—1

y+xd“'t‘4[i!i+2""=i+1+‘“‘|"’* —Yieon—y+w/det Ali+2,...,i+14+wn—v+1,...,n—y+w|
5;_\.1|“..:T
(3.30)
By using (3.16) we obtain
= By
b‘i,n—'}'—l = it =
&i n—Y % &'H—] (it 4 ( = L )
) 1 f m=n—v+1 a,.
y i i ag FI,m“u
Qi1 n—vy
ain—‘y—l
—t : . (3‘31)

i ae’,m
y+zx (Zm:n—-j« ﬁg,u,m)

Hence by (3.31) we have that (3.26) is true when j = v+ 1, and when n — y <7 we
can proceed similarly to prove that (3.26) holds. O

Example 3.2. Let A be the following Pascal matriz:

0 T
g
A=l98 8 10
1 4 10 20

Then by application of the condensed form of the Cauchon algorithm to A we get

14 16 14 1
- | 1/6 2/10 6/10 4
A=l gho 1 10
TR

Let B be the matrix obtained from A by multiplying the third row by 2 and add to
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

it the second row multiplied by 10. Also multiply the second row by 1/2. Hence

1% Mot 5 g
L2 32 2
12 26 42 60
14 19 20

By application of Theorem 3.9 with = 10 and y = 2, the entries in the first and
last rows don’t change. The entries in the second row are changed as follows

= 59
by = — Q4

the other entries are

s s
i :'—-
! (034)

b — e
a
o (%+_2:3)

bgl 2 5,22 : &23 a24
P e S ST
aza a3z @34
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AND THE CAUCHON ALGORITHM

Also, the entries in the third row are given by
by = Yaag + T Qgy
60,
the other entries are

- s e i
bz = ydzs+x (agg + Flag :E)
34

= 9(1)+10 (—I%H (i%))

=12,
= 2 R X a a
bss = Yz + T | dgo + dgo (:?E+'_i4)
33 a34

6 o 6.6 4
g g o 8 &
(10) e (10 T (10 U 10))

46

5 1
- Y e . (G2  Go3 Q4
bai = yas +2 [ an +an ("—“m Bl i e
lgg @33 034

(R
= e 8 i T

11

2
Therefore, the matrix B is

T s e 1
1/92 1/60 1/10 2
11/2 46/5 12 60
N

B =

m 3.2 to the nonsingular TN case by the following.

o e o b B e e o o i
the left in the lower part of A by increasing f.ntegra_.l folts fof e nqmbe:f“c, =
get the positive matriz A.. We apply the restoration algorithm to A, and obtain ?he
TP matriz A.. Since A_ tends to A as € tend to 0, Ae tends tq A. After cancellation
hat the demominators do not contain €. Letting

we obtain 1 2 2
iet(;';:zg all 0 ._-q all quantities in Theorem 3.2 are defined since in the upper part
N

f A if one entry is zero then the entry above it is zero, also if one eniry is zero in
of A i ' '
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

the lower part then the entr
then we can write the entri

( -
Agj

rbe (S, it )’

Qij

whm SR Bk ) !
(E""'j'“ htl,m

Apj Qrsy,g

Y 5:1—+1.,,+z(2:‘__j;1

Sk41,m

T
I ks,

Yag; +z (ak—l,j + Qe (Z“

y ak} s (ak"l‘-j + a‘k.f (Z;:;d—l

n

Yag +a (ﬁk—l,j b ( ]

Qfern

Y agj +x ap—1 j,

\ ?j'kjs

In the following we illustrate Remark 3.1.

Sl ﬁ:\-mj =

0,

Qk—1,m
7!!:3-—"1 ﬁk"l

Bk—1,m

Gl

)
)

Bkj Gl ™
i mn =
k=1 )) =& ak—1 5,

Example 3.3. Let A be the following Jacobi matriz:

320
1 4 4
A=1]101 3
0 0 6
000

|

0
0
1

0
0

[
-

=
o

N O o

for
Jor
Jor
for
for
for

for
for
for

y to t_.fme. left of it is zero. So, if A is a nonsingular TN,
¢s of B in Theorem 3.2 as follows

k=1,i<j<n,
k=1,1<j<iand @py1,5+1 7 0,
k=141<j<iand @g41,j+1 =0,
k=wj=mn,

=it i< Fon,
k=i+1,1<j<iand apj41 #0,

k=i+1,1<j<iand a1 =0,
k=7:+l!j=n’

k#iandk#i+1,1<j<n.
(3.32)

Then by application of the condensed form of the Cauchon algorithm to A we get

2 3°0
19 4
A=14 1 2
00 6
00 -0

Let B be the matrix

46

(Sv]
o

O ey

=
o

N O OO

obtained from A by multiplying the fourth row by 3 and add to



3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

it the third row multiplied by 4. Also multiply the third row by 1/3. Hence

2 0.0 90
IS0 0 O
IS5 180
05 4 30 32 6
G 0 0 20 '10

By application of (3.32) in Remark 3.1 with r =4 and y = 3, the entries in the first,

:‘eﬁond’ and fifth rows do not change. The entries in the third row are changed as
ollows

= i
535 o
Y

1 :
= g(ﬂ):U;

the other entries are

b33 = = =
a
y-{-i‘? (a34+ 35)

bz = @33 ¥ az4 035
gt =t F=—
43 144 45
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM

531 = 5315,41
Yagy +z (@f_&ﬂ . &3}&41 5 aS:iardl 3 ﬁ:;hséuu
Q42 43 A4y Q45
= 0(0)
1(0) | 2(0) | 1(0) 0(0)
3(0) + 4
J ( g G 2 )
= 0.

Also, the entries in the fourth row are given by

5‘15 = ﬁ'fli = &.35
= 3(2) +4(0) =6,

( a4a)
7 ﬂ 4 G35
bis = yap+z (ass + Q43 aj =+ .._))

the other entries are

544 = Yau+cz

(34 + G4g

= 3(6) +4

4 Q45
2 )

_ [Gsz a34 ﬁss)
b = qda T & Qaa | — Ele i
by = Yo +a ( 32 + Q4 (a43 e T

= 3(6)+4

{]
a41a32 {41033 i 41034 i 54_15»35)
5a11 = yag +2 | s+ G @43 Q44 (45
©2 (01 @)
= 3(0)+4 (0 & i G + B
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3.1. ELE
MENTARY OPERATIONS AND THE CAUCHON ALGORITHM

Therefore, the matrix B is given by

2 ) 0 0 @ 7
2 L T
B=10 1/5 6/11 1/3 ¢
04 30 29 ¢
RS0 20 19

II;)ttl:le (t'lol'lov?ng theorem we rewrite the entries of the matrix B that have been
Ztioa;:e in Theorem 3.2 so that we reduce the number of required arithmetic oper-

Theorem 3.3. We can write the entries of the matriz B in Theorem 3.2 as follows

.

a1 , ﬁk'ak,'-;- : ]
:I:ak—l,_j+-_i__3_&k’j+11} for k=3+11153<n,

Y Gkj +T ax-15, for k=i+1,j=mn,

b, = < gkl 541 : :
J L  Pi—
bet1,5+1 fGT' k 1,1 < ] <n,
% akj, for k=4i,j=mn,
gy for k#£iandk#i+1,1<j<n.

\

Therefore, the matriz B can be computed from A in at most 6n — 2 arithmetic
operations without performing any subtractions.

Proof. From Theorem 3.2 for k<ior k>i+1 and 1 < j < n, we have
gkj = akj,

In the following we investigate the cases k = i + 1 and k = i.

Case 1: k =1+ 1.

Fork=i+1andj:nork:i+1:nand1§j§n,weget
b (3.33)

biv15 =Y Qi+ T T Gij»

since the entries in the last row and columns do not change.

Lmand 1 < j < n. From (3.15), we

In the following assume that k = ¢+ 1 #
have :
detA[z‘,i+2,...,i—t—l+wln~%ﬂﬂ’}’ﬂ'-lj---,ﬂ;-ﬂ(];.w] _ b “xy Bitin—y
] ; ST e e
detA[z+2,...,z+1+w|n 5 "
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1. ELEME
3 NTARY OPERATIONS AND THE CAUCHON ALGORITHM

Ifn—v>i+1, then for § —
2 J=n—q—
of the matrix B. From (3.17), we tha,linwe are on the upper part or on the diagonal

bis1n—-1 = y Gitln—ry-1 + det Afi,i + 2,...,i+2+ win —y—1,n—4,

. ooy — Y + W
detA[z+2,...,i+2+wIn—’Y, -

N e ')
(3.35)

Also, from (3.20) we get

det Afi,i+2,...i4+24wln—v—1,... n—~y+ta By o ;
dt:tA[i+2,‘..,i+2+w]?a-—"p,...,n—7+w] o Qi‘n_7_1+—————7—_'_’_l'"" =4 (cletA[z,z-.’-—_2,..,,1+I1+w|n—'r,n—-’y+l,,..‘n—v+w}
Qitln—v det A[i+2,....i+1+wn—y+1,...,n—y+w]|

~ &i-l*l n—y—1 51§+1 —— — U O
Qi n—y—1 4+ —_— My — Y i+1,n—y :
b ( : from (334). (339

By substituting (3.36) into (3.35), we have

= e = o &-H' ——1 5 e a; i
bi+1,n—1«—1 = aa’—f—l,'n,-'v—l & Qi n—n—1 + z_ s sl Y Qitln—y
Qi1 iy T
.| - dz’—i—l,n—"f—l 5
= B8yt — b (3.37)

Qit1n—y

For n —y < i+ 1, then for j = n — — 1 we are on the lower part of the matrix B
and by (3.23) we obtain

- det Afs,i+2,...,i+1+uwln—-y-1,n—7,...,n—7—1+u]

; e —_ 1. s e ity 2 3 - 4
bit1.n—y-1 b i det Ali +2,...,i+1+wln—7,...,n —y—1+w
(3.38)
From (3.24), we have
T R det A[i,i4+2,....i+1+w|n—y,n—y+1,..,n—y+w]
det Ali,i+2, . i+l+win—y=Ln—y,..,n—y=14w] _ 5 | Guln-yl ( ; > s e )
dutA[é’+2;.,...,i+1+w|n—"r},...,n—'r—l+w] Qisn—y=17" "G 10—y det A[p42,... i+ 14wn—y+1,...n—y+u]
: diy1,n—y-1 [ bixln—y Y “*'“ﬂl*"’) , from (3.34). (3.39)
— 3 e iy . "
s TR =

Hence by substituting (3.39) into (3.38), we conclude that

ai-i—},,n-—'y-l bi-i-lfﬂ—"r'
___-.-————‘__'—____-
b;:+1,n—'r—l

Leh
i s it1n—7
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TARY OPERATY ONS AND THE ¢ AUCHON ALGORITHM

Therefore, for 1 < j < n, we get

, 5 s e L
biv15=1x Qi + —?ﬂ’_{_b_‘;'izjl

Qit1541 L=i=n, (3.40)

and 55, = &i = > )
+1n =Y Qiyan + & @; . The €xpression in (3.40) involves no subtractions and

requires three arithmetic operations for J =, also requires 4(n — 1) arithmetic op-

erations for 1 < j < 7, so the total
5 e Y ’ ; number of arj : .
Sntries i Pho tow 4t 1 fe dn — 1 er of arithmetic operations to find all the

Case 2: k= 1.

For k =i and j = n, we have

B 1
in = — Qin. (3.41)
y
For n — v > i, from (3.30), we get
Bz'.ﬂ——‘rv—l = — - a-i,n—-r—l
y_‘_mdf—‘tA[ia!+2.<--1?-‘{*l+lUlﬂ-"'}‘,--.,n—')f+w]_f’det.4[i+2,...,i+1+win—-y+ L,..on—v+u’
E"H-l,n—'y
by using (3.34) we obtain
7 at’,n—-q—l
bz,n—-'}'—l s (Eill n-~ ¥ 5:-{1,7:—7)
y +z @i+1,n—y
Fa a.z',n-qr-—l a’i-l—l,n—’)f (3 42)
bi.—!—l._n—"r

For n—~ < i, we proceed similarly as in the case n—= > i. Therefore, for 1 < j <n,

we have e
B, = S ML 1< j<n, (3.43)

’ bi+1,5+1
(3.43) involves no subtractions and requires one
also requires 2(n — 1) arithmetic operations for
£ arithmetic operations to find all the entries
of arithmetic operations is
O

and Ei,n = E‘;ﬁ. The expression in

arithmetic operation for j = 7,
1 < j < n, so the total number o ) s
in the row 7 is 2n — 1. Therefore, the total number

4n—1+2n—1=06n—2. |
Example 3.4. Returning to Example 3.2, with the following Pascal matriz

Ao 1
Lo i
A= g 5 401"
1 4 10 20




3.1. ELEMENTARY OPERAT

IONS AND THE CAUCHON ALGORITHM

we have,

LA 1)6 1/4 1
A=|1/6 2/10 6/10 4
L4 60 1 10
1 4 10 20

.Let @ P thig tnamix Oi_Jta.ined from A by multiplying the third row by 2 and add to
it the second row multiplied by 10. Also multiply the second row by 1/2. Hence

TSl o
P | L
1296 42 40
B i 9D

By application of Theorem 3.3 with z = 10 and y = 2, the entries in the first and
last rows do not change. Firstly, we find the entries in the third row which are given
by

by = Y Qg4 + T Qg
10(1) + 6(10)
60,

Il

the other entries are

- " a3s b3y
b = Q23 i—=
33 o

LN

=

= L% 32 bas
= X Q9 X
bs2 as3

2 6(12)

by = Ll =2




3.1._ELEMENTARY OPERATIG

NS
AND THE ca UCHON ALGORITHM

Also, the entries in the second row are changed
ged as follows

b = D]
—~

TR S
— =

I

L)

the other entries are

Q23034
b3y
£(10)
60

by =

161

T (Ogla3

(1)

7 6215,32
b?l e o

Therefore, the matrix B is

G
1/92 1/60 1/10 2
11/2 46/5 12 60
ot D

o]l
Il

as in Example 3.2.

In the following algorithm we return to Remark 3.1 to extend Theorem 3.3 to the

nonsingular TN case.
=+ obtained by running the condensed

lar TN matriz A, z, Y, and i also

Algorithm 3.1. For a given A which is the matri
dure from Theorem 3.3 and

form of the Cauchon algorithm on the nonsingu
are given, the following algorithm implements the proce

computes B in at most 6n — 2 arithmetic operations.
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39, ELEMENTARY OPE
FACTORIZATION RATIONS AND Typ BIDIAGO
NAL

° Skj::&kj,fork7éi,i+1 g
? S 100y N

® bivin =Y QGip1nt+ Gin and b,
in

::ﬁ-i.u
v

o Forg=m—1,. .1

1Sl ("13-+1,j+1 7£ 0, then

i T Gy o abugn
bkj:' 3 Ay ! if k‘_—:g_}_]’

bk'l'l,j-i-i ] if k= 7.

2. If &g+11j+1 = 0 and &i—l—l,j = 0, then

Eka{makldl if k::z,_l_]_’
U: 1f k:i.

3. If @ir1,541 = 0 and @41 ; # 0, then
set u; = min{h € {j + 2 nliz :
the set is empty). | > PH@s1p # O} (we define that u; = oo if
If u; = 00, then

T a ; + ﬁkj E_3'.34:,1.1'.]- f .
E k_l,J Gk : k i + 1‘
ki = = e
fi"k':;ia"kl ]..'uz lf ;{, =7
bk+1.UJ' y :

If u; = oo, then

Y Gy + @ Br-1g, £ E=011
= if k=i

3.2 Elementary Operations and the Bidiagonal Fac-

torization

ization of a given nonsingular
sitive multiple of a column to
lower bidiagonal matrix with

the bidiagonal factor
y adding a PO
as a

In this section, we present how
totally nonnegative matrix A changes b
the previous one. We define the matrix Ji(2;¥)
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32. ELEMENTARY OPERATION
FACTORIZATION S AND THE BIDIAGONAL

entries \

1 £

T Y 1

L 1
where z,y > 0, and the entries Y, x and 1
and (i,17), respectively.

/Y are in the positions (i-1,i-1), (5,i—1),

In [Koe05), it was studied how the bidiagonal factorization of a nonsingular TN
mla,trD{ A, dem}t_e‘fl as BD(A), changes when we multiply the ith column in the ma-
trix A by a positive scalar z/y and add it to the column i — 1, and scale column i

and the resulting column i — 1 by 1/y and y, respectively. In matrix language, this
is equivalent to the product AJ;(z,y).

Theorem 3.4. [Koe05] Let z,y > 0 and BD(A) which is the bidiagonal factorization
of a nonsingular TN matriz A are given. The BD(AJ;(z,y) can be computed in at
most 4n + 21 + 12 arithmetic operations without performing any subtractions.

Let A be a nonsingular 7N matrix, with a given bidiagonal factorization BD(A).
When we multiply the matrix A from the right by J;(z,y) in (3.44), we have

AJi(z,y) = [OL@L® | pe-2dpe-Hpye- UOUAUN Ji(z,y). (3.44)

This operation preserves the structure of the bidiagonal factorization as it was pointed

out in [Koe05]:
A = O D p=U®, o 7= (=D py-1 @ y@Oum .
1 = M 0T -2 (-1 pyn-1) . UOye Oy
JAsY) = L(,;-sz{i_x)L(g) L(n—-‘}!)L{n-—l]DU(n-—l) b U(3)<Ii(2)?,z{(2}f/l'm
' = n— z 1)
3 PO NI ) e ACIS =D [ DJ" Dy . uUBU¢

LM L(z‘_g)L(i—l)L(i] L(n-Z)L(n-l}J}n)’Dﬂ(ﬂ—l) L uPyw

e L = @@
(n=3) [, () Jé(:f'l}ﬁ(ﬂ Npy=Y . . UPU

o (n-3) J@+2) (=D LE=VDU! DU
=i IELHS L{;:J){,(a—l)[_,(;) oL

= [OF eI, L

(n—z)ﬁ(n—l)'pu(nﬂl) Uy

) -0 JonI L0 L
AR Doy .. UOU,

Lo | 16D E-0Ld -2 L
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FACTORIZATION ERATIONS AND THE BIDIAGONAL

where the matrix J® —
Jm = m(zkayk) for Some rp and Yk« The matrices ,C”“), D and

U® =1 1
2 10y =1, are unit idi .
ey it lower bidiagonal, diagonal, and unit upper bidiagonal,

For the u o !
pper bidiagonal matrices U we have the following transformation:

Ji(@'y) - U=U- Jy(z,y), (3.45)
where z,y,2’, 4’ > 0 and
f 1 U §
1 up
U=
1 Un—1
i i
and
1 4
1
Z,{ e t a
L g
I

3 = &
y = y+uiar,
'Uai_g = U2,
u_, = ui-1/(¥Y'),
w o= wy,
u; i {i —2,1—1,i}. (3.46)

For the diagonal matrix [ we have the following transformation:

Ji(IJ?l)'D:D'Ji(mly)l [347)

The entries on both sides of (3.47) are given by

) = dlag(dl d?; v :di-—‘Et df-—ly' di/y! dH—l: P .,ﬂ.),

¢ = diz/(di-1y)- (3.48)
For the lower bidiagonal matrices I we have the following transformation:
o (@, 1) - £ = L+ Je(@; 1), (3.49)
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3.2. ELEMENTARY OPE
FACTORIZATION RATIONS AND ThE BIDIAGONAL

! .
g 0 vith the convention J,y = I, and

1 &
h 1
L=
ln-—2 1
L |
and E
o :
gl
L= N
o 1
L gy 1]

The entries on both sides of (3.49) are given by

li = U ifj ¢ {k— Lk},

;:_1 £= lk_l-i-.'l?,
L k<1,
= ol ik <n—1.

Example 3.5. For the given Pascal matriz

=
B b
—
C;.CDO.?»—A
B2 =l
OD"&'_'

the bidiagonal factorization of A is given by

A= L(l)L(2)L(3)DU(S)U(2)U(1)

) g 0| (1000

3288 e a0 jo100
S L 0jfo1 10 o oo 10
0011 301 illoo0o01
e 1000

B (o100

B e 0 0 1]

obl 6 1 jo0ol 0001

for the upper bidiagonal matrices U we

When we multiply the matrix A by J3(4,2);
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3.2. ELEMENTARY OPERA
FACTORIZATION

TIONS AND THE BIDIAGONAL

Ja(:l'}’, y’) . u(l)

by using (3.46) we get

Il

If

also, we obtain

']3(1"11 y’) X u@]

Lo G oo N o )
o O =

the entries of both sides are given by

If

J3 (xr’ ?J’) g u(a)

ED St

0

1
1
0

0
1
1

O

Y+ U = 2 + (0)4 =2’
uy = (0)2 =0,

ug/(yy') =0,
uzy’ = (1)2 =2,

= U®. J(4,2)
0

y+uz =2+ (1)4
uyy = (0)2 =0,
uz/(yy') = 1/(2.6) = 1/12,
uzy' = (1)6 = 6,

and for the upper bidiagonal matrix U () we have

U® . Js(4,6)
1 0

0

S )

oo o =
O > N O
o~ O O
= O O o

L B e A e B
(e BN S R e
Ee ) )
LN )

oo o
D = O

o
o s B o B o




3.2. ELEMENTARY OPERATY
FACTORIZATION ONS AND THE BIDIAGONAL
have
e i
BTy -UD = pO. g 9
1000 00 0
EEREORIR0 0 (02 0 o
UROE L0l 0.4 179 0 |
PN OF o 00 0 1
by using (3.46) we get
7 = T =4,
y = Yy+uz =2+ (0)4 =2,
'U.;_ = TL1y=(0)2=0’
Uy = up/(yy') =0,
Uy = ugy =(1)2=2,
also, we obtain
Js(@,y) - UP = UP. J5(4,2)
1 000 IR ()
R L ofloz O e
o1 1| od 12 07
() =l W (gl
the entries of both sides are given by
_j[;’r = _’1’154,

y = yt+usw=2+(1)4=6,
W o= wmy= (0)2=0,

: us/(yy') = 1/(2.6) = 1/12,
uy = ugy =(1)6=6,

£
I

and for the upper bidiagonal matrix U®, we have

Ll y) - U® = U546

o T
iarelflese 0 0
— oo 1 1]lo4 160l
o0 0 1Jlo0 0 1




3.2. ELEMENTARY OPERA

FACTORIZATION
By using (3.46) we get

TIONS AND THE BIDIAGONAL

= =4,

]

Il

I

Y+ ur =6+ (1)4 = 10,
Uy = (1)6 = 6,

ua/(yy") = 1/(6.10) = 1/60,
ugy' = (1)10 = 10.

For the diagonal matrix D we have

Ja(l‘!: 1) U D

by application of (3.48) we get

D - J5(4,10)
1 000 AL,
OG0 [0 10 ©
086 0 |04 140
(0 (0 0 ] 8 S

EE S

D = diag(dy,,dqy, ds/y,ds) = diag(1,10,1/10,1),
' = daz/(day) = 4/10.

For the lower bidiagonal matrices L. we have

Ju(z 1) - LD

L(g) > J?(4/101 1)

the entries on both sides are given by

I
ly
ly

!
Z

and for the lower bidiagonal matrix L®, we have

Js(z',1) - £

IS -, 5{2)

g oo 1 0
1L I D4 (LA
) 0 4/10
(g, (L 0 O
ﬁlzl:
lola/ly = 10/14,
L@ . Jy(4/14,1)
Y 10RO
@ 1 04 G-l o)
O ooy g aed
o R S 0 0 4/1
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= o o o
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the entries on both sides are given by
Zi = 31 = 0,
b = =1,
Iy = b+z=1+4/14=13/14.

Therefore, the bidiagonal factorization of AJ3(4,2) is

BRORO 1 0 0 oll1 o o0

URIROSOA(S D 1. 0 g
1) — | B 0
) SRR OO 1 1 c0fle i 1 o0
OO 60 08/14 1| |0 0 10/14 1
L 6" 0 0 P00 bkl a0
IO |01 1760 0 DR L 1200 [ele 1o
OO0 0 (|0 0 TETIR | T T 8
R0 0 1 or 0 1 gaote i allio oo 1

If we want to find the bidiagonal factorization of AJs(4,2) by using Theorem 3.3, we
firstly apply the condensed form of the Cauchon algorithm on G = (A#)7 to obtain

Tl S TESEIS
~ T T
=11 1 11
10 e T
Let
el T
! 1 6 8/ 4
IR )
Thus, the matrix
20 10 4 1
g 8 82 bk
B=(A*)= 48 30 16 6 ¥
s 1 1

g the second row by 4 and add it to third

: . . iplyi
is the matrix obtained from G by multip ymd row by 1/2.

row multiplied by 2, and multiply the secon

By the app n ['heorem ies of B with = 4 and y = 4

icati 3.3 to find the entries of B with . ,
t : T’: {'i _11‘3:1}3113 ﬁrosfc ansolg(?st row do not change. The entries in the third row are
1e entries 1 the h
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e

changed as follows

b34 = 61 53.?. = 10, 532 = 14, 531 = 18.
Also, the entries in the second row are changed as follows
520 = 1/2, by = 1/6, by = 1/10, by = 1/14.
Therefore, the matrix B is given as follows
1 1 1 1
B | /14 1/10 1/6 1/2

18 4% 10" 6
1 1 1 1

By the application of Algorithm 2.4, the bidiagonal factorization of AJ;(4,2) is

L0 ) o A 0 0
) 2L S TR N 6 B0

A = AJs(4,2) =
S R W B g S
(0 S 0 0 18/14 1 0 'T0. Ca0/d T
R R e 0 0|10 0 0][1000
CRELA RN GESG  1/60 0 |10 1 1/12 0[]0 10O
O oriRl G 0t 10|00 I 61001 2|’
RGN 0 1 (o0 0 T 0001

which coincides with the bidiagonal factorization of A’ by the application of Theorem
34.
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Chapter 4

Spectral Properties of Totally
Nonnegative Matrices

Ip this chapter, we employ the obtained results in Chapter 3 to create a new algo-
rithm that computes the eigenvalues of a nonsingular totally nonnegative matrices.

This chapter consists of two sections. In Section 4.1, we present the Gantmacher—Krein
Theorem which gives the main spectral properties of totally positive and oscillatory
matrices. In Section 4.2, we introduce an algorithm that computes all the eigenval-
ues of a nonsingular totally nonnegative matrices to high relative accuracy using the
results that obtained in Section 3.1.

4.1 Properties of Eigenvalues and Eigenvectors of
Totally Nonnegative Matrices

In this section, we are going to discuss some properties of eigenve}.]ues ar.ld eigenvec-
tors of totally nonnegative matrices. Recall that, we say that A is an e:zgenvalue of
a real matrix A if it satisfies Au = \u, where ) is a real numbq and u is a 1oNZero
column vector. We also say that v is an eigenvector corresponding to the eigenvalue

A.

To explain some spectral properties of totally positive, tot.ally nonnegative', and oscil-
latory matrices, we define two counts for the number of sign changes of given vector
u=(u1,us :un)T € R", see [Pin10]. These counts are

L

U 1 i i l s€ HEHCB UI, LI?, veey 'u'n “‘lth ZEero |

discarded (with the convention it  here zero terms are arbitrarily assigned
-y Un

sign changes in the sequence Uy, U2, .-« 77 77\
values +1 or —1 (with the convention 3 (0)=n)

3, —1), then §~(u) = 2 and S*(u) = 6.

For example, if u= (—‘1, 0; __2! 5 01
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Chapter 4

Spectral Properties of Totally
Nonnegative Matrices

In this chapter, we employ the obtained results in Chapter 3 to create a new algo-
rithm that computes the eigenvalues of a nonsingular totally nonnegative matrices.

This chapter consists of two sections. In Section 4.1, we present the Gantmacher—Krein
Theorem which gives the main spectral properties of totally positive and oscillatory
matrices. In Section 4.2, we introduce an algorithm that computes all the eigenval-
ues of a nonsingular totally nonnegative matrices to high relative accuracy using the
results that obtained in Scction 3.1.

4.1 Properties of Eigenvalues and Eigenvectors of
Totally Nonnegative Matrices

In this section, we are going to discuss some properties of eigenva}lues agd eigenvec-
tors of totally nonnegative matrices. Recall that, we say that A is an e_zgenualue of
a teal matrix A if it satisfies Au = Au, where X is a real number and u is a nonzero
column vector. We also say that u is an eigenvector corresponding to the eigenvalue

A,

totally positive, totally nonnegative, and oscil-

: ties of :
To explain some spectral proper for the number of sign changes of given vector

latory matrices, we define two counts
U= (u1,us ,u )T € R, see [Pin10]. These counts are
= ) 1 =3 M

S~ (u) is the number of sign changes e sequegCZii E’ 3&2.’ . th;urj;l:;clltrirllsz Onff;;gz:lc‘}?
4 » i 7 =) , an W= 5 : -
d.lscar}(;led (m'thtﬁeszg?l‘:ﬁzoi 5112 ( U) , Un there zero terms are arbitrarily assigned
sign changes in )l e ST
values +1 or —1 (with the convention §-(0) =n)
— . :2311(]_5_'1'_.‘:6
FOI' example if 'U: — (__1’ U, ""2, 53 0: 31 —'1); thcn S (u') ( )
2}
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Definition 4.1. An n x n, matriz A g
rn >

2 and there s n called irreducible if either n = 1 and A is a

0 permutation matriz P such that

B C

g |

N—T)XT zero matrig l<r<n-— 1). Otherwise is called reducible.

Lenf‘m"". L [FJW A TN square matriz A with no zero rows or columns is irre-
ducible if and only if ai; >0, for all i, such that li—j|<1.

Definition 4.2. /[GK02] Let A € R™*",
A is TN and some power of A is TP.

PAPT —

where 0 is an (

Then A is said to be oscillatory matriz if

Thgorem 4.1.. [GKO2] Let A € R™"™, Then A is oscillatory matriz if and only if
A is TN, nonsingular, and irreducible. Furthermore, if A is an oscillatory matriz,
then A" is TP,

The following theorem states important and interesting special spectral properties of
a TP and oscillatory matrices.

Theorem 4.2. [Pn98|(Gantmacher-Krein) Let A be a square oscillatory matriz.
Then the n eigenvalues of A are simple and positive. Let u* be the eigenvector
(unique up to multiplication by a nonzero constant) associated to the cigenvalue Ay,

where Ay > Ay > -+ > A, > 0. Then
p p _
q—1<8” zc?:ui L5 Zcfz’uf =p-—-1
i=q i=q

for each 1 < q < p < n, and ¢; not all zero. In particular, S~ (uF) = ST (uF) =k -1,
fork=1,2,...,n.
Example 4.1. Let A be the Pascal matriz of order 3

S

Il
S
Lo bD
Oy o =

The eigenvalues of the matrix A are
M=4+V15, %=1 As = 4— /15,

which are simple and positive.

: : s to be
and we may take the corresponding eigenvectors
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42. COMPUTING ACGURAT
1
NONNEGATIVE MATRICES 7 VALUES OF TOTALLY

B
= 2\/I5\/—IS5 32 = __? 3 5+ V15
1 m— o ’ 15 — __2V/I5 . E
b} 1 : P

Observe that,

S (W) =S*@w) =0, 5 () =S*@?) =1, g~ (ud) = 8+ (u3) = 2.

4.2 Computing Accurate Eigenvalues of Totally
Nonnegative Matrices

In Section 2.3, we apply the condensed form of the Cauchon Algorithm on G = (A#)T
to get the bidiagonal factorization of a nonsingular TN matrix A. In this section
we use the results obtained in Section 3.1 to present an algorithm for computiné;
eigenvalues of a nonsingular 7N matrix A, given G with high accuracy.

Let A = [a;;] be a nonsingular TN matrix. We start by reducing the matrix A
to a tridiagonal matrix [GHW99]. The reduction uses the following elementary op-
erations:

1. subtracting of a positive multiple of a row (column) from the next in order to
create a zero;

2. adding of a positive multiple of a row (column) to the previous one.

To reduce the matrix A = [a;;] to a tridiagonal matrix T, we multiply the row n — 1
by the positive scalar —221— and subtract it from the row n to a create zero in the
n=—1,1

position (n,1). Then we multiply the same scalar to the column n, and add it to the

column n — 1 to complete the similarity. Next, to create a zero in position (1,n),

we multiply the column n — 1 by the positive scalar ETE?_T and subtract it from the

column n, we complete the similarity by multiplying the same s§alar to the row n and
add it to the row n — 1. In the same manner, we create zeros in positions (.n'— 1,1
and (1,n—1). We apply the same process until the matrix is reduced to a tridiagonal

matrix [Koe05].

10, oroserve the accuracy, instead of performing the above elementar);f operations
on fi we perform the elémentary operations on G such that subtractions are not
1

required.

t We apply the second elementary operations

= ! :x B which we get by running the condensed
i i G to obtain the matrix o : Eoy

1fn SectfloE 38 Ei:hon lgoritha on o iatiin G z'(q'.#) % \Ivhs'are T is the ;ndlagonal
01'1;1 . :h et \‘?e I;Jbt&il'l by applying the so-called Neville elimination on 4, see, e.g.,
matrix tha

Our algorithm takes G as an inpu
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NONNEGATIVE MATRICEg 0N VALUES OF TOTALLY

T.a.nd T have the same eigenvalues since they have the same characteristic polyno-
mial, see .[KonS], Wwe compute the eigenvalues of T as the squares of the singular
vglues of its Cholesky factor C = D2~ yging the function bidsvd [Per]. The
eigenvalues of A are the same as the eigenvalues of T |

Algorithm 4.1. Let G be given, which is the matriz obtained by running the con-
densed form of the Cauchon Algorithm on G = (A#)7, the following algorithm com-
putes the eigenvalues of A accurately.

function TNEigenvalues(TildeG)
n =size(TildeG,1)
fori=n:-1:3do
fori=n:-1:3do
x = TildeG(i, k) /TildeG(i, k + 1)
TildeG(i, k) =0
TildeG =AddToNextRow(TildeG, z, 1, k)
z = TildeG(k,1)/TildeG(k + 1,1)
TildeG (k,i) = 0
TildeG = (AddToNextRow((TildeG)", z,1, ki
end for
end for
B = TildeG
fori=1:ndo
D(i) =sqrt(B(n—i+1,n—i+ 1))

end for

fori=1:n—1do y - -
a0 B( i+ L 9/Bm it ln—it L)

end for

Eigenvalues= (bidsvd(D,C W



N

4.2. COMPUTING ACCURA

NONNEGATIVE Mt TE EIGENVALUES OF ToTALLY

x 104
>

25}

Time (Sec)
&

Order of A

Figure 4.1: Plots of the execution time for computations the eigenvalues of a Van-
dermonde matrix; ” x”: Our algorithm, "+ Koev’s algorithm.
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A\TE EIGENVALUES oF TOTALLY

given as follows

= o
— o= o ©
o i DO

» 2 = 3, ¥3 = 4 and 74 = 5 which are given in the

J,

An example of the application of Algorithm 4.1.







THE CAUCHON ALGORITHM USING MATLAB

-of the Cauchon Algorithm Us-

cation the condenced form of the

(k+1,j)*A(i,h) /A(k+1,h);
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HE RESTORATION ALGORITHM USING

of the Restoration Algorithm

n the condenced form of the

L,m=1) +A(k,m-1) *A(i,m) /A (k,m) ;

%& h<m-1

h)==0

j)+A(k,j)*A1(i,h) /A(k,h);




’Tilﬁe&,x,y,i)
algorithm computes TildeB where B is
-he ith row in the matrix A

and add it to the Dext row multiplied by y,

eXtRow (TildeA,x,y,i)

IOW i and i+i
TildeA(i,n);

1i_gaﬁi,j)+Tildeﬁ(i+i,j)*TilﬂeB(i+1’j

oA (.

2 3)*TildeA(i+1,j+1) /TildeB (i+1,j+1);

";;wildca(i,j)i

deA(i+1,h)==0 && h<n

TildeA (i+1,h)==0 ;
,3)=y*TildeA(i+1,j)+x*Tildeh(i,j);
,j)=TildeA(i,j)/y;
=x*TildeA(i,j)+TildeA(i+1,})*TildeB(i+1,

1deA(i,j)*TildeA(i+1,h)/TildeB(i+1,h);




n-i+1,0-1+1));
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