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Abstract 

A real matrix is called totally nonnegative or totally positive if all minors are non­ 

negative or positive, respectively. In this thesis, we derive the condensed form of the 

Restoration Algorithm which is a new result and it is the inverse of the condensed 

form of the Cauchon Algorithm where the latter provides an efficient tool to check a 

given matrix to be totally nonnegative or totally positive. 

In this thesis we perform some elementary operations on a nonsingular totally non­ 

negative matrix and apply the condensed form of the Cauchon Algorithm on it, we 

determine how the entries of this matrix are changing after performing the elemen­ 

tary operations. Also, we present a new algorithm for computing the eigenvalues 

of a nonsingular totally nonnegative matrices with high accuracy using the results 

obtained in this thesis. 
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Chapter 1 

Introduction 

In this chapter, we introduce the totally nonnegative and totally positive matrices 
which play an important rule in mathematical applications. 

This chapter consists of three sections. In Section 1.1, we introduce some nota­ 
tion, basic definitions, and various facts and identities that will be used throughout 
this thesis. In Section 1.2, we present the definition of totally nonnegative and to­ 
tally positive matrices and review the operations that preserve total nonnegativity 
and total positivity. In Section 1.3, we recall various examples of totally positive and 
totally nonnegative matrices. 

1.1 Preliminaries 
The set of all n x m matrices with real elements will be denoted by R@m If the 
number of rows of a matrix is equal to the number of columns, that is n== m, then 
the matrix is called a square matria of order n. For A e R""", the notation A= [a,,] 
will indicate that the entries of A are a,, € R, for i = 1, 2, ... , n and j = 1, 2, ... , m. 
The I, denotes the identity matrix of order n, and for 1 <i,j <n, we let E,, denote 
the n x n standard basic matrix whose only nonzero entry is a 1 that occurs in the 
(i, j) position. The transpose of the matrix A will be denoted by AT whose entry at 
the position (i,j) is a;;. 

For A € R"", a = {an,@a,-.-,a,} C {1,2,...,n}, and 3 = {$1,35,...,3,} C 
{1, 2, ·..,m }, the submatria of A lying in the rows indexed by a and the columns 
indexed by 3 will be denoted by 

A[al3] = A [a1, a2, ... , apj(31, (32, ... , (3q] = A [ a(31' a(32' · · • ,(3aP l · 
l, 2, · · · , q 

Similarly, A(alf3) is the submatrix obtained from A by deleting the rows indexed 
by a and columns indexed by 3. We let a and 3° denote the complements of the 
index set a in {1, 2, ... , n} and the index set 3 in {1, 2, ···,m }, respectively. So, 
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1.1. PRELIMINARIES 

A(a\S) = A[a]B]. If a = S, then the principal submatria A[\a] is abbreviated to 
A[a]. In the special case when a= {1, 2, ... , k} with 1 <k <min{n, m}, we refer 
to the principal submatrix A[a] as a leading principal submatria. 

For a square matrix A, det A denote the determinant of A. A minor in a given 
matrix A is the determinant of a square submatrix of A E !Rnxm, denoted by 

detA[al/3] =detA[a1,a2, ... ,apl/31,/32, ... ,{3P] =detA [ a13
i,a

13
2,···,

13
aP], 

1, 2, · · ·, p 

and if a = {3, then the determinant of this principal submatrix is called principal 
minor, denoted by 

detA[a] =detA [ ai,a2,···,ap] · 
01,0g, ...,0., 

The dispersion of a is the measure of the gaps in the index sequence a and is denoted 
by d(a) which is defined by d(a) := a, =-0y =p+1. If d(a) = 0 we call o contiguous, 
if d(a) = d(/3) = 0 we call the submatrix A[al/3] contiguous and in the case p== q we 
call the minor det A[[S] contiguous. 

For integers p, n, we denote by Q,,» the set of all strictly increasing sequences of 
p integers chosen from {1.2,... .n} We order the sequences from Qp,n with respect 
to the lexicographical ordering: If a, {3 E Qp,n, we say that a is less than or equal to 
3 with respect to the lexicographical order, denoted by 

if and only if a =3 or the first nonzero term in the following sequnce 

is positive. 

In the following definition, we present some interesting families of matrices. 

Definition 1.1. [FJ11] An n x n matria A= [a,y] is called 

1. diagonal if a,, = 0 whenever i # j, 

2. tridiagonal if a,, = 0 whenever [i-j]> 1, 

3. upper (lower) triangular if a,, = 0 whenever i > j ( i <j) 

A tridiagonal matrix that is also upper (lower) triangular is called an upper (lower) 
bidiagonal matrix. 
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1.1. PRELIMINARIES 

The following theorem introduces some important properties of determinants. 

Theorem 1.1. [KHO5] Let A be a square matrix of order n. The determinant of A 
satisfies the following properties: 

1. The determinants of a matrix and its transpose are equal, i.e., det AT = det A. 
2. If matrix B results from matrix A by interchanging two rows (columns) of A, 

then det B ==-det A. 

3. If B obtained from A by multiplying a row (column) of A by a real constant c, 
then det B = c det A. 

4. If B = [b,,] is obtained from A= [a,,] by adding to each element of the rth row 
(column) of A the corresponding elements in the sth row (col'umn) multiplied 
by a constant c such that r #s, then <let B = det A. 

5. The determinant of upper {lower) triangular matrix is the product of the el­ 
ements on the main diagonal, i.e., detA = []\@a if A = [a,y] is an upper 
(lower) triangular matrix. 

Definition 1.2. [Finl OJ The p-th compound matrix of an n x m matrix A is denoted 

by All and is defined as the ( ; ) x ( ; ) matrix with entries 

det A[a\S], 

where a E Qp,n and ,B E Qp,m are arranged in lexicographical order, and p == 
1, 2, ...,min{n, m}. 

The following theorem is a generalization of the multiplication formula of matrices 
which plays a significant rule in proving some fundamental results. 

Theorem 1.2. [FJ11](Cauchy- Binet Identity) Let A e R" and Be Rm Then 
for a € Q,%% and 3€ Q,%»a» where 1 <p <min{n,k,m}, we have 

det AB[a\s] = } @et A[ah] det B\], 
'Y 

where the sum is taken over all sequences I E Qp,k· 

The following is an illustrative example of Theorem 1.2. 
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1.1. PRELIMINARIES 

[ 
1 2 -1 I 2 0 1 ] Example 1.1. Let A= O 2 3 andB = -l O 3 2 . ThendetAB[al,B], 
1 0 -2 1 1 2 -1 

where a= {2, 3}, 3= {3, 4 }, can be calculated by the application of the Cauchy-Binet 
identity: 

<let AB [2,3[3, 4] = detA [2,311,2] detB [1,213,4] 

+ detA [2,311,3] det B [1,3[3, 4] 

+ det A [2,312, 3) <let B [2,313, 4] 

- det A [ ~ n det B [ ~ ~ l 
+ detA [ ~ :/-[ • 
+ detA [ ~ !»,3 5]­ 

The following determinant identity plays a rule in proving the results of this thesis. 

Theorem 1.3. (FJ11}(Sylvester's Determinant Identity) Let A eR" and suppose 
a E Qp,n, ,BE Qp,m be such that <let A[al,B] # 0. Define the (n-- p) x (m- p) matria 
B =[b,,] whose entries are given by 

b, :== det A[a U { i}l,B U {j}], 

with i E aC,j E ,ec. Then Sylvester's Identity states that for each c5 ~ ac,, ~ ,Be, 
with 161 = 1,1 ==r, 

<let B[c51,l = ( <let A[al,B]r-1 <let A[a u 61,B U ] (1.1) 

Let A be a square matrix of order n be such that n > 3 and let a= ,B ={2,...,n-1}, 
so the matrix B in Theorem 1.3 is defined as follows: 

-[] b, b,, 
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1.1. PRELIMINARIES 

with entries 

b = detA[au {l}j,Bu {1}] 

= <let A[l, 2, ..,n-1[1,2, ...,n-1], 
b, - det A[a U {l}I.B U {n}] 

= detA[l, 2, ... , n - lj2, ... , n - 1, n], 

b, = det A[a U {n}\BU {1}] 

= det A[2,... ,n-1, nil, 2, ... , n - 1], 

b,, = det A[a U {n}I.B U {n}] 

= detA[2, ... ,n-1,nj2, ... ,n-1,n]. 

For 6 = {1, n} and,= {1, n} and by application of (1.1) we get 

[ 
bu bin ] [ ] det b b = <let A 2, ...,n- 1 det A. 
nl 'nn 

Hence, 

det A = bb, bbi, 
detA[2, ,n -1] 

det A[l, 2, , n - ljl, 2, ... , n - 1] det A[2,... , n - 1, nj2, ... , n - 1, n] 
detA[2, ...,n-1] = 

det 4[2,...,n-1,n]1,2,...,n-1]det4[1,2,...,n-1\2,...,n- 1,n] 
detA[2, ...,n-1] 

(1.2) 

provided that det A[2, ... , n - 1] -=/= 0. 

The following example illustrates (1.2). 

[-1 2 3] 
Example 1.2. Let A= 2 4 6 . By (1.2), det A can be found as follows: 

1 3 2 

detA 

= 
-8(-10)- 0(2) 

4 = 20. 
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1.1. PRELIMINARIES 

The following theorem gives the relationship between the determinant of a given 
square matrix and its minors. 

Theorem 1.4. (Kar68/(Laplace Expansion by Minors) Let A€R. Then for any 
p = l, ... ,n and a E Qp,n we have 

detA= _L (-1)8detA[al,B]detA[atl,Bt 
/3EQp,n 

where s = 2+2,a3 

Example 1.3. For A=[-; ~ : ] and a= {1,2}. ThedetA can be calculated 
3 4 -l 

by using the Laplace expansion as follows: 

det.A = } (-1) aet A[al@] dot A[a[3] 
BeQ,,» 

= (-1)6detA (1,211,2] detA (313] + (-1)7 detA (1,211,3] det A [3[2] 
+ (-1)8detA [1,212,3] detA [311] 

det [ ~ 
1 

~ ] <let [ -1 ]-ae [ ~ 1 : ] <let [ 4 ] 

+ <let [ ~ n <let [ 3 l 
= 18. 

The following lemma is a basic tool in getting some results of this thesis. 

Lemma 1.1. If B =[b,,] is a square m.atri.x obtained from A by multiplying the ith 
row with a positive scalar a and add it to the next row multiplied by y, then for p > 2, 

det B [ i +1,i + 2,... , i + p l = ydet A [ i + 1, i + 2, ... 'i +pl 
h1,05,...,3, 91,32,...43, 

+ det A [ i, i + 2,. · .,i+ p l (1.3) 
h1,32....,3, 

Proof The entries in the row i + 1 of the matrix B are given by: 

bi+I,j = x ai,j + y ai+I,j, j = 1, 2, ... , n. 

6 



1.2. TOTALLY NONNEGATIVE MATRICES 

B th L 1 . 1 th fl f B [ i + 1,i-+ 2, ... , i + p l y e ap ace expansion a ong e rst row o (3 (3 (3 , we get 
1, 2, · · ·, p 

<let B [ i +l,i+ 2, ... , i + p ] 
/31 , /32, · · · , /3p 

a det A [ i,i+2, ... ,i+p] +y detA [ i+l,i+2, ... ,i+p]. 
h,92.....0% 81,a,...,8, 

D 

1.2 Totally Nonnegative Matrices 
In this section, we introduce the totally nonnegative and totally positive matrices, 
also we present some basic properties of these classes of matrices. 

Definition 1.3. (Pini OJ An n x m matrix A is said to be totally nonnegative (TN) 
if all of its minors are nonnegative, i.e., 

det A [alf3] = det A [ ai, a2' · · · 'aP ] 2: 0, h1.2....,0, 

a,,3, +9 a,+1.8, 
0442.9, 

(1.4) 

for all a E Qp,n, (3 E Qp,m, and all p = 1, 2, ...,min{n, m}. It is said to be totally 
positive (TP) if strict inequalities hold in (1.4). 

Alternatively, by using the compound matrix terminology, we can restate the defini­ 
tion of TN (T P) in terms of the compound matrices. A matrix A e Rm js TN 
(T P) if all entries of the p-th compound matrices of A are nonnegative (positive), 
p = 1,2, ... ,min{n,m}. 

Example 1.4. The matrix A = [ ~ ~ ! ] is TN. ::% 
To check that A is totally nonnegative matrix we will show that all the p-th compound 
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1.2. TOTALLY NONNEGATIVE MATRICES 

matrices of A are nonnegative, p =1,2.3. 

[ ; 1 

' 
AV A= 2 = 3 

4 16 

1 3 2 
2 8 6 

A? 3 15 12 = 1 5 6 
2 12 16 
1 7 12 

A\» = [ ~ l 
Hence all entries in the p-th compound are nonnegative, p =1,2,3. Therefore A is 
totally nonnegative matrix, also A is totally positive since all the entries are positive. 
Proposition 1. 1. / Finl OJ If A is an n x m TN (I' P) matrix, then 

1. The transpose of A 'ts TN (I' P). 

2. If B := [b,,], where bij = an+l-i,m+l-j,i = 1, ...,n0,j = 1,2, ... ,m, then Bis 
TN (TP). That is, the matrix B which is obtained from A by reserving the 
order of both of its rows and columns is TN (I' P ). 

Proof Let A be TN (TP). 
1. By the definition, every submatrix of A is totally nonnegative, so all minors of 

AT are nonnegative (positive). Hence AT is TN (TP). 

2. Let a €Q, and /3 E Qp,m· Then 

detB[a1, ... ,ap-1,apl = detA[ n+l-a1, ... ,n+l-ap-i,n+l-ap l 
h1,...,0%-10, m+l-h1,...,m+1-8,-1,m+1-8, 

== det A [ 1 - a1, ... ,n + 1 - ap, n + 1 - ap-l l 
m+1-h,...,m+1-3,,m+1-3, 

= det A [ 1 - a1, ... , n + 1 - ap, n + 1 - ap-l l 
m+1-h,...,m+1-8,,m+1-8,-1 

d A [ n + 1 - ap, ... , n + 1 - a2, n + 1 - a1 l 
= let. m+1-3,,...,m+1-B6,m+1-3, 
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1.2. TOTALLY NONNEGATIVE MATRICES 

which is nonnegative (positive). Therefore A is TN (T P). 

□
Proposition 1.2. (Pin10} If A is an n X m TN and B is an m x r TN, then AB 
is an n x r TN. 

Proof Let A and B be TN. Then by Definition 1.3 we have 

det A [a/] = det A [ ai,a2' · · · '~P] ~ 0, 
Y1% /as···3 l% 

and 

det B [\d] = detB [ 11'12' · · · ,1'p] ~ 0, 9,2....,3, 
for all a €Q%. €Q%» and 8€Q,%%% p= 1,...,min{n,r,m}. 

By the application of the Cauchy-Binet Identity we obtain 

Therefore, AB is TN. □
Proposition 1.3. (Pini OJ Assume A is an n X m TN (I' P) matrix. The following 
operations preserve the resulting matrices as TN (I' P). 

1. Multiplying a row (column) by a positive scalar. 

2. Adding a positive multiple of a row (column) to the previous or the next row 
(column). 

Proof 1. Let A be an n x m TN matrix and B be the matrix obtained from A 
by multiplying the row ( column) i with a positive constant c. For any a E Qp,n 
and 3 € Q». If i ¢ a, then 

det B[a\3] = det A[al/3) ~ 0. 

If i E a, then by using Theorem 1.1, we have 

detB [ a1,/3•··,i, ... ,aP l = cdetA [ a1,/3•··,i,./3 .. ,aP l ~ 0. 
15...,, h%·--3 P 

Since all the minors of A are nonnegative, the matrix Bis TN. 
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1.2. TOTALLY NONNEGATIVE MATRICES 

2. Let B be the matrix that is obtained from the totally nonnegative matrix A 
by multiplying the row i with a positive constant c and add it to the next row 
i.e., to the row i+ 1. Let a E Qp,n and f3 E Qp,m· If i + 1 4 a, then 

<let B[al/3] = det A[a\S] > 0. 

Else if i, i + 1 €, then by using Theorem 1.1, we have 

det B [ a1, ... ,i,i + 1, ... , ap l 
/31, ... '/3p 

04,3 
c a;,3, + a;41,3, 

044-2,By 

@1,6% 

c ai,f32 + ai+I,/32 
0;42,B3 

det A [ a1, ... , i, i + 1, ... , ap ] 
h1,-..,8, 

> 0. 

Otherwise, if i 4 a, then by Laplace expansion along the row i + 1 in a, we 
have 

at B [al] c <let A [ ( a U {)) \ { i + 1} j/3] + <let A [ aj/3] 
> o. 

ai,/3p 
c ai,/3p + ai+l,/3p 

ai+2,/3p 

Therefore, B is TN. 
□

Definition 1.4. [Pin10] Let A E IRnxm, we define the right shadow of the sub matrix 

A [a+ 1, a+ 2, , a+ r] 
f3 + 1,3+ 2, , f3 + r 

as the (a+ r) x (m - /3) submatrix 

A[ 1,2, ... ,a+r ] 
3 + 1, f3 + 2, ... ,m 

and the left shadow of the submatriz is the (n- o) x (8 + r) submatrix 

A [ a+l,a+2, ... ,n] 
1, 2, ... , f3 + r 

10 



1.2. TOTALLY NONNEGATIVE MATRICES 

Example 1.5. Let 

For the submatrix 

The right shadow of the submatrix B is 

and the left shadow of the submatrix B is 

Proposition 1.4. (Pin10} If A is an n x m TN and 

rankA[a+l,a+2, ... ,a+r] =r-1, 
8+1,34 2,...,B + r 

then at least one of the following holds. Either the rows +l,a+2,...,0+r or the 
columns 3 + l, ,B + 2, ... , ,B + r of A are linearly dependent, or the right or the left 
shadow of 

A [ a+l,a+2, ... ,a+r l 
3+1,3+2,...,3+r 

has rank r - 1. 

By permuting some rows and columns of a given matrix A and the fact that A is 
singular if and only if its rank is less than the number or rows and columns of A, we 
have the following lemma. 

Lemma 1.2. Let A be an n x n matrix and suppose A has a zero submatria of size 
p x q where p + q ~ n + 1. Then det A = 0. 
Theorem 1.5. [Kar6&] Let A be an n x n nonsingular TN. Then all principal minors 
of A are positive. 

11 



1.3. EXAMPLES OF TOTALLY NONNEGATIVE MATRICES 

Proof. We will proceed by induction on the size of the principal submatrices. Firstly, 
we will prove that the principal minors of order 1 are positive, i.e., 

a,, >0,r € {1,...,n}. (1.5) 

On the contrary, assume that arr = 0 for some r € { 1, ..,n}. By Proposition 1.4 
either the r-th row or r-th column of A is zero, or the right or left shadow of arr 
is zero. Since A is nonsingular, i.e., det A 0, we cannot have that the r-th row 
or r-th column is zero. Thus either the left or right shadow of arr is zero. Assume 
without less of generality that its right shadow is zero, so a;; = 0, Vi <rand Vj > r. 
Since the right shadow of arr is a zero submatrix of size r x (nr+ l) such that 
r+n-r+l = n+l, by Lemma 1.2 we have detA = 0 but A is nonsingular, therefore 
arr > 0. So when the size of the principal minors is 1, these principal minors are 
positive. 

Assume that all principal minors of order p - l of A are positive. We want to prove 
that all principal minors of order p are positive. We do this again by contradiction. 
Let € Q%,, be such that det A[a] = 0, whereas det A[a] > 0, where a =a'U{a,} 
for some s € {1,... ,p}. Let B =[b,,] be defined as follows 

, = det.A]a'U@la'Uta)] 
for all i,j € a'. For i= j=a,, we have 

.%, = dat.A] a'U{oc}la'U{@c} ] 
= det A[a] = 0, (1.6) 

But by Theorem 1.3 Bis nonsingular TN. The diagonal entries of B must be positive 
by the induction hypothesis. Therefore, 

which is a contradiction. Therefore, all principal minors of a nonsingular TN matrix 
are positive. □

1.3 Examples of Totally Nonnegative Matrices 
In the previous section, we define the totally nonnegative matrices as the matrices 
with all of its minors are nonnegative. In this section, we introduce some fundamental 
examples of totally positive matrices and totally nonnegative matrices. 

Definition 1.5. (F 111/(Vandermonde matrix) 
For n real distinct positive numbers 0 <a1 <1g <··· <T,, the Vandermonde 

12 



1.3. EXAMPLES OF TOTALLY NONNEGATIVE MATRICES 

matrix V(x1,x2, ... ,xn) is defined as follows: 

[ 

1 a, 
1 o V(a,,a...,3%)=. • 
1 , 

2 n-1 l a; ... T, 
2 .n-1 g ·.. a3 
. . . . . . . 

a? a!"-­ n n 

By using the classical determinant formula for this matrix which is given by 

det V(a»....,s,) = ][a,-y), 
i>j 

we can easily see that V(x1, x2, ... ,a,) is T P. 

Example 1.6. The matrix A is a Vandermonde matriz 

A = 1 1 l 4 8 
9 27 ' 
25 125 

with x1 = l,x2 == 2,3 = 3 and X4 = 5. 
Definition 1.6. (F J11}(Pascal matrix) 
Consider the n x n matria P, = [pi_;] which is defined as follows: 

{ 
1, 

Pij = 
Pi-1,j + Pi,j-1, 

P, is called symmetric Pascal matrix. 

We will prove that P, is T P by showing the existence of a bidiagonal factorization 
of P, with special form in Chapter 2. 

Example 1. 7. The 4 x 4 symmetric Pascal matrix is given by 

1 1 
1 2 
1 3 
1 4 

for i = l or j= 1, 
for 2 ~ i, j ~ n. 

1 1 l 3 4 
6 10 
10 20 

Definition 1.7. (Pin10}(Cauchy matrix) The matrix C = [ ! ] , 1 ~ i,j <n, 
T, V; 

is called a Cauchy matrix. 
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1.3. EXAMPLES OF TOTALLY NONNEGATIVE MATRICES 

For O < X1 < X2 < · · · < Xn, 0 < y1 < Y2 < · · · < Yn, C is a totally positive 
matrix, which can be shown by an induction argument and by using the following 
determinant formula 

Example 1.8. The matrix 

[ 1/4 
1/6 1/7 

1/10 l A= 1/5 1/7 1/8 1/11 
1/7 1/9 1/10 1/13 ' 
1/8 1/10 1/11 1/14 

is a Cauchy matrix with X1 = l, g = 2, x3 = 4, x4 = 5 and y = 3,y2 = b5,ya = 
6,4 = 9. 
Definition 1.8. (PinlO}(Jacobi matrix) A Jacobi matrix A= [a,,] is a square tridi­ 
agonal matrix. In other words) it is an n x n matr-ix of the form 

a b 0 0 0 
Cj @o b; 0 0 
0 co a3 0 0 

A= 

0 0 0 dn,--1 b,-1 
0 0 0 Cn,-1 a,, 

where 

I aij = 0, for Ii - jl ~ 2, 
aii = ai, for i = l, ·..,n, 
ai,i+l '.: bi, for i = l, ...,n-1, 
ai+l,i - ci, for i =l,... ,n-l. 

Theorem 1.6. (Pini OJ A Jacobi matria A is TN if and only if all of its off-diagonal 
elements {bi}, { ci} J and all its contiguous principal minors are nonnegative. 
Example 1.9. The following matrix A is a Jacobi matrix, 

3 2 0 0 0 
1 4 4 0 0 

A= 0 1 3 1 0 
0 0 6 10 2 
0 0 0 20 10 

By application of Theorem 1.6, it is easy to show that A is TN. 
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Chapter 2 

The Cauchon Algorithm 

In this chapter, we present the condensed form of the Cauchon algorithm. This 
algorithm provides an efficient method for checking total nonnegativity and total 
positivity. One of the applications of this algorithm is to find the bidiagonal factor­ 
ization of a given nonsingular totally nonnegative or totally positive matrix. 

This chapter consists of three sections. In Section 2.1, we present the Cauchon 
diagram, Cauchon matrix, condensed form of the Cauchon algorithm, our new algo­ 
rithm the condensed form of the restoration algorithm, and we define the lacunary 
sequences with respect to a given Cauchon diagram. In Section 2.2, the bidiago­ 
nal factorization of a given nonsingular totally nonnegative matrix is introduced. In 
Section 2.3, the condensed form of the Cauchon algorithm is applied to nonsingular 
totally nonnegative matrices and a method to find the bidiagonal factorization from 
the resulting matrices is given. 

2.1 Condensed Form of the Cauchon Algorithm 
and Totally Nonnegative Matrices 

In this section, we present the Cauchon diagram, Cauchon matrix, and condensed 
form of the Cauchon algorithm. We will use this algorithm to check whether a given 
matrix is totally nonnegative ( totally positive). 

Definition 2.1. [LL14] A Cauchon diagram C is an n x m grid consisting of n ·m 
squares colored black and white, where each black square has the property that either 
every square to its left (in the same row) or every square above it (in the same column) 
is black. 

We define an n x m Cauchon diagram by identifying set of pairs of its black squares, 
i.e., we fix positions in a Cauchon diagram in the following way: 
For a given Cauchon diagram C and i E {1, ...,n}, j E {1, ... ,m}, we say that 
( i, j) E C if the square in row i and column j is black. 
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2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY 
NONNEGATIVE MATRICES 

For example, for the Cauchon diagram C as shown in Figure 2.1, we have (3,2) ¢ C, 
whereas (3, 1) € C. 

(3,2) 

Figure 2.1: An example of a Cauchon diagram. 

Definition 2.2. (LL14) Ann x m matrix A = [aij] is called a Cauchon matrix asso­ 
ciated with a given Cauchon diagram C if for all (i, j), i E {1, ..,n}, j E {1, ... , m }, 
we have aij = 0 if and only if ( i,j) e C. Equivalently, aij = 0 if and only if 
akj = 0, 'i/k = 1, ... , i - 1 or ail == 0,l = 1, ... , j - 1 implies that A is Cauchon 
matrix. 

Algorithm 2.1. (AG14J(Condensed form of the Cauchon algorithm) Let A= [aij] E 
Rn»xm 

• Set A(n) := A. 

• Fork= n - l, ... , 1 define A(k) = [a~J)] E IRnxm as follows; 
For i = l, ...,k, j= 1, ... , m - 1, 
set u; :== min { h E {j + 1, ... , m} j ai:~~h -:/= 0} (we define that ui := oo if this 
set is empty) 

{ 

(k+l) aL~~'.;a;~u~l) ;f • 
(k) aij - (k+l) 1,J UJ < 00, ,,= ®i+1,u, 

,+) if uy= oo. 3 

For i = k + l, ... , n,j = 1, ...,m, and i =l,... .k,j= m, 
(k) (k+1) 

@,, =@,5 · 

o Put A= A), 
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2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY 
NONNEGATIVE MATRICES 

Example 2.1. Returning to Ecample 1.4, by application of the condensed form of 
the Cauchon algorithm to A we obtain 

A A= 
[ 

1 1 1 l [ 3/4 3/4 1 l 1 2 4 (3) _ 1/2 1 4 
1 3 9 ·4' = 1/4 3/4 9 
1 4 16 1 4 16 

[EE![{ 5] 1/4 3/4 9 ' 1/4 3/4 9 . 
1 4 16 1 4 16 

Theorem 2.1. [LL14] Assume that A eR"", A is TP (TN) if and only if A> 0 
(A> 0 and a Cauchon matrix). 

In the following we illustrate the Algorithm 2.1 and Theorem 2.1. 
Example 2.2. Let A be the following matrix. 

V: 1 4 16 

By the application of the condensed form of the Cauchon algorithm on A we have 

[

-1/2 -2 41 
A=A) = 3/4 3/4 1 . 

1 4 16 

Since A is not entrywise positive, A is not T P. 
Example 2.3. Let A be the following 3 x 3 Vandermonde matrix with x1 = 3, x2 = 
7, x3 = 11. By the application of the condensed form of the Cauchon algorithm we 
will show that A is T P. 
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2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY 
NONNEGATIVE MATRICES 

[ 

32/77 132/77 9 ] 
A= A= 4/11 28/11 49. 

11 121 

Since A> o, A is TP. 

Example 2.4. The following matrix A is a Jacobi matrix. We will use the condensed 
form of the Cauchon algorithm to show that A is TN. 

A=[~ n ~l- o 0 6 12 

By the application of the condensed form of the Cauchon algorithm we have 

[
6 2 0 0 l [6 A) = A = 2 2 1 0 j@ 3 
0 3 4 2 ' 0 
0 0 6 12 0 

A®)= 

2 0 
2 1 
3 3 
0 6 

~ l , 
12 

[ ~ ~ ~ ~ l ,4 = A(1) = [ ~ ~ ~ ~ l 0 3 3 2 • 0 3 3 2 
0 0 6 12 0 0 6 12 

Since A is nonnegative and a Cauchon matrix, A is TN. 

In [Lau04], an algorithm called restoration algorithm is introduced as the inverse 
of the Cauchon algorithm. In the following, we present the condensed form of this 
algorithm. 

Algorithm 2.2. (The condensed form of the restoration algorithm) 
Let A = [a,,] € R"". 

• Set A) := A. 

• Fork= 2, ... ,n define A(k) = [aiJ)J E ]Rnxm as follows 
For i = l, ...,k-1, For j ==m-l, ..,1, 
if j ==m-l, 

{ 

(k-1) at~~\a[~,;;:1J i:f ak,m -t 0, 
(k) ai m-1 + (k-1) :/ r ljy,1 s ®i,m 
' (k-l) :f Q Uim-1 J dk,r= . 
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2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY 
NONNEGATIVE MATRICES 

else, for j = m-2,... , 1, 
set u, := min{he {j+1,...,m-1}[a," ± 0} (ue set u;:== oo if this set 
is empty) 

{ 

(k-1) (k) 
(k--1) ®i,) hiu, : 

(k) _ aij + (k-1) if Uj < 00, 5; i.a, 
(k-1) ®,5 if u;= oo. 

For i = k, ... , n,j = 1, ... ,m, and i = l, ... , k - l,j = m, 
(k)_ (k--1) ®45 %5 · 

e Put A = A(n), A is called the matrix obta'ined from A by the restoration algo­ 
rithm. 

Example 2.5. For the following matrix 

[ 

1/3 
A= 1/6 

1/4 
1 

1/2 1 l 2/3 4 
3/4 9 ' 
4 16 

when we apply the condensed form of the restoration algorithm, we have 

[ 

1/3 1/2 1 l [ 1/2 
A) = A = 1/6 2/3 4 A(2) = 1/6 

1/4 3/4 9 1/4 
1 4 16 1 

2/3 1 l 2/3 4 
3/4 9 ' 
4 16 

·4-#] 1/4 3/4 9 ' 1 3 9 . 
1 4 16 1 4 16 

Observe that A is a positive matrix and when we apply the condensed form of the 
restoration algorithm on A we get the matrix A which is T P according to Theorem 
2.1. 

Example 2.6. For the following matrix 

[E: 0 0 6 12 

19 



2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY 
NONNEGATIVE MATRICES 

when we apply the condensed form of the restoration algorithm on A we have 

[

2 2 0 0 l [6 2 1 1 0 A 2 
0 3 3 2 • 0 
0 0 6 12 0 

2 0 
1 1 
3 3 
0 6 

~ ] , 
12 

[

620 ol [620 ol A®)= 2 2 1 0 7=A®) 2 2 1 0 
0 3 3 2 ' 0 3 4 2 
0 0 6 12 0 0 6 12 

Observe that A is a nonnegative Cauchon matrix and when we apply the condensed 
form of the restoration algorithm on A we get the matrix A which is TN according 
to Theorem 2.1. 

We can represent each entry of the matrix A which is obtained by the application of 
the condensed form of the Cauchon Algorithm to a given T P matrix A as a ratio of 
two contiguous minors. 

Theorem 2.2. [Adm16] Let A€ R"" be TP. Then the entries @, of the matria A 
obtained from A by the condensed form of the Cauchon algorithm can be represented 
as 

det A[k,... , k + w\j,..., j + w] 
[ ] .k,j = l, ... , n, det A k+1,...,k+w\j+1,...,j+ w (2.1) 

where w== min{n - k, n - j}. 

In the following, we introduce the definition of a lacunary sequence associated with 
Cauchon diagrams. 

Definition 2.3. /LL14} Let C be a Cauchon diagram. We say that a sequence 

(2.2) 

which is strictly increasing in both arguments is a lacunary sequence with respect to 
C if the following conditions hold: 

1. (a.3) 4C.k =1.2...... 

2. (a,B)€C fora, <a <n and3,<B<m. 
3. Let s E {O, 1, ... ,p-1}. Then (a,3) € C if 
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2.1. CONDENSED FORM OF THE CAUCHON ALGORITHM AND TOTALLY 
NONNEGATIVE MATRICES 

(a) either for all (a,S), as <a <a,y and 3, <8, 
or for all (a,9), , <a <a,yr and3% <8 <3,41 
and 

(b) either for all (a, 9), a, < a and 3, < f3 <h,1, 
or for all (a,{3), a< 0:'8+1 and /3s < {3 <ph,­ 

Example 2.7. In Figure 2.1, the sequence {(1,1),(2,3),(4,4)} and {(2,1),(5,2)} 
are a lacunary sequence with respect to C while the sequence {(1,2),(3,3)} is not. 

Proposition 2.1. [AMAFG18} Let A be an n x m matrix such that A is a Cauchon 
matrix and let ry == { (oo, 6), ( a1 , /31), ... , ( aP, /3p)} be a lacunary sequence with respect 
to a given Cauchon diagram C associated with A. Then 

holds for all lacunary sequences I given by Definition 2.3. 

We can determine if a given TN matrix A is nonsingular or not by the value of the 
diagonal entries of A. 
Proposition 2.2. [AG13] Let A be an n x n TN matrix. Then A is nonsingular if 
and only ifaii > O,i = 1,2, ·..,n, 

Proof Let A be nonsingular TN and C be the Cauchon diagram associated with A. 
By Theorem 1.5, all the principal minors of A are positive and when we apply the 
condensed form of the Cauchon algorithm, we have 

a,, = @,n» > 0, 

Assume there exist 1 < k < n such that @u = 0 and @, > 0, i == k+ l, ... , n. 
Consider the lacunary sequence ( with respect to C) { (i, i), i = k,k + l, ... , n}. Then 
by Proposition 2.1 it follows that if (i, i) E C then 

det A[k,...,n] = a@+ik+1...@,, =0, 

contradicting Theorem 1.5. Conversely, assume that a.ii > 0, i =1,2, ... ,n. Then 
the sequence { (i,i), i = 1, 2, ... , n} is a lacunary sequence with respect to C and by 
Proposition 2.1 it follows that 

det A4[1,2,...,n] = @ @...@,, > 0. 

So, A is a nonsingular matrix. D 
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2.2. BIDIAGONAL FACTORIZATION OF TOTALLY NONNEGATIVE 
MATRICES 

2.2 Bidiagonal Factorization of Totally Nonnega­ 
tive Matrices 

Factorization of matrices is one of the most important topics in matrix theory and 
it plays a central role in many related applied areas such as numerical analysis and 
statistics. In this section, our main focus will be on bidiagonal factorization for non­ 
singular totally nonnegative matrices which allows one to obtain algorithms with high 
relative accuracy for the computation of singular values, eigenvalues, and inverses of 
totally nonnegative matrices [Koe05], [Koe07]. 

Definition 2.4. [FJ11](Elementary Bidiagonal Matrices) 
For any positive integer n and complex numbers s, t, we let 

L(s):= I,+sE,1 and U,(t):= 1,+tE, 13. 2<i,j <n, 
matrices of the form Li(s) or U,(t) above are called elementary bidiagonal matrices, 
and the class of elementary bidiagonal matrices will be denoted by EB. 

The EB matrices Li(s) and U,(t) satisfy the following relations [FJI1]: 

1. L(s)Z(t) = L;(t)Dr(s), if [i-j] > 1, 

2. L(s)(t)= Li(s + t), for all i, 
3. L,+(r)L,(s)Lr(t) = L(r')L,+(s')L4(t'), for each i, 
4. L,(s)Uy(t) = U()L,(s), if i # j. 

In addition, relations from 1. to 3. are true for the upper EB matrices U,. 

Example 2.8. The following two matrices are lower elementary bidiagonal matrices 
with n = 3 

[-~ ~ ~ ] • 1,(0.3) = [ ~ ~ ~ ] . 
0 0 1 0 0.3 1 

Example 2.9. The following two matrices are upper elementary bidiagonal matrices 
with n = 3 

U5(25) = 

Definition 2.5. [FJ11](Generalized Elementary Bidiagonal Matrices) 
Matrices of the farm 

D + sEi,i-1 or D + tE1-1,j, 2 ~ i,j <n, 
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2.2. BIDIAGONAL FACTORIZATION OF TOTALLY NONNEGATIVE 
MATRICES 

where D is an n x n diagonal matrix, n is a positive integer, and s, t are complex 
numbers are called generalized elementary bidiagonal matrices, and the class will be 
denoted by GEE. 

It is easy to see that 
( Li ( s) r 1 = Li (s). 

It is obvious that any GEB matrix is TN whenever D is nonnegative and s, t ~ 0, 
and any EB matrix is TN whenever s, t ~ 0, see, e.g., [FJ1]. 

Theorem 2.3. (Loe55} Ann x n nonsingular TN(TP) matrix can be written as 

(L,(l) L,1b-1)... Lah+a)) (L»@-+1)...Lah-as+))..(Lr@)) · 
D·(U,(u;)) (U»-±(u») U,(us))... (U(u-+a)...U, 1up ±) U,u)), (2.4) 

where k := (;) ,l;,u; "c O (l,,u; > 0) for all i,j € {1,2, ... ,k}, and D = 

diag (d1, d2, ... d,) is a diagonal matrix with all di >0. 

If we use the relation 1. for the EB matrices in Theorem 2.3, we can write (2.4) in 
another form as we present in the next theorem, see, e.g., [Koe05], [F Jll]. 

Theorem 2.4. An n x n nonsingular TN (I' P) matrix can be written as 

A =L)... £(n-i) · D · u(n-t) ... U(l), 

where D = diag (di, d2, ... ,d,), and 

L®) = L,,1(0")L,-4420£")...1,0), r =1,...,n=- 1 
1 

n-r+1 f-- = 1 1 

!» 1 

(2.5) 
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2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION 

and 

v) U,(")U,-16$")...0,160), r = 1,...,n-1 
1 

n-r { 

= 

(r) , 
1 (r) 

uo 
1 (r) 

u] 
1 

For example, the symmetric Pascal matrix P, can be written as [FJll] 

P, = L.(1) ... L,(1) [ ~ P~_
1 
] u,(1) ... u.(1). 

By the induction, P, has the factorization (2.4) in which the u,'s and l/s involved 
are all equal to one. Consequently, the symmetric Pascal matrix P, is TN for n > 1, 
since it is a product of TN matrices. 

Theorem 2.5. [Cry76] Any n x n TN matr-ix A can be written as 

M N 

A-[ITT. 
i=I j==l 

where N, M <n and the matrices L(i) and UU) are not required to be nonsingular, nor 
are they assumed to have constant main diagonal entries, as they are GEE matrices. 

2.3 Cauchon Algorithm and Bidiagonal Factoriza­ 
tion 

In this section, we present how we can find the bidiagonal factorization of a given 
nonsingular TN matrix A =[a,] by application of the condensed form of the Cauchon 
algorithm. The numbers li and u; given in Theorem 2.3 can be obtained by running 
the condensed form of the Cauchon algorithm on G = (A#) and get in this way a 
bidiagonalization of A, where the entries of G =[g,] are 

9ij = an+l-j,n+l-i, 1 ::; i, j ::; n. 

Algorithm 2.3. [Adm16](Bidiagonal Factorization) 
Let A be a T P matrix, we can find l,'s and Uj 's given in Theorem 2.3 as follows: 

• Run the condensed form of the Cauchon algorithm on G = (A#)T. 
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2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION 

• [k - S.!!!. [ - 9.n1. [ _ 9n,n-l 
- 9n21 k-l - 9n31 • • ·' k-n+2 - 9n,n J 

], _h-i.1 q, _@-i.2 ], @a-in.-z 
k-n+1 7 5l-1.a? k-n77 j%-i,a' '··> k--2n+4 7 7,i4-i? ···> 

Li= gll_ 
922 

• di, = 9n+l-i,n+l-i, i = 1, 2, ... 'n . 
• u = fil 1 joa 

uw =Q23 g, = Qa 2 933 ' 3 !/23 ' . . . ' 

U _ 9n-l,n _ ~ fil11. 
k-n+2 - !Inn ' ... ' Uk-1 - !fan' Uk = 92n . 

Algorithm 2.4. (Bidiagonal Factorization) 
Let A be a T P matrix, we can fna ts and u? 's given in Theorem 2.4 as follows: 

• Run the condensed form of the Cauchon algorithm on G =(A#) 
• z(l) - ~ 

'l - 9n2' 
z(2) = 9.n,1 z(2) = 9n-l,l 
1 9n3' 2 Yn-1,2' · · · ' 

z(r) = --9.ru;_ z(r) = Yn-l,r-1 z(r) = 9n-r+l,l 
l Yn,r+l' 2 9n-l,r J • • • J r 9n-r+l,2 

o d,= .9n+l-i,n+l-i, i = 1, 2, ... , n. 

• U(l) - fil!!. 
1 - 92n J 
,,)_ hi.a- 4,P) sh 

1 - !/2,n-1 1 2 - !/3n 1 • • • J 

4?_ in-+i 4,)_ n-rs2 4,fO- _en 
1 - 92,n-r+l 1 2 93,n-,·+2 J • • • 1 r 9r+l,n · 

Example 2.10. Let A be the following 4 x 4 Vandermonde matrix with x1 = 2, x2 = 
4, x3 = 6 and X4 = 8: · 

-34 1 6 36 216 . 
1 8 64 512 

Firstly, we find the matrix G as follows: 

[ 512 
216 64 ~] G~(A#f ~ y 36 16 
6 4 
1 1 
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2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION 

By the application of the condensed form of the Cauchon algorithm on G we get: 

216 
36 
6 
1 

64 8 l [ 296 16 4 c<3l = 28 
4 2 ' 2 
1 1 1 

152 
20 
2 
1 

56 8 l 12 4 
2 2 ' 
1 1 

[ 

144 96 48 8 l [ 48 48 32 8 l 
c®) 8 8 8 4 6 = c(l) = 8 8 8 4 

2 2 2 2 ' 2 2 2 2 
1 1 1 1 1 1 1 1 

The number k of l, in (2.4) is k= ( = ( i ) == 6, we find all of l,, i = I, 2, ... .6 
as follows: 

l _ 941 _ ! _ l ls = 942 = ! = l z4 = 943 ! 1 6 
- 942 - 1 - ) 943 1 • @u 1 ) 

@n1 2 @sa 2 ®.°31%°3-' 
l - 921 - ~ - 1 1 - - - . 

32a 8 

Also, the values of the entries on the diagonal matrix D are 

du = 944 =1, do= 933 = 2, d33 = 922 = 8, d44 = 911 = 48, 

and the values of Uj, j = 1, 2, ... , 6 are 

U1 = ~12 = 48 = 6, 
922 8 

U2 = ~23 = ~ = 4, U3 = ~13 = 32 = 4, 
933 2 923 8 

934 2 924 4 - ' - 914 - ~ - 2 
'U4 = 944 = 1 = 2, us= 934 = 2 - 2, U6 - 924 - 4 - . 

So, the bidiagonal factorization of A is 

A= (L(ls) La(ks) Lal)) (La) La()) (Lal))<D 
·(Uz()) (Ua(a) Ur(us)) (Ua(a) Ua(us) U(us)). 
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2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION 

or 

• 
0 0 

~ ][ ~ 0 0 

~ ][ ~ 0 0 

~ ][ ~ 0 0 

~ ][ ~ 0 0 ~ I A= 1 0 1 0 1 0 1 0 1 0 
0 1 1 1 0 1 0 1 1 1 
0 1 0 0 0 0 0 1 0 0 

[~ 0 0 

J ][ ~ 
0 0 .J 0 0 

~ ][ ~ 0 0 ~ I 1 0 2 0 1 0 1 4 
0 1 0 8 0 1 0 1 
0 1 0 0 0 0 0 0 

1 0 0 

' 
2 0 

JI[~ 0 0 JI[~ 0 0 

' 
0 1 0 1 0 1 2 1 0 
0 0 1 0 1 0 1 0 1 
0 0 0 0 0 0 0 0 0 

[~ 0 0 ! 0 0 

• 
0 0 

• 
0 0 

ls] A= 1 0 1 0 1 0 2 0 
0 1 1 1 1 1 0 8 
0 1 0 1 0 1 0 0 

[ ~ 
2 0 

~I[~ 
0 0 

~I[~ 0 0 ~ I 1 4 1 2 1 0 
0 1 0 1 0 1 
0 0 0 0 0 0 

Ramark 2.1. [AG1}] For any nonsingular TN matria A, we can approximate A by 
a TP matria A, as follows: Let A be a nonsingular TN. After the application of 
the condensed form of the Cauchon algorithm, we get A. Then by Theorem 2.1 and 
Proposition 2.2 A is a nonnegative Cauchon matrix with positive diagonal entries. 
For a given zero entry in the upper part in A, all entries in the same column above it 
are zero. If the zero entry in the lower part, then all entries in the same row to the 
left of it are zero. We replace the zero entries from the bottom to the top in the upper 
part and from the right to the left in the lower part by increasing integer powers of a 
positive number c. We call this matria by A,. We apply the condensed form of the 
Restoration Algorithm to A, and obtain by Theorem 2.1 the TP matria A, since all 
entries in A, are positive. Since A, tends to A as c tend to 0, A, tends to A. So we 
can approximate the given nonsingular TN matria A by the TP matrir A,, 
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2.3. CAUCHON ALGORITHM AND BIDIAGONAL FACTORIZATION 

Example 2.11. For the following nonsingular TN matrix 

[

2 1 0 ol A= 7 6 4 1 
4 4 4 1 ' 
3 3 3 3 

when we apply the condensed form of the Cauchon algorithm for A, we get 

[ 

1/2 1 0 0 l 
A= 1 2 0 1 

0 0 3 1 
3 3 3 3 

We can approximate A by a T P matrix A,. In the matrix A we replace all zero entries 
in each row from the right to the left in the lower part and in each column from the 
bottom to the top in the upper part by increasing integer powers of a positive number 
€, SO we have 

[ 

1/2 1 c
2 

El - 1 2 E 1 
A,= ? c 3 1 

3 3 3 3 

By application the condensed form of the restoration algorithm to A,, we get 

2 + lOE 4 7e? + 5/3£3 + 2/3£4 1 4 7e+ 3c2 + 2/3° 4c + 2£2 E l 
7+4c +4/3° + 1/3° 6+2c+1/3? 4+c 1 

4-+c+? 4+c 4 1 ' 
3 3 3 3 

which is a T P matrix since all entries in A, are positive. As c tend to 0, A, tends 
to A, therefore A, tends to A. So we approximate the nonsingular TN matrix A by 
the TP matrix A.. 

To extend Algorithm 2.3 to the nonsingular TN case, we approximate the given 
nonsingular TN matrix G by the T P matrix G, as described in the above remark. 
After cancellation of common powers of E, we obtain that the denominators do not 
contain E. Letting c tend to 0, the extension of Algorithm 2.3 to the nonsingular TN 
case follows. So we set § := 0. Therefore, all quantities in Algorithm 2.3 are defined 
since in the upper part of G if one entry is zero then the entry above it is zero, also 
if one entry is zero in the lower part then the entry to the left of it is zero. 
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Example 2.12. Return to Eaample 2.4. We can find the bidiagonal factorization of 
A. 

A=[H ! ~l- o O 6 12 

A is a nonsingular TN matrix, by application Algorithm 2.4 to 

[ 12 2 0 0 l G=(A#F 6 4 1 0 
0 3 2 2 ' 
0 0 2 6 

we get 

~]· [ 12 2 0 0 l [ 12 2 
0 

c) G = ~ 
4 1 0 gt@)_ 6 4 1 
3 2 2 ' 0 3 4/3 
0 2 6 0 0 2 

12 2 0 
0 l [ 36/7 2 0 ~] a®)= 6 7/4 1 0 =c= ® 7/4 1 

0 3 4/3 2 ' 0 3 4/3 
0 0 2 6 0 0 2 
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So, the bidiagonal factorization of A is 

A= L)L®)1,®)- DU®)U®\LU@) 

s53l±.5 vi5] 
[ 3.-,55] 

= 
1 

1/3 
0 
0 

0 
1 

9/4 
0 

0 
0 
1 

24/7 

0 l [ 6 0 0 0 4/3 
0 0 0 
1 0 0 

1 0 0 
0 1 0 
0 0 1 
0 0 0 
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Chapter 3 

Elementary Operations and 
Cauchon Algorithm 

In the previous chapters, we present the operations that preserve total nonnegativity 
and total positivity. Also, we apply the condensed form of the Cauchon algorithm 
on totally nonnegative and totally positive matrices and we introduce a method to 
calculate the bidiagonal factorization of nonsingular totally nonnegative matrices. In 
this chapter, we present how the elementary operations applied on A affect on A and 
the bidiagonal factorization of A. 

This chapter consists of two sections. In Section 3.1 we have a new results, we present 
how the entries of A will be changed after performing the elementary operations on 
A. In Section 3.2, we introduce how the entries of the bidiagonal factorization of A 
will be changed after performing the elementary operations on A. 

3.1 Elementary Operations and the Cauchon Al­ 
gorithm 

In this section, we perform on the matrix A the following elementary operations: 

1. multiplying a row ( column) by a positive scalar; 

2. adding a positive multiple of a row (column) to the next row (column). 

Each of these elementary operations preserves the total nonnegativity, see Propo­ 
sition 1.3. In the following we present how the entries of A will be changed after 
performing the above elementary operations on a T P matrix A. 

Multiplying a row (column) by a positive scalar. 
Let A = [a,] be an n x n TP matrix and B = [b,] be the matrix obtained from A 
by multiplying the row i by a positive scalar x. Then the entnes of B are given as 
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follows: 
a,, 

k,j = 1, 2, ··.,n0, and x > 0. 

This elementary operation preserves the total positivity if A is a given T P matrix 
as we observe in Proposition 1.3. The following theorem displays how to compute 
B which we get by running the condensed form of the Cauchon algorithm on B in 
terms of the entries of the matrix A. 
Theorem 3.1. Let A be an n x n T P matrix, x >0, let A be the matrix obtained 
from A by running the condensed form of the Cauchon algorithm on A, and let B 
defined as in (3.1). When we apply the condensed form of the Cauchon algorithm on 
B, we get the matria B with entries given as follows 

- - { X akj' for k =i, b, = 
@,, for k #i, 

k, j =1,2,... , n, and x > 0. The matria B can be computed from A in exactly n 
arithmetic operations without performing any subtractions. 

Proof Let x > 0 and A be a T P matrix. When we multiply the row i in the matrix 
A by x we get the matrix B which is defined as follows: 

B= an a 

for k = i, 
for k i, 

T @4,n--1 2 a4 

(3.1) 

The matrix B is T P by Proposition 1.3. The entries of the matrix B obtained from 
B by the condensed form of the Cauchon algorithm can be represented as 

det B[k,... , k + wlJ, ... , j +w]= .: { -k. -} b . . " - mm n ,n J . kj == detB[k+l, ...,k+w\j +1,... ,J+w 

To find all entries of B in terms of the entries of A, we have three cases: 
Case 1: k < i 

det B[k,... , k + w\j,... ,j + w] 
det B[k + 1, ...,k+ w\j + l, ... , j + w] 

det A[k,... , k + w\j,... ,j + w] 
= det A[k + 1, ... , k + w\j + l, ... ,j + w] 
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since the row i will be involved in the denominator and numerator of bk· or will not 
b . 1 J> e mvo ved. 
Case 2: k > i 

det B[k, ... , k +w[j.. , j + w] 
det B[k + 1, ... , k + wjj + 1, ... , j + w] 

det A[k,... , k + w\j,... ,j + w] 
det A[k + 1, ...,k + w\j + 1, ... ,j +w] 

since the row i will not be involved in the denominator and numerator of b,,. 
Case 3: k == i 

det B[k,... , k + wjj, ... , j + w] 

= 

det B[k + 1, ... , k + w\j+ 1, ... , .i + w] 
a det A[k,...,k + w\j,... ,j+w] 

det A[k + 1, ...,k + w\j + 1, ... , j + w] 
(3.2) 

The expression in (3.2) involves no subtractions and requires n arithmetic operations, 
for j = 1,2, ··.,n. D 

Similarly, when we multiply a column i in the matrix A by a positive scalar a and 
apply the condensed form of the Cauchon algorithm on the resulting matrix B. Then 
the entries of B are given by: 

- -{ :r;akj, for j =i, b,== . 
ay, for j i, 

k, j = 1, 2, ... ,n. 

Example 3.1. Let A be the following matrix 

[ 

1 2 4 ] 
A= 1 3 9 · 

1 4 16 

Then by the application the condensed form of the Cauchon algorithm to A we get 

[ 

1/6 2/3 
A= 1/4 3/4 

1 4 ! l · 16 
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Hence A is T P since all entries of A are positive. Let B be the matrix obtained from 
A by multiplying the second row of A by 4. By application of Theorem 3.1, we have 

·[r 1 4 : 16 

Adding a positive multiple of a row to the next row. 

Let A be an n x n matrix, we define the matrix B = [b,] with entries given as 
follows: 

{ 

.!. ak · for k == i, 

u= «al,+r or =-+1 (@3) 
akj, for k =/. i and k i + 1, 

j = 1, 2, ... , n and x, y > 0. That is, B is obtained by multiplying the ith row in 
the matrix A by a positive scalar a and add it to the next row multiplied by y, and 
multiply row i by 1/y. We want to find the entries of the matrix B which we get by 
running the condensed form of the Cauchon algorithm on B in terms of the entries 
of the matrix A. 

Theorem 3.2. Let A be TP, ,y > 0, let A be the matrix obtained by running 
the condensed form of the Cauchon algorithm on A, and let B be defined as in (3.3). 
When we apply the condensed form of the Cauchon algorithm on B, we get the matrix 
B with entries as follows: 

·n 8km y+] 2m=j+l @j,1,m 
1 - j ®kj, 

a+s (nu.+a (SE, ±)) 
y @, + X ak-1,j, 

for k = i, 1 ~ j < n, 

for k = i, j == n, 

for k = i + 1, 1 ~ j <n, 

for k = i + 1, j ==n, 

for k # i and k =Ji+ 1, 1 ~ j ~ n. 
(3.4) 
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Proof The T P matrix B can be written as follows: 

a1,n-l 

a2,n-1 

B== 1/y ail 1/y a, 1/y ai,n-1 1/y a,, 
yai+1,1 + a; yai+1,2 + xai,2 yai+l,n-1 + Xai,n-1 9@;41,n + 30,,, 

0n,1,1 an-1,2 an-1,n-1 an-1,n 
On] 0,,2 an.n-1 &yen 

To find the entries of B in terms of the entries of A, we distinguish the following 
three cases: 
Case 1: k < i or k > i + 1. 
Since Bis T P, by Theorem 2.2 we have 

det B[k,... , k + wlj, ... , j + w] 
det B[k + 1, ...,k + wl} + 1, ... , j + w] 

det A[k,...,k + w\j,...,J + w] 
det A[k + 1, ...,k+ w\j + 1, ... , j + w] 

The second equality follows in the cases k >i+land k+w < i since B[,... , k + w\j,... ,.7 + w]= 
A[k,... , k +w\j,... ,j + w]. Otherwise, if k + 1 ~ i ~ k +wand i + 1 ~ k + w, 
then by determinantal properties, the second equality also follows. If i + 1 > k + w, 
then i = k+w holds. Hence by determinantal properties, the second equality follows. 

Case 2: k = i + 1. 
Since Q,i+l,n = ai+l,n, ain = ain, and b, = bi+l,n, and from the definition of B it 
follows that 

In the following we will explain how the other entries in the row 'i + 1 of B are 
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changed. By Theorem 2.2 and determinantal properties, we obtain 

b1,»1 = det B[i + 1, i +2[n- 1, n] 
det B[i + 2jn] 

ydetA[i + 1, i +2[-1,n] + xdetA[i, i + 2jn - 1, n] = 
det A[i + 2jn] 

det A[i + 1, i +2/n- 1, n] det A[i, i + 2jn - 1, n] = y--:......__; _ _;~_.:.__:_+x--:......_---'--,-:---- 
det A[i + 2jn] det A[i + 2jn] 

- det A[i, i +2/n-1,n] 
== 3/ 0;41,n-1 + x det A[i + 2jn) · 

To find the value of the second term in (3.5) in terms of the entries of A, we add and 
subtract the following quantity to it: 

(3.5) 

det A[i + l,i+ 2jn - 1, n] det A[ijn] _ ai,n 
__ :......_ :.,.......,. _ _.c. • __ __:_ .:__:._ _ = ai+l n-1 --. 

det A[i + 2jn] det A[i + ljn] ' ai+l,n 

Hence, 

det A[i, i + 2[n-1, n] = 
det A[i + 2jn] 

det A[i, i +2[n- 1, n] 
det A[i + 2[] 

det A[i + 1, i +2/n-1,n] det A[ijn] 
± detA[i+2jn) det A[i + 1[n] 

h5,n--1&442,n @4,n&i+2,n--1 

ai+2,n 

a,. a - @ ( ,) + i,n _ i ,n- _ ' ai+l,n-lai+2,n - ai+l,nai+2,n-1 
di41,n d;42,n&i+1,n 

di1@is,n @,@+- @ @±. 
di41,n 0541,n 

= detA[i,i + ljn-1,n) + ai,n_ai+l,n-1 
detA[i + ljn] ai+I,n 

.) = @,»-1+@+1a-1 ,, 
' i+I,n 

(3.6) 

By substituting (3.6) into (3.5) we get 

b;+l,n-1 - y ii,+1,n-l + X (a,,,._,+ Oi+1,n-l (a:::.)) . (3.7) 

36 



3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM 

Now, 

_ det B[i + 1,i + 2,i + 3jn-2,n-1,n] 
det B[i + 2, i +3[n- 1,n] 

_ ydet A[i+ 1, i + 2, i + 3[n- 2,n - 1, n] + x det A[i, i + 2, i + 3ln - 2, n - 1, n] 
det A[i + 2, i + 3[n- 1,n] 

= det A[i + 1, i + 2, i +3[n-2,n-1,n] det A[i,i + 2, i + 3ln - 2, n - 1, n] 
y det A[i + 2,i+ 3ln - 1, n] + x det A[i + 2, i + 3ln - 1, n] 

- det A[i, i + 2, i +3[n-2,n-1, n] = y a· 1 2 + p 
+1,n-2 detA[i+2,i43[-1,n] 

To find the value of the second term in (3.8) in terms of the entries of A, we add and 
subtract the following quantity to it: 

<let A['i + 1, i + 2, i + 3ln - 2, n - 1, n] 
<let A[i + 2, i +3[- 1,n] 

det A[i, i + 2jn - 1, n]/ <let A[i + 21n] 
det A[i + 1, i + 21n - 1, n]/ det A[i + 21n] 

- det A[i, i + 21n - 1, n]/ <let A[i + 2jn] 
==d;1,n-2 -, 

&j41,n-1 

Hence, by using Sylvester's Determinant Identity, we obtain 

detA[i,i + 2,i + 3ln- 2,n-1,n] 
det A[i + 2,i+3[n - 1,n] 

detA[i,i + 21n - 2,n -1] dctA[i + 2,i + 3ln -1,n] 
det A[i + 2, i + 3ln - 1, n] <let A[i +2[n- 1] 

<let A[i, i + 2/n- 1,n] det A[i + 2, i +3[n= 2,n- 1] 
det A[i + 2, i + 3ln - 1, n] <let A[i + 2jn - 1] 

detA[i + 1,i + 2, i + 3ln - 2, n - 1, n] detA(i, i + 2ln - 1, n]/ detA(i + 2jn] 
± det A(i + 2, i +3[n-1,n] detA[i+ 1, i + 21n - 1, n]/ dct A[i + 2\n] 

det A[i, i + 2jn - 2, n - l] det A[i, i + 2jn - 1, n] det A[i + 2, i + 3ln - 2, n - 1] 
detA[i + 2jn -1] - detA[i + 2,i + 3/n = 1,n] det A[i + 21n -1] 

detA(i + 1,i + 2,i + 3jn - 2, n -1, n] detA(i,i + 2ln -1,n] 
detA[i + 2, i 43[n-1,n] detA[i+ 1, i + 2ln - 1, n] 

- detA[i,i+ 2/n- 1,n]/det A[i + 21n] 
j ai4l,n--2 a;+1,n-1 

Again, we use Sylvester's Determinant Identity, we have 

detA[i+ 1,i+ 2,i 43/n-2,n-1,n] 
det A[i + 2,i + 3[n= 1,n] 

detA[i + 1,i + 2ln - 2,n -1} detA[i + 2,i+ 3jn-1,n} 
<let A[·i + 2, i + 3[n - 1,n] det A[i + 2ln - 1] 

det A[i + 1, i + 21n - 1, n] <let A[i + 2, i +3[n-2,n- 1] 
det A[i + 2, i + 3jn - 1, n] det A[i + 2jn - 1] 

detA[i + 1,i+2[n-2,n- 1] 
dct A[i + 2jn - l] 

detA(i +2,i+ 3jn-2,n- l}detA[i + l,i+2Jn- l,n} 
detA(i + 2, i +3[n-1,n] det A[i + 2[n- 1] 

(3.8) 

(3.9) 

(3.10) 
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By substituting (3.10) into (3.9) we obtain 
detA(i,i +2,i + 3ln-2,n -1,n] 

det A(i + 2, i + 3[n- 1,n] 
det A(i, i + 2[n - 2,n - 1) 

det A[i + 2ln - 1) 
det A[i, i + 2ln - 1, n] det A[i + 2, i 3[n- 2,n - 1] 

det A[i + 2, i + 3ln - 1, n] dct A[i + 2jn - 1] 
detA[i+ 1, i + 21n - 2, n - l) 

detA[i +2/n -1] 
<let A(i, i + 21n - 1, n] 

detA[i+ l,i + 2/n- 1,n] 
+ detA[i+ 2,i+ 3ln- 2,n- l)detA[i + 1,i +2ln-1,n] 

det A[i + 2, i + 3/n- 1,n] det A[i + 21n - 1] 

+ _. <let A[i, i + 2/n- 1,n]/det A[i + 21n] 0441,n--2 ­ 
0j1,n-l 

det A[i, i + 2Jn - 2, n - 1] 
det A[i + 2[n- 1] 

det A[i, i + 2Jn - 1, n) 
detA[i + 1,i + 2ln-1,n] 

detA[i + 1,i + 2jn- 2,n-1] 
detA[i +2[n- 1] 

det A[i, i + 21n - 1, n] 
detA(i + 1, i + 2ln - 1, n) 

+ _ det A[i, i + 21n - 1, n]/ <let A[i + 2jn) 
di41,n--2 ­ 

a4j1,n--l 

det A(i, i + 1, i +2/n-2,n- 1,n] 
detA[i + 1, i + 2jn -1, n) 

- det A[i, i + 2ln- 1,n]/ <let A[i +2/n] · , + a;+1,n-2 _ , by Sylvester's Determmant Identity, 
lli+l,n-1 

_ + a.;+1,n-2 (- - O.i,n ) b • (3 6) hi,n--2 4 di,n-+@ill,n-i_ ,)y using • 
dip1,n-1 ail,n 

By substituting (3.11) into (3.8), we get 

b;1,n--2 = y @41,n--2 + (3.12) 

We use the following decreasing induction on the column index of the entries in row 
i + 1 of B, to get all the entries in the row i + 1, which are given as follows: 

bi+l,n-j = y °'i+l,n-j + x (ai,n-j + °'i+l,n-j ( t /i,m ) ) , j = l, 2, ... , n- l. 
m=n--j+1 t+l,m 

(3.13) 
By using (3.7) and (3.12), (3.13) is true for j = l, 2. Assume it is true when j ==y, 
i.e., 

(3.11) 

(3.14) 
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From (2.1), we have 

det B[i + 1, , i + 1 + win - ,, , n - 1 + w] 
det B[i + 2, , i + 1 + w\n --y+ 1, , n - 1 + w] 

- . + det A[i, i + 2, ... ,i+ 1 + w[n-y,n-y+ 1, ... , n - 1 + w] /@;1,n-y T.. 
det A[i + 2, ... , i + 1 + w[n-y+ 1, ... , n - 1 + w] 

(3.15) 

From (3.14) and (3.15) we have 

( 
n - ) a· ,m =-+h»% a. 

m=n-y+] &+l,m 

(3.16) 
If n--y > i + 1, then for j = n - 1 - 1 we are on the upper part or on the main 
diagonal of the matrix B. Now, we want to prove that (3.13) holds for j = 1 + 1. 

det A[i, i + 2, ... , i + 1 + win - 1, n - , + 1, ... , n - , + w] 
det A[i + 2, ... , i + 1 + win - , + 1, ... , n - , + w] 

det B[i + 1, , i + 2 + win - , - l, ... , n - 1 + w] 
det B[i + 2, ,i + 2 +win-,, ...,n- y+ w] 

y det A[i + 1, i + 2, , i + 2 + win - 1 - 1, n - 1, ... , n - 1 + w] 
det A[i + 2, , i + 2 + win - 1, ... , n - 1 + w] 

det A[i, i + 2, ... , i + 2 + win - 1 - 1, n - 1, ... , n - 1 + w] 
+ x det A[i + 2, ... , i + 2 + win - 1, ... , n - , + w] 

- det A[i, i + 2, ... , i + 2 + win - 1 - 1, n-y,... ,-"y+ w] 
Y ai+I,n-")'-I + x det A[i+ 2, ... , i + 2 + win - 'Y, ... , n - , + w] · 

(3.17) 

To find the value of the second term in (3.17), we apply Sylvester's Determinant 
Identity on its numerator to obtain 

det A\i,i+2,... ,i+2+wln-")'-1, ... ,n-")'+w 
det A i+2, ...,i4-2+w\n--,...,n--y+w 

detA i,i+2, ...,il+w\n--y-l,... ,n--y-l+w detA i+2, ... ,i+2+wln--y, ... ,n--y+w 
= detA[i+2,...,i+l+w\n-,...,n-y-l+w] det A[i+2,...,i+2+w[n-y,..,n-+w 

d tA · ·+2 i+l+w n--y ... n--y+w detA i+2, ... ,i+2+w n--y-l, ... ,n--y-l+w aa iiid,ii++a-..-r-+@] @@Al+2...7+2Fn--7...n-7Fi 
. . 1 --y-l+w detA i,i+2, ... ,i+l+wln--y, ...,n--y+w\ det A i+2, ...,i+2+wln-y--l,... ,n--y-l+w detA i,i+2.... ,t+l+w n--y- , ... ,n - • · I 1 d tA · 2 ·+2 I + = ht_ r jhi 1--·r--l+w] detA[i+2,...,i+l+w\n-y,...,n-y-l+w] let [i+'z,...,i- !+w\n-y,...,n="y--w det A[i+2,...,i+l+w\n=-y,...,n ·Y 

. ?j 1 n--y+w detA[i i+2 i+l+wln--y,n--y+l, ... ,n--y+w]/detA[i+2, ... ,i+l+wjn-")'+l, ... ,n--y+w] detA i+l i+w+~ n--y- , ... , ' , ... , ) ± , , + A(i+l,.. ,i+w+lln -y, ... ,n -y+w 
det A i+2, ,i+w+2ln-")', .. ,,n--y w 

. l. :----l+w] det Ai i+2, ... ,i+I+wln--y, ... ,n--y+w detA i+2, ... ,i+2+w n--y-1, ... ,n--y-l+w 
d A · ·+2 +I+w n--y- , ... ,n 'Y ' I 1 d A · 2 · 2 I _ et t,i , ,t. _ -l+ - detA i+2, ... ,i+l+w n--y, ... ,n--y- +w et i+ , ... ,i+ +w n--y, ... ,n--y+w - det A i+2, ,i+l+wln-")', .. ,,n 'Y w 
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_det A[i+1,... ,i+2+w n--y-1, ... ,n--y+w 
det A i+2, ...,i+-24w[n-y,... ,n--y+w det A i,i+2, ,i+l+w n--y,n--y+l, ,n--y+w 

det A i+l,i+2, ,i+l+wln--y,n--y+l, ,n--y+w 

+ai+l,n--y-1 _ 1 (detA[i,i~2, ,i~l+wln-,,n-,+1, ... ,n-,+w]), 
ai+l,n--y det A[i + 2, , i + 1 + w\n- "y+ 1, ... , n - ; + w] 

(3.18) 
Now, again by Sylvester's Determinant Identity, we have 
det A[i+ 1, ... ,i+2+wln--y-l, ... ,n--y+w) _ det A[i+l, ... ,i+l+wln--y-1, ... ,n--y-l+w) det A[i+2, ... ,i+2+wln--y, ... ,n--y+wj 
detA[i+2, ...,i+-2+w]n--y,... ,n--y+w] - detA[i+2, ...,i+-2+wn-y,... ,n--y+w] detA[i+2, ... ,i+l+wln--y, ... ,n 1' l+w] 

_ detA[i+l, ,i+l+w!n--y, ,n--y+w] detA[i+2, ,i+2+wln--y-l, ,n--y-l+wj 
det A[i+2, ,i+2+wln--y, ,n--y+w] det A[i+2, ,i+l+wln--y, ,n--y-l+w] 

_ detA[i+l, ,i+l+wln--y-1, ... ,n--y-l+w] 
det A(i+2, ,i+ l-+w]n-y,... ,n--y-1 +w] 

det A[i +1,...,i+ 1+wln-y,...,n-y+w] detA[i+2,...,i+2+w\n-y-1,...,n-y-1+w] 
- <let A[i + 2, ... , i + 2 + w\n-- y,... , n - 'Y + w] det A[i + 2, ... , i + 1 + win - 'Y, ... , n - 'Y - 1 + w] 

(3.19) 
By substituting (3.19) into (3.18) and after simplifications, we get 

detA i,i+2, ,i+2+w n--y-1, ... ,n--y+w _ detA i,i+2, ,i+l+w n--y-1, ... ,n--y-l+w 
detA i+2, ,i+2+wln--y, ... ,n--y+w - detA i+2, ,i+l+w n--y, ... ,n--y-l+w 

_ det A[i+l, ,i+l+wln--y-1, ... ,n--y-l+wj det A[i,i+2:···,i+l+wln--y,n--y+l, ... ,n--y+w] 
det A[i+2,...,i+1+w\n-y,...,n-y-1+w] det A[i+l,...,i+l+wln-y,...,n-y+w] 

ii;+1,n-J-l ( det A[ii+-2,.. ,i+_l+wln--y,n--y+l, ... ,n--y+w)) 
Ti,41,n-Y detA[i+2,...,i+l+w\n--y+l,...,n-y+w] 

det A[i, ... , ·i + 1 + win - 'Y - l, , n - 'Y + w] 
det A[i + 1, ... , i + 1 + win - 'Y, , n - 'Y + w] 
ai+l,n--y-l (detA[i, i + 2, ,i ~ 1 + win - -y,n - 'Y + 1, • • •, n - 'Y + w]) (3.20) 
ai+l,n--y <let A[i + 2, , i + 1 + win - 'Y + 1, ... , n - 'Y + w] 

_. + lli+l,n--y-1 (a· _ + ai+l n--y ( ~ _ ai,m ) ) , from (3.16) = a;n--y-1 4 i,n--y 5 Za 0141, 
di4l,n-y m=n-y+l T; 

( 
~ ai,m) = @,-r-1+@rt»-r1 2 7,_,, 

m=n--y i+l,m 

= 

+ 

(3.21) 

b b t·t t·ng (3 21) into (3.17) we conclude (3.13) is true when j = 1 + l Hence y su s 1 u 1 · - . 
on the upper part and on the main diagonal of B,i.e., 

b, = y G.i+l n--y-1 + X (ai,n--y-1 + G.i+I,n--y-1 ( t aa+·i,lm ) ) . (3.22) 
i+l,n-y-. ' m=n-y ",m 
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For T---y < i + 1 th f · - 1 
- , en or J = n - 1 - 1 we are on the lower part of B and we have 

det B[i + 1, , i + 1 + win - 1 - 1, , n--y-] + w] 
det B[i + 2, , i + 1 + win - 1, , n - 1 - 1 + w] 

_ y det A[i ~ 1, , i + 1 + win - 1 - 1, ...,n-y- l + w] 
det A[i + 2, , i + 1 + win - ,, ... , n - 1 - 1 + w] 

+ det A[i, i + 2, ... , i + 1 + win - 1 - 1, n - 1, ... ,n--y- l + w] [' -woo 
det A[i + 2, ... , 'i + 1 + win - ,, ... , n-y-] + w] 

: , detA[i,i+2,...,i+l+wln-y-l,n-,...,n-y-1+w] - Y ai+l,n--y-1 X . . 
det A[i + 2, ... , + 1 + win - 1, ... , n - 1 - l + w] 

(3.23) 

In (3.23), we can rewrite detA[i,i+2: ... ,i+1_+wln--y-l,n--y, ... ,n--y-l+w] by using the Sylvester's 
· · detA[i+2,...,i+l+w\n-y,...,n-y-l+w] 

Determmant Identity and add and subtract the following quantity: 

det A [ i, ... , i + w + l [n-y-,.. , n - 1 + w] 
det A [ i + 1, ... , i + w + l In - 'Y, ... , n - 1 + w] · 

Hence, 

det A[i,i-+-2,... ,i+1+wln--y-l,n--y, ... ,n--y-l+w ± det A i, ... ,i+w+lln--y-l, ,n--y+w 
det A i+2, ... ,i+1+wln-Af, ... ,n--y-1+w det A i+l, ... ,i+w+lln--y, ,n--y+w 

detA i,i+2, ... ,i+l+w n--y-1,n--y, ... ,n--y-l+w = det A i+2, ... ,i+l+w n--y, ... ,n--y-l+w 

det A[i,i+2, ... ,i+l+w n--y-1,n--y, ... ,n--y-l+w] 
- et li+l,i-+2,...,il-+wln-y,n--y+l,... ,n--y+w 

+ det~ i,i+2, ... ,i-J:-l+w n--y,n--y+l, ... ,n--y+w 
det A[i+l,i+2,...,i41+wln-y,n--y+l,...,n--y+w 

detA i, ... ,i+w+lln--y-l, ,n--y+w 
= det A i+l, ... ,i+w+Iln--y, ,n--y+w 

det A i,i+2, ...,i+l+w]n--y,n-y+l,...,n-y+w] 
+ det A i+I,i+2, ... ,i+l+w n--y,n--y+l, ... ,n--y+w 

detA i, ... ,i+w+lln--y-1, ,n--y+w 
ae a[i+i,.. ,i+w+lln--y, ,n--y+w 
det A i+l,i+2, ...,i-+l+w[n--y,n-y+l,...,n-y+ w 
et A i+2,i+3, ,i+I+w n--y,n--y+I, ,n--y-l+w 

detA i+l,i+2, ,i+l+w n--y-1,n--y, ,n--y-l+w 
det A i+2,i+3, ...,i+l+w[n=-y,n-y+l,... ,n--y-l+w 

detA i+l,i+2, ,i+l+wln--y-l,n--y, ,n--y-l+w] 
det A i+2,i+3, ,i+l+wln--y,n--y+l, ,n--y-l+w 

_ _ ( detA i,i+2, ,i+I+wln--y,n--y+l, ,n--y+w detA i+2, ,i+l+wln--y+l, ,n--y+w ) · = ai,n--y-1 +a·i+l,n--y-1 detA i+l,i+2, ,i+l+wln--y,n--y+l, ,n--y+w / detA i+2, ,i+l+wln--y+l, ,n--y+w 

- a,41,n-r-l 
a; n--y-1 + - di4l,n­ 

- a;pi,n-y­ 
Cl;n--y--1 + • di4ln-y 

(
detA[i,i + 2, ... ,i + 1 +wln--y,n--y+ 1, ... ,n--y+w]) 

det A[i + 2, ... , i + 1 + w\n-y+l,...,n- y+ w] 

(
a· + a.·+1 _ ( ~ _ a;,m ) ) , from (3.16). ,,n--y , ,n 'Y L...J a;+1.m 

m=n--y+l ' 

(3.24) 

(3.25) 

Hence by substituting (3.25) into (3.23) we conclude (3.13) is true when j = 1 + 1 
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in the lower part of the matrix B, i.e., 

i ( n - )) 
b, = - 4 dim 
i+l,n--y-1 - y ai+l,n--y-1 + X ai,n--y-1 + ai+l,n--y-1 L ai l m . 

m==n--y ' ' 

Case 3: k == j 

In this case we show that the entries in the row i of B are given by 

for j = 0, 

for 1 <j < n. 

Because all the entries in the last column of B do not change when we apply the 
condensed form of the Cauchon algorithm on B. Hence for j = 0, (3.26) holds, i.e., 

- 1 b,, =- 6,,». 
' y ' 

(3.26) 

(3.27) 

To prove (3.26) for j = 1, ...,n-l we use mathematical induction on j. For j = 1, 
det B[i,i + ljn - 1, n] 

det B[i + ljn] 
det A[i, i + lln - 1, n] 

ydet A[i + ljn] + x det A[i\n] 
det A[i, i + ljn - 1, n]/ det A[i + 1[n] 
(de A[i + ljn] + x det A[iJnl) /det A[i + lJn] 

ii· +a -"e y @;+1.n 

Assume (3.26) is true when j == > 0, that means 

(3.28) 

: a,,n­ 
b- = - ) . ,n"Y in aj,m 

Y + X ( I:m=n--y+l ii;+J,m 

(3.29) 
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Assume n - , > i, we want to prove that (3.26) is true when j = 1 + l. 
b;,,,--1 = detB[i, ... ,i + 1 + win --y-1, ,n--y+w] 

det B[i + 1, ... , i + 1 + win - -y, , n - -y + w] 

det A[i,... , i + 1 + win - -y - 1, ... , n - -y + w] 
y det A[i+ 1, ... , i + 1 + win - '"I, , n-"y+w] + x detA[i, i +2,... , i + 1 + win - '"I, ... , n"y+ w] 

det A[i,... , i + 1 + win - 'Y - 1, , n - -y + w]/ det A[i + 1, ... , i + 1 + win - 'Y, ... , n - 'Y + w] 
y + adet A[i,i + 2, ... ,i + 1 +wln--y, ... ,n--y+w]/detA[i + 1, ... ,i+ 1 +wln--y, ... ,n--y+w] 

+ detA[i,i+ 2, ,i + 1 +win- -y, ,n--y+w]/detA[i+2, ,i+ 1 + wln--y+ 1, ...,n= y+ w] 
y x det A[i + 1, , i + 1 + win - -y, , n - -y + w]/ detA[i + 2, , i + 1 + w[n "y 1, ... , n"Y+ w] 

det A[i,i + 2,... ,i+ l +w\n-y,.., ,n--y+w]/detA[i + 2, ... ,i + 1 +wln--y+ 1, ... ,n--y +w] y+a 
a441,n--Y 

(3.30) 

By using (3.16) we obtain 

(°"n a;,m ) y + Zr=n-y @l1,m 

Hence by (3.31) we have that (3.26) is true when j = 1 + 1, and when n- y <i we 
can proceed similarly to prove that (3.26) holds. D 

Example 3.2. Let A be the following Pascal matrix: 

A= [ ~ ~ 
1 3 
1 4 

1 1 l 3 4 
6 10 . 
10 20 

(3.31) 

b 1. t· of the condensed form of the Cauchon algorithm to A we get Then y application 

[ 

1/4 1/6 1/4 1 l 
_ 1/6 2/10 6/10 4 . 
A= 1/4 6/10 1 10 

1 4 10 20 

• bt · d from A by multiplying the third row by 2 and add to Let B be the matnx O ame 
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it the second row multiplied by 10. Also multiply the second row by 1/2. Hence 

[ 

1 1 1 1 l 1/2 1 3/2 2 
B - 12 26 42 60 . 

1 4 10 20 

By application of Theorem 3.2 with x = 10 and y = 2, the entries in the first and 
last rows don't change. The entries in the second row are changed as follows 

b 1 = - a24 
y 

= t(4)=2, 

the other entries are 

b» ii23 = () y + X -_- 
a34 

6/10 

2 + 10 (1~) 
1 

= 10' 

b» 
@y 

- 
( a2s + a24 ) y+ - ­ a33 a34 
2/10 

2 + 10 ( 160 + 1~) 
1 

= 60 

b, ii21 
- 

( cb ii2s ) +x -+~ ~ y a32 a33 a34 

1/6 
= ;<=) 2 + 10 3 + 10 + 10 

1 = - 92 
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Also, the entries in th th. d . e Ir row are given by 

b34 = Y ii,34 + X ii24 
- 60, 

the other entries are 

baa = Y ii,33 + X (- - ii24) dg3 + @33z 
d34 

= 2(1) + 10 ; tO) 
12, = 

b, = Y ii32 + X - "" a,.)) a22 + a32 ~ + -_- 
033 034 

= (%) «(RE{7 t)) 10 10 10 10 + 10 
46 

= 5 , Y ii31 + X ( .,, + "" C" + ~,, E)) 032 @33 d34 

= ·(Cl)[ t%-E-Sf) 
11 

= 2 

Therefore, the matrix B is 

1

1/4 
B= 1/92 

11/2 
1 

1/6 
1/60 
46/5 
4 

1/4 
1/10 
12 
10 
] 
20 

Ramark 3.1. We e1:tend Theorem 3. 2 to the nonsingular TN case by the following. 
We replace zero entries from the bottom to the top in the 'upper part and from right to 
the left in the lower part _of A by increasing integral powers of a positive number E, we 
get the positive matrix _Af• We apply the restoration algorithm to A, and obtain the 
T P matrix Af• Since A, tends to A as f. tend to 0, A, tends to A. After cancellation 
of common powers of c, we obtain that the denominators do not contain c. Letting 
f. tend to O, the extension of Theorem 3.2 to the nonsingular TN case follows. By 
setting all {} := 0, all quantities in Theorem 3.2 are defined since in the upper part 
of A if one entry is zero then the entry above it is zero, also if one entry is zero in 
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the lower part then the entry to the left of it is zero. So, if A is a nonsingular TN, 
then we can write the entries of B in Theorem 3.2 as follows 

(: .fr)' 
@, 

v(: • fr)' 
fik-lu-=), : .4, h 641,j#4or 
/ a41,y' 2m=j+1 @j41,r 

1 - 5 @k5, 

for k =i,l <j< i and iik+I,i+I = 0, 

for k =i,j= n, 

a,+. (a, {+a,(5±. =)), tor =i+1,i<5<n, y akj x ak-1,j akj L.,m=j+l ~ , 

( (,;;--n a.k 1m)) J,or k=i+l,1$j<iandiik,j+I!0, y @, +c @1;+@y 2m=j+ a,, · 

( ( iik iik )) - for k=i+l,1$j<iandiik,i+I=0, y @, + X ii,k-1,j + L;::.=j+l •; iikn~l,m = X ak-1,j, 
y@,+z@1.j» for k=i+l,j=n, 

for k # i and k =/ i + 1, 1 <j <n. 
(3.32) 

In the following we illustrate Remark 3.1. 

Example 3.3. Let A be the J allowing Jacobi matrix: 

3 2 0 0 0 
1 4 4 0 0 

A= 0 1 3 1 0 
0 0 6 10 2 
0 0 0 20 10 

for k =i,i ~ j <n, 

for k= i, 1 <j < i and iik+l,Hl 'f' 0, 

h d d form of the Cauchon algorithm to A we get Then by application of t e con ense 

2 2 0 0 0 
1 2 4 0 0 

A= 0 1 2 1 o 
O O 6 6 2 
o O O 20 10 

. A b multiplying the fourth row by 3 and add to Let B be the matrix obtamed from y 
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it the third row multiplied by 4. Also multiply the third row by 1/3. Hence 

B== 

3 2 
1 4 
0 1/3 
0 4 
0 0 

0 0 0 
4 0 0 
1 1/3 0 
30 34 6 
0 20 10 

By application of (3.32) in Remark 3.1 with x = 4 and y = 3, the entries in the first, 
second, and fifth rows do not change. The entries in the third row are changed as 
follows 

bs = ! a35 
y 
1 = 50)= 0, 

the other entries are 

b34 
G,34 - ( y + X -_- 

a 45 
1 

3 + 4 (~) 
1 

- 3' 
b,s 

G,33 
JJ 

( G,34 + G,35) y+x ::- ::- 
a44 045 

2 
- 

·++f;-") 
6 
ii' 

@2 
b» = [» 4a) . -+-+ - y + .'C - a a4· a43 44 o 

1 
- 

;' 3+4 555 
1 

- 5 
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- 3(0) + 4 (1(0) + 2(0) + 1(0) oy 
0 6 6 2 

= 0. 

Also, the entries in the fourth row are given by 

b45 y a4s + x a35 
= 3(2) + 4(0) = 6, 

the other entries are 

y a44 + X (a34 + G,44 ~35 ) 
a 45 

3(6)+4 (1+6 m) 
- 22, 

b,3 - Y ll43 + X ( "" +a,3 G: + :::)) 
-·ow-(of £)) 
- 30, 

(# 035 ) ) be - ya42 + X a32 + a42 a43 ' ds 
- 3 (0) + 4 (+#-. 
- 4, 

, (e».e w,4)) b, - y @n + 2 a31 + - a43 a44 45 0 42 

( ( (0)1 (0)2 (0)1 ] 
- 3 (0) + 4 o+ -0-+ 6 + 6 2 

- 0. 
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Therefore, the matrix B is given by 

2 2 0 0 0 
1 2 4 0 0 B= 0 1/5 6/11 1/3 0 
0 4 30 22 6 
0 0 0 20 10 

In the following theorem we rewrite the entries of the matrix B that have been 
obtained in Theorem 3.2 so that we reduce the number of required arithmetic oper­ 
ations. 

Theorem 3.3. We can write the entries of the matrix B in Theorem 3.2 as follows 

@; ,44by+! k-1,j @j,y+1 ' 

y @; + @,-1,j, 

@y@ ±1.j±1 
b+1,3+1 

1 - j @j» 

for k = i + 1, 1<j < n, 

for k = i +l,j= n, 

for k = i, 1<j < n, 
for k= i, j == n, 

- for k ± i and k i + 1, 1<j<n. Ckjy JU 7 

Therefore, the matrix B can be computed from A in at most 6n-- 2 
operations without performing any subtractions. 

Proof. From Theorem 3.2 for k <i or k > i + 1 and 1<j<n,we have 

b,, = @,­ 

. t th ses k= i + 1 and k = i. In the following we investigate e Ca 

Case 1: k = i + 1. 
. k=i + 1 = ii and 1<j<n, we get For k = i + 1 and J = n or - 

b-. . = y a ·+1 J. + X °'ij ' i+l.] - , 

. . d columns do not change. since the entries in the last row an 

_ _ k = i + 1 n and 1 <j < In the following assume that 
have 

1 n - 'Y + w] . 1 + In - 'Y n - 'Y + ' ... ' - 
detA[i,i+2, ...,7+ w 7+i, .,n-+uw] 

d t A[.+ 2 i + 1 + w n - , , · · ·, e i ' ... ' 

arithmetic 

(3.33) 

n. From (3.15), we 

b,1,n--=9 @;+1,n»--) 
T 

(3.34) 
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b;41,n--y-1 = 

If n-y> i + l, then for j ==n-y-l we are on the upper part or on the diagonal 
of the matrix B. From (3.17), we obtain 

- det A[i, i + 2, ... , i + 2 + win - , - l, n-"y,... , n - 'Y + w] 
Y ai+I,n--y-I + x det A[i + 2, ... , i + 2 + win - 'Y, · · · , Ty+ w] ) 

(3.35 
Also, from (3.20) we get 

l - (det A[i,i+2, ... ,i+l+wln--y,n--y+l, ... ,n--y+w]) detA[i,i+2, ,i+2+wln--y-l, ... ,n--y+w = ii,i n- -1 + a~+l,n-:r-1 detA[i+2, ... ,i+l+wln -y+l, ... ,n -y+w] detA[i+2, ,i+2+w/n -y, ... ,n -y+w] ' "Y ai+l,n--y 

_ O.i+l,n--y-1 (bi+l,n--y - Y ai+l,n--y) , from (3.34). (3.36) = ain--y-1 + - x &5j41,--y 

By substituting (3.36) into (3.35), we have 

(

- ii,i+l,n--y-1 , = v@,in--1+5 @,--17,,,, i+l,n-y-1 , 

_ ai+l,n--y-1 b 
0;-y-1 7 _ hi+l,n-y 

r 0541,n--y 

. e on the lower part of the matrix B For n-y < i + l, then for J =n-y-l we ar 
and by {3.23) we obtain - yl + w] 

. . + 1 + win - , - l, n - 'Y, ... 'n . det A[i, i + 2, · · ., .n _ , - 1 + w] 

ci+l,n-, -xy "<+1,n-,)) . 
(3.37) 

- +x [· 2 i+l+wln-,, ... , b, = y ai+l,n-,-1 det A 'l + , · · · ' (3.38) i+l,n-,-1 - 

From (3.24), we have - (detA[i,i+2, ... ,i+l+wln--y,n-1+l, ... ,n-:+wl) 
-·r-l+w] __ z. { a~+l.n-:r-1 detA[i+2, ... ,i+I+wln -y+l, ... ,n ,+ ] I 1,n-,, ... ,n I - - a,,n--y-1 Ui+l,n--y detA[i,i+2, ... ,i+l+w n ' 1+w] 

- [ 2 ·+1+w/n 'Y,-··,n 1 detA i+ , ... ,i 

(
b· _ - y ai+i,n--y) from (3.34). a;j1,n-y--1 hi+la-y --. + - X - a,,n-,-l ai+l,n-, 

. (3 38) we conclude that . t' (3 39) mto · , Hence by substituting . b· 
a;1,n--y-1 hi+l,n-y 

- = X ii,.i,n-,-l + b;1,n--y­ 

(3.39) 
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Therefore, for 1 <j< T, We get 

b,5 =r a,, { ±is bay 
a;41,j+1 

and bi+l,n = y ai+l n + X a· Th • ' i,n• e expres . . ( requires three arithmetic operations f _s~n m 3.40) involves no subtractions and 
erations for 1<j < n so th t t 1 or J - n, also requires 4(n- 1) arith ·ti 
t 

. . , e o a number f ·th . memc op- 
en nes m the row i + 1 is 4n-1. o ar metic operations to find all the 

Case 2: k = i. 

For k = i and j = n, we have 

- 1 b,,, =- a, n y 

For n- y > i, from (3.30), we get 

1 ~ j <n, (3.40) 

(3.41) 

b.4--1= a ' ' det A[i 5 ,,n--r-1 

y + x e t, 2 + 2, · ..,i + 1 + win - 'Y, ... , n - -y + w]/ det A[i + 2 i + 1 + I 1 ' · · · ' w n"y+ , . • . , n - 'Y + w] ' 

by using (3.34) we obtain 

b,,,,-y-1 
ai,n--y-1 

(war"us7) 
y +T = uj4I,n-Y 
a,,,,--1 0141,n-- 

b,,1.»-» 
(3.42) 

For n--y <i, we proceed similarly as in the case n- y > i. Therefore, for 1 ~ j <n, 
we have i.. - ai,j ai+l,j+l 1 < . <n, (3.43) 

i j • =J 
i+l,j+l 

and bi,n = ii~,.. The expression in (3.43) involves no subtractions and requires one 
arithmetic operation for j = n, also requires 2(n- 1) arithmetic operations for 
1<j < n, so the total number of arithmetic operations to find all the entries 
in the row i is 2n - 1. Therefore, the total number of arithmetic operations is 

4n - 1 + 2n - 1 = 6n-2. 
Example 3.4. Returning to Example 3.2, with the following Pascal matrix 

1 1 1 1 
1 2 3 4 

A= 1 3 6 10 
1 4 10 20 
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3.1. ELEMENTARY OPERATIONS AND THE CAUCHON ALGORITHM 

we have, 

1/4 1/6 1/4 ; A= 1/6 2/10 6/10 
1/4 6/10 1 
1 4 10 20 

Let B be the matrix obtained from A by multiplying the third row by 2 and add to 
it the second row multiplied by 10. Also multiply the second row by 1/2. Hence 

B= 
1 1 1 1 l 1/2 1 3/2 2 
12 26 42 60 . 
1 4 10 20 

By application of Theorem 3.3 with x = 10 and y = 2, the entries in the first _and 
last rows do not change. Firstly, we find the entries in the third row which are given 
by 

ba4 y 0,34 + X ii24 
= 10(1) + 6(10) 

60, 

the other entries are 

baa 
iiaa ba4 

@oa + - 
@34 

() 1(60) - 10 10 10 

- 12, 

a;» bas , @ + 
@33 

( 2) 6(12) 
- 10 iio 

46 
- 5' 

a, be , - n + @32 (1) 110 (46) - 10 6 +46 5 

11 
- 2 
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""""""±' U"RATIONS AD T ·· _THE GAUCH 
Also, the entries in th ON ALGORITHM 

e second row are changed as follows 

b, = 1. 5 ® 
1 

= 2 (4) = 2, I 

the other entries are 

10' 

b,, ®@s , 
±o» 

12 
1 
60' 

b- a21a32 
21 - b, 
• ±&) as s 

Therefore, the matrix B is 

B= 
1/4 
1/92 
11/2 

1 

1/6 
1/60 
46/5 
4 

1/4 
1/10 
12 
10 
] 
20 

as in Example 3.2. 

In the following algorithm we return to Remark 3.1 to extend Theorem 3.3 to the 

nonsingular TN case. 
Algorithm 3.1. For a given A which is the matrix obtained by running the condensed 
form of the Cauchon algorithm on the nonsingular TN matrix A, x, y, and i also 
are given, the following algorithm implements the procedure from Theorem 3. 3 and 
computes B in at most 6n - 2 arithmetic operations. 
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- . - E BIDIAGONA 
• bki · =a, for k -1.. · . L J) I 4 . - ) ,J = 1 ------------ b ' ... ,n 
• i+l,n := y ai+I,n + a,. d - - . in an b.. = @ in ±1 

• For j = n - l, . . . 1 Y · 
) ' 

1. If a,1. =£0 h i j+1 7 5 ten 

a 6, 1,-4 ,by± 
Gk,j+1 

a, = kjVk±1.3±1 
b+1,3+1 ' 

2. If ai+l . i - 0 d ,1+ - an ai+1 . = 0 th ,J , en 

b- { @ 1­ 
k
. - ,], 
t3 

0, 

3· If a·+1 · - 0 d i ,J+l - an ai+l · =I- 0 then 
set u; : = min { h E {j ~ 2 ' y the set is empty). '· · · 'n lai+l,h =I- O} (we define that u; := oo if 

If Uj =I= oo, then 

if k = i + 1 ' 
if k = ·i. 

If u, = oo, then 

- a.b, 
X ak- . + J ,u; l,j aka. ' 

' J 

@,a +1.u; 
b+1s' 

if k = i + 1 ) 
if k = i. 

if k = i + I ' 
if k = i. 

bkj = { 
y @y + X ak-1,j, if k =i+l ' 

~ if k = i. 
y ' 

3.2 Elementary Operations and the Bidiagonal Fac- 

torization 
In this section, we present how the bidiagonal factorization of a given nonsingular 
totally nonnegative matrix A changes by adding a positive multiple of a column to 
the previous one. We define the matrix Ji(x, y) as a lower bidiagonal matrix with 
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FACTORIZATION S AND THE BIDIAGONAL 

entries 
1 

y 
X 1/y 

1 

where~' y > 0, a~d the entries y, and 1/y are in the positions (i- 1.i-1). ( • • _ ) 
and (i, i), respectively. , , i,i 1 , 

In [Koe05], it was studied how the bidiagonal factorization of a nonsingular TN 
matrix A, denoted as BD(A), changes when we multiply the ith column in the ma­ 
trix A by a positive scalar x/y and add it to the column i- 1, and scale column i 
and the resulting column i - 1 by 1/y and y, respectively. In matrix language, this 
is equivalent to the product AJi(x, y). 

Theorem 3 .4. [K oe05} Let x, y > 0 and B D (A) which is the bidiagonal factorization 
of a nonsingular TN matrix A are given. The BD(AJ(a,y) can be computed in at 
most 4n + 2i + 12 arithmetic operations without performing any subtractions. 

Let A be a nonsingular TN matrix, with a given bidiagonal factorization BD(A). 
When we multiply the matrix A from the right by Ji(x, y) in (3.44), we have 

AJ(a,y) = L)LL®) ...L"-9)L-DU" )...U®\U\®U\J(@9) (3.44) 

This operation preserves the structure of the bidiagonal factorization as it was pointed 
out in [Koe0b5]: 

(@) LU-?L6-91®)...1-?f@-DU®)...10®\U®U®)J, 
AJ, = L... -) j30y@\.y\®) 

£(1) £(i-2) L(i-1) L(i) ... L(n-2) L(n-l) DU • ..U i 
- . . . ( 1) (n-1) u(3) J(2)u(2)u(l) 
- L(l) ... L(i-2) L(i-1) L(i) ... L(n-2) L DU . . · i 

(n-1) (n-1) u(2)u(I) 

L
(l) L(i-2) L(i-1) L(i) ... L(n-2) L(n-1) DJi U ... 

= ·• » 6 39 1®Ou®) 
(1) (i-2) (i-1) L(i) L(n-2) L(n-1) Jin VU n- ... 

= L . · .L L · . . ) (n+l) r(n-1)-nu(n-l) uC2)u(l) 
» (n--3) (n-2) J J- · · · 

L®) .1@-21@-91...L '' hi ,y, 6-9, .q@\u®) 
- · · · (n+2) .c(n-2) £(n-l VU n . • • 
= L®)...L®-3)L®-91®...L ®J% 

6-) y@Ou®> 
. . (n-2) .c(n-l)VU n · · · 

L
(l) L(i-2) L(i-1) J~2n-i) _c,(i) ... .c (n-1) u<2)u(l) 

· · · . • (n-2) _c,(n-l)VU · · · ' 
- 1(1) ... L(i-2) _c,('1.-l) .c(i) ... £ 
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FACTORIZATION 

where the matrix J;/;) = Jm(xk, Yk) for some and Yk· The matrices £(k), TJ and 
u), k = 1, ... , n-1, are unit lower bidiagonal, diagonal, and unit upper bidiagonal, respectively. 

For the upper bidiagonal matrices U we have the following transformation: 

J(a',y') · U = U · Ji(X, y), 
where x, y, x', y' > 0 and 

U= 

and 

U= 

1 u' 
1 u' 

1 'Un-1 

1 

1 u~-1 
1 

The entries on both sides of (3.45) are given by 

x, 
y + ;- 1, 
u; 2y, 

Ui_if (yy'), 
I u;y , 

uj _ Uj, for j4 {i-2,i-1,i}. 

. h the following transformation: For the diagonal matrix D we ave 

J(a',1)·D = D·J,9), 

: 3f (3.4 7) are given by The entries on both sides O · 

d d. y d·/Y di+l, · ..,n), V = diag(d1, d2, ... ' i-2, i-1 ' i ' 

a' = dc/(d,-1y)­ 

x' = 
y' - 

I 
l; 2 

I = u;-1 
I u, - 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

th following transformation: . . 1 matrices L we have e For the lower bidiagona 

( ., 1) . £ = L. Jk(x, 1), J,a @', 
(3.49) 
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where x, x' > 0, with the conventi on J,4 = In, and 
1 
li 1 

L= 
hr-2 1 

ln-1 1 

and 
1 
l' 1 1 

£= 

'2 1 

' 1 The entries on both sides of (3.49) are given by 

l'- = l.1, if j i {k-1,k}, J 

ls lk-1 + x, 
r = l-1/, 3, if k<n-1, k 
x' - sh/', • if k<n-1, 

Example 3.5. For the given Pascal matrix 

A= 

1 1 1 
1 2 3 
1 3 6 
1 4 10 '] 20 

the bidiagonal factorization of A is given by 

A = L®)L®) L®) DU®)t®OU®) 

1 0 0 0 
0 1 0 0 
O O 1 0 
O O 1 1 

1 0 0 0 
0 1 0 0 
0 1 1 0 
O O 1 1 

1 1 0 0 
O 1 1 0 
O O 1 1 
O O O 1 

• 5] 0 1 1 0 0 0 1 0 
0 0 1 1 0 0 0 1 

:JI 
. J (4.2). for the upper bidiagonal matrices U we 

When we multiply the matrix A by 3 
' ' 
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3.2. ELEMENTARY OPERATIONS AND THE BIDIAGONAL 
FACTORIZATION 
have 

Js(@', y') ·u®) = U@). Ja(4, 2) 

[ ~ 
0 0 

~ ][ ~ 0 0 : 1 0 2 0 = 0 1 4 1/2 
0 0 0 0 

by using ( 3.46) we get 

x' = X = 4, 
y' = y + ug = 2 + (0)4 = 2, 
u' = U1Y = (0)2 = 0, 1 

u' - u2/ (yy') = 0, 2 

u' = usy'= (1)2 = 2, 

also, we obtain 

Js(a', y') ·u®) 

the entries of both sides are given by 

x' X = 4, 
y' = y + UzX = 2 +(1)4= 6, 
u' = uyy = (0)2= 0, 1 
I = Uz/(yy') = 1/(2.6) =1/12, u, 
I uay' = (1)6 = 6, u3 - 

. . l t · u<3) we have and for the upper bidiagonau ma nx ' 

Jg(a',y') ·u® = U®-·34(4,6) 

l[54 0 0 0 1 0 0 0 1 
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FACTORIZATION 

have 

J3(x', y') · U(l) 

by using (3.46) we get 

x' = X =4, 
y' - y + ug == 2 + (0)4 = 2, 
I = u1y = (0)2 = 0, u, 

u', = u2/(yy') = 0, 
u' - u3y1 = (1)2 = 2, 3 

also, we obtain 

Js(a', y') ·u©) 

- U(l) J5(4,2) e»[; 
0 0 1 1 0 
0 0 0 1 0 

0 0 
2 0 
4 1/2 
0 0 

- ui: tti l [ ~ ~ ~ ~ ] , 
(O 0 1 1 0 4 1/2 

0001000 1 

the entries of both sides are given by 

x' - 
I - y 
I - u, 
I - uo 

X =4, 
y + U2X = 2 + (1)4= 6, 
U1Y = (0)2 = 0, 
/( ') = 1/(2.6) = 1/12, ua 9y 

u3y' = (1)6 = 6, I lg 

. u(3) we have b. d. gonal matrix ' and for the upper 1 .1a 

®y= py®).45(4,6) 
J4(',/)·" 4 1 0 0 

0 1 1 0 
0 0 1 1 
0 0 0 1 
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By using (3.46) we get 

x' = == 4, 
y' = Y + U2X = 6 + (1)4= 10, 
u' 1 - u1y = (1)6 = 6, 
u' - uo/(y')= 1/(6.10) =1/60, 2 

u' = uay' = (1)10 = 10. 3 

For the diagonal matrix D we have 

Js(a', 1)·D = DJ4(4,10) 
1 0 

0 0 ][ 1 
0 0 ~], 0 1 0 0 0 10 0 - 0 0 1 0 0 4 1/10 

0 0 0 1 0 0 0 

by application of (3.48) we get 

D = diag(d,,,day,ds/y,d) =diag(1,10,1/10,1), 
a' = dav/(dyy)=4/10. 

For the lower bidiagonal matrices L we have 

L®)·J4(4/10,1) 

• 4, 0 1 1 0 0 
0 0 1 1 0 

the entries on both sides are given by 

idi: l tr LP). we have and for the lower b1 1agona ma nx , 

0 0 
1 0 

4/10 1 
0 0 

l' - Li= 1, l 

t - l2 + x = l 4 4/10 = 14/10, 
l' - la/%, = 10/14, 3 
x' - rla/',= 4/14, 

Js(',1)·£'® - LP)-J4/14.1) 

~ l , 1 0 0 ~ ]I ~ 0 0 
0 1 0 1 0 

Is-£\® = 0 1 1 0 1 

0 0 1 0 4/14 
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the entries on both sides are given by 

l' = h,=0, 
', = l=1, 
l', = l»+a=l+4/14=18/14. 

Therefore, the bidiagonal factorization of A.J5(4,2) is 

1 000][10 0 0][1 0 0 ~ I A.Jg(4, 2) = 0 1 0 0 0 1 0 0 1 1 0 
0 0 1 0 0 1 1 0 O 14/10 1 
0 0 1 1 0 0 18/14 1 0 0 10/14 

1 0 0 0 1 6 0 I 0 0 

~ ][ ~ 0 0 ~ I 0 10 0 0 0 1 1/60 1 1/12 1 0 
0 0 1/10 0 0 0 1 0 1 0 1 
0 0 0 1 0 0 0 0 0 0 0 

If we want to find the bidiagonal factorization of A.J5(4,2) by using Theorem 3.3, we 
firstly apply the condensed form of the Cauchon algorithm on G = (A#)" to obtain 

1 1 1 

i I G= 1 1 1 
1 1 1 
1 1 1 

Let 
1 6 

1/2 1 I 
A' = AJ5(4,2) = 1 16 3/2 4 

1 30 3 10 . 
1 48 5 20 

Thus, the matrix -[E14] 
1 1 1 1 

. G b ltiplying the second row by 4 and add it to third is the matrix obtamed from Y mu d by 1/2 
row multiplied by 2, and multiply the secon row y . 

,, s, 3.3 to find the entries of B with z= 4and y = 4, 
By the application of Theorem ,, 3t change. The entries in the third row are 
the entries in the first and last row O no · 
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changed as follows 

bs, =6,b, = 10, b» = 14, b,, = 18. 
Also, the entries in the second row h are c anged as follows 

b =1/2,b, = 1/6, b, = 1/10, b, = 1/14, 
Therefore, the matrix B is given as follows 

1 1 1 
1/14 1/10 1/6 
18 14 10 
1 1 1 

By the application of Algorithm 2.4, the bidiagonal factorization of A.J5(4,2) is 

1 0 0 0][1 0 0 0][1 0 0 0 I A' = AJ(4,2) = 0 1 0 0 0 1 0 0 1 1 0 0 
0 010 01 1 0 0 14/10 1 0 
0 0 1 1 0 0 18/14 1 0 0 10/14 1 

1 0 0 0 1 6 0 

·I 
0 0 

~ ][ ~ 0 0 ~ I , 0 10 0 0 0 1 1/60 1 1/12 1 0 
0 0 1/10 0 0 0 1 0 1 0 1 
0 0 0 1 0 0 0 0 0 0 0 

which coincides with the bidiagonal factorization of A' by the application of Theorem 
3.4. 

61 



Chapter 4 

Spectral Properties of Totally 
Nonnegative Matrices 

In this chapter, we employ the obtained results in Chapter 3 to create a new algo­ 
rithm that computes the eigenvalues of a nonsingular totally nonnegative matrices. 

This chapter consists of two sections. In Section 4.1, we present the Gantmacher-Krein 
Theorem which gives the main spectral properties of totally positive and oscillatory 
matrices. In Section 4.2, we introduce an algorithm that computes all the eigenval­ 
ues of a nonsingular totally nonnegative matrices to high relative accuracy using the 
results that obtained in Section 3.1. 

4.1 Properties of Eigenvalues and Eigenvectors of 
Totally Nonnegative Matrices 

In this section, we are going to discuss some properties of eigenvalues and eigenvec­ 
tors of totally nonnegative matrices. Recall that, we say that X is an eigenvalue of 

1 · A ·f ·t t· fi s A,u - ''u where,\ is a real number and u is a nonzero a rea matrix 1 1 sa 1s e - "' , . . 
column vector. We also say that u is an eigenvector corresponding to the eigenvalue 
X. 

f totally positive totally nonnegative, and oscil- 
To explain some spectral proper ies O th ber 'of sign changes of given vector 
latory matrices, we define two counts for e num . 
=(t ,"eR". see [Pin10]. These counts are u= U1,U2,·..,n 3 

; 5% the sequence1,U2,·..,u, with zero terms are s- ( u) is the number of sign changes in . = 0 and S( u) is the maximum number of 
discarded (with the conventwn S (O) · ~here zero terms are arbitrarily assigned 
sign changes in the sequence u,2.··",, n). 
values + 1 or -1 ( with the convention S O . 

3 -1) then s-('u) = 2 and s+(u) = 6. F 1 ·r ( 1 0.--2 5,0, , , or examp:e, 1 ·u = - , , ' 
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Chapter 4 

Spectral Properties of Totally 
Nonnegative Matrices 

In this chapter, we employ the obtained results in Chapter 3 to create a new algo­ 
rithm that computes the eigenvalues of a nonsingular totally nonnegative matrices. 

This chapter consists of two sections. In Section 4.1, we present the Gantmacher--Krein 
Theorem which gives the main spectral properties of totally positive and oscillatory 
matrices. In Section 4.2, we introduce an algorithm that computes all the eigenval­ 
ues of a nonsingular totally nonnegative matrices to high relative accuracy using the 
results that obtained in Section 3.1. 

4.1 Properties of Eigenvalues and Eigenvectors of 
Totally Nonnegative Matrices 

In this section, we are going to discuss some properties of eigenvalues and eigenvec­ 
tors of totally nonnegative matrices. Recall that, we say that A 1s an eigenvalue of 

I t · A if it :tisfies Au = Xu, where ).. is a real number and u is a nonzero a rea ma nx 1 1 Salsi . . 
1 W 1 that u is an eigenvector corresponding to the eigenvalue co umn vector. e a so say 

>.. 
: ierties of totally positive, totally nonnegative, and oscil- 

To explam some spectral prop th ber of sign changes of given vector 
latory matrices, we define two counts for e num . 
=( ,"eR". see [Pin10]. These counts are u== U1,U2,·..,n 3 

;, 5· the sequence1,Ug,...,u, with zero terms are 
S (u) is the number of sign changes_ ), and S(u) is the maximum number of 
discarded (with the convention S (O) where zero terms are arbitrarily assigned 
sign changes in the sequence u1,2.\,, .- n). 
values +l or -1 (with the convention S O . 

3 -l) then S(u) = 2 and S(u) = 6. 
D 1 •t• ( 1 0.--2 5, 0, 1 .['or examp e, 1 ·u = - , , ' 

62 



4.1. PROPERTIES OF EIGENVALU 
NONNEGATIVE MATRICES ES AND EIGENVECTORS OF TOTALLY 

Definition 4.1. An n x n mat,,,.;,,. A . ll d 
' """' is ca e 1rred ·bl ·t · h · nonzero matrix or n> 2 and th . . uci e 2, eiti.er n = 1 and A is a 

- ere is no permutation matrix P such that 

«-e] 0 D ' 

where O is an (n--r)xr zero matria (1 <r <n-1). Otherwise is called reducible. 

Lemma 4.1. (FJ11} A TN square matrix A with no zero rows or columns is irre­ 
ducible if and only if aii > 0, for all i, j such that [i-.j\<1. 

Definition 4.2. [GK02] Let A€R"". Then A is said to be oscillatory matrix if 
A is TN and some power of A is TP. 

Theorem 4.1. (GK02} Let A €R"". Then A is oscillatory matrix if and only if 
A is TN, nonsingular, and irreducible. Furthermore, if A is an oscillatory matrix, 
then An-I is TP. 

The following theorem states important and interesting special spectral properties of 
a T P and oscillatory matrices. 

Theorem 4.2. [Pn98](Gantmacher-Krein) Let A be a square oscillatory matrix. 
Then the n eigenvalues of A are simple and positive. Let u be the eigenvector 
(unique up to multiplication by a nonzero constant) associated to the eigenvalue >.k, 
where Xy> Xg > ···> X, > 0. Then 

f, ch1<q<p<n,andc, not all zero. In particular, S(u) = S(u) = k-1, foT €aCI -- 
fork = 1, 2, ... ,n. 
Example 4.1. Let A be the Pascal matrix of order 3 

l 
t · A are The eigenvalues of the ma nx 

4 r;15 \ = 1 A3 = 4 - Vl5, X;== +Vlo, Ag 3 

which are simple and positive. d" •genvectors to be 
h espon mg ei and we may take t e corr 
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7]-[j s ' ·"= -2is-s. 
5 

Observe that, 

S(u') = S(u') =0, s=(«? =» (u)=S(u)=1, S(u)= S'(u®)= 2. 

Computing Accurate Eigenvalues of Totally 
Nonnegative Matrices 

""""",,""ey ue oaasot toro or e caoa.on atoamo on a cay" 
g liagonal factorization of a nonsingular TN matrix A. In this section 

we use the results obtained in Section 3.1 to present an algorithm for computing 
eigenvalues of a nonsmgular TN matrix A, given G with high accuracy. 

Let A .. [aij] be a nonsingular TN matrix. We start by reducing the matrix A 
to a tridiagonal matnx [GHW99]. The reduction uses the following elementary op­ 
erations: 

4.2 

1. subtracting of a positive multiple of a row (column) from the next in order to 
create a zero; 

2. adding of a positive multiple of a row ( column) to the previous one. 

To reduce the matrix A= [a,y] to a tridiagonal matrix T, we multiply the row n- l 
by the positive scalar ~ and subtract it from the row n to a create zero in the 

an--1,1 
position (n, 1). Then we multiply the same scalar to the column n, and add it to the 
column n- l to complete the similarity. Next, to create a zero in position (1,n), 
we multiply the column n-l by the positive scalar ,{"; and subtract it from the 
column n, we complete the similarity by multiplying the same scalar to the row n and 
add it to the row n-l. In the same manner, we create zeros in positions (n- 1,1) 
and (1,n-1). We apply the same process until the matrix is reduced to a tridiagonal 
matrix [Koe05]. 

To preserve the accuracy, instead of performing the above elementar~ operations 
on A, we perform the elementary operations on G such that subtractions are not 

required. 

0 I 
· h t k G s an input We apply the second elementary operations 

ur augoritiu a es a · . b · h · . G- bt · the matrix B which we get Y runnmg t e condensed 
in Section 3.1 on toot au #)7 mhe T the idi · ], ithr on the matrix G = (T , w ere is t e tn 1agonal 
form of the Cauchon augor m . · · · A matrix that we obtain by applying the so-called Neville elimination on , see, e.g., 
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[FJ11], [Adm16]. We obtain from the matrix B the bidiagonal factorization of the 
tridiagonal matrix T, which has only three nontrivial factors: 

T==L-).D.LU-) 
The matrix T' may be not symmetric, so we take the symmetric tridiagonal matrix T =j-).D.EU®), where 

rn-1) = u(n-1) = ✓z(n-1) (n-1) » 
i i '; ,2=1,2,...,n-1, 

T and T have the same eigenvalues since they have the same characteristic polyno­ 
mial, see [Koe05], we compute the eigenvalues of T as the squares of the singular 
values of its Cholesky factor C = D1!2(j(n-I) using the function bidsvd [Per]. The 
eigenvalues of A are the same as the eigenvalues of T. 

Algorithm 4.1. Let G be given, which is the matrix obtained by running the con­ 
densed form of the Cauchon Algorithm on G = (A#f, the following algorithm com­ 
putes the eigenvalues of A accurately. 

function TNEigenvalues(TildeG) 
n =size(TildeG, 1) 
for i = n :l: 3 do 

for i == T : -1 : 3 do 
T== TildeG(i, k)/TildeG(i, k + 1) 
TildeG(i, k) = 0 
TildeG =Add ToNextRow(TildeG, z, 1,k) 
T= TildeG(k, i)/TildeG(k + 1, i) 
TildeG(k,i) = 0 T ) r 
TildeG = (AddToNextRow((T·ildeG) ,x,l,k) 

end for 
end for 
B = TildeG 
for i = 1 : n do . 

D(i) =sqrt(B(n- i + l, n - i + l)) 
end for 
fori=1:n-1do , B(n-i+l,n-i)/B(n-i+l,n-i+l)) C(i) =sqrt(B(n-i,n-i+ 1 * 
end for 2 
Eigenvalues= (bidsvd(D, C)) 
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4.2. COMPUTING ACCURATE EIGENVALUES OF TOTALLY 
NONNEGATIVE MATRICES 

If we compare our algorithm with Koev's algorithm [Koe05], the two algorithms 
compute the eigenvalues of a given nonsingular TN matrices with the same accuracy, 
but the execution time in Koev's algorithm is less than our execution time since we 
start in our algorithm with G while Koev starts with BD(A). Figure 4.1 shows the 
execution time for both algorithms. 

10 3 

2.5 

2 

s 
a) 

~ 1.5 
do 
E r 

1 

0.5 

x 

+ x 

x 

+ 
)< + 

x + 
x + x 

+ -J- 

8 9 10 11 12 5 6 7 
Order of A 

. c mputations the eigenvalues of a Van- f th ecution time 1or co . Figure 4.1: Plots of 1e exe ,,,,, "4": Koev's algorithm. 
t .. ,, x". Our algont m, · dermonde ma nx, · 
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4.2. COl\lIPUTING ACCURATE EIGENVALUES OF TOTALLY 
NONNEGATIVE MATRICES 

Example 4.2. Let G be given as follows 

6 8 
2 2 
1 1 
1 1 

9 8 l 3 4 
1 2 . 
1 1 

By application the function TNEigenvalues on G, we get the eigenvalues of a Van­ 
dermonde matrix A with a, = 2,19 =3,2% = 4and a,= 5 which are given in the 
following figure. 

comooa mas· Tlggllill®l 
>> TildeG 

TildeG = 

6 8 S 8 
2 2 3 4 
1 l l 2 
1 l l 1 

>> TNEigenvalues(TildeG) 

Eigenvalues = 

1.0e+02 

1.394118099433405 
0.050040403710892 
0.005530469282944 
0.000311027572755 

1 of the application of Algorithm 4.1 . Figure 4.2: An examp e 
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Appendices 
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.1. CONDENSED FORM OF THE CAUCHON ALGORITHM USING MATLAB 

.1 Condensed Form of the Cauchon Algorithm Us­ 
ing Matlab 

10 

ll 

1 'I. function [TildeA]=CFofCA(A) 
t the TildeA by application the condenced form of the 

~ 1/, Compu es 
Cauchon 

J '/4 Algorithm 
1 function [TildeA] =CFofCA (A) 
:; [n,m]=size(A); 
G for k=n-1:-1:1 

for i=l:k 
for j=1:m-1 

for x=j+1:m 
x=j+1; 

while A(k+1,x)==O && x<m 
12 

13 

1-1 

If. 

17 

I s 

19 

20 

21 

2.1 

~ I 

25 

26 

27 

29 

;l(J 

JI 

32 

33 

JI 

x=x+1; 
end 
if x==m && A(k+1,x)==O 

x=O; 
end 
h=x; 

end 
if h==O 

A1(i,j)=A(i,j); 

else _ _ . ·)-A(k+i J')*A(i,h)/A(k+1,h); A1(i,j)=AG,j , 
end 

end 
end 
for i=k+1:n 

for j=1:m 
A1(i,j)=A(i,j); 

end 
for i=1:k 

for j =m . . . 
A1(1,j)=Ai,j); 

end 

35 

end 
end 
A=A1; 36 

37 end 
1; TildeA A; 
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.2. CONDENSED FORM OF THE RESTORATION ALGORITHM USING MATLAB 

.2 Condensed Form of the Restoration Algorithm 
Using Matlab 

the condenced form of the 

10 

11 

~ function [BarA]-CFofRA(A) I /, 

~ % Computes the BarA by application 
Restoration 

:i 1/. Algorithm 
1 function [Bar A] =CF of RA (A) 
[n,m]=size (A); 
o for k=2:n 

for i=l:k-1 
if A(k,m)==O 

Al(i,m-l)=A(i,m-1); 
else ) 

A1(i,m-1)= Ai,m-1)+A(k,m-1)A(i,m)/Ak,m. ; 
12 

13 

1-1 

I5 

16 

I 7 

I s 

19 

20 

21 

end 
for j=m-2:-1:1 

h=j+l; 
while A(k,h)==O && h<m-l 

h=h+1; 
end 
if h==m-1 

h=O; 

23 

25 

&& A(k,h)==O 

end 
if h==O 

A1(i,j)=A(i,j); 

else Al(i,j)=A(i,j)+A(k,j)*A1(i,h)/A(k,h); 
end 

end 
end 

2s, for i=k:n 
for j=1:m ... 

A1(i,j)=A(i,J), 

27 

29 

:JU 

35 

31 end 
2 end 
JJ for i = 1 : k - 1 

:i1 for j= m (' ·)· 
A1(i,j)=A i,J ' 

JG end 
s7 end 
:s] A=A1 ; 
a» end 
10 Bar A-A; 
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.3. ELEMANTARY OPERATIONS AND CAUCHON ALGORITHM USING MATLAB 

.3 Elemantary Operations and Cauchon Algorithm 
Using Matlab 

12 

13 

11 

1 % function TildeB=TNAddToNextRow(TildeA ,x,y,i) 
± Given TildeA, the following algorithm computes TildeB where B is 

obtained by multiplying the ith row in the matrix A 
I by a positive scalar x and add it to the next row multiplied by Y, 

J /e 

and multiply row 
1 % i by 1/y 

function TildeB=AddToNextRow (TildeA, x, y, i) 
o] n=size(TildeA ,1); 
7 TildeB=TildeA; 
s / The entries in the row i and i+1 
9 TildeB(i+1,n)=y*TildeA(i+1,n)+x*TildeA(i,n); 

10 TildeB ( i, n) =Tilde A ( i, n) /y; 
11 for j=n-1:-1:1 

if TildeA(i+1,j+1)-=0 . . 
TildeB(i+1,j)=x*TildeA(i,j)+TildeA(i+1,j)*TildeB(i+1,J 

·#g?%-asaa .D-111as4+±,±+/111ass a+1.3+0; 
1 5 else 
L 6 

17 

I 8 

19 

20 

21 

2J 

'21 

2 

26 

27 

29 

30 

if TildeA(i+1,j)==O 
TildeB(i+1,j)=x*TildeA(i,j); 
TildeB(i,j)=O; 

else 
h= j +1; 
while TildeA(i+1,h)==O && h<n 

h=h+1; 
end i- h==r && Tilde(i+1,h)==0, 
if 1==n. TildeA(i+1,j)+x+TildeA(i,j' ; TildeB(i+1,j)=y''i. . . ' 
TildeB(i,j)=TildeA(i,J)/y, 

else . (' ·)+TildeA(i+1,j)*TildeB(i+1, TildeB(i+1,j)=x*TildeA i,J 

h)/TildeA(i+1,h); . . d A(i J")*TildeA(i+1,h)/TildeB(i+1,h); TildeBi,j)=Tile • 
end 

end 

:izl--~~-~e~n~d~------------------------- - 33 end 

:JI 
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.4. COMPUTING ACCURATE EIGENVALUES OF TOTALLY 
NONNEGATIVE MATRICES USING MATLAB 

.4 Computing Accurate Eigenvalues of Totally Non­ 
negative Matrices Using Matlab 

1 'I. function TNEigenvalues (B) 

~%Given B=TildeG, the following algorithm computes the eigenvalues 
of A 

10 

II 

12 

13 

3 'I. accurately 
1 function TNEigenvalues (B) 
n=size(B,1); 
o for i=n:-1:3 

for k=1:i-2 
x=B(i,k)/B(i,k+1); 
B(i,k)=O; 
B=AddToNextRow (B,x,1,k); 
x=B(k,i)/B(k+1,i); 
B(k,i)=O; 

B=(AddToNextRow((B). ',x,1,k)). '; 
II 

I end 
1r, for i=1:n 
17 D(i)=sqrt (B(n-i+1,n-i+1)); 

end 

s end 

[" ;15".,% ca ca-±.4-1+10386-±+1,%-30/8G-±+1,%-1+1993 
/end 3,¢)).°2; 
2~ E i gen v a l u e s ( b i d s v d ( D . ' . ' 
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