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Abstract

This thesis aims to develop a better understanding of Almost distributive lattice and its
We present the definition of Aimost distributive lattice, ideals and filters. Also we
dy some basic properties of Almost distributive lattice and give some examples on this
which includes almost all the existing ring theoretic generalisations of a Boolean ring
regular rings.

concepts of a-ideals, annihilator ideals, O-ideals and minimal prime ideals are defined,
we furnish the relation between these concepts. In addition It is proved that the set of
nihilator ideals of an Almost distributive lattice forms a complete Boolean algebra and
e set af all a-ideals forms a complete distributive lattice. Also characterization theorems
1 of these concepts are proved.

thermore we present the definition of regular and m-regular ring, which are type of rings
ded by ADLs, The properties and characterizations theorems connecting between these

pts are studied, and several examples are given.
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Introduction

In 1854, George Boole introduced an important class of algebraic structures in his re-
search work on mathematical logic. In his honour these structures have been named as
Boolean algebras. Boole approached logic in a new way reducing it to a simple algebra,
incorporating logic into mathematics. By the end of that century, Charles S. Pierce and
Ernst Schroeder found it useful to introduce the concept of lattice as a generalization of a

Boolean algebra.

It was Garrett Birkhoff’s work in the mid thirties of the 20-century that started the gen-
eral development of the lattice theory. In a brilliant series of papers, he demonstrated the
importance of the lattice theory and showed that it provides a unified framework for unre-
lated developments in many mathematical disciplines. V. Glivenko, Karl Menger, John von
Neumann, Oystein Ore, George Gratzer, P.R. Halmos, E.T. Schmidt, G. Szasz, M.H. Stone,

R.P. Dilworth and many authors have developed enough for this field.

In 1981, U.M. Swamy and G.C. Rao, introduced another type of generalization of a Boolean
algebra called Almost Distributive Lattice(ADL) which is neither complemented nor dis-
tributive, and not even a lattice. The class of distributive lattices has occupied a major part
of the present lattice theory since lattices were abstracted from Boolean algebras through
the class of distributive lattices and the class of distributive lattices has many interesting

properties which lattices, in general, do not have. On the other hand, as observed by M.H.
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Stone, a Boolean algebra also has a ring structure (called a Boolean ring). Several mathe-
maticians have worked on the ring theoretic generalization of a Boolean algebra. Prominent
among them are p-rings (Mc Coy and Montgomery), regular rings (Von Neumann), 7-regular
rings (Arens and Kaplansky), associate rings (Sussman), p;-rings (Subrahmanyam), triple
systems(Subrahmanyam), Baer rings(Meuborn) and m-domain rings(Subrahmanyam). In
order to obtain common abstraction to almost all the existing ring theoretic generalizations
of a Boolean algebra on one hand and the class of distributive lattices on the other, in 1981,
Swamy and Rao introduced the concept of an Almost Distributive Lattice as an algebra

(A, A, 0) of type (2, 2, 0) satisfying some identities.

Many important fundamental concepts like ideals, prime ideals, maximal ideals, maximal
filters etc. were extended to the class of ADLs. It was observed that the set of all principal
ideals of an ADL forms a distributive lattice. This provided a path to extend many existing
concepts of lattice theory to the class of ADLs.

In 2008, G.C. Rao and S. Ravi Kumar introduced the concept of Normal ADLs, Relatively
normal ADLs and derived a number of characterizations for an ADL to became a Normal.
Later, in 2010, G.C. Rao and M. Sambasiva Rao introduced the concepts of annihilator
ideals in an ADLs, annulets in an ADLs, a-ideals in an ADLs and prime ideals in an ADLs

and studied their properties and proved many characterization theorems.

The material of this thesis lies in three chapters, each contains basic definitions, exam-

ples and important theorems.

Chapter one: In this chapter we begin with basic definitions needed in this work. It
consists of four sections. Section-1 contains definitions and results related to partially or-

dered sets, totally orderd sets and duallity. In section-2, we give the definition of lattice,



sublattice and distributive lattice, also we study some basic properties of these concepts,
on other hand two concepts are mentioned, ideals and filters are defined and studied. In
section-3 we give the definition of an ADL and state important properties of an ADL that
will be used in developing the further theory, these are taken from [21, 20, 7. In scction-4,
we collect definitions and some preliminary results related to ideals, filters, principal ideals

and maximal ideals of an ADL.

Chapter two : In this chapter which is also divided into four sections we talk about certain
types c.)f ideals in ADL obtained from restrictions on an ideal and thereby a special kind
with propertics not obtained in a general ideal. In section-1 we present minimal, maximal,
and prime ideals, also we derive the properties and the relations between these concepts. In
section-2 the concept of Annihilator ideals in an ADL R is given with suitable examples, and
we prove some basic properties of the annihilator ideals, analogous to that in a distributive
lattice. Furthermore we confirm that the set of all annihilator ideals of an ADL forms a
complemented lattice and that if every proper ideal is an annihilator ideal, then R is rela-
tively complemented. In section-3 we discuss various theorems about a-ideal, and derive the
properties of these types, also we obtain necessary and sufficient conditions for primes and
annihilator ideals to become an a-ideals. Section-4 includes the definition of O-ideals. Ex-
amples are presented to illustrate this concept. Also their properties are studied, and a set of

equivalent conditions are established for every O-ideal of an ADL to become a principal ideal.

Chapter three: In this chapter regular and m-regular rings are defined as a classes of
ADLs. We mentioned some properties and characterizations of each concept. In addition

theorems connecting between these concepts are studied, and several examples arc given.




Iminaries

ter is devoted to listing some definitions and results that will be used in succeeding
It is not intended to be an exhaustive study of any topic nor it is a complete list of
facts which will be used in later chapters. Instead, it is intended to be a collection

esults which will play important roles in what follows.

| Partially Ordered Sets

ction describes the basic theory of partially ordered sets, we give the definition of
nd totally ordered set. Also we discuss some examples. Duality which is a very

oncept will be defined.

n 1.1.1 Let A be a nonempty set. Then a binary relation < on A satisfying the

ing properties for all z, y, z € A is called a partial order on A :
vity: t < x

Transitivity: = < y and y < z imply that T < 2.




(A\,Q s called a partial ordered set or simply a poset. In a poset (A, <), if

i 5& v, then we write z < y.

1.2 Let A be a nonempty set and <, <’ be two partial orders on A. Then we
and <' are dual to each other if, for anyz, y € A, z < y if and only if y <’ x.
we dual of any partial order < on a nonempty set A is again a partial order on A

e. The poset (A, <') is called the dual of the poset (A, <).

that to every theorem that concerns an ordered set A there is a corresponding
at concerns the dual ordered set A%. This is obtained by replacing each statement

ves <, explicitly or implicitly, by its dual and this is the principle of duality

1.1.3 Let (A, <) be a poset and z, y € A. Then we say that z and y are
if either £ < y or z > y. Otherwise we say that © and y are incomparable.

: £) in which there are no incomparable elements is called a chain or a totally

on of an ordered sets plays an important role not only throughout mathematics but
jacent disciplines such as computer science, so now we introduce some examples of

v orderd sets

ole 1.1.1 On the set p(E) of all subsets of a non-empty set E the relation C of set

1s a partial order, and ( p(E), C) is a poset

aple 1.1.2 On the set N of natural numbers the relation | of divisibilit, defined by

if and only if m divides n, is a partial order, and so ( N, |) is a poset.

le 1.1.3 If (Er, <1), . . . , (En, <a) are ordered sets then the Cartesian product
1 Bi can be given the Cartesian order < defined by:

'é-;:mﬁ)g(yls-'-:yn)H-'BiSiyi-



4 Let (A, <) be a poset, HC A and z € A. Then

called a lower bound of H if z < h for all h in H, and dually z is called an upper
of Hif h< afor all he H.

called the greatest lower bound or infimum of H if z is a lower bound of H and for
wer bound y of H, we have y < z, and dually z is called the least upper bound or

remum of H if z is an upper bound of H and for any upper bound y of H, we have

jon 1.1.5 Let (A, <) be a poset,and © € A. Then:
is called a minimal element if a € A and a < z implies that a = .

called a mazimal element if a € A and z < a implies that z = a.

1.1.6 Let (A, <) be a poset,and © € A. Then:

is called least element of A if £ < a for all a € A. If A has least element, then it is

vigue and is denoted by 0.

is called greatest element of A if £ < a for all a € A. If A has greatest element,then

it s unique and is denoted by 1.
: (A, <) with 0 and 1 is called a bounded poset.

em 1.1.1 (Zorn’s Lemma): If (A, <) is a poset in which every chain has an upper

then there erists a marimal element in A.




ice and Distributive Lattice

ion we present the concept of lattice and sublattice in two ways. Examples are
illustrate this concept, also we discuss the concept of lattice homomorphism,

lattice, semilattice. Furthermore we talk about ideals and filters in lattices.

i
2.1 Definition Of Lattices

rtant properties of a poset P are expressed in terms of the existence of certain
ds or lower bounds of subsets of P. The most important class of posets defined
is lattices. |

5 can be defined in two ways: one based on the existence of an order relation satisfying
roperties, and one based on the existence of binary operations satisfying certain
properties.

ally ordered sets,the least upper bound x\/ of {x, y } may fail to exist for different
, one of them that x and y may have no common upper bound.

structure arises when every pair of elements in a posets has a least upper bound

est lower bound.

on 1.2.1 A lattice is partially ordered set (L, <) in which every pair of element z,

- an infimum and a supremum (in L).

sm 1.2.1 Let L be a lattice, then the following identities hold for all a, b and ¢ € L
i empotency: * Az =z andz\ z =1

Commutativity: t \ y =y Nz andz\ y=yV z

ssociativity: (z A\ y) N 2=z Ny \ 2) and (c\y) V z=2V (yV 2).

A{bsof?ﬁdn laws: c \ (z\/ y) =z andz\ (z A\ y)= =




roduced lattices as partially ordered sets, however we may adopt an alternative
t. In mathematics the term algebraic structure generally refers to a set with one
operations defined on it. Lattices can also be characterized as algebraic structures

certain axioms.

L 1.2.2 If (L, \/, \) is a nonempty set with two binary operations A\ and V satis-

) (L:{), then L is a lattice where meet is A, join is V and the order relation is given

ash i avVb=Db

=N aki =

since the set of azioms (L1)-(L4) is self-dual, it follows that if a statement holds

lattice, then any dual statement holds in every lattice.
 can give the following definition of a lattice.

m 1.2.2 An algebraic structure (L, \/, \) consisting of a non empty set L and two
y operations \/ and )\ on L is called a lattice if following identities hold for all

[dempotency: z \z =z andz\/ z = 2.

Commutativity: z \ y =y \Nzandz\/ y=yV z

ciatiity: (x Ny Nz=csANyA\ 2 and (z\y)\Vz=zV (yV 2).
Absorption laws: z \ (z\ y) =z andz\ (z \ y)==

- giving the two definitions of lattices we insert some examples to clarify this concept

ple 1.2.1 Every chain is a latiice; here we have inf {z,y}= min {z, y} and

= maz {z, y}.



For every set E, (p(E), N, V) is a lattice.

2.3 (No, | )the natural numbers with zero under devision is a bounded lattice,

element is 1 and the top element is 0. Here we have inf {m, n} = ged {m, n}

, n} = lem {m, n}.

: 1.2.3 A sublatlice of a lattice L is a nonempty subset M of L that is a lattice
e operations on L. That is, if L is o lattice and M # ¢ is a subset of L such that

r of elements a, b tn M both a /\ b and a \/ b are in M, then M is a sublattice

1.2.4 Let L = {1, 2, 3, 6, 12 } under division,the subset S = { 1, 2, 3, 12} is

der division but not a sublattice of L, the subset T = {1, 2, 3, 6 } is a sublattice

on 1.2.1 In any lattice (L, \/, N\), fy< zthenz A y<z A\ 2z Vuzuy z€L

-2.1 In any lattice (L, \/, \), if z < z then:

z)ﬁ (xV y) N 2 Vuzu z€L

.2 In any lattice (L, \/, \),we have the distributive inequalities:
2)2 @ NYV &N 2
<@V YN EY 2.

- 1.2.3 In any lattice (L, \/, \), the following are equivalent:
B = A GV =AYV

e c<ama\BVe=@Ab)V (ahc).

6V @A) =@AbV (ahc)



n any lattice (A, \/, \), the following identities ”distributive laws” are

Vz)=EAyV EA2
ANz=EANIV A2
yN2)=EVYNEV 2
)Vz=EVINWGV 2.

.2.4 A lattice (A, \/, \) satisfying the distributive laws is called a distribu-

In a distributive lattice, if c N\z=c A yandec\ z=c\ ythenz =1y

. L is a distributive lattice, if and only if YV z,y, z€ L

AIN (zNz)=ENV YNNGV 2IAEV ).

0 ' 1.2.5 A partially ordered set P is complete if for every subset A of P both sup
A egist (in P).
ts sup A and inf A will be denoted \/A and /\A respectively.

on 1.2.6 A bounded lattice is an algebraic structure of the form (L, \/, A, 0, 1)
(L, \/, \) is a lattice, 0 is( the lattice’s bottom) the identity element of the join

jon \/ and 1 ( the lattice’s top) is the identity element of meet operation ).

ple 1.2.5 Let X={a, b, ¢} and let L = (X, \l, \. 0, 1) be the power set of X, then
uned lattice with 0 = ¢ and 1 =X. Where the join and meet here are the union and

on respectively.

10




A bounded lattice (L, \/, \) with 0 and 1 is said to be complemented if
‘there ewists y € L such thatz\/ y=1andz /\ y = 0.

.6 The lattice of subsets of a set A is complemented lattice, for we identify the
as 1 and the empty set as 0, then define the complement of any subset of A as

n Of all elements of A which are not in the subset

1.2.8 Let A be a lattice. For any z, y € A with < y,

'—{_aEA rz< a< y} is called a closed interval in A.

1.2.9 A lattice A is called relatively complemented if and only if every closed
1 is complemented, that is, for any ¢, y € A with z < y and for any a € [z,
s b e [:r_;,-:y] such that a /\ b=zand a V b=y

 sectionally complemented if every interval [0,z), (z € A) is complemented.

2.7 The lattice of subsets of a set A is complemented lattice and relativly com-
lattice, for we identify the whole set A is 1 and the empty set is 0, and then define

ent of any subset of A as the collection of all elements of A which are not in the

11




and Filters

indamental importance in algebra. Filters the order duals of lattice ideals have

ications, so in this brief subsection we submit definitions and some theorems

1.2.10 A non-empty subset I of a lattice A is called an ideal of A if it satisfies

Iimpliesz\/ y € L
a € A implies z Na€e Ll

I of a lattice A is a sublattice, every lattice is an ideal of it self, and every

of ideals of A is an ideal.

1.2.11 A dual ideal is called a filter, specifically a filter F in A is a nonempty

at inherits finite meets, that is
€ F impliesz )\ y € F.

1.2.8 The following are ideals in (P(X), U, N)
bsets not containing an arbitrary element of X.
inite subsets.

let (X, T) be a topological space and let z € X, then the set




If A is a lattice, ordered by set inclusion, the set Id(A) of all ideals of A
“in which the lattice operations are given by inf {J, K} = JN K,
c€A: Bje J)BkeK) z<jVk}

r important concepts in ideals, like minimal, maximal, principle ideals, which

them briefly in the following definition

.2.12 Let A be a lattice.

er ideal J of A is mazimal if for any ideal I, JCICA=>T=Jorl = A
ideal J is p.f"z'm.e ifa\NbeJ=a€c Jorbe J, the set of prime ideals of

spectrum of A and is denoted by spec(A)

ny prime ideal P of A, define

" A:z \y=0 for somey ¢ P}. Then clearly O(P) is an ideal in A such

ideals I, J of A are called co-mazimal if I'\/ J =

j€EJ)@ ke K),z<jVk} = A

—{ a/\ z: z€ A} is the principal ideal generated by a. The set PI(A) of all
ls of A is a sublattice of Id(A).

13




st Distributive Lattice

we introduced the concept of an almost distributive lattice as a common
of all existing ring theoretic generalizations of a Boolean algebra on one hand
ive lattices on the other. In this section we give thie definition of an Almost
Lattice (ADL) and certain elementary properties of an ADL’s.

nition of ADL

.3.1 [10] An algebraic structure (R, \/, \, 0) is called an Almost Distributive
yreviated as (ADL) with 0 if it satisfies the following azioms:

0=z
ONz=0
@VyYNANz=@E=AN2)V uGA2
sAWVz2)=E@AyYV EA2
sV GAND)=@EVyYAEV-2
VY ANy=y

any T, y, 2 € A.

Distributive Lattice(ADL) satisfies almost all the properties of a distributive
pt possibly commutativity of A, commutativity of \/ and right distributivity of

, SO It can be seen directly that every distributive lattice is an ADL.

14




.1 Let X be a non-empty set. Fiz 9 € X. For any z, y € X, define:

, /\, Zo) is an ADL with z, as its 0, this ADL is called a discrete ADL, one
ote that this example is not a distributive lattice since the commutativity does
 this example shows that every non-empty set can be made into an ADL with

ily preaseug;ned element as its zcro.

32 Let R ={ 0, a, b, c } and define \/ and A as follows:

. V|O0fa|b|c AlO|lal|b]|e
| 00lalb]|ec 0 |aofofo
a |la|lal|la|a a [0fa|b|c

b |b|b|b|b b A e s | e

: elberl o [:h e e 0lele|e.

2, \V, A\, 0 ) is an ADL with 0

now onwards by R we mean an ADL (R, \/, A, 0) unless otherwise mentioned.

sive some basic results.

1.3.1 [7] For any a € R, we have:

15




0AO0O=0now(ayb)Ab=b,so(aV0O)A0=0—(aA0)V(0AO)
D)V0=0—aA0=0
can prove the fourth one.

Ab=b,so (0Va)Aa=a—(0Aa)V(aAa)=a—0V(aAa)=a

3, In the same way we can prove the third one. |

1.3.1 [11] For any a , b € R, we have:
b))V b=b

@ Ab)=a=al (aVD)

/\ o) =a=(aVb)Aoa

b= (aV b)ADb "by L(6)”
=(@Ab)V(bAb=(aAb)VD

aAb)=(aVa)A(@Vb)=aA(aVb)
a=alV/0=aV(O0Ab)=@VOA@VDb=aA(aVDb)

bAa)=(aVb)A@Va)=(VbAa
cca=al/0=al bAO)=(@VbA@VO)=(@Vb)Aa §

ry 1.8.1 [11] For any a, b € R,
b=oqaifand onlyifa \ b =1b;
/' b="bifand onlyifa A\ b = a.

16




> above corollary, we give the following definition.

[11] For any a, b € R, we say that a is less than or equal to b and write

= a or equivalently, a \/ b = b.

definition we remark that ”<” is a partial ordering on R.

.1, we mentioned the absorption laws that are valid in ADLs in general.

‘remaining absorption laws we have the following:

1.3.2 [10] For any a, b € R, the following are equivalent:

upremum of a and b exists in R and equals a \/ b.
exists T in R such that a < z and b < .

um of a and b ewists in R and equals a \ b.

alence of (1) and (2) as well as that of (3) and (4) follow from (L4).
L (6) = (2) are clear by using theorem 1.3.1.
(1) = ()
Dnowb Aa=bA (aAb)Va)=0bA@AD)V(bAa)
b)V (@A (b Aa)[sinceb A (a Ab) =2aADb]

V(b Aa)=2aAb.

17




e (2). Then

bVaVbAEGVa)=@cVDADVa

b)V ((aV/b) Aa)=Db \/ a. Thus (2)= (6).

ng the roles of a and b, we get the equivalence of (1) through (6)

) since, for any a, b € R, a < a'\/ b, by (6), we have a \/ b is an upper bound

—

‘be an upper bound of a and b. Then
,Ac)V (bAc)=2aV band hence, a \/ b is the supremum of a and b.

® = ()
then (e Ab)Va=EABYV @AR=aA BV =aAx=a
e of (5) and (9) follows, dually, from that of (6) and (7). H

3.1 [11] Foranya, b€ R, (a\/ b))\ a=aV b=aV (bV a)

@V OADGVa)=@aVDA@YDYVa)
DAV (@Vb)Ab)V((aVbAa)=aV(bVa) ™

v, since for any a, b, ¢ € R, we have a A ¢ < cand b A ¢ < ¢, hence the following

ence of the equivalence of (6) and (8)in Theorem 1.3.2

'y 1.3.2 [10] For any ¢, b, c€ R
ea— 1\ a) A c

.3.3 [11] The meet operation (\) is associative

c=@ADbDAlV@ADBAC)
DAV (aAD)A(aABAN))=(@AD) AV @A BbAC)

18




by Corollary 1.3.1, since (a A b) V/ (@ A(bAc))=aA DbV (bAc)=aAb”
=((@AD)A)VaA((eAD) AV (PAc)=aA(bAc) B

As a consequence of theorem 1.3.3 and the equivalence of (5) and (8)in Theorem 1.3.2

we get this corollary.

Corollary 1.3.3 [11] For any a, b, c€ R, a A b A\ ¢ =b A a \ ¢ More generally, we

have:

@1,-.., Gn, b € R and (i1, ta,..., i) 18 any permutation of (1, 2,....,n), then

.. N\ ain ANd=a1 Aaz A... Aan A b

If \/ is right distributive over /\ in R, then for any a, b € R we have,

a=(0ADb)Va=aA (bV a), so that \/ is commutative and hence we have the following:

Theorem 1.3.4 [7] Let (R, \/, \ , 0) be an ADL. Then the following are equivalent.
(1) (R, \/, \, 0) is a distributive lattice with smallest element 0.

(2) \ is commutative in R.

(3) \ is commutative in R.

(4) \/ is right distributive over \ in R.

Remark 1.3.2 [fa< bandz€ R, thena ANz< b Az, zAa<zAb

andz\/ a < z\/ b. But it is not true in general, that is a < b need to imply that

a\ < b\ z, for this consider the ezample 1.3.2 where 0 < b, but 0 \V a> b\ a; in fact,
R is a distributive lattice with 0 if and only if for any a, b € R, a < b implies that

a\/z< b\ zforallz€ R

Definition 1.3.3 [11] For any a, b € R, a is said to be compatible with b (written a ~ b) if
a/\ b=>b A\ aorequivalently, a\/ b =0\ a

A subset S of R is said to be compatible if a ~ b for all a, b € 5.
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In ezample 1.8.2 a, ¢ are compatible since a \ ¢ = c )\ a = ¢, but a, b are

cecaf\Nb#bA a

[6]An element m € R is called mazimal if it is maximal as in the partially

, < ). That is, for any £ € R, m < z implies m = .

[6] Let R be an ADL and m € R Then the following are equivalent:
_ nal element with respect to <.
m, for all z € R.

far"afl'x e R.

.3.6 [11] If R has a mazimal element, then for any element x € R, there exists
lement y € R such that z < y and hence, R is a distributive lattice with 1 if and

‘unique mazimal element.

aximal element in R. Then, for any x € R, x \/ y is a maximal element and

1 1.3.5 Let (R, \/, A\, 0) be an ADL with 0. Let z, y € R such that z < y. Then

a€R:z< a<y} is called an interval in R.

k .3.3 Since for any a, b € [z,y], a < y, and b < y, then from. theorem 1.8.2 by
jalence of (8) with the other statements, every interval in an ADL R is a bounded

ve lattice under the induced operations \/ and \.
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In ADLs homomorphisms are defined in the same way as homomorphisms in lattices.

Definition 1.3.6 [6] Let R and R' be two ADLs with zeros 0 and 0 ' respectively. Then a
mapping f : R — R ' is called a homomorphism if it satisfies the following :

(@) fz\ y) = f(z) V f(y)-

(@) flz N\ y) = (=) \ f(3)-

Example 1.3.4 Let R be an ADL as in example 1.3.2 and R’ = A x B,

where A ={ 0,a’}, B={0', by, by } be two discrete ADLs. Then (R', \, \/, 0) is an
ADL with respect to the point wise operations and 0 = (0, 0').

Now define a mapping f: R — R',as follows: f(0) =0, f(a) = (a’, by ), f(b) = (a’, by ),

and flc) = (a', 0'), one can easily verify that f is an ADL homomorphism

Example 1.3.5 Let R = { 0, a, b, ¢ } be a discrete ADL. Define a mapping f: R — R by

f(z) = 0 for all z € R. Then clearly f is a homomorphism on R.

Remark 1.3.4 As in group theory a one-to-one homomorphism is called a monomorphism,
an onto homomorphism is called an epimorphism, and a bijective homomorphism is called

an isomorphism.
Also the kernel of the homomorphism f is defined by:
Kerf={zcR:fx)=0"}.

Example 1.3.6 In ezample 1.3.4 Ker f={z€ R : f(x) =0} = { 0 }. Which mean that

[ is @ monomorphism.

In ezample 1.3.5 ker f = R, so f here not one-to-one also we can notice that it is not onto.
We end this section by the definition of subADL which also define in analogue way as in
lattice

Definition 1.3.7 A subADL of an ADL R is a nonempty subset of R that is an ADL with

the same meet and join operations as R.
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1.4 Ideals and Filters in ADL

In this section we recall certain definitions and results about ideals coincides with the usual
concept of an ideal in a lattice, also we present the concept of principle ideals. Finally we
prove that the set of all principal ideals of R is a distributive lattice with smallest element

0.

Definition 1.4.1 [7] A non-empty subset I of an ADL R s called an ideal if and only if it
satisfies the following :

Glz,ye I=>z\ yel

(i)teL,ac R=>z/\acl

Note the similarity between this definition and the definition of an ideal in a ring (except in
a ring with 1, an ideal is almost never a subring)

 Iflis anideal of R, thenx A\ a€ I foranya €l and x € R,sincex \a=x A (a A a)
= (a A\ x) A a € L. Therefore in this case, any right ideal in the usual sense is a left ideal
two, and hence a two sided ideal in the usual sense. However a left ideal may not be a right

ideal, and to illustrate this consider the following example.

Example 1.4.1 Let D be a discrete ADL. For any 0 # z € D, the set {0, = } 1s a left ideal

but not a right ideal of D.

Remark 1.4.1 Every ideal of ADL R is a subADL .

Sincez \ ac [Vz,a€ Randz€ L

Definition 1.4.2 [7] A non-empty subset F of an ADL R is called a filter if and only if it
satisfies the following :

(i)z,yc F=>z\ yeF.

(6)z€ F,cc R=a\ z€F.




IfF is a filter of R, then a \/ x € R for any a € R and x € R, and since a \/ x =
@VIARYX=Va)A@V)=EA@RVX)V@A@Vx)=
(x A (a\/ x)) V a € R. Therefore in any ADL, every left filter in the usual sense is a right
flter and hence a two sided filter. However a right filter may not be a left filter. For, consider

the following example.

Example 1.4.2 Let D be a discrete ADL. For any 0 # z € D, the set { z '} is a right filter

but not a left filter of D.

Theorem 1.4.1 [6] For any nonempty subset S of R,
(8] :={(\V%si) \ = :s€ S, = € R, nis a positive integer} is the smallest ideal of R containing

S and is called the ideal generated by S.

In particular, for any x € R, (x] := (x) = {x A t: t € R}.
The set I(R) of all ideals of R is closed under arbitrary intersections and contains R. Thus

I(R) is a complete lattice in which the I \/ J of any two ideals I and J of R is:

{x\Vy:x€landy € J}.

Theorem 1.4.2 [7] Let R be an ADL and I an ideal of R.
Then for any z, y € R, we have the following:

(@ = = \ c: a c R}

() z € (y] if and only if y \ z = .

(i)z \ ye Iifand only if y A z € L.

(W) @A\ y=(yN\d

(v) If z € I and a € R, such that a < z implies a € L.

proof
(i) If we take S = { x } and applied theorem 1.4.1
(ii)(—>)x€(y]theI}X:yAa,aERsoyszy/\(y/\a,):(y/‘\y)/\a:y/\a

=X




(«) Since x =y A\ x and y € (y], from definition of ideal x € (y]
@i)(—)xAyelthen xAy) Axe€lbut xAy) Ax=yA(xAx)=yAx
(“)yAxelthen y AX)AYyEIbut G AX)Ay=xA(yAy)=xAy
ac(xA\ylca=xAy)At.tERSa=yA(xAt),tecReoa=(yAx)A

tteRosac(yAx o

Theorem 1.4.3 [7] For any a, b € R, we have the following:
1 (o] (0] = (aV b/ = (BN o

2 (o] \ (6] =(aN\Nb =0

proof

l.xe(@a\/b+<x=(a\/b)At, teR.
ax=(aAt)V(bAt),teR.

< x=21 Vv, z € (x] and y; € (y].

©xe V@l

similarly we can prove 2. O

Filters which are the duall of ideals have a duall properties, so we recite the following without

proof.

Definition 1.4.3 [6] Let F be any non-empty subset of R. Then the set
[E)={z\ (N ,a):a€ F, z€ R, ne N} is the smallest filter of R containing I and

is called the filter generated by F.
If F = {1}, then we write [z) for [F). Therefore for any z € R [z) 1s the filter generated by

& which is called the principal filter generated by z.

Theorem 1.4.4 [6] Let R be an ADL and F' a filter of R. Then for any 1z, y € R, we have

the following:

()fr)={a\z:aER}
(i) z € [y) if and only if t =z \/ ¥.
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(gjg‘?;)xv yE Fifand only ify \/ z € F.
@) N y) =N o)

(v) If c € F and a € R such that < a implies a € F.

we must note that the set F(R) of all filters of R forms a distributive lattice under set
inclusion in which the g.1.b and l.u.b of any two filters F,G of R are given respectively by:
FAG=FNGand

F\(G={fA\g:fcFandge G}

Corollary 1.4.1 [6] Let z, y € R. Then the following are equivalent:
G )N k) =Ny =N\
@ @A) =[Ny =\

After proving theorem 1.4.3, one can immediately prove the following theorem:

Theorem 1.4.5 [6] The class PI(R) (PF(R)) of all principal ideals (filters) of an ADL R
is a sublattice of the distributive lattice I(R) (F(R)) of ideals (filters) of R.

Now by recalling definition 1.3.6 of a mapping f : R; — R, to be a homomorphism, and
defining j¢ and j¢ to any ideal J to be: f~!(J) = {x € Ry : f(x) € J C Ry } and

{ (f(x)] : x € J } respectively we end this section by proving the following theorem

Theorem 1.4.6 [7] Let Ry and R, be two ADLs and f : Ry — Ry a homomorphism.
1. If J is an ideal of Ry, then J¢ is an ideal of R;.

L C R, andIChL=I°CI°inkR,

BN ), C R, and JC Ji=> JC I in R

4. For every I € I(Ry), I C (I°)¢ and I = (I°)¢ if f is a bijection.

5. For every J € I(Ry), (J9)° C J and (J°)* = J if f is onto.
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proof:

1. Let J be an ideal of Ry and let x, y € f~%(J), then f(x), f(y) € J. Since J is an ideal

fx) \/ f(y) = f(x V y) € J, thusx V y € f~1(J).

now if x € f~*(J) and r € Ry, then f(x) € J, f(r) € R; and hence f(x A 1) = f(x) A f(r) €
J(since J is an ideal). thus x A\ r € f~(J), therefore, J¢ is an ideal of R;.

9. Let I C I, then f(I) C f(I1) = (f(I)] C (f(1)] = I C I=.

3 Let J C Ji, then f~1(J) C f~1(J1), therefore J¢ C Je.

4, By definition f(I) C I¢, hence I C f~'(I°) = (I°)°.

Now suppose that f is a bijection and x € (1¢)¢, then f(x) € (f(I)] this gives f(x) = f(y) A T,
for some y € I and r € Ry, since f is onto, there exists s € R, such that r = f(s), therefore
f(x) = f(y) \ f(s) = f(y A s), since f is one-one, x = y A s, and since y € 1, we get x € L.
therefore (7¢)¢ C 1. Hence, (I°)¢ = 1.

5. Now, (J°)° = (E(J9)] = (Ef ()] = {£x) Ax: x€ fH(J),re By } =

{fx) ANr:f(x)eJ,re Ry } CJ.

Now, suppose f is onto and y € J, choose, x in R; such that f(x) =y, so x € f~1(J) = J¢,

now y = f(x) € £(J°) C (£(J°)] = (J°)° = y € (J°)°, therefore J = (J°)°.
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Chapter 2

Types Of Ideals In ADL

It is usually possible to put a set of postulates or restrictions on an ideal and thereby obtain a
special kind of ideals with properties not in a general ideals. In this chapter we will consider
some special types of ideals in ADL, such as : prime ideals, « - ideals , o - ideals and other
types,also we derive some relations between them and some conditions for one to become

another one .

2.1 Minimal, Maximal, and Prime Ideals

Definition 2.1.1 [8] A proper ideal P of R is said to be prime if for any z, y € R,

g\ y € P then eitherz € P or y € P.
Analogously, we can define the concept of prime filter, i.e A proper filter F of R is said to

be prime if for any z, y € R, z \/y € F then either z € F or y € F.
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Example 2.1.1 Let R ={ 0, a, b, ¢ } and define \/ and A as follows:

VI[0la|bd|c AlO|lal|b]|c
010|lalb]|ec o B e W
a |alal|la]|a a |0|alble
8 [ bl lalsle
cilfelbald e e |l lelele

Then clearly ( R, \/, \, 0 ) is an ADL with 0, and P={0, c} is a prime ideal of R and F=

{ a b} is a prime filter.

Definition 2.1.2 [8] A proper ideal M is said to be mazimal if it is not properly contained
in any proper ideal of R, and P is said to be minimal ideal if there exists no ideal of R

contained in it.

Example 2.1.2 In ezample 2.1.1 the ideal P = (0] = { 0} is minimal prime ideal, and P=

{0, ¢} is mazimal ideal in R.
Now we include some properties of prime ideals that can be routinely proved by this lemmas:
Lemma 2.1.1 [17] A subset P of R is a prime ideal if and only if R/P is a prime filter

Proof :

At first we must prove that R-P is a filter, so let x, y € R-P then x, y € R, x, y ¢ P, so x,
y € R and x A\ y ¢ P. "since if x /\ y € P and P is prime then either x or y € P which is a
contradiction.” now we get that x/\y € R-P.

Now let x € R and a € R-P, then x \/ a € Rbut ¢ P ” sinceif x\/ a € P then (x \/ a) A a
— a € P which is a contradiction ” so x \/ a € R-P , i.e R-P is a filter.

(=)Assume P is prime and R-P not a prime so there exist x, y € R such that

x \/ v € R-P but x, y ¢ R-P, so x, y € P, but since P is prime ideal then x \/ y € P which
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s a prime filter but P is not prime, so there exist x, y € R such that x \/ y g
¢ P, sox, y € R-P, but since R-P is prime filter then x A y € R-P, which is a
n directly verified that if P is minimal then R-P is maximal. |

.1.2 [6] Bvery magzimal ideal of R is a prime ideal.

I C R is maximal and a /\ b € I with a ¢ I, then the ideal generated by I and a
R, so that b = p \/ a for some p € I, then

b=((®EVa Ab=(pAb)V (a Ab)e I, which means b € I. So I is prime. |
urse not every prime is maximal and example 2.1.1 insure that (0] is prime but
iximal since it is included in the prime ideal P = { 0, ¢ }, also we must note that
ove lemma is true in ring theory, but not true in general for lattices, to ensure this

the following example:

sle 2.1.3 In the lattice My in the following figure, the ideal I = { 0, a } is mazimal.
bAc€Lbutb¢ Iandz ¢ I, so I is not prime.

aC ¢

Figure 2.1:




The following lemma is routinely proved by Zorn’s lemma

Lemma 2.1.3 [10] If R is an ADL with mazimal element then every proper ideal of R is

contained in a mazimal ideal of R

proof:

We can see that Zorn’s Lemma may be useful, because the theorem calls for finding a max-
imal element, so we take P = { proper ideals of R that contain I }, a maximal element of P
will finish the proof, so we need only show that P satisfies the condition of Zorn’s Lemma.
Let L be a chain of P, and let M =\/,.; j, now it just still to prove that M is an ideal
containing I.

So at first suppose that x € R, and a € M, then a must be contained in some J € L, Thus,
afA\x€J, andsoa A\ x € M.

Now suppose that a, b € M, then there is some J,, J, € L with a € J, and b € Jj, but since
L is a chain, so either J, C J, or Jy C J,, without loss of generality, suppose that J, C Jg,

then both a, b € J,, hencea \/ b € J,,and soa \/ b € M. O

Since the mapping x — (x] is a homomorphism of the ADL R into the lattice PI(R) of

all principal ideals of R, the following theorem is an immediate consequence of the theorem

1.4.6.

Theorem 2.1.1 [10] Let R be an ADL with 0, then we have the following:

1. For any ideal I of R, I®* = { (a] : a € I} is an ideal of PI(R ).

Moreover, I is prime if and only if I° is prime.

9. For any ideal K of the lattice PI(R), K ={ a€ R : (a] € K } is an ideal of R, further,
K is prime if and only if K€ is prime.

3. For any ideals I, I of R, I, C I, if and only if (I;) € I5 .
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4. For any ideals K1, K, of PI(R), K1 C K, if and only if K ¢ KS .
5. (I°)¢ = I, for all ideals I of R.
6. (K€)¢ = K, for all ideals K of PI(R).

We know that the concept of ideal was introduced in an ADL analogous to that in a dis-
tributive lattice, this enables us to extend many existing concepts and results in distributive
Jattice to the class of ADLs, so now we study many important properties of minimal prime

ideals of R which was studied in distributive lattice, and we begin by this definition.

Definition 2.1.3 [6] Let I be an ideal of R. A prime ideal P in R is said to be a minimal
prime ideal belonging to an ideal I if:

gl C P

i) there is no prime ideal Q such that I C Q C P.

That is P is minimal among the prime ideals of R containing I.

Note that a minimal prime ideal belonging to the zero ideal of R is a minimal prime ideal of

R.

Lemma 2.1.4 [6] Every prime ideal of R contains a minimal prime ideal.

proof:

Let P be a prime ideal of R and let F = R-P, then F is a prime filter, then by Zorn’s lemma,
there is a maximal prime filter G in R. Now, F C G = R-G C R-F = P. Therefore by lemma

2.1.1 R-G is a minimal prime ideal contained in P. 0

Remark 2.1.1 we say o subset S is multiplicatively closed subset of Risif S # ¢ and for
anya, be S, a N beES.

Theorem 2.1.2 [10] Let I be an ideal and S be a multiplicatively closed subset of R such

that I N S = &. Then there is a prime ideal M of R such that [IC M and M N S = 9.
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proof:
Let A={J:Jisanideal of R,ICJand SN J = ¢ }, since I € A, A # ¢, clearly, A
satisfies the hypothesis of Zorn’s lemma, therefore A has a maximal element M.
Now, we prove M is prime. Let a, b € Rand a ¢ M, b ¢ M, then (M \/ (a]) N S # ¢ and
MV (b])NS# .
Letxe MV (@])NSandye MV (b]) NS, since S is a multiplicatively closed subset
of R,x \yeSandx Aye MV (a) n(MV (b)) =MV (a A b].
Ifa /A b€ M then x A\ y € M NS which is not true as M € A.
Therefore a \ b ¢ M. Thus M is prime. |

Since any filter and any sub ADL are multiplicatively closed subsets of R, then the

following corollaries are an immediate consequence of theorem 2.1.2

Corollary 2.1.1 [10] Let S be a sub ADL of R which does not meet the ideal I, then I is
contained in an tdeal M which is mazimal with respect to the property of not meeting S.

Moreover, M is prime.

Corollary 2.1.2 [17] Let I be an ideal and F be a filter of R such that IN F = ¢. Then
there is a prime ideal M of R such that I C M and M N F = ¢.

By corollary 2.1.2 and since P is prime ideal if and only if R-P is prime filter, so if we take
G = R-M we get the following :

Corollary 2.1.3 [10] Let I be an ideal and F be a filter of R such that 1N F = ¢. Then
there is a prime filter G of R such that F C G and GN I = ¢.

Now we insert some theorems to give some important proprieties of the prime ideals in ADLs

Theorem 2.1.3 [10] Let I be an ideal and S be a multiplicatively closed subset of an ADL

R such that
IN S = ¢ then there is a minimal prime ideal T of R such that IC T C R-S.
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proof:

Let I be an ideal and S be a multiplicatively closed subset of R such that I N S = ¢, then
from theorem 2.1.2, there exists a prime ideal P of R such that IC P and SN P = ¢, since
P is a prime ideal of R, R-P is a filter of R and S C R-P, also I N (R-P) = ¢.

Nowlet§ = {F:Fisafilter of R,SC Fand INF = ¢ }, clearly, R-P € ¢ and hence £ #
0.

Therefore by Zorn’s lemma there exists a maximal element G € £. It is ecasy to verify that
G is a prime filter of R and hence R-G is a prime ideal of R. Also I C (R-G) and S N (R-G)
= ¢. Clearly S C G.

Now let Q be any other prime ideal of R such that I C Q and Q C (R-G), this gives I N
(R-Q) = ¢ and also S C G C R-Q, but G is a maximal element of £&. Therefore we get

R-Q = G. This gives Q = R-G. a

Theorem 2.1.4 [10] Let I, S be any two tdeals of R. Then S is a minimal prime ideal
belonging to I if and only if R-S is a mazimal multiplicatively closed sub set of R with respect

to the property of not meeting I.

proof:

Assume that R-S is a maximal multiplicatively closed subset of R with respect to the property
of not meeting I.

Now (RS)NI=¢=1CS.

Let x, v € R such that x ¢ Sand y ¢ S. Then x, y € R-S and hence x A v € R-S. This
gives x \ y & S. Therefore S is a prime ideal of Rand I C S, let Q be any other prime ideal
of R such that I € Q and Q € S. Then R-Q is a multiplicatively closed subset of R and I N
(R-Q) = ¢, but from our assumption R-S is maximal such that (R-S) NI = ¢.

Therefore we get R-Q C R-S and hence S € Q, this gives Q = S, therefore S is a minimal

prime ideal of R.

Conversely, let S be a minimal prime ideal belonging to I. Then R-S is a multiplicatively
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closed subset of R and (R-S) N I = 4. let T be any other multiplicatively closed subset of R
such that T NI = ¢ and R-S C T. Then from theorem 2.1.3, there exists a minimal prime
ideal P of R such that ] C P C R-T.

Clearly, R-T C S, therefore we get I C P C R-T C S, since S is a minimal prime ideal
belonging to I, we get P = S and hence R-T = S.

This gives R-S = T, therefore R-S is maximal multiplicatively closed subset of R with respect

to the property of not meeting I. [}

Theorem 2.1.5 [10] Let I be an ideal of R, and let P be a prime ideal containing I, then P
is @ menimal prime ideal belonging to I if and only if for each £ € P there is a y ¢ P such

thatz \ y € L

proof:

Let P be a minimal prime ideal belonging to I, then from theorem 2.1.4, R-P is a prime filter
which is maximal with respect to the property of not mecting I.

Let x € P, then x € R-P, let F = (R-P) \ [x), suppose F N I = ¢, then there is a prime
filter G such that F C G and G N I = ¢, therefore R-G is a prime ideal and I € R-G, since
R-P C F C G, we get R-G C P and hence R-G = P, that is G = R-P, so that x € R-P, and
this is a contradiction, therefore F N I # ¢.

Choose t € [(R-P) \/ [%)] N1, then t € I and t € (R-P) V [x), therefore, t =y A s, where y
€ R-P s € [x).

Nowt =y AGVx)=GAs) VA=tV FAX. Thus y A x € I, that is for every
x € P, there is y ¢ P such that y A x € L.

Conversely, assume the condition, let Q be any prime ideal belonging to I and Q C p, and
let x € P, then from our assumption, there is y ¢ Psuchthatx Ay €, now,QC P =x
A ¥ € Q and hence x € Q since y ¢ Q.

Therefore P is a minimal prime ideal belonging to L
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tion fby two corollaries that are direct consequence of theorems 2.1.4 and

2.1.4 [10] Let I be an ideal of R, and let P be a minimal prime ideal belonging

is a prime filter which is marimal with respect to the property of not meeting

7 2.1.5 [17] A prime ideal P of R is a minimal prime ideal if and only if for each
5, Lhere 23«!; ¢ P such that /\ y=10.
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9.2 Annihilator Ideals

In this section the concept of Annihilator ideals in an ADL is given with suitable exam-

ples, and we prove some basic properties of the annihilator ideals, analogous to that in a

distributive lattice.

Definition 2.2.1 [6/ For any non-empty subset A of an ADL R with 0, define
A={zeR:a\z=0 forallae A}, A* is called the annihilator of A.

For any a € R, we have ({a})* = (a]*, where (a] is the principal ideal generated by a.

Remark 2.2.1 For any ¢ # A C R, we have clearly A N A* = (0], since if there exist

g€ AN A thenze€ Aandz € A*, soaNz=0,Vac A thusz=az\z=20
Example 2.2.1 Clearly (0]* = R and R* = (0].

The following two results can be directly verified by using definition 2.2.1, so we give them

without proof.

Remark 2.2.2 [16] For any non-empty subset A of R, A* is an ideal of R.

Lemma 2.2.1 [17] For any non-empty subsets I and J of R, we have the following:
] C J, then J* C I".

Bl (")

g (@yy =r

B () = (0]

B c s (J)c (')

BN = (0] ICJ?

Theorem 2.2.1 [16] For any two ideals I and J of R, we have the following:
B/ ) =IrnJg

)y =)y NIy
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proof:

1. Suppose x € I* N J* and t=a\/ bel\/ J, whereacIandb e J.

Thent Ax=(a VD) Ax=(a/Ax)V (bAx)=0\ 0=0. Therefore I* N J* C (I\/ J)*.
The converse follows from Lemma, 2.2.2(1).

B (') 0 (J), ye (InJ), i €landjeJ.Sincei AjeIlnJandye (INJ)*,
we get that (y A i) /\ j = 0. Which implies that y A i € (j]* for all j € J. Hence y A i €
J*. Since x € (J*)*, we get (x A y) Ai=0forallic L Hencex A y € I*. Since x € (I*)*,
weget x Ay € (I")", thusx Ay € I" n (I*)* = (0]. Hencex A y=0forally € (INJ)".
Therefore x € ((I N J)*)*.

R N (J) C ((IndJd)r).

Converse follows from Lemma 2.2.2(1). [

We now define the concept of annihilator ideal in an ADL R

Definition 2.2.2 [16] Let R be an ADL, an ideal I of R is called an annihilator ideal if I =
S*={ye R:y\s=0, forallse S} for some non-empty subset S of R, or equivalently,
)"

We denote the set of all annihilator ideals of R by A(R).

Example 2.2.2 Let X be a discrete ADL with 0 and with at least two elements, other than

0. Then (X, \/, \, 0') is an ADL with zero 0 = (0, 0, ..., 0), where \/, )\ are defined

coordinate-wise.

Now, let I = {(0, a1, az, ..., Gn-1 ) : @i € X }. Then it can be observed that I is an ideal of
R, now it is clear that I* = {(z, 0, 0, ..., 0) : T € X} oand (I*)* =
B o, ., an) XY=L

Hence I is an annihilator ideal of R.

Example 2.2.3 In example 2.1.1 consider the ideal I ={ 0, ¢ }. Then (I*)* = (0]* = R.

Therefore I is not an annihilator ideal in R.
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Example 2.2.4 Let R = { 0, a, b, ¢ } and define \/ and /\ as follows:

V|O|lalb]|e Alolald]|ec
010]al|bl|ec 0 10(0]|0]|0
alalalblb a |0|lalal|0
| e o el b |0|lalblec
cle|b|bfec G 08 0

Then clearly (R, \/, N\, 0 ) is an ADL with 0. Consider the set I = { 0, a } C R, then
clearly I is an ideal in R.
NowI* ={ 0, ¢ } and also (I*)* ={ 0, a } = I, thus I is an annihilator ideal in R.

Similarly, the ideal J = { 0, ¢ } of R, is another annihilator ideal in R.
Lemma 2.2.2 [16] For I, J € A(R), we have IN J = (I* \/ J*)*.

proof:

Since I* C I* \/ J*, we get (I* \/ J*)* CI(*)* =L

Similarly (I* \/ J*)* € J. Hence (I* \V J*)* CInJ,letxeINJandy € I* V J*, then y
=6\/'s for some t € I* andse J*, nowx Ay=xA(tVs)=(xAt)V(xAs)=
0\ 0=0.

Hence x € (I* \/ J*)*. ThereforeINJ = (N N |

By theorem 2.2.1 page 36, one can immediately prove that the intersection "the meet A’

of two annihilator ideals is again an annihilator ideal, but the join "\/" of two annihilator

ideals is not necessarily an annihilator ideal, for this consider the following example.
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5 Consider the distributive lattice R = {0, a0, ¢, 1} whose Hasse diagram

e following figure :

Figure 2.2:

the ideals I={ 0,a} and J={ 0,b}. NowI*={ 0, b} = J, and

ot =1L HenceI** ={ 0,0} =Tand J* ={0,b} =

J are both annihilator ideals in R, now I\l J ={ 0, a, b, c }.

={ 0}, hence (I\/ J)** = R, therefore I\/ J is not an annihilator ideal in R.

ow that if R is an ADL, then we know that (I(R), \/, A ) is a distributive lattice,
the set A(R) is not a sublattice of I(R) of all ideals of R.
if we define I \/ J = (I* N J*)* we get the following theorem :

n 2.2.2 [15] Let R be an ADL with 0. Then the set A(R) of all annihilator ideals

“a complemented lattice.

A(R), then I** = I and J** = J, hence (InJy* =I*nJ* =1NJ, by theorem
1nJ € A(R), we have also I \/ J € A(R). It can be easily observed that

V) is a lattice.

= R and R* = (0], we get that (0], R € A(R) are the least and the greatest
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elements of A(R), therefore, (A(R), \/, A\ ) is a bounded lattice.

Now let I € A(R), then clearly I* ¢ ARYand IA*=InIF= 0,1\ I*={I"nI*)
B = (0] =R.

Thus I* is the complement of I for any I € A(R), therefore (AR V. A % (0,R)isa

complemented lattice. [ |

Now we derive a sufficient condition for an ADL R to become relatively complemented.

Lemma 2.2.3 [15] Let R be an ADL and F a filter in R. If a < c and a € F \/ [c), then:

a=f/\ c for some suitable f € F.

proof:
Since a € F' \/ [c), we can write a = f A x for some f € F and x € [¢), since x € [c), we get x

=x \/ ¢, which impliessx Ac=c. Nowa<c=>a=aAc=fAxAc=fAc |

Lemma 2.2.4 [15] Let R be an ADL. If R is not relatively complemented then there exists

two distinct prime ideals in R, one of them contains the other.

proof:

Suppose R is not relatively complemented, then there exists three elements a, b, ¢ € R such
that b < ¢ < a and ¢ has no complement in the interval [b, aJ.

Write F = { x € R: (¢ V x) A a=a }, we first prove that F is a filter.

Qlearly a € F, let x, y € F, then eV (x Ay)] Aa=[c V%) A cVy)lAa=
foex) A [(cV y) /\a]-:(c\/x)/\a,:a?henccx/\yeF?nowlethFandrER,
fhen o \/r Vi Aa=[FVeVdAa=GEAa)VIcY ) Ad=

(r A\ a)  a = a, hence r \/ x € F. Therefore F is a filter.

Now consider the Filter E = F \/ [c), suppose b € E, sinceb < ¢ and b € F\/ [¢), by lemma
9.2.3, we have b = f A c for some f € F.

Nowb=bAa=(EAc)Aa=(cAf) ANa=cA(EA2) - (1)

againc\/ EAa)=(CAa)V({EAa) = (c\Vf) Na=a, becausef€F ... (2)
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From (1) and (2) we can obtain that f A\ ais a relative complement of ¢ in [b, a]. which is
a contradiction.

Hence b ¢ E, thus (b] N E = ¢, there exists a prime ideal P of R such that (b] C P and
PAE=¢. NowPNE=¢=PN{FV[)}=¢=PnF)Y@PNk)=¢=PNF
=¢and P N [c) = ¢.

Now consider the ideal I = (c] \/ P, suppose a € I, sincec < aanda € 1= (c] \/ P, we can
write a = ¢ \/ p for some p € P.

Thus (¢ \/ p) /\ a = a, which implies p € F, hence p € P N F, which is a contradiction to
that P N F = ¢, hence I N [a) = ¢. Thus there exists a prime ideal Q such that I C Q and

8)AQ = ¢. Hence P C 1 C Q. |

Theorem 2.2.3 [15] Let R be an ADL with 0, in which every proper ideal is an annihilator

ideal. Then R is relatively complemented.

proof:

Assume that I** = I for all I € I(R), suppose R is not relatively complemented, then by
lemma 2.2.4, there exists two distinct prime ideals say P, Q in R such that P C Q,

choose g € Q/P, let x € Q*, thenx A\ q = 0 € P, so x € P, because P is a prime ideal and
q¢P.

Hence Q= C P, thus @Q* € P C Q. Therefore @ =Q N @* = (0], hence @ = (0]* = R.
Thus Q C @™, because Q is a proper ideal. Which is a contradiction.

Hence R must be relatively complemented. O

Recall definition 1.2.5 of a homomorphisms in ADLs, now we will study some properties

of annihilator preserving homomorphisms and derive a sufficient condition for a homomor-

phism to be annihilator preserving, so we begin with some lemmas and definition.
Lemma 2.2.5 [17] Let f: R — R’ be a homomorphism, then for any nonempty subset A
of R, we have: f(A*) € (f(4))"
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proof:

Let a € f(A%) and y € f(A), then there exists b € A* and x € A such that a = f(b) and
y=1f(x). Nowa Ay ={f(b) A\ f(x) =f(b A x) =£0) = 0"

Thatis a /\ y = 0 for all y € f(A), hence a ¢ ( f(A))*. Thus f(A*) C (F(A))*. |

Note that (f(A))* C f(A*) is not true in general, for this consider the following example:

Example 2.2.6 Let R = { 0, a, b, ¢ } be a discrete ADL, define a mapping f : R — R by
f(z) = 0 for all z € R, then clearly f is a homomorphism on R.

Toke A ={a, b} then A* ={ 0} and f(A) ={ 0}, so f(A*) ={ 0} and (f(A))* = R.
Thus (f(A)* € f(A*).

Definition 2.2.3 [15] Let f : R — R be a homomorphism, then f is called annihilator
preserving if f(A*) = (f(A))* for any (0] C A C R.

Example 2.2.7 Let A ={ 0, a} and B = { 0, by, by } be two discrete ADLs. Write R =
A x B, then (R, \/, \, 0) is an ADL under point-wise operations. Also the zero element in

Ris (0, 0). Let
R = {0,d',b,c'} be another ADL in which the operations \/', \ are defined as followes:

\/’ 0|a|d]|c N0 |d|'b]c
o |0 [a |b|c g [0 |0 |0|a
a e o léellc a [0 e |Q |a
e le [0 ]|e yoloa |5 b
el e ] Alio gl ele

Now define the mapping f : R — R as follows: f((0, 0)) =0'; f((a, 0) = a; f((0, b)) =

f((0, ;) = ¥'; f((a, b1)) = f((a, b)) ="

Then clearly f is a homomorphism from R onto

R, also it can be verified that fis annihilator

Preserving.
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Example 2.2.8 Let R and R’ be two dense ADLs(i.e. an ADL R in which (a]* = (0], for
all 0 #a € R).

Then every homomorphism from R into R’ is annihilator preserving, since for any A C R,

we have f(A™) = f((0]) = (0'] = (f(A))*.

We know that in ring theory if f is a homomorphism which is onto and ker f={0} then f
is an isomorphism, but this is not true in general in ADLs, and this is clear in the following

example:

Example 2.2.9 Let R = {0, a, b} and R = {0, ¢ } be two disctrete ADLs. Define a
mappping f : R — R by f(0) =0 and f(a) = f(b) = c. Then clearly f is a homomorphism
from R into R, also f is onto, and Kerf ={ 0}. But f is not one to one.

However, we have the following:

Theorem 2.2.4 [15] Let R and R’ be two ADLs with zero elements ( and 0" respectively
and f : R — R a homomorphism. If Kerf = { 0} and f is onto, then f is annihilator

preserving.

Proof:

Let A be a subset of R such that (0] € A C R. We have always f(4*) C { f(A)}*. Now, let
x € { f(A)}* C R . Since f is onto, there exists y € R such that f(y) =x € { f(4)} =
f&) A f(a) =0 for all a € A.

=fly Na)=0=>yNac Kerf={0}:>y/\a=0foralla,€A=>yGA*

= x = f(y) € f(A*) Hence {f(4)}" € F(A*). Therefore {f(A)}* = f(A"). =
Theorem 2.2.5 [15] Let R and R be two ADLs with zero elements 0 and 0 respectively
and f : R — R’ a homomorphism. Then we have the following:

of R for every

(1) If f is annihilator preserving and onto, ther F(I) 5 ot anmlulaton sacal

annthilator ideal I of R.
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=1 T
(2) If [~ preserves annihilators, then f—1 (1) is an annihilator ideal of R for every annihilator
ideal I of R.

Proof:

(1) Let I be an annihilator ideal of R. Then f(I) is an ideal of R, since f is annihilator
preserving, (f(I))™ = f(I**) = f(I). Therefore f(I) is an annihilator ideal in R'.

(2) Let J be an annihilator ideal of R'. Then f~1(J) is an ideal of R, Since f~! preserves
annihilators, we get (f~1(J))* = f~1(J*) = f~1(J). O

Since Kerf = f=1(0') and { 0' } is an annihilator ideal in R, we have the following corollary.

Corollary 2.2.1 [15] Let R and R’ be two ADLs with zero elements 0 and 0’ respectively
and f : R — R an annihilator preserving homomorphism. Then Kerf is an annihilator

ideal of R.

Recall that two ideals I and J of R are said to be co-maximal if I \/ J = R, now we study and

prove necessary and sufficient conditions for every prime ideal to be minimal in R through

the following theorems.

Theorem 2.2.6 [8] For any a € R if the ideals (o] and (a]* are co- mazimal, then
(o = (a]™".

Proof:
Fora € Rlet R = (a] V (a]*. We have (a]"* = (@*NR=(@]*N(aV (@)=

(@@ n @)V (@ nd)=(Vé= (] since (a < (). .

Lemma 2.2.6 [8] A prime ideal of an ADL R is minimal if and only if a € P = (a]* € P.

Proof:

By corollary 2.1.5 P is minimal prime ideal if and only if for each a € P, there is y ¢ P such

that x /\ y = 0, so there exist y € (a]” but ¥ ¢ P, thus (a* £ P. =
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8] Every prime ideal in R is minimal prime if and only if the ideals (of

mazimal for each a € R.

ideal in R be minimal prime, and let there exists a € R such that

, select x € R such that x ¢ (a] \/ (a]*. Hence there exists a prime ideal, say
hat (a.j V (a]* € P and P N [x) = ¢. P being minimal by assumption, (a] and
be contained in P simultaneously (by lemma 2.2.8) . This in turn shows that

1]* for each a € R.

let R = (a] \/ (a* for each a € R, and let there exists a prime ideal P in R which
al, then there exists a minimal prime ideal, say M, in R such that M C P. Select
x & M, (z]* €M (by lemma 2.2.8 ). But then (x] C P and (z]* C P will give
(z]* C P; a contradiction.

prime ideal in R must be minimal prime. [ |
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2.3 o - Ideals

In this section we introduce the concept of an a - ideal in an ADL R, analogous to that in a
distributive lattice. We study some basic properties of the class of a - ideals, also we derive
some conditions for prime ideals to become o - ideals, and to annihilator ideals also. Finally

we characterize a-ideals in terms of annulets.

Definition 2.3.1 [17] Let R be an ADL with 0. An ideal I of R is called an o - ideal if

" C [foralize I

Example 2.3.1 Let A = {0, a} and B = {0, by, by} be two discrete ADLs. Write
R=Ax B={(0,0), (0, b)), (0, b2), (a, 0), (a, b1), (a, by)}. Then (R\/, \, 0') is an
ADL where 0 = (0, 0), under point-wise operations. Take I = {(0, 0), (0, b1), (0, by)}.
Clearly I is an ideal of R, and ((0,0)]** = {(0, 0)} C L

Aiso ((0,1)]* = ((0,52)]* = {(0, 0), (a, )} So (0,51 = ((0,b)]"* = ((0,0))* N ((a, O}
=RN{(0,0), (0b1), (0,bs)} =1 Thus Iis an o - ideal of R.

Example 2.3.2 Let R be an ADL with 0 and S a multiplicatively closed subset of R. Then
I={zecR:z/\y=0jforsomey€ S} isanc - ideal of R.

Observe that I = | cg(z]*-

Now, let a € I, then a € (z]* for some z € §. So (a]™ C (z]* for some z € S. Hence

(a]** € U,cs(e]* = I Therefore I is an a - ideal of R.

Now we insert some useful characterization of o - ideals, but first we begin by this definition

Definition 2.3.2 [16] Let R be an ADL with 0. For any ideal I of R, define

I* ={zeR:(a]f C(z]" for some a € I}
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Lemma 2.3.1 [17] Let R be an ADI with 0. Then for any ideals I, J of R, we have the
following -

@) 1< I°

(b). ICJ=1I°CJe

ol (InJ)y: =I*n Je

@) N o< (VI

) (1 = I

0. () -1

Proof:

(a). Since Vi € I, (i]* C (4]* so by the definition I C I°.

(b). Let I C J and x € I°, then
3i € I such that (3]* C (z]*, but since I C J, then 3i € J such that (¢* C (z]*, so x € J°,

therefore I¢ C J°.

(c). Letx € (INJ)° < 3 ae€ (INJ)such that

(a]* C (z]* < 3 a € I such that (a]* C (z]*,and Ja € J such that (a]* C (z]" & x € I°,

andx e Je< xe It n Je.

(d). Let x € I* \/ J¢, then x = i \/ j for some i e I¢, j € J°, so3i€lsuch that

(i* C (1%, and 3 j € J such that (j]" € (7], thus (* V (" € TV GT.

So (i\/j]* € (i \V 4']*, therefore (i\/ 5] € (a]" for some iVjelVIsoxe(IVJ)

(e). From (a) we know that I C (I°)°. Now let x € (I°)¢, then 3 a € I° such that

(a]* € (]*, and since a € I¢, 3 b € I such that (8]* € (a]*-

So 3b € I such that ()" < (a]* € (2] therefore x € I¢, and (I°)° € I*, so (I)* = I*.
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(£). Let x € (I")%, then 3 a & I* such that (a]* C (2], but I C (a]* C (], so
(x] g (.'I;]** (_: I*, thus x € I*-, hence (I*)e g I*
Now, since (z]* € (z]" V x € I*, so we have I* C (I*)e.

Therefor (I*)¢ = I*. [

Lemma 2.3.2 [16] Let R be an ADL and I an ideal of R. Then I¢ is the smallest o - ideal

containing 1.

Proof:

Clearly I° is an ideal containing I. Suppose x € I¢, then (a]* C (z]* for some a € 1. Now, let
t € (z]**, then (z]* C (¢]*, thus (a]* C (2]* C (f]*, where a € I. Hence t € I°. Thus (z]"* C
I¢. Therefore I¢ is an « - ideal containing I.

Now let K be any o - ideal in R such that I C K, let x € I*. Then (a]* € (z]* for some a
€1 C K. Since K is an « - ideal and a € K, we get x € (2]™ C (a]* € K. Hence I® C K.

Therefore I® is the smallest « - ideal containing I. O

We know that (I(R), \/, A\) is a distributive lattice, but the set I,(R)"the set of all

@ - ideals of R” is not a sublattice of I(R), however it forms a distributive lattice, this is
illustrated by the following example and theorem.

Example 2.3.3 Consider the distributive lattice R= {0, a, b, c, 1} whose Hasse diagram s

given as in figure 2.2
Consider the ideals I = {0, a} and J = {0, }. Now (a]* = {0, b} and (b]" = {0, a}.
Hence (a]** = {0, a} = I and (8" = {0, b} = J-

Thus I and J are both a-ideals in R, now 1V J={0 a b, c}.
So ((c))* ={ 0}, hence ((c))*™* = R, thus I\ Jis not an a- ideal in R, therefore Io(R) is

not a sublattice of I(R)-
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Theorem 2.3.1 [16] Let R be an ADL with 0. Then I, (R) forms a distributive lattice.

Proof:

Forl,J € lo(R), define I\ J=1NJand 1V J = (I\/ J)*. Then clearly I N J is an a-ideal
and the infimum of both I and J in I(R). Hence IN J € I,(R).

AlsoI\/ J is an a-ideal. Clearly I, JC 1V J C 1V J.

Now let K be any upper bound for I, J in I,(R). Hence I \/ J C K, which implies that
(I\/J)* € K¢ = K. Therefore I \/ J is the supremum of both I and J in I4(R). Hence
(L®R), \, V) is a lattice.

We now prove the distributivity. Let I, J, K € I,(R). Now IV )N (IV K) =
(VI N IV EF = [(1V ) n EVE)F = [V 0K =1V (0 K).
Thus (I.(R), A, \/) is a distributive lattice. O

Corollary 2.3.1 [17] The set of all a-ideals of R is a complete lattice, ordered by set inclu-

SLOM.

Proof:
For I, J € I,(R), define I < J & I C J. Clearly ( Io(R), <) is a partially ordered set.

(0] and R are the a-ideals in R and they are the bounds for I,(R). Let { I; : i € A}
be a family of a-ideals in Io(R). By the extention of lemma 2.3.1(c), we get ((N;ea Li) =
(Miea 12)-

Clearly ((;ca L:) is the infimum of { I; : i€ A} in I,(R).

Therefore I,(R) is a complete lattice. a

Lemma 2.3.3 [17] Let R be an ADL with 0. Then for any = € R,

(@* = { P : P is a minimal prime ideal and T ¢ P}
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Proof:

Clearly (z]* € () { P : P is a minimal prime ideal and x &P}, sinceVye (2], x Ay=0
€ P, which is any minimal prime ideal, and since P is prime and x ¢ P therefore y € P.

Conversely, suppose that a ¢ (z]*, then a A x s 0, hence there exists a minimal prime ideal
P such that a /\ x ¢ P. Thercfore a ¢ P and x ¢ P. Thus a ¢ (1 { P : P is a minimal prime
ideal and x ¢ P }. Hence () { P : P is a minimal prime ideal and x ¢ P } C (z]*. Therefore

(@]* = { P : P is a minimal prime ideal and x ¢ P }. |

The following theorem characterize important conditions for a-ideals.

Theorem 2.3.2 [17] Let R be an ADL, then for any ideal I of R, the following are equiva-
lent:

(1). Iis an a-ideal

e — e

(8). forz, ye R, (z]* = (y]* and v € Iimplyy € I

(4)- 1= e (2]

Proof:

(1) = (2): Assume that I is an a-ideal, clearly I € I°. Now let x € I, then (a]* C (2] for

some a € I. Hence x € (z]* C (a]** €L Thus I C L

(2) = (3): Assume that I = I°. Let x, y € R such that (z]* = (y]*. Suppose x € I, then

by (2), (a]* € (a]* for some a € I. Hence (a]* C (z]* = (y*. Thus (a]* C (y]* for some a €

L. Therefore y € I¢ = L.

(3) = (4): Assume the condition (3). Clearly I © (Uzer(=]™)-

Let x € I and y € (z]**, then (z]* C (y]*. Now we prove that (y]* = (z Ay]*

We know that (g]* C (z Ay]*- Let t € (z Ay)". Thenx Ay At=0.Soy At e (z]" € (¥

Thus y At =0. Hence t € (y)* Therefore (y]* = (z Ayl By the condition (3) we can get
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that v € L. Hence (2] C I for all x € I.Thus (Uze;(m]**) C 1. Therefore I = (|, (a]**)
>¥ TE

4= i Puepose x € L. Then (2] C (U;cer I;)(z]** = L. Thus I is an a-ideal. [ |

We now prove the one-to-one correspondence between the set I, (R) of all a-ideals of R

and the set of all a-ideals of PI(R).
Definition 2.3.3 [13] Let R be an ADL. Then for any ideal I in R, define I = {(a]: a € I}

Deﬁnitiop 2.3.4 [13] Let R be an ADL with 0. Then for any principal ideal (a] in PI(R),
define {(al}* = {(<]: (o A\ (z] = (0] }.

In the following lemma, we state certain properties in ADLs which can be proved directly.

Lemma 2.3.4 [17] For any a, b € R, we have the following:
(i) ¢ € (a" & (5] € {(a]}*
(@)- (a* = (" & {(al}* = {(®]}"

Theorem 2.3.3 [17] Let R be an ADL and I an ideal of R. Then I is an a-ideal in R if and

only if I is an a-ideal in PI(R).

Proof:
Assume that I is an a-ideal in R. Let (a), (b] € PI(R) such that {(a]}* = {(b]}" and (a] € I.
Then (a]* = (b]* and (a] = (t] for some t € L. Since a € (a] = (t], then a =t A x, for some

x € R, and because I is an ideal, then t A x = a € L. Also since I is an o-ideal, by theorem

2.3.2 we get b € L. Hence (b]e I, therefore T is an o ideal in PI(R).

Conversely, assume that I is an a-ideal in PI(R), and let a, b € R such that (a]* = (b]* and a

€ L. Then {(a]}* = {(8]}* and (a] € I Since I is an o-ide
|

al in PI(R), we get (b] € I. Hence

b € I. Therefore I is an a-ideal in R.
Now we derive some conditions for prime ideals to become an o-ideals, but before, we
insert some definitions which are used in the text.
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Definition 2.3.5 [12] An element a € R is called dense if (a]* = (0]

The set of all dense elements of R is denoted by D, aleo an ideal T of B is cailsd. donise it

Definition 2.3.6 [12] An ADL R with 0 is called a x-ADL, if for each © € R, there exists

an element a € R such that (z]** = a*.

Example 2.3.4 Let R = { 0, a, b, ¢ } and define \/ and \ on R as in ezample 2.1.1, then
@& \; \\; 0) is an ADL, consider the ideal P = { 0, ¢ }.

Now, we make the following observations, first, P is a prime ideal of R and P* = (0]. So
P is a dense prime ideal, second, P is not a minimal prime ideal, because 0 is also a prime

ideal, and third, R is a x-ADL and c is a dense element in P.

Lemma 2.3.5 [16] An ADL R with 0 is a x-ADL if and only if to each z € R, there ezists

y€ R such thatz \ y=0andz\/ y€ D.

Definition 2.3.7 [12] An ADL R with 0, is called disjunctive if and only if for all a, b €

R, (a]* = (b]* implies a = b.

Ezample 2.3.5 Let R = {0, a, b, c} be a set. Define \/ and /\ on R as follows:

V|0|la|b]c ANlO|al|b]|c
0 |O]la|b|c 0 |0|0|OfO
a |lala|a]|a a [0f|a|b|ec
b |blalbla b |[0|b|b]|0
ellelalelc e |@)ec|0fc

Now, (a]* — (0], (5" = {0, ¢} and (d" = {0, B}. Thus 5 # y implies that (sl # (sI" for all
zZ, y € R. Hence R is disjunctive.

Definition 2.3.8 [16] An ADL R with 0 is called a weakly disjunctive ADL if and only if

forallz, y € R, (z]* = (y]* implies that (3] = (y/-
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Bzample 2.3.6 Let A = {0, a} and B = {0, by, by} be two discrete ADLs.

Write & = A x B, we have ((0,5)]* = ((0,b,)* = {(0, 0), (s, 0)} and ((0, b, | = ((0, by)]
={(0, 0), (0, b1), (0, b2)}. Also ((a,b1)]* = ((a,2))* = {(0, 0)} and,

((a, b1)] = ((a, b2)] = R. Therefore R is a weakly disjunctive ADL.

It can be easily observed that every disjunctive ADL is weakly disjunctive. But the con-
verse is not true. For, the ADL R in the above ezample is weakly disjunctive but not a

disjunctive ADL.

Theorem 2.3.4 [16] Let R be an ADL with 0 and D be the set of all dense elements of R.
Then we have:

(a). Every non-dense prime ideal of R is an a-ideal.

(b). Every minimal prime ideal of R is an a-ideal.

(c). If R is a x-ADL, then every prime ideal P of R with PN D = ¢ is an a-ideal.

Proof:

(a). Let P be a non-dense prime ideal of R. So, there ezists an element 0 # z € R such that
g€ P*. Hence PC P* C (z]*. Now, let a € (z]*. Thena Az =0¢€ P. Since z € F
and ¢ # 0, we get that a € P. Hence (z]* C P. Thus P = (z]*. Now, If a € P = (z]*, then
clearly (a]** C (z]"** = («]* = P. Therefore P is an o-ideal of R.

(b). Let P be a minimal prime ideal of R. Let z, y € R such that (z]* = (y]* and

2 € P. Suppose y ¢ P. Then (y]* € P. Hence (z]* C P which implies that = ¢ P. Which is

a contradiction. Hence y € P. Therefore P is an a-ideal.
(¢). Let R be a x-ADL and P a prime ideal of R such that PN D=¢ Nowletze P.

Since R is a x-ADL, there ezists y € R such thatz \ y=0andz\ y € D. Since PN D =
¢, wegetz\/ y¢ P. Soz ¢ P and y ¢ P. That s, to cach T € P, there exists y ¢ P such

thatz /\ y = 0. Hence P is a minimal prime ideal.

Therefore by (b), P is an a-ideal of R. |
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Theorem 2.3.5 [16] Let R be an ADL with 0. Then the following conditions are equivalent:
(.g,)_ R is weakly disjunctive.
(). Each ideal is an a-ideal.

(c). Each prime ideal is an a-ideal.

Proof:

(a) = (b): Assume that R is weakly disjunctive. Let I be an ideal of R, and suppose
g, y € R such that (z]* = (y]*. Hence we get that (z] = (y]. Suppose z € L.

Then y € (y] = (z] C I Therefore I is an o-ideal.

(b) = (c): Since every ideal is an a-ideal, so every prime ideal is an c-ideal.

(¢) = (a): Assume that every prime ideal of R is an a-ideal, and let z, y € R such that

(z] # (y].

Without loss of generality assume that (z] € (y]. Lety ={I€ I(R):z\Ny€ landz ¢ I}.
Clearly (z )\ y] € v since (x \ y] is an ideal and contained z )\ y” . Let P be a mazimal
element of v, and a, b € R with a ¢ P and b ¢ P.

Therefore by the mazimality of P, P\/ (o] and P'\/ (b] are not in vy, hence z € P \/(a] and
g€ P\ (b). Soxe {P\ (af n{PV (b} =PV (a \ b].

Ifa\be P, thenz e P\ (a /b =P. Whichisa contradiction. So a /\ b ¢ P, hence

P is a prime ideal, so by the hypothesis, P is an o-ideal. Now = \ y € P implies that y € P

because of = ¢ P. Now suppose (z]* = (y]*. Since y € P and P is an a-ideal, we get that

£ € P. Which is a contradiction. Hence (z]* # (y]*. Thus R is weakly disjunctive. |

Theorem 2.3.6 If no proper a-ideal of R is dense, then R is x-ADL

Proof:
s Then I¢ is an a-ideal in R, further, (z]* € I C I°, we

e (z]*, hence () € ()t i (2 = (0].

Let z € R and put I = (z]* V (2]
get (I°)* C (z]** and (z]™* C IS I imply (I°

Therefore I¢ is a dense a-ideal in R, by the assumption I¢ = R. As D # ¢, there exists

d € D such that d € I° .
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t € I such that (] C (d* = (0] and hence (t)* = (0], ast € I = (z]* \/ (a]**

a V' b for some a € (2]* and b € (a]**. Hence a A b =0, further (a\/ b]* C (4"
iR o - i

(a.] n (b] = (0] and hence (G] G (b]**_ Asbe (m]lnle’ we get (b]u: = ((mlu)n
s we have (o] C (o], at the seme time a € (a]* gives (a* 2 (a]"*, combining

usions we get (a]* = («]**. Thus for any z € R, there ezists a € R such that

. Hence R is - ADL |

2.8.7 [17] Let R be an ADL. If every a-ideal is a principal ideal in R, then R is

hat every a-ideal is a principal ideal in R. Let z € R. Then for any a € (z]*, we get
* = (z]*. Hence (z]* is an a-ideal of R. So by hypothesis, (z]* = (a] for some a

s (z]** = (a]*. Therefore R is a x-ADL. O

w define relative annihilators in an ADL R, which lead to another important char-
n of a-ideals.
n 2.8.9 [16] Let A be a non-empty subset of R and J an ideal of R. Then define

ator of A relative to J as follows:

J>={ze€R:z/\a€J forallac A}

2.8.1 If J = {0}, then we get that < AT > =4

, 2.8.8 [16] Let R be an ADL with 0. If J is an a-ideal of R, sois < A,J > for

set A of R.

n a-ideal of R. We have clearly < A, J > is an ideal of R. Let z, y € R such that

59




mdz € < A, J>.

J>=}'$A a e JfOTGHGEA# (m]“ ["](a]** =($Aa]ug JfOTG”ﬁ-GA
i € Jforallae A

(yN\a™ C Jforallac A

> for all a € A Hence < A,J > is an a-ideal of R. u

2.3.2 [12] Every annihilator ideal is an a-ideal.

e of the above corollary is not true. That is every a-ideal of R need not be an

ideal. For exzample, a proper dense a-ideal is not an annihilator ideal.

.8.9 If every dense ideal in R contains a dense element, then every a-ideal in

wshilator ideal.

an a-ideal of R, clearly I C I'\/ I* gives (I I*)* CI* and I* C I\ I" yields
' C I**, hence (I I*)* € I* N I"* = (0] showing that (I'\/ I*) is a dense ideal of
othesis, (I\/ I') N D #¢. Letd€ (I I')N D. As d € I\ I* we have d < a
me a € I and b e I*. Hence, (a]* N (b]* C (d* = (0] gives (b]* € (a]**. Letz €
bANz=0asbel". Thusz€ (b]* C (a]**. Asa € IandIisan a-ideal, we get

But then z € I shows that I** C I. But as I C I* always holds, we get I = I**
i i |
n 2.8.10 [7] An ideal J # (0] of R s @ semi-complement of an ideal I of R if

k of ideals of R is said to be semi-complemented if every element of  has a semi-

ent m 1t
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Theorem 2.5.10 [16] Let R be an ADL with 0 in which D # ¢. Then the Joll

owing condi-

tions are equivalent:

(1). R is x-ADL and I* # (0] for each proper a.-ideal I of R.
(2). IN D # ¢ for each I € DI(R)”dense ideals”.

(3). Every a-ideal is an annihilator ideal.

(4). I.(R) is semi-complemented.

(5)- 1.(R) has a unique dense element.

Proof:

(1) = (2): Assume the condition (1), and let I € DI (R).

Suppose I N D = ¢, then there exists a prime ideal P such that I C P and PN D = ¢, now
suppose T, y € R such that (z]* = (y]|*, and assume z € P.

Since R is x-ADL, there ezists ¢ € R such that z N2 = 0and z\/ = € D. Hencez' €
(@]* = (y]* andz\/ ' ¢ P. Since z € P, we get z ¢ P. Hencex' Ny=0€ Pandz ¢
P. So y must be in P. Thus P is a proper a-ideal. Therefore by (1), P* # (0]. But I € P
implies that P* C I* = (0]. Which is a contradiction. Therefore IN D # &, for each I €
DI(R).

(2) = (3): Assume the condition (2), let I be an a-ideal of R. Always we have I C I'*, so
let z € I**. Since I\ I* is a dense ideal, by (2) it has a dense element, say d.

Hence d = r\/ s where v € I and s € I", thus (r]*n (s]* = (rV s* = (d* = (0]. Therefore

(s]* C (r]**, now & € I** and s € I" imply that z \ s = 0. Hencez € (s]' € (r]” € [,
[ is an a-ideal. Hence I'* C I. Therefore I = I"".

d let I € I,(R). Then by (3), I is an annihilator

because of r € I and
(8) = (4): Assume the condition (8), an

ideal of R, since the set of all annihilator ideals forms a complemented lattice, it follows that

I (R) is semi-complemented.

(4) = (5): Assume that I,(R) is semi-comp
inl, (R). Suppose I(# R) is a dense element in Lo (R). By (4) there ezists an a-ideal J # (0]

lemented. Clearly R € Iq (R) and R is dense
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such that I 1 J = (0]. Hence J C I* = (0] implies that J = (0]. Which is a contradiction.
Thus I (R) has a unique dense element, precisely R.

(5) = (1): Assume that I, (R) has a unique dense element, precisely R. It is clear that every
proper a-ideal is non-dense. So it is enough to prove that R is a x-ADL.

Let ¢ € R. Clearly ((]* \/(z]**)° € I4(R). Now (]*, (z]** C ((z]* V(«]**)®

= (@ V(a))" € @I, @l = (@] V(@™))" S (@ 0 (@) = (0] That is ((a]* V/(a]™)°
is a dense element in I, (R). Hence by (5), we get that ((z]*\/(z]**)® = R. Therefore

((@]* \/(«]**)° has a dense element, say d.
Then (r\/ s]* C (d]* = (0] for some r € (z]* and s € (z]|*, thus (r]* N (e =(r\a* € (0],
hence (r]* C (s]** C (z]**, since s € (z|**. Again, since r € (z]*, we get that (2]** C (r]*.

Hence (z]*™* = (r]*. Therefore R is a x-ADL. O

We now prove that the image and the inverse image of an a-ideal under an annihilator

preserving homomorphism of ADLs, are again a-ideals, but first we begin by this lemma:

Lemma 2.3.6 [13] Let R and R’ be two ADLs with zeroes 0 and 0 respectively and

f: R— R ahomomorphism. Then f((a]) € (f(a)] for any a € R. Moreover, if f is onto,
then £ ((a]) = (f (a)]

Proof:

Ietae R and z € (a]. Thenz =a A=

Now f(z) = fla\z) = f(a) \ (&), hence f(z) € (f (a)], therefore f((a]) € (f(a)].
Now, suppose f s onto, let t € (f(a)], choose T € R so that f(z) = t.

Bhen £(x) = f(a) \ f(z) = fla\2) € f((a]), since Az € (d

Therefore f((a]) = (f(a)]. u

Theorem 2.3.11 [17] Let [ : R — R be an annihilator preserving epimorphism. If J is

an a-ideal in R, then f(J) is an a-ideal in R.
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a-ideal of R. Let a € J, then (a)** C J, hence f((a]**) € f(J), since f is anni-
erving, we get f((a") = (F((a))** = (f(@)]" (by above lemma).
i f(J), therefore f(J) is an a-ideal in R'. |

2.8.12 [17] If f : R — R’ is an annihilator preserving epimorphism, and J is
f R then f~1(J) is an a-ideal in R.

is an a-ideal of R. Let a, b € R such that (a]* = (b]*, since f is annihilator
then by lemma 2.3.6, we get (f(a)]* = (f(b)]"
€ f71(J), then f(a) € J, since J is an a-ideal in R, we get f(b) € J.

f71(J), thus f~1(J) is an a-ideal in R. ]

0" } is an a-ideal in R and Kerf = f~1({ 0' }), we have:

2.8.8 [17] If f is an annihilator preserving homomorphism of R into R, then

an a-ideal of R.
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e concept of O-ideals is given in an ADL and some properties of these
died. A set of equivalent conditions are established for every O-ideal of an

principal ideal.

1 [18] For any filter F of an ADL R, define O(F) =
0 for some f€ F}

1 Let A={0,a}and B={0, by, by} betwo discrete ADLs.
' B, under point-wise operations. Consider the filter F = {(a, 0), (a, b1), (4,

) ={(0, 0), (0, by), (0,b5) }

/.1 [9] For any filter F of an ADL R, O(F) is an ideal in R.

= O(F), now let a, b € O(F), then a \ f="b A\ g = 0 for some f, g € F'.

NGNS =CNIANINV CAFN)=ONIN FNVNY) =
. Hence a\/ b€ O(F) . Again, let a € O(F) and z € R, then a |\ f = 0 for some
aNz)\NFf=z N aNf=zN\N0=0 Soalc€ O(F) . Thus O(F) is an

4.1 [9] For any two filters F,G of an ADL R, we have the following:

User(a]™-

G implies O(F) C O(G).
G) = O(F) N O(G).
0(G) € O(F\ G)-

60




] Let R be an ADL with dense elements. Then for any filter F of R,
nly if F = R.

lement of R. Assume that F = R. Then O(F) = O(R) = U,r(z]* = R

e that O(F) = R, then d € O(F), hence d \ f = 0 for some f € F,
efore F = R. m

.2 [18] An ideal I of an ADL R is called an O-ideal if and only if I = O(F)
F of R.
ideals of R is denoted by I,(R)

' In example 2.4.1 consider the ideal I = {(0, 0), (0, b1), (0, b2)} and filter
(g, b1), (a, b2)}. Now O(F) = Usep(al® = (a,0)]" U ((a, b)) U ((a,b)]" =

(0, b))} U {(0, 0)} U {0, 0)} ={(0, 0), (0,b1), (0, b>)} Therefore I = O(F)
an O-ideal of R.

3 Let R = {0, a, b, ¢, 1} be a distributive lattice whose Hasse diagram is

{0, a} and J = {0, a, b, c}, clearly I and J are ideals of R, also F = {b, ¢, 1}

R. O(F) = Uger(=l* =10, a} = I, therefore I is an O-ideal in R, but J is not

8 [13] Every O-ideal is an a-ideal.

el m e L and (o] = (I” forsome U< R, then z \ f = 0 for some f € F,

Yiis fe )t soy N\ f = 0 for some fe F, hencey € L

 an a-ideal. [ |
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4-4 [18] A proper O-ideal of an ADL R contains no dense elements.

eal and d a dense element of R, since I is an O-ideal, we get that I = O(F)
" F of R, now suppose d € I = O(F), then d \ f = 0 for some 0 # f € F, thus

s a contradiction to that d is a dense element of R. O

ady observed that the zero ideal {0} is an annihilator ideal as well as an a-ideal

R, but, in general, it is not an O-ideal in R as demonstrated by the following

2.4.4 Let R = {0, a, b} be a discrete ADL and X is any infinite set. Take R =
support f is finite } where support f = {z € X : f(z) # 0}. Define \/ and A\ on
ise. Then (R, \/, \, fo) is an ADL with fo as zero where fo(z) = 0 for all z €
bserve that R has no dense elements. Suppose f € R' . Choose

Support f and define g : X — R by:

a Ht=1=z,

g(t) = :
0 otherwise

{ z} and hence fo # g € R. Now, (f\ 9)t) = f(t) \ 9(t) =
fI* # (fo] . Therefore R has no dense elements.
] = O(F) for some filter Fuof i =

ly support g =
te X. Hence g € (fI*- Thus (
the zero ideal (fo] of B is an O -ideal. Then (fo
Hence we get (fI* = (fo] for all f € F . Thus we have obtained that each

Which is a contradiction to the fact that R' has no dense elements.

a dense element.
e the zero ideal (fo] is not an O-ideal of R -

] ] -deﬂ.l O.f an

become an O-ideal.
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Theorem 2.4.5 [18] The zero ideal is an O-ideal if and only if R has a dense element

Proof:

Assume that {0 } is an O-ideal of R ,then {0} = O(F) = UL o (el for some fitier ¥ of B
Hence (z]* = (0] for each z € F . Thus R has a dense element, since F £ ¢. Conversely,
assume that R has a dense element. Then the set D of all dense elements of R is a filter of

R. Also O(D) =, cp(z]* = {0}. Therefore {0} is an O-ideal of R. |

We know that the set of all annihilators ideals form a complete lattice, and the set of all
a-ideals form a distribulive lattice, so what about the set of all O-ideal?
In lemma 2.4.1, it is observed that O(F)\/ O(G) C O(F\/ G) for any two filters F,G of R,

in general, equality does not hold in an ADL, and the following example illustrate that.

Exzample 2.4.5 In ezample 2.4.2 Consider the two filters F' = {b, ¢, 1} and
G = {a, ¢, 1}, then O(F) = {0, a}, O(G) = {0, b} and O(F) | O(G) ={0, a, b, c}, but
O(F\/ G) = O(R) = R. Hence O(F)\ O(G) # O(F\ G) .

Thus I,(R) is not a sublattice of the distributive lattice I(R) of all ideals of R.

However, in the following theorem, it is proved that I,(R) forms a distributive lattice.
Theorem 2.4.6 [18] For any ADL R, I,(R) is a distributive lattice.

Proof:

For any two filters F,G of R, define binary operations A and\/ as follows:

O(F) \ 0(G) = O(F n G) and O(F) \ 0(G) = O(F\ G)-
) is the infimum of O(F) and O(G) I,(R), also

Now by theorem 2.4.1, O(F N G .
O(E) \ (G) is an O-ideal of R, clearly O(F), 0(G) € O(FV G) = O(F) V (G) now let

O(H) be an O-ideal of R such that O(F) < O(H) and 0(G) < O(H), where H is a filter of

\V G, soz N\ f\ g =0 for some

R.Now: z € O(F\/ G), thenz \ @ = 0 for some a € F
= 0 for some h1 € H,

f€Fandge G, thusz \FE 0(G) € O(H),then.'s/\f/\hl
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O(F) & O(H), hence z \ hn N ha = 0 for some hy € H, therefore z € O(H)

'V G) is the supremum of O(F), O(G) in I,(R), so (I,(R), \, V/ ) is « lattice,
. easily verified that it is a distributive lattice. [

4.7 [18] Let R be an ADL with dense elements. Then the lattice I,(R) is

wo filters of R. Then O(F), O(G) € I,(L).
< O(G) & O(F) € O(G) . Clearly (I,(R), <) is a partially ordered set, now
re the O-ideals in R and they are the bounds for I,(R) . Thercfore by the ez-

heorem 2.4.1(8), we get that I,(R) is a complete lattice. o

ive a set of equivalent conditions for every O-ideal of R to become a principal

4.1 [16] If each (z]* of an ADL R is a principal ideal, then every prime o-ideal
vinimal prime ideal.

prime a-ideal of R, then PN D = ¢, now let z € P, then by hypothesis, (z]" =
ey € R, hencez \ ¥y = 0.

=(z]* N @] = (@] m (™ = (0] . Hence c\ y¢ P.Thusy ¢ P . Therefore

al prime ideal. B

2.4.8 [18] The following conditions are equivalent in an ADL R:

a-ideal s a principal ideal.
O-ideal is a principal ideal.
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(3) Bach(z]" is a principal ideal and every minimal prime ideal is non-dense.

(4) Bvery prime a-ideal is a principal ideal.

Proof:

(1) = (2) : Since every O-ideal is an a-ideal, it is clear.

(2) — (3) : Assume that every O-ideal is a principal ideal. Since each (z]* = O(R) is an
0-ideal, it remains to prove that every minimal prime ideal is non-dense.

Let P be a minimal prime ideal of R, then R-P is a filter, since P is minimal, we get P =
O(R-P), hence P is an O-ideal, thus P = (a] for some a € R.

Suppose P* = (a]* = (0], then a € P is a dense element, which is a contradiction to that a
proper O-ideal does not contain a dense element. Therefore P is non-dense.

(8) = (4) : Assume the condition (3), and let P be a prime a-ideal of R, then by lemma
2.4.3, P is a minimal prime ideal.

By hypothesis, P is non-dense, hence P = (z]* for some 0 # z € R.

Again by hypothesis P = (z]* is a principal ideal.

(4) = (1) : Assume condition (4), and let I be an a-ideal. Suppose that I is not principal,
consider ¢ = { J : J is an a-ideal which is not a principal ideal }, then clearly I € C.

Let {J;} i € A be a chain in ¢, clearly |J Ji is an a-ideal in C.

Suppose | ) J; = (a] for some a € R, then a € |J J; implies that a € J; for some i € A. Hence
(a] C J; for some i € A. On the other hand, J; © Uk = (a].

Hence J; = (a] for some i € A, which is a contradiction, thus \U J; is an upper bound for
{/it ie A in(.

Let M be o mazimal element of ¢, and choose T, Y
Then M C M\ (z] C (M \/(2))* and MC MV (] € (M (y))¢, by the mazimality of M,
we get (M \/(z])® = (8] and (MV@])* = (c] for some b, ¢ € R. Hence (MV(z Ay =

M V/(@])e 1 MV (]) = (b0 (c] = (BN c/-

c R such thatz ¢ Mand y ¢ M.
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hen M = M® = (b \ c], which is a contradiction, hence M is a prime a-ideal
rincipal ideal, which is a contradiction to the hypothesis. Therefore I is a

wing theorem, some equivalent conditions for every a-ideal of an ADL R to

ideal are derived, which leads to a characterization of x-ADLs.

9 [18] Let R be an ADL, then the following are equivalent:
ADL.

ideal is an O-ideal.

‘annihilator ideal is an O-ideal.

R, (z]** is an O-ideal.

Assume that R is a x-ADL. Let I be an a-ideal of R, consider the set
"R : (a]* C (a]** for some a € I}, we first prove that I° is a filter of R,

l DCIO. Letz, y€ I° then we get (o]t € (a]** and (B]* € (yI™ for some
Now @V i = (@* 0 @ € @ N e = Ayl andaV DEL
yel.

2 € I° and T € R, then we get that (a]* C ( :
z]** and a € I, hence T \/ z € I° . Therefore

x| for some a € 1
i € (o C (@, henee (a € TV

of R.

wthat [ = O(I°) . Letz € 0(I°), then z A f = 0 for some Fe 1l
f]*, now f € I°, then fal € (JI Jor somec eI so(f]* C (a** C I (sincel
¢ I Therefore o) c L
«-ADL, there ezists Y € R such that (

y € I° hence o € O(I°). Thus IS o).

land a € I ), thus T 2
z]* = (y|**, since
letze I. Since Risa ]

ot that y € I°, also T € )= — (y]* and

66




nce every annihilator ideal is an a-ideal, it is clear.

nee (2] is an annihilator ideal, it is obuvious.

: et ¢ € R, hence by (4), (z]** = O(F) for some filter F of R, now let

'), then t € (y]* for some y € F . Hence (z]** C (y]*. On the other hand, we
erl* = O(F) = (@) Hence e can get (s = (s

s a x-ADL. L

-1 [9] Let L be a x-ADL. Then the following are equivalent:
1 is an a-ideal.

is an O-ideal.

]
operties of prime O-ideals are observed, and some characterization theorems are

‘the help of prime O-ideals of an ADL.

.2 [11] Let L be an ADL. Then we have the following:
y filter F' of R, F N O(F) # ¢ implies that F' = O(E) = R.
y prime ideal P of R, O(P) = O(R-P).

FN O(F) # ¢. Choose 5 € F'N O(F). Thenz € Fandz \ f= 0
€ F. Hence 0 =1 /\fe F. Therefore F = O(F) = R.
(P)&:c/\y=0forsomey¢ P

a prime ideal of R. Then we have z € O
O(R-P) for any prime

0 for some y € R-P & T € O(R-P). Therefore O(P) =
R |
ditions:

.4.10 [14] Let R be an ADL. Then we have the following con

inimal prime ideal i an O-ideal.
non-dense prime ideal s on O-ideal.

; =@t -1deal.
a x-ADL, then every prime ideal P with PN D ¢ is an O-idea
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a minimal prime ideal of R, then R/P is a mazimal filter of R. Since P is
t P = O(P) = O(R-P). Hence P is an O-ideal.

a non-dense prime ideal of R. Then there ezists 0 # z € R, such that z € P*.

C (z]*. Let a € (z]*. Thena \ z=0¢€ P andz ¢ P, because of z € P*.
Thus (z]* C P. Hence we get P = (z]* = O([z)). Therefore P is an O-ideal of

a *x-ADL gﬂd P a prime ideal of R such that PN D = ¢. We prove that P
Clearly O(R-P) = O(P) C P. Conversely, let z € P. Since R is a x-ADL, there
suchthatz \ y =0andz\/ y€ D. Hencez € (y]*' andz\/ y ¢ P. Thus T €
¢ P. Therefore z € O(R-P). Thus P is an O-ideal. |

 the converse of Theorem 2.4.8 (1) is not true. That is, an O-ideal of an ADL
a minimal prime tdeal. In fact, it need not even be a prime ideal which is evident

llowing ezample in distributive lattice.

€2.4.6 Let X =11, 2, 3, 4} be a set and R the sublattice of the power set of X,
rated by the sets {1}, {2} and {3}. That s, R = {{¢}, {1}, {2}, {3}, {1 2},
8, {1, 2, 8}}. Toke I ={{¢}, (1)} and F = {{2, 3}, {1, 2 3}}. Clearly Iis

dF aﬁlter G‘fR Now O(F) = ({2!3}]* U ({1!2: 3}]* = {1} U {¢} = {{¢}: {1}}

[ is an O-ideal of R. But I is not prime, because of {2} ¢ Iand {3} ¢ T but {2}

2.4.11 [11] Let I be a proper O-ideal of an ADL R. Then I is prime if and only

tains a prime tdeal.
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Proof:
Assume that I contains a prime ideal, say P. Since I is an O-ideal of R, we get that [ =
O(F) for some filter F of R. Choose a, b € R such that a ¢ I and b ¢ 1. Then a ¢ P and b
¢ P. Hence a \ b ¢ P. Thus (a \b]* C P C I = O(F). Suppose a \ b € I = O(F). Then
a\ b\ f=0for some fe F. Hence f € (a \b* € O(F). Thus f € F N O(F). Therefore
Fn O(F) # ¢. Thus I = O(F) = F = R, which is a contradiction.

Therefore I is prime. [ |
Theorem 2.4.12 [11] Every prime O-ideal of an ADL R is a minimal prime ideal.

Proof:

Let P be a prime O-ideal of R. Then P = O(F) for some filter F of R. Letz € P = O(F).
Then @ /\ y = 0 for some y € F. Supposey € P. Then y € Fn O(F). Hence F N O(F) # ¢.
By Lemma 2.4.4 (1), P = O(F) = F = R, which is a contradiction. Hence y ¢ P. Therefore

P is a minimal prime ideal [ |

Let us recall that two ideals I, J of an ADL R are comazimal if I'\} J = R. We now

introduce -comazimality of O-ideals of an ADL.

Definition 2.4.3 [14] Two O-ideals I, J of an ADL R are called LI-comazimal if
T = R

Any two comazimal O-ideals are \/-comazimal. But the converse is not true. This can be

illustrated in the following example.

Ezample 2.4.7 Consider the distributive lattice R = {0, a, b, ¢, 1} whose Hasse diagram

is given in Figure 2.1

Consider the ideals I = {0, a} and Ji=N10; b} Clearly F = {b, ¢, 1} and G = 10, ¢ 1}

are filters in R. It can be easily verified that I = O(F) and J = O(G). Thus I and J are two

distinet O-ideals of R. Now I\ J = O(F) N 0(G) =

o(F\ G) = O(R) = R. Hence I and
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© not comazimal in R.

mo. 2-4-3 [14] Let R be an ADL. Then, for any ¢ vE R with
» Y€ Rwithz \ y =0, (z]* and

" are V-comaxémal in R.
r00f:
hoose I, Y € such that z \ y = 0. Then we have (z]* N = (0fz) \ O(ly))
T y)) =
() fy) = O(z \ y)) = (z Ayl* = (0] = R. Therefore (z]* and (y]* are \/-comazimal

L R. a
heorem 2.4.13 [11] Let R be an ADL. Then any two distinct prime O-ideals of R are

[-comazimal.

2roof:

et P and Q be two distinct prime O-ideals of R. Then by Theorem 2.4.12, P and Q are

Q and b € Q-P. Since P, Q are minimal prime ideals,

ninimal prime ideals. Choose a € P-
z=bANy=0 Since b \ ¢ Pand Pisa

here exist z ¢ P and y ¢ @ such that a N\

rime ideal, we can get (b A z]* C P. Similarly, we get (a\y]* € @

Now(b/\s:)/\(a/\:u)=b/\a/\a:/\y=a/\m/\b/\y:0/\0=
@Ayl S PV @

0. By Lemma 2.4.3,

ve get (b \z]* \/ (a \y]* = R. Hence B = Gz V

Therefore P and @ are \/-comazimal in R. a
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B oo -comasimel: Bt IS0, e}V {0, 8} = (g, 4, §

c
are Mot comazimal in R. } £ R. Therefore I and J

[emma 9.4.3 [14] Let R be an ADL. Then, for any ;
L 'Y€ Ruitha \ y =0, (2] and
« are \/-comazimal i K.

(v

Proof:

Choose 3, y € such that & /\ y = 0. Then we have (z]* \/ (y]* = (Ofz)) \/ O(y)) =

o(f) ly) = O([z A v) = (@ Ayl* = (0]F = R. Therefore (z]* and (y]* are \/-comazimal
in R. o

Theorem 2.4.13 [11] Let R be an ADL. Then any two distinct prime O-ideals of R are

\/-comazimal.

Proof:

Iet P and Q be two distinct prime O-ideals of R. Then by Theorem 2.4.12, P and Q are
minimal prime ideals. Choose a € P-Q and b € Q-P. Since P, Q are minimal prime ideals,
there eqist o ¢ P and y ¢ Q such that a Ao =bAy =0 Since b \ © ¢ P and P is a
prime ideal, we can get (b \z]* C P. Similarly, we get (a\yl" € Q-

N Ao A @y =bAaAsAy=aAsA b\ y=0N0=0 ByLemmaZ243,
we get (b \z]* \/ (a \y)* = R. Hence B = AV (@AY & PV @

Therefore P and @ are V-commmal in R. L
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Chapter 3

Regular and m-Regular Rings

As mentioned before the concept of almost distributive lattice was introduced to include
almost all existing rings such as, regular and 7- regular rings.
In this chapter, regular, n-regular, semiabealian m-regular, and strong m-regular rings are

defined.

The properties, characterizations and theorems connected between these concepts are stud-

ied, and several examples are given.

3.1 Regular Rings

Throughout this chapter, given a ring R, we use the symbol Id(R) to denote the set of

group. The Jacobson radical, and the set of nilpotent

idempotents in R, U(R) its unit

elements of a ring R are denoted by J(R), and N(R), respectively.

' ists an
Definition 3.1.1 [9] A ring R s called regular if for any element a € R, there exists
element z in R such that a = aZ0. Such an element @ is called regular.
cause if a = 0, then a = ar@ for

Example 3.1.1 Every division ring 18 obviously reqular be

=1
all ¢ and if a # 0, then a = aza for T=9

it



1.2 Every direct produ regular T
vample 3 € trect p ct of regula Tings is clearly a reqular ri
E ing.

le 3.1.3 A ¢ ; -y
Example Ting R is a Boolean ming if every element r € R is Siemyotent. Beolean

rings are reqular, sinceV r € R, r = rpr.

Theorem 3.1.1 [2] Let R be a ring. Then R is regular if and only if R has the condition
Va€ R, 3 =e€ R such that Ra = Re.

Proof :

Suppose that R is regular, then for any a € R, there exists x € R such that a = axa.
Since xa and ax are idempotents in R, taking xa = e, Ra = Raxa = Rae C Re and

Re = Rxa C Ra. Hence Ra = Re.

Conversely, assume that R has the given condition V a € R, 3 e? = e € R such that

Ra = Re, and R has an identity. Then a € Ra = Re, so that there exists y € R such that

a=ye. From the condition, we see that e = ee € Re = Ra, so that there exists x € R such
that ¢ = xa. Thus we obtain that a = ye = yee = yexa = axa.

Consequently, R is regular. N

Theorem 3.1.2 [26] A ring R is reqular if and only if every finitely generated left ideal of

R is generated by an tdempotent.

Proof :

Suppose first that every finitely generated left :deal of R can be generated by an idempotent.

Let x € R, then I = Rx = Re for some idempotent e. That is x = re and e = sX for some
i}

I,s € R. Bulb thetitssm = xel=ize’ =16 =X

We first show that every principle left ideal I =Rx

Conversely, suppose that R is regular.
ERbesuchthatmzxandIetyx:e.

can be generated by an idempotent. S0 let y
Also e = yx € I and

dsoIC Re
Clearly ¢ is an idempotent and xe =X Thus x € Re and S0

hence Re C I, so I = Re.
3 ow that if J = Rz, + Rz, then

-d to sh
To complete the proof of the theorem W€ only need to
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there exists some idempotent e € R such that J = Re
To see this, choose an idempotent e; such that Rz, = Re;. Thus J = Re Ray(1 )
: J =he; + Ray(l — eg).

Now choose an idempotent e; such that Rzy(1 — ;) = Re, and put (1—e)
2} €3 = — €1 )€es.

See that e3 is an idempotent, e;e; = esey = 0 and Re; = Re;. Thus J = Re + Resz. Let e
i 5= 1 3.

— ¢, + es. Then e is an idempotent and J = Re. |

Theorem 3.1.3 [2] Every regular ring R with identity has no non-zero nil left R-subgroup.

Proof :

Let R be a regular ring and K be a nil left R-subset of R, it suffices to show that K = { 0 }.
Let a € K, since R is regular, R has the condition 3 ¢ = e € R such that Ra = Re.

Since K is a left R-subset, we have that a € Ra C K. On the other hand, since K is nil, there
exists positive integer m, such that a™ = 0.

Next, from the condition e = ee € Re = Ra C K, also there exists positive integer n, such
that e — e® — 0. From the above two conditions, we have a € R0, so that a = r0 for some r

€ R. Consequently, a = 10 = (r0)™ = a™ = 0: That is, K = {0} |
Theorem 3.1.4 [8] The center of regular ring 1s reqular.

Proof :

The center of the ring () is defined as: the set of all @ € R which commute with every x €

R.

Consider an a € £, as R is regular, an X € R with aza = a exists.

g T
i 2,3, — gqrazara = a. Again a°x =Xa” = axa
As a commutes with every element 1n R, so aa"z"a

= a.
2, = xa? 7 = 2 Xa* = G’ZX, 5O

. i xa’z = Xa~ Z :

Since g commutes with every thing, hence for every z € R, cx :

2737 = = o —

ith i dso a’z’z =z"a’z =0
: 1 ' . s with it too, an
a*z commutes with x. Therefore T commut

' |
az a=a,this establishes

: the regularity of £
26’23, Thus ¢ = a?z® € &, and since
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Theorem 3.1-5 [2] Let R be a ring with identity, such that Id(R) C €, and z € R is regul
=S 1§ Tegular,

then © is a unit regular.(there exist u € uw(R), such that zug = )

Proof :

Let x € R is a regular, then there exist y € R such that XyX=X, s0 Xy, and yx € Id(R) C &.
Hence xy = x(yx)y = (xy)(¥x) = y(xy)x = yx.

letu=x+xy —1land v=xy + xy? — 1. since xy = yx, and xyx = x, we have:

w =vu = 2%y + 2%y® — x+(2y)® + xyxy? —xy —xy —xp? + 1=
x+xy—X+xy+xy’ —xy—xy—xpt+1=1.

Moreover, xvx= z2yx + z?y?x - 2> = 2% + x — 22 = x. 0

Proposition 3.1.1 [8] Let R be a unit regular ring " for every z € R, then there ezist u €

u(R), such that zuz = =, and z € R, and z = ev, for some e € Id (R), and v € u(R).

Proof:

Let x € R, then for some u € u(R), xux = x, thus xy € Id(R).

let v be the multiplicative inverse of u in R, then x = xuv a product of an idempotent and

a unit of R. |

We know by lemma 2.1.2 that in ADLs every maximal ideal is prime ideal, the follow-

. : : ] o true.
ing theorem ensure that in a regular ring the converse is als

Theorem 3.1.6 [25] If R is reqular ring, then P is prime ideal if and only if Pis mazima

1deal.
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Proof:

(«) Since any regular ring is an ADL then this side follow by lemma 2.1.2

(=)Assume P is prime ideal then R/P is integral domain and since R is regular then R/P |

is regular integral domain, so R/P is a field.

Thus P is a maximal ideal in R o

We end this section by the relation between ADLs and regular rings which demonstrated

by the following example

Example 3.1.4 Let (R, +, -, 0, 1) be a commutative reqular ring with identity, If we define

t\Ny=2yandz\ y =2z +y+ zoy, Vz, y € R. Then (R, \/, \, 0) is an ADL.

Proof:
To show that (R, +, -, 0, 1) is an ADL we must verify the axioms (L,-Lg) mentioned in
chapter one in definition 1.3.1, remember that to any a in R, aaga = a

(L) =Vl=x+t0+0=x%

(L)) 0 Ax=x0=0.

(L) x A (v V 2) =% A\ (v + 2 + 502) = To(y + 2 + Yoz) = oY + T + Tollo2-

Also (x A y) V x A z) = Toy \/ zoz = Zoy + Toz + (zoy)o Toz = Toy + Loz + ToYoZ,

since R is commutative, Zo is idempotent element and (zoy)o Toz = Toyoz [(Zoy)o = ZoYo;
since (zoy)zoyo(2oy) = To(¥¥0Y)= zoy]
So we get that x A (y V 2) = (x AY) V (£ A 2)
() (e e = 3 Bay)fe = (B Yo
(Zoz + Yoz + ZoYoZ)

Also (x A 2) V (v A\ 2) = zoz V %0

[since Z07 = 202720

Yoz = (0 + Yo + Toto)Z =

7 = Loz + Yoz t+ (z02)oYoz = ToZ T YoZ + ZoYoZ =

7 = 2202 = Z]
ToZ + YoZ + ToYo20Z-

Sowegetthat(x\/y)/\z:(X/\Z)V(YAZ)‘
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(Ls) x VA2 =x+yyz+ ToYoz.
Also (XVY) A (XVZ) = (a:+y+:cuy)u(x+z+mgz) = ($0+y0+$oyo)(x+z+:coz)
= x + Yoz + ToYoZ + 2 ZoZ + 2 YoX + 2 Toyoz = x + yoz + Zoyoz.| since 2z = 0 |
Soweget that x V (y Az) = (x V y) A (x V 2).

(Ze) (< V¥) Ay = (@ +y +20y)oy = (20 + 3o + Zoto)y = 20y + voy + 220y
= ooy Y = L
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3.2 w - Regular Rings

The very first mention of this notion dates back to 1939, when it was introduced by McC
¥ uce Y cCoy,

ization r
as a generalization of von Neumann regular rings, examples of m-regular rings, besides von
]

Neumann regular ones, are Artinian rings and perfect rings

In this section we define the m-regular rings and study some of their properties

Definition 3.2.1 [7] A ring R is said to be m regular ring, if Y€ R,3n> landy€ R

Vi

such that ™ y =" = z, in such a case z is called a w-regular element.

And R is said to be unit m - reqular ring, if V £ € R, 3 m > 1 and u a unit in R such that

) R e

Through out this section R denotes a commutative ring with identity.

The following theorem gives a characterization of all 7- regular elements in a ring R such

that 1d(R)C £(R)

Theorem 3.2.1 [3] Suppose Id(R)C &(R), and z € R, then z is m-reqular if and only if

there ezists e € Id(R) such that ez is reqular and (1-e)z € N(R)

Proof:

Since x is m-regular, for some n=1, 2" is regular, hence by theorem 3.1.4 and proposition

n—1,,— — 1,1
3.1.1, we have z" = eu for some e € Id(R) and u € U(R), then ex (z"1ut)ex = (ez™u Jex

= (euu~')ex = ex, hence ex is regular.
(1—e) € £R), so (1-e)x € N(R).

Now ((1 — e)z)* = (1— e)z" = (1—e)eu = 0, since
(1—e)x € N(R),

i nd
For the converse, suppose for some € € Td(R) such thab ex IS ZCEUIRY &

then ((1 — e)z)* = (1—e)z"” =0 hence ex™ = 2", since ex is regular by proposition o

ex = cu for some ¢ € Id(R) and u € U(R): 2
n — g, thus " =cu®, lety = ¢t then

Hence (ex)* = (cu)* = cu™, but (8-55)ﬂ =€

n,, . [ |
Zhyz" = g7 therefore x is m-regular.
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Corollary 3.2.1 [8] Suppose Id(R)C §(R), and 2 € R such that z is mw-reqular. th f
; -regular, then for

some € € Id(R) and u € U(R), we have ez = ¢y .

Proof:

By the proof of theorem 3.2.1for some e € Id(R), v € U(R), and m > 1, we h
i ) > 1, we have 2™ =

ev
and ex is regular.

Hence by theorem 3.1.4 and proposition 3.1.1 ex = cw for some ¢ € Id(R) and w € U(R)

‘7

in fact e = c, for e(ex) = e(cw), but e(ex) = ex = cw, thus ecw = cw and therefore ec = ¢
b
since c, e € £(R), we have (ez)™ = ez™ = cw™, since 2™ = ev, ez™ = ev = cu™
— Mg, —1 — My M=l  an
hence e = cw™v™ ", thus ec = cw™v "¢ = cw™v ™", since c€ £(R), hence ec = e, sinceec =c

and ec = ¢, e = ¢, therefore ex = ew [ |
Theorem 3.2.2 [2] The set N(R) of an abelian w-regular ring R is two sided ideal of R

Proof:

Let w € N(R) and r € R, now suppose rw not in N(R), then by corollary 3.2.1 there exists e
eId(R), u € U(R) such that erw = rew = eu, observe that e # 0, for if e = 0 then (1-e)rw

=rw € N(R), by theorem 3.2.1 and this contradicts the assumption that rw is not in N (R).

Since ew € N(R), let n be the smallest integer such that (ew)™ = 0, then n > 2, since e # 0,

thus 0 = rew(ew)"* = eu(ew)™ " = u(ew)™ ', hence (ew)™" = 0, which is a contradition.
Thus, for any w € N(R) we have rw € N(R)-

Now let z, w € N(R) and suppose W2 not in N(R), then there exists ¢ € Id(R), and v €

= : = el
U(R) such that c(w+z) = cv, hence cW = cv - ¢z = cv(l-v'2), since —vTZ € N(R), vz

=u € U(R), thus cw = cvu, but cw € N(R) and cvu is not in N(R), hence w+z € N(R)-

Hence N(R) is a two-sided ideal of R- .

Lemma 3.2.1 [2] Let R be a ring with 1, ond I be two sided ideal in B if [¢] € 1d(R/D),
then there exist e € Id(R), such that [C]:[‘i] in R/I
(K) if and only if u € U(R)

U
Lemma 3.2.2 [3] Let K = R/N(R), and v € & et u] €
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Theorem 3.2.3 [3] suppose Id(R) C ¢(R), the ring R is 7 - regular if and ol R
nly i

is reqular.

Proof :

Suppose R is 7 - regular, and let [ x ] € R/N(R), then for some y € R and n > 1

gy« =", thus e = 3™ y € Id(R), and therefore 1 - e € Id(R). Xy

Now ((1—€)z)" =(1-e)z™ = (1-(z"y)) 2" =0, thus (1 - e)x = (1-z"y)x € N(R), so [x][z"y][x]
= [z"y][x] = [x], hence R/N(R) is regular.

Let K = R/N(R) is regular, and x € R, then there exist [y] € K, such that [x][y][x] = [x] in
K, also [x] is unit regular in K and [x] = [c][u] for some [c] € Id(R)and u € U(R), then by
lemma 3.2.1 there exist e € Id(R) such that [c] = [e] and by lemma 3.2.2 u € U(R), thus x
= eutw for some w € N(R).

Now ex = e(u+w), since N(R) € J(R), w € J(R), then u+w € U(R), thus ex is regular,
further (1-e)x = x-ex = (eu+w)-(eutew) = w-ew eN(R).

Hence (1-¢)x € N(R), therefore x is m-regular. |

Theorem 3.2.4 [2] Let R be a ring with 1, and R is m - regular then R is a unit - reqular

Proof :

By theorem 3.1.4 , since 2™ is regular, then the claim is evident. O

Theorem 3.2.5 [2] The ring R 18T - reqular ring, if and only if for all z € R, there ezist

e€ Id(R), u € U(R), w € N(R), such that T = eu + W

Proof: 1
Let R is 7 - regular ring, then K = R/N(R) is unit regular, then by lemma 3.2.2 [x] = [c][u]
for some [c] € Id(K) and [u] € U(K), now by lemma 3.2.1 there is e €Id(R) such that [e]f:
0 in K, thus by lemma 3.2.2 we have [u] € UR). %0 ] = [¢][u] tmplies that x - € = ¥ 5%

Some w = N(R), SOX =W 4+ eu .

79



T

! ( )1 ( ) then fOI

N — ] i
1> 1w = 0. Now consider the expansion of z» — (w + eu)™, observe that (eu) n
; eu)" = ey

since € € & (R) and the sum of other terms are in N(R), hence z»

H

= (w+eu)* = eu” + ed

Rlos ot d € N(R), but v + d = v € U(R), hence z" = ev, so if r is the multiplicative

mverse of v in R then z"rz" = 2" -

Corollary 3.2.2 A ring R is abelian m-regular ring if and only if Id(R) C £(R), N(R) is
wo-sided ideal of R, and for every z € R there ezist e € Id(R), u € U(R), and w € N(R)

such that z = eu+w

Theorem 3.2.6 [3] Suppose Id(R) C &(R), then R is w-regular if and only if for some
two-sided nil ideal I of R, R/I is m-regular

Proof:

Suppose R is m-regular, by theorem3.2.2 I = N(R) is two-sided ideal, then by theorem 3:2.3

R/I is regular and hence is m-regular.

Now assume that R/I is m-regular for some two-sided nil ideal I, then N(R/I) = N(R)/I
is two-sided ideal of R/I by theorem 3.2.3, so N(R) is two-sided ideal of R, since R/I is

m-regular, so is R/N(R), therefore R is T-regular. o

Now we insert some examples of 7 - regular rings.

SR : —unit
Example 3.2.1 Let K be a principle ideal domain with 1, and m be a non-zero, nonN-uml

element in K, then m = p§* p*--- Pa’ where a;’s > 1 and p; 's are distinct primes in K.
] —_ i caaw n 7
- ™m ] hic to K/1,
Let § = K/(m),and I = (p1 P2+ Dpn) then N(S) = I/(m), thus S/N(S) isomorpht K/

hence §/N(S) is regular, therefor 5157 - regular

d to be primes if it is not zero or @ unit and

Note that an element p of o ring & 15 sai o
0t or p divides 0.
Whenever p divides ab for some @ and b in R, then P divides a OT P
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