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Abstract 

   In  this  thesis  we  study  central  reversible  and  central  symmetric  rings,  which  are 

generalizations  of  reversible  and  symmetric  rings  respectively.  We  study  their  main 

characterizations  and  properties  and  its  relationship  with  other  classes  of  rings.  

Moreover,  many  ring  extensions  of  those  rings  are  considered.  We  introduce  new 

classes  of  rings  which  are  central    reversible  and  central     symmetric  rings  as  

a generalizations  of     reversible  and     symmetric  rings  respectively,  some  results  

in this  case  were  introduced. 
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Introduction 

 

     Throughout this thesis all rings are associative with identity . A ring 𝑅 is said to be 

reversible if for any 𝑎, 𝑏 ∈ 𝑅, 𝑎𝑏 = 0 implies 𝑏𝑎 = 0 and it is called a central reversible if for 

any 𝑎, 𝑏 ∈ 𝑅,  𝑎𝑏 = 0 implies 𝑏𝑎 is central in 𝑅 and it is said to be weakly reversible, if for 

any𝑎, 𝑏, 𝑟 ∈ 𝑅 such that 𝑎𝑏 =  0, then 𝑅𝑏𝑟𝑎 is a nil left ideal of 𝑅. 

 

    In chapter one, we study central reversible rings as a generalization of reversible rings. 

Clearly, reversible rings are central reversible and central reversible rings are weakly 

reversible. We supply some examples to show that all central reversible rings need not be 

reversible and all weakly reversible rings need not be central reversible. Therefore, we show 

that the class of central reversible rings lies strictly between classes of  reversible rings and 

weakly reversible rings. 

Among others we prove that central reversible rings are abelian and there exists an abelian ring, 

but it is not central reversible. It is shown that every central reversible ring is weakly reversible, 

2-primal, abelian and so directly finite.  

 

   For an Armendariz ring R, we prove that R is central reversible if and only if the polynomial 

ring R[x] is central reversible if and only if the Laurent polynomial ring R[x, x
-1

] is central 

reversible. Moreover, it is also proven that if R is central reversible, then the Dorroh extension 

of R is central reversible. 

 

    A ring 𝑅 is said to be symmetric if for any 𝑎, 𝑏, 𝑐 ∈ 𝑅, 𝑎𝑏𝑐 = 0  implies 𝑎𝑐𝑏 = 0 and it is 

called central symmetric if for any𝑎, 𝑏, 𝑐 ∈ 𝑅,𝑎𝑏𝑐 = 0 implies 𝑏𝑎𝑐 belongs to the center of 𝑅. 

     In chapter two, we study central symmetric rings, which is a generalization of symmetric 

rings. We investigate which properties of symmetric rings hold for the central case. Clearly, 

symmetric rings are central symmetric and central symmetric rings are central reversible. We 

supply an example to show that all central symmetric rings need not be symmetric. We provide 

another example to show that all central reversible rings may not be central symmetric. 

Therefore the class of central symmetric rings lies strictly between classes of symmetric rings 

and central reversible rings. Sufficient conditions for central symmetric rings to be symmetric 

are indicated. 
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It is shown that the class of central symmetric rings is closed under finite direct sums. We have 

an example which shows that the homomorphic image of a central symmetric ring is not central 

symmetric. Then we determine under what conditions a homomorphic image of a ring is central 

symmetric. 

 

 

 

      Finally in chapter three, we consider a skew version of reversible and Symmetric rings 

with respect to a ring endomorphism , in particular we study   reversible and    

symmetric rings ,they are defined as follows: 

A ring 𝑅 is called 𝛼-reversible if it is both right and left 𝛼-reversible that is whenever 𝑎𝑏 = 0 

for 𝑎, 𝑏 ∈ 𝑅 then 𝑏𝛼 𝑎 = 0 and 𝛼 𝑏 𝑎 = 0 ,and it is  called 𝛼-symmetric if it is both right and 

left 𝛼-symmetric that means whenever 𝑎𝑏𝑐 = 0then𝑎𝑐𝛼(𝑏) = 0  and 𝛼(𝑏)𝑎𝑐 = 0 for 𝑎, 𝑏, 𝑐 ∈

𝑅.Moreover, we introduce new classes of rings, called central   reversible and central    

symmetric rings as a generalization of    reversible and    symmetric rings . We prove 

some results in this general setting. 
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Chapter 1. 

 Generalization of Reversible Rings 

In this chapter we study a class of rings, called central reversible rings, which is a 

generalization of reversible rings. We prove that some results of reversible rings can be 

extended to central reversible rings. In this chapter all rings are associative with identity.  

Section 1.1.  Central Reversible Rings 

Definition 1.1.1. 

A non zero element 𝑎 is called nilpotent if there exist 𝑛 ∈ ℤ+ such that 𝑎𝑛 = 0. 

Definition 1.1.2. 

A ring 𝑅 is said to be reduced if it has no non-zero nilpotent  elements. 

Definition 1.1.3. [2] 

A ring 𝑅 is said to be reversible if for any𝑎, 𝑏 ∈ 𝑅, 𝑎𝑏 = 0  implies 𝑏𝑎 = 0 .  

 We now give the main definition in this chapter. 

Definition 1.1.4. [12] 

    A ring 𝑅 is called central reversible if for any 𝑎, 𝑏 ∈ 𝑅,  𝑎𝑏 = 0 implies 𝑏𝑎 is central in 

𝑅. 

    One may suspect that central reversible rings are reversible. But the following example 

erases the possibility. 

Example  1.1.5. [12]  

Let 𝑅  be a commutative reduced ring and consider 𝑆 =   
𝑎 𝑏 𝑐
0 𝑎 𝑑
0 0 𝑎

 |𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑅   be 

the ring of 3 × 3 upper triangular matrices with usual addition and multiplication of 

matrices , we prove that 𝑆 is central reversible but not reversible. Let  
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𝑥 =  
𝑎1 𝑏1 𝑐1

0 𝑎1 𝑑1

0 0 𝑎1

 , 𝑦 =  
𝑎2 𝑏2 𝑐2

0 𝑎2 𝑑2

0 0 𝑎2

 ∈ 𝑆 with 𝑥𝑦 = 0. Then we have the following 

equations ; 

(1)     𝑎1𝑎2 = 0, 

(2)     𝑎1𝑏2 +  𝑏1𝑎2 = 0, 

(3)     𝑎1𝑐2 +  𝑏1𝑑2 +  𝑐1𝑎2 = 0, 

(4)    𝑎1𝑑2 +  𝑑1𝑎2 = 0 . 

Since R is commutative, we have 𝑎2𝑎1 = 0. Multiplying equation (2) from the left by  

 𝑏1𝑎2  then ( 𝑏1𝑎2)2 = 0 and so  𝑏1𝑎2 = 0 since 𝑅 is reduced. Using a similar  method we  

get 𝑎1𝑑2 = 0 = 𝑑1𝑎2. Multiplying equation (3) from the right by 𝑎1𝑐2, then ( 𝑎1𝑐2)2 = 0 

it follows that  𝑎1𝑐2 = 0 = 𝑐2 𝑎1 then we get 𝑏1𝑑2 +  𝑐1𝑎2 = 0. Multiplying this equation 

from the right by 𝑏1𝑑2, then 𝑏1𝑑2 = 𝑑2𝑏1 = 0, consequently  

𝑦𝑥 =  
𝑎2 𝑏2 𝑐2

0 𝑎2 𝑑2

0 0 𝑎2

  
𝑎1 𝑏1 𝑐1

0 𝑎1 𝑑1

0 0 𝑎1

 =  
0 0 𝑏2𝑑1

0 0 0
0 0 0

 ≠ 0 . 

Now we claim that 𝑦𝑥 is central , let 𝑐 =  
𝑎3 𝑏3 𝑐3

0 𝑎3 𝑑3

0 0 𝑎3

 ∈ 𝑆, 

𝑦𝑥𝑐 =  
0 0 𝑏2𝑑1

0 0 0
0 0 0

  
𝑎3 𝑏3 𝑐3

0 𝑎3 𝑑3

0 0 𝑎3

 =  
0 0 𝑏2𝑑1𝑎3

0 0 0
0 0 0

  and 

𝑐𝑦𝑥 =  
𝑎3 𝑏3 𝑐3

0 𝑎3 𝑑3

0 0 𝑎3

  
0 0 𝑏2𝑑1

0 0 0
0 0 0

 =  
0 0 𝑎3𝑏2𝑑1

0 0 0
0 0 0

 =   
0 0 𝑏2𝑑1𝑎3

0 0 0
0 0 0

 .   

Therefore 𝑆 is central reversible. 

On the other hand let 𝑥 =  
0 0 0
0 0 1
0 0 0

  and  𝑦 =  
0 1 0
0 0 0
0 0 0

  , note that 𝑥𝑦 = 0 but  

𝑦𝑥 =  
0 0 1
0 0 0
0 0 0

 ≠ 0. Hence  𝑆 is not reversible. 
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Definition 1.1.6.[1] 

 A ring 𝑅 is semi-prime if 𝑎𝑅𝑎 = 0 implies 𝑎 = 0for 𝑎 ∈ 𝑅. 

Definition 1.1.7.[1] 

 A ring 𝑅 is right (left) principally projective if the right (left) annihilator of an element of 

𝑅 is generated by an idempotent. 

Definition 1.1.8.[1] 

 A ring 𝑅 is right (left) principally Quasi-Baer if the right (left) annihilator of principal 

right (left) ideal of 𝑅 is generated by an idempotent. 

Lemma 1.1.9. 

 If  𝑅 is a reversible ring, then 𝑅 is central reversible. 

Proof. 

Let 𝑅 be a reversible ring with ab =  0. And so, ba =  0, since 𝑅 is reversible then ba is 

central in 𝑅 since 0 is central.  

We now investigate under what conditions central reversible rings are reversible. 

Proposition 1.1.10. [12] 

Let 𝑅 be a central reversible ring, then 𝑅 is reversible if 𝑅 satisfies any of the following 

conditions. 

(1) 𝑅 is semi-prime ring. 

(2) 𝑅 is a right (left) principally projective ring. 

(3) 𝑅 is a right (left) principally Quasi-Baer ring. 

Proof . 

Assume that R is a central reversible ring and a, b ∈  R with ab =  0. Then 𝑏𝑎 is central. 

Now consider the following cases. 

(1) Let R be a semi-prime ring. Since ba is central, baRba =  0 and so ba =  0. Thus R 
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is reversible.  

(2) Let R be a right principally projective ring.  Then there exists an idempotent 𝑒 ∈  𝑅 

such that r𝑅  (a) =  eR. Hence  b =  eband ae =  0. Since ba is central, ba =  eba =

 bae =  0 and so R is reversible. A similar proof may be given for left principally 

projective rings. 

(3) Let R be a right principally quasi-Baer ring.  Then there exists an idempotent 𝑒 ∈  𝑅 

such that r𝑅  (aR) =  eR. Hence b =  eb and ae =  0. Since ba is central, ba =  eba =

 bae =  0 related on 1. And so R is reversible. A similar proof may be given for left 

principally projective rings. 

 

   The following is a consequence of  Proposition 1.1.9. 

Corollary 1.1.11. 

If  𝑅 is a central reversible ring. Then the following conditions are equivalent . 

(1) 𝑅 is a right principally projective ring. 

(2) 𝑅 is a left principally projective ring. 

(3) 𝑅 is a right principally Quasi-Baer ring. 

(4) 𝑅 is a left principally Quasi-Baer ring. 

Proof. 

(1)⇒(2) Let 𝑅 be a right principally projective ring and 𝑎 ∈ 𝑅. Then there exists an 

idempotent 𝑒 ∈  𝑅 such that 𝑟𝑅(𝑎)  = 𝑒𝑅. Also by Proposition1.1.9, 𝑅 is reversible. 

Let 𝑏 ∈ 𝑙𝑅(𝑎). 𝑅 Being reversible ,𝑎𝑏 = 0 and so 𝑏 = 𝑒𝑏. Since e is central, we have 

𝑏 = 𝑏𝑒. Hence 𝑙𝑅(𝑎) ⊆ 𝑅𝑒. Obviously, 𝑅𝑒 ⊆ 𝑙𝑅(𝑎). Thus  𝑅 is a left principally 

projective ring. 

(2)⇒(3)Let 𝑅 be a left principally projective ring and 𝑎 ∈ 𝑅. Then there exists an 

idempotent 𝑒 ∈ 𝑅 such that 𝑙𝑅(𝑎) = 𝑅𝑒. Since e is central, we have 𝑒𝑎 = 𝑎𝑒 = 0. 

Let𝑏 ∈ 𝑟𝑅(𝑎𝑅).Then 𝑎𝑥𝑏 = 0 for all 𝑥 ∈ 𝑅. Hence 𝑏𝑎𝑥 = 0, and 𝑏𝑎 = 0 due to1 ∈ 𝑅. 

Thus 𝑏 = 𝑏𝑒 = 𝑒𝑏, and so 𝑟𝑅(𝑎𝑅)  ⊆ 𝑒𝑅. Hence 𝑒𝑅 = 𝑟𝑅 𝑎𝑅  since𝑒 𝑅 ⊆ 𝑟𝑅(𝑎𝑅) 

holds also. Therefore 𝑅 is a right principally quasi-Baer ring. 



 
7 

(3)⇒(4) and (4)⇒(1) are similar to the proofs of preceding cases. 

    Recall that a ring with identity 1 ≠ 0 in which every element is unit is called division 

ring. 

    Note that the homomorphic image of a central reversible ring need not be central 

reversible. Consider the following example. 

Example  1.1.12. [12] 

Let 𝐷 be a division ring, 𝑅 =  𝐷 𝑥, 𝑦  and  𝐼 =  (𝑥𝑦), where 𝑥𝑦 ≠  𝑦𝑥. Since 𝑅 is a 

domain, 𝑅 is central reversible. On the other hand, (𝑥 +  𝐼 )(𝑦 +  𝐼 ) is zero but (𝑦 +

𝐼) (𝑥 +  𝐼 ) is not central in 𝑅/𝐼 . Hence 𝑅/𝐼 is not central reversible. 

Definition 1.1.13.[10] 

    A ring 𝑅 is called unit central if all unit elements are central in 𝑅. 

  Our next endeavor is to determine conditions when the homomorphic image of a ring is 

central reversible. 

Recall that an ideal of a ring is said to be nil ideal if each of  its elements is nilpotent . 

Lemma 1.1.14. [12] 

 Let 𝑅 be a unit central ring. If 𝐼 is a nil ideal of R, then 𝑅/𝐼 is central reversible. 

Proof. 

Let𝑎, 𝑏 ∈ 𝑅with (𝑎 +  𝐼)(𝑏 +  𝐼) =  0 + 𝐼. Then 𝑎𝑏 ∈  𝐼 and so there exists a positive 

integer 𝑛such that (𝑎𝑏)𝑛 = 0.  Hence (𝑏𝑎)𝑛+1 = 0. It follows that 1 –  𝑏𝑎 is unit and so 

central by hypothesis. Thus 𝑟𝑏𝑎 = 𝑏𝑎𝑟 for any 𝑟 ∈ 𝑅. Therefore (𝑏 +  𝐼)(𝑎 +  𝐼 ) is 

central in 𝑅/𝐼. 

  The next example shows that for a ring R and an ideal I, if R/I is central reversible, then 

R need not be central reversible. 

 

 

https://en.wikipedia.org/wiki/Nilpotent_element
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Example 1.1.15.[12] 

 Let 𝑅 =  
𝐹 𝐹
0 𝐹

  where 𝐹 is any field. Consider the ideal 𝐼 =  
𝐹 𝐹
0 0

 of  𝑅. Then 𝑅/𝐼   is 

central reversible because of the commutativity property  of R/I . For  𝐴 =  
0 1
0 1

 , 

𝐵 =  
1 1
0 0

 ∈ 𝑅, we have 𝐴𝐵 = 0. Consider  𝐶 =  
𝑐1 𝑐2

0 𝑐3
 ∈ 𝑅  with 𝑐1 ≠ 𝑐3. It is clear 

that 𝐶𝐵𝐴 ≠ 𝐵𝐴𝐶. Therefore 𝑅 is not central reversible.  

Lemma1.1.16. [12] 

 Let 𝑅 be a ring. If 𝑅/𝐼 is a central reversible ring with a reduced ideal 𝐼, then 𝑅 is central 

reversible. 

Proof. 

Let 𝑅/𝐼 be a central reversible ring. Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 =  0. Since  (𝑎 +  𝐼 )(𝑏 +

 𝐼 )  =  0 +  𝐼, (𝑏 +  𝐼 )(𝑎 +  𝐼 ) is central in 𝑅/𝐼. It follows that 𝑏𝑎𝑟 −  𝑟𝑏𝑎 ∈  𝐼 for 

any 𝑟 ∈  𝑅. Then  𝐼 (𝑏𝑎𝑟 −  𝑟𝑎𝑏) = 0. Hence we have (𝑏𝑎𝑟 −  𝑟𝑏𝑎) 2 =  0. Since 𝐼 is 

reduced, 𝑏𝑎𝑟 =  𝑟𝑏𝑎 and so 𝑅 is central reversible. 

Definition 1.1.17. [15] 

A ring 𝑅 is said to be weakly reversible, if for all 𝑎, 𝑏, 𝑟 ∈ 𝑅 such that 𝑎𝑏 =  0, 𝑅𝑏𝑟𝑎 is a 

nil left ideal of 𝑅. 

    We show that the class of central reversible rings lies strictly between classes of 

reversible and weakly reversible rings. 

Theorem1.1.18. [12] 

Let 𝑅 be a ring. Consider the following conditions.  

(1) R is reversible.  

(2) R is central reversible.  

(3) R is weakly reversible.  

Then  1 →  2 →  3 . 
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Proof. 

(1) ⟹  (2) By lemma 1.1.16. 

(2) ⟹ (3) Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 =  0. Then for all 𝑥 ∈ 𝑅, 𝑎𝑏𝑥 = 0. Since 𝑅 is central 

reversible, clearly 𝑏𝑥𝑎 is central. Then we have  𝑟𝑏𝑥𝑎  2 = (𝑟𝑏𝑥𝑎 )(𝑟𝑏𝑥𝑎) =

𝑟(𝑏𝑥𝑎 )𝑟𝑏𝑥𝑎 = 𝑟𝑟𝑏𝑥(𝑎𝑏)𝑥𝑎 = 0 for all 𝑟, 𝑥 ∈  𝑅. This implies that 𝑅 is weakly 

reversible. 

 

Lemma 1.1.19.[15] 

A ring 𝑅 is a weakly reversible ring if and only if, for any 𝑛, the 𝑛 × 𝑛 upper triangular 

matrix ring 𝑇𝑛(𝑅) is a weakly reversible ring. 

 The next example shows that weakly reversible need not be central reversible. 

Example1.1.20. [12]  

 Let 𝑅 be a weakly reversible ring and consider the ring 

𝑆 =   
𝑎 𝑏 𝑐
0 𝑑 𝑒
0 0 𝑓

  𝑎, 𝑏, 𝑐, 𝑑, 𝑓 ∈ 𝑅   

by last proposition 𝑆 is weakly reversible. We now prove that 𝑆 is not central reversible .  

For 𝑥 =  
0 1 1
0 0 0
0 0 0

 , 𝑦 =  
1 1 1
0 0 1
0 0 −1

 ∈ 𝑆 , we have 𝑥𝑦 = 0 but 𝑦𝑥 = 𝑥 which is not 

central in 𝑆, let 𝑧 =  
1 2 1
0 1 2
0 0 1

  ,   𝑥𝑧 =  
0 1 3
0 0 0
0 0 0

  but 𝑧𝑥 =  
0 1 1
0 0 0
0 0 0

  .Therefore 𝑆 

is not central reversible. 

 

Definition 1.1.21.[12] 

A ring 𝑅 is said to be abelian if every idempotent of the ring 𝑅 is central. 
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Lemma 1.1.22. [12] 

 Every reversible ring is abelian. 

Proof. 

Let 𝑒2  =  𝑒 ∈ 𝑅. For any 𝑟 ∈ 𝑅, (1 −  𝑒)(𝑒𝑟 −  𝑒𝑟𝑒)  =  0 implies  𝑒𝑟 −  𝑒𝑟𝑒  1 −

 𝑒 =  𝑒𝑟 −  𝑒𝑟𝑒 = 0 then 𝑒𝑟 =  𝑒𝑟𝑒 . Similarly for any 𝑟 ∈ 𝑅,  𝑟𝑒 −  𝑒𝑟𝑒  1 −

 𝑒 =  0 implies 𝑟𝑒 −  𝑒𝑟𝑒 =  0. Therefore 𝑅 is abelian. 

  In addition to lemma 1.1.22, we have the following proposition when we deal with 

central case. 

Lemma1.1.23. [12] 

 If 𝑅 is central reversible ring , then it is abelian . 

Proof. 

Let 𝑒2  =  𝑒 ∈ 𝑅. For any 𝑟 ∈ 𝑅, (1 −  𝑒)(𝑒𝑟 −  𝑒𝑟𝑒)  =  0 implies (𝑒𝑟 −  𝑒𝑟𝑒)(1 −

 𝑒)  =  𝑒𝑟 −  𝑒𝑟𝑒 is central. Commuting 𝑒𝑟 −  𝑒𝑟𝑒 by ewe have 𝑒𝑟 −  𝑒𝑟𝑒 =  0. 

Similarly, for any 𝑟 ∈ 𝑅, (𝑟𝑒 −  𝑒𝑟𝑒)(1 −  𝑒)  =  0 implies 𝑟𝑒 −  𝑒𝑟𝑒 =  0. Therefore R 

is abelian. 

   The next example shows that there exists an abelian ring which is not reversible and so 

not central reversible. 

Example1.1.24. [12] 

Consider the ring 𝑅 =   
𝑎 𝑏
𝑐 𝑑

 |𝑎 ≡ 𝑑 𝑚𝑜𝑑2 , 𝑏 ≡ 𝑐 ≡ 0 𝑚𝑜𝑑2 , 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ .  

Since  
0 0
0 0

  and  
1 0
0 1

  are the only idempotent of 𝑅, 𝑅 is abelian. On the other hand, 

consider 𝑥 =  
0 0
0 2

 , 𝑦 =  
2 2
0 0

 ∈ 𝑅 with 𝑥𝑦 = 0 but 𝑦𝑥 is not central for    𝑧 =

 
1 0
0 3

 ∈ 𝑅.   𝑦𝑥𝑧 =  
0 4
0 0

  
1 0
0 3

 =  
0 12
0 0

  and 𝑧𝑦𝑥 =  
1 0
0 3

  
0 4
0 0

 =  
0 4
0 0

 . 

Hence 𝑅 is not central reversible. 
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Definition 1.1.25.[12] 

 A ring 𝑅 is called directly finite whenever 𝑎, 𝑏 ∈ 𝑅, 𝑎𝑏 = 1 implies 𝑏𝑎 = 1. 

Lemma. 1.1.26. 

Every abelian ring is directly finite. 

Proof. 

Let 𝑅 be abelian ring, let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 1.  𝑏𝑎 2 = 𝑏𝑎𝑏𝑎 = 𝑏1𝑎 = 𝑏𝑎 means that 

𝑏𝑎 is idempotent hence central. Now, 𝑏𝑎𝑐 = 𝑐𝑏𝑎 = 𝑐𝑏𝑎𝑎𝑏 = 𝑐𝑎𝑏𝑎𝑏 = 𝑐. Implies that 

𝑏𝑎 = 1 since 1 is unique in 𝑅. 

Corollary 1.1.27. [12] 

 Every central reversible ring is directly finite. 

Proof. 

 Clear since every central reversible ring is abelian and every abelian is directly finite. 

Definition 1.1.28.[14] 

A ring 𝑅 is said to be semi-commutative if for any 𝑎, 𝑏 ∈ 𝑅,  𝑎𝑏 = 0 implies 𝑎𝑅𝑏 = 0. 

Definition 1.1.29. [14] 

A ring 𝑅 is said to be weakly semi-commutative if for any 𝑎, 𝑏 ∈ 𝑅, 𝑎𝑏 = 0 implies 𝑎𝑟𝑏 is 

a nilpotent element for each 𝑟 ∈ 𝑅. 

Lemma 1.1.30. 

Every reversible ring is semi-commutative. 

Proof. 

Let 𝑅 be reversible ring with 𝑎𝑏 = 0 then 𝑏𝑎 = 0 since 𝑅 is reversible . For any ∈ 𝑅 , 

𝑏𝑎𝑟 = 0 hence 𝑎𝑟𝑏 = 0 therefore, 𝑅 is semi-commutative. 
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Lemma 1.1.31. [12] 

Every central reversible ring is weakly semi-commutative. 

Proof. 

Let𝑎, 𝑏 ∈  𝑅 with 𝑎𝑏 =  0, then 𝑏𝑎 is central. Thus we have  𝑎𝑟𝑏 2  = (𝑎𝑟𝑏) (𝑎𝑟𝑏)  =

 𝑎𝑟 (𝑏𝑎) 𝑟𝑏 =  𝑎(𝑏𝑎) 𝑟𝑟𝑏 =  0, and so 𝑎𝑟𝑏 is nilpotent for all 𝑟 ∈  𝑅. This  shows   

that 𝑅 is  weakly semi-commutative. 

Corollary 1.1.32.[12] 

 Let 𝑅 be a right principally projective ring. If 𝑅 is central reversible, then it is semi-

commutative. 

Proof. 

 It follows from the fact that every central reversible and right principally projective ring is 

reversible and so, semi-commutative. 

Definition 1.1.33. 

 A non zero ring 𝑅 is a prime ring if for any  𝑎, 𝑏 ∈ 𝑅, 𝑎𝑟𝑏 = 0, implies 𝑎 = 0 𝑜𝑟 𝑏 = 0. 

Definition 1.1.34. 

A ring 𝑅 is a domain in which   𝑎𝑏 = 0 implies 𝑎 = 0 or 𝑏 = 0. 

Lemma 1.1.35. [12] 

 Let 𝑅 be a ring, then 𝑅 is a prime and reversible ring if and only if it is a domain. 

Proof. 

Let 𝑅 be reversible and prime, let 𝑎𝑏 = 0 then 𝑎𝑏𝑟 = 0, ∀𝑟 ∈ 𝑅, so 𝑏𝑟𝑎 = 0 since 𝑅 is 

reversible. Implies that 𝑎 = 0 or 𝑏 = 0. 

Conversely, let 𝑅 be a domain (1) let 𝑎𝑟𝑏 = 0 for some 𝑟 ∈ 𝑅 then either 𝑎 = 0 or 𝑟𝑏 = 0 

hence either 𝑟 = 0 or 𝑏 = 0 but since 𝑟 is arbitrary 𝑏 = 0. Hence either 𝑎 = 0 or 𝑏 = 0. 

Therefore, 𝑅 is a prime . 
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(2) Let 𝑎𝑏 = 0 then at least one of 𝑎 or 𝑏 is zero, implies that  𝑏𝑎 = 0. Hence 𝑅 is 

reversible. 

We have the following proposition when we deal with central reversible rings. 

Lemma1.1.36. [12] 

 Let 𝑅 be a ring, then 𝑅 is a prime and central reversible ring if and only if it is a domain. 

Proof. 

Let 𝑎, 𝑏 ∈ 𝑅with 𝑎𝑏 =  0. Then 𝑎𝑏𝑟 =  0 for any 𝑟 ∈ 𝑅 and so 𝑏𝑟𝑎 is central. By 

commuting 𝑏𝑟𝑎 with 𝑏, we have 𝑏2𝑟𝑎 = 𝑏𝑟𝑎𝑏 = 0. By hypothesis, 𝑏𝑟𝑎𝑡𝑏 is central for 

any 𝑡 ∈ 𝑅. Since 𝑅 is prime, 𝑎 =  0 or 𝑏 =  0. The rest is clear. 

Definition 1.1.37. 

 (1) The prime radical of a ring 𝑅 is defined by 𝑃 𝑅 =   𝑃: 𝑃 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅  

(2)The nil radical of a ring 𝑅 is defined by  𝑁 𝑅 =  𝑎 ∈ 𝑅: 𝑎 𝑖𝑠 𝑛𝑖𝑙𝑜𝑡𝑒𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑅  

(3) The ring 𝑅 is called 2-primal if 𝑃 𝑅 = 𝑁 𝑅 . 

 

In (21; Theorem 1.5) it is proved that every reversible ring is 2- primal. In this direction 

we have the following theorem. 

Theorem1.1.38. [12] 

 If 𝑅 is a central reversible ring, then it is 2-primal. The converse holds  for semi-prime 

rings. 

Proof. 

Let 𝑅 be a central reversible ring. We always have 𝑃 (𝑅) ⊆  𝑁 (𝑅), since 𝑃 (𝑅) is a nil 

ideal of 𝑅. For the converse inclusion, let 𝑎 ∈ 𝑁 (𝑅) with 𝑎𝑛 =  0 for some positive 

integer  . Assume that 𝑎 ∉  𝑄 for a prime ideal 𝑄. Since R is central reversible, 𝑎 is 

central. For any 𝑟𝑛−1, 𝑟𝑛−2 , … , 𝑟2, 𝑟1 ∈ 𝑅  we have 𝑎 𝑟𝑛−1𝑎 𝑟𝑛−2 …𝑎𝑟2𝑎 𝑟1𝑎 =

 𝑟𝑛−1𝑟𝑛−2 …𝑟2𝑟1𝑎
𝑛 = 0. For all prime ideals 𝑃 we have 𝑎𝑅 𝑎 𝑟𝑛−2 …𝑎𝑟2𝑎 𝑟1𝑎 ⊆ 𝑃. 
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Since 𝑎 ∉  𝑄, 𝑎 𝑟𝑛−2 …𝑎𝑟2𝑎 𝑟1𝑎 ∈ 𝑃  for all prime ideals 𝑃 and 𝑟𝑛−2 , … , 𝑟2, 𝑟1 ∈ 𝑅. Hence 

𝑎𝑅 𝑎 𝑟𝑛−3 …𝑎𝑟2𝑎 𝑟1𝑎 ⊆ 𝑃 for all prime ideals 𝑃 and 𝑟𝑛−3, … , 𝑟2, 𝑟1 ∈ 𝑅,  using a similar 

reason, since 𝑎 ∉  𝑄, 𝑎𝑅 𝑎 𝑟𝑛−4 …𝑎𝑟2𝑎 𝑟1𝑎 ⊆ 𝑃 for all prime ideals 𝑃 and for all 

𝑟𝑛−4, … , 𝑟2, 𝑟1 ∈ 𝑅. By going downward induction , we may reach 𝑎𝑅𝑎 ⊆ 𝑃 for all prime 

ideals 𝑃. This is the required contradiction. Thus if a is nilpotent, then 𝑎 ∈ 𝑃(𝑅) and so  

𝑁 (𝑅) ⊆  𝑃 (𝑅).  

Conversely, let 𝑅 be a semi-prime and 2-primal ring.  Then 𝑃 𝑅 = 0 and so 𝑁  𝑅 = 0. 

Hence R is reduced and so central reversible. This completes the proof. 
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Section 1.2. Some Extensions of Central Reversible Rings 

In this section, we study many ring extensions of central reversible rings. 

Definition 1.2.1. 

A ring 𝑅 is said to be a direct sum of two sub-rings 𝑅1, 𝑅2 denoted by 𝑅 = 𝑅1 ⊕𝑅2 if 

and only if  

1) ∀𝑟 ∈ 𝑅, 𝑟 = 𝑟1 + 𝑟2     where  𝑟1 ∈ 𝑅1 , 𝑟2 ∈ 𝑅2 . 

2) 𝑅1 ∩ 𝑅2 =  0  .   

 

Now, we prove that central reversible rings are closed under finite direct sum. 

Proposition 1.2.2. 

 Let   𝑅𝑖 𝑖∈𝐼 be a class of rings for a finite index set. Then 𝑅𝑖  is central reversible for all 

𝑖 ∈ 𝐼 if and only if  ⨁𝑖∈𝐼𝑅𝑖   is central reversible. 

Proof. 

 Let 𝑅𝑖  be central reversible for all 𝑖 ∈ 𝐼, and let 𝑎, 𝑏 ∈ ⨁𝑖∈𝐼𝑅𝑖  with 𝑎𝑏 = 0  where 

𝑎 =  𝑎1 , … , 𝑎𝑛 , 𝑏 =  𝑏1, … , 𝑏𝑛  such that 𝑎𝑖 , 𝑏𝑖 ∈ 𝑅𝑖  for all ∈ 𝐼 , with 𝑎𝑏 = 0. Now, 

𝑎𝑏 =  𝑎1𝑏1 , … , 𝑎𝑛𝑏𝑛 = 0 implies 𝑎𝑖𝑏𝑖 = 0 for all 𝑖 ∈ 𝐼, but 𝑎𝑖𝑏𝑖 ∈ 𝑅𝑖  for all 𝑖 ∈ 𝐼, and 

so, 𝑏𝑖𝑎𝑖  is central in 𝑅𝑖 . 

Now,𝑏𝑎𝑐 =  𝑏1𝑎1, … , 𝑏𝑛𝑎𝑛  𝑐1, … , 𝑐𝑛 =  𝑏1𝑎1𝑐1, … , 𝑏𝑛𝑎𝑛𝑐𝑛 =  𝑐1𝑏1𝑎1, … , 𝑐𝑛𝑏𝑛𝑎𝑛 =

 𝑐1, … , 𝑐𝑛  𝑏1𝑎1, … , 𝑏𝑛𝑎𝑛 = 𝑐𝑏𝑎.Hence𝑏𝑎 is central in ⨁𝑖∈𝐼𝑅𝑖 . 

Conversely, let ⨁𝑖∈𝐼𝑅𝑖   be central reversible . Let  𝑎𝑖𝑏𝑖 = 0 for some 𝑎𝑖 , 𝑏𝑖 ∈ 𝑅𝑖  .  

now, 𝑎𝑖 =  0,… , 𝑎𝑖 , 0, … ,0 , 𝑏𝑖 =  0,… , 𝑏𝑖 , 0,… ,0  then 𝑎𝑖𝑏𝑖 =  0,… , 𝑎𝑖𝑏𝑖 , 0,… ,0 = 0 

implies 𝑏𝑖𝑎𝑖 =  0,… , 𝑏𝑖𝑎𝑖 , 0, … ,0  is central in  ⨁𝑖∈𝐼𝑅𝑖 .implies 𝑏𝑖𝑎𝑖 is central in 𝑅𝑖  , in 

particular,  let 𝑐 ∈ ⨁𝑖∈𝐼𝑅𝑖  so, .  0,… , 𝑏𝑖𝑎𝑖𝑐𝑖 , 0… ,0 =  0,… , 𝑐𝑖𝑏𝑖𝑎𝑖 , 0… ,0  implies 

𝑏𝑖𝑎𝑖𝑐𝑖 = 𝑐𝑖𝑏𝑖𝑎𝑖  for some 𝑖 ∈ 𝐼 means 𝑏𝑖𝑎𝑖  is central in 𝑅𝑖 . Therefore, 𝑅𝑖  is central 

reversible. 
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Corollary 1.2.3. 

Let 𝑅 be a ring. Then 𝑒𝑅 and (1 − 𝑒) 𝑅 are central reversible for some central idempotent 

𝑒 in 𝑅 if and only if 𝑅 is central reversible. 

Proof. 

 Firstly, We going to prove that 𝑅 is a direct finite of 𝑒𝑅 and (1 − 𝑒) 𝑅 .Let 𝑒 be a central 

idempotent , so  1 − 𝑒 2 = 1− 2𝑒 + 𝑒2 = 1 − 2𝑒 + 𝑒 = 1 − 𝑒 and  1 − 𝑒 𝑟 = 𝑟 − 𝑒𝑟 =

𝑟 − 𝑟𝑒 = 𝑟 1 − 𝑒  therefore  1 − 𝑒 is central idempotent. 

Now, 𝑒𝑅 and (1 − 𝑒) 𝑅 are both two sided ideals of 𝑅. Let 𝑟 ∈ 𝑅, then 𝑟 = 𝑒𝑟 +

 1 − 𝑒 𝑟 ∈ 𝑒𝑅 + (1 − 𝑒) 𝑅 (1). Let 𝑥 ∈ 𝑒𝑅 ∩ (1 − 𝑒) 𝑅, ∃𝑟1, 𝑟2 ∈ 𝑅 such that 𝑥 = 𝑒𝑟1 =

(1 − 𝑒)𝑟2 implies 𝑒2𝑟1 = 𝑒 1 − 𝑒 𝑟2 so, 𝑒𝑟1 =  𝑒 − 𝑒2 𝑟2 = 0 therefore, 𝑥 = 0. By last 

proposition 𝑒𝑅 and (1 − 𝑒) 𝑅 are central reversible. 

Proposition 1.2.4. 

Let 𝑅 be reduced ring, then it is reversible. 

Proof. 

Let 𝑅 be reduced ring with 𝑎𝑏 = 0. Now,  𝑏𝑎 2 = 𝑏𝑎𝑏𝑎 = 0, hence 𝑏𝑎 = 0. Therefore, 𝑅 

is reversible. 

   Let 𝑅  and  𝑀 be rings. Recall that the trivial extension of 𝑅 by 𝑀 is defined to be the 

ring 𝑇 𝑅,𝑀 = 𝑅⨁𝑀  with the usual addition and  the multiplication  𝑟1,𝑚1  𝑚2, 𝑟2 =

(𝑟1𝑟2, 𝑟1𝑚2 +𝑚1𝑟2) This ring is isomorphic to the  ring   
𝑟 𝑚
0 𝑟

 | 𝑟 ∈ 𝑅,𝑚 ∈ 𝑀  with 

the usual matrix operations . 

 

Theorem 1.2.5.[11] 

If 𝑅 is a reduced ring, then 𝑇(𝑅, 𝑅) is reversible.  
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Proof. 

 Let  
𝑎 𝑏
0 𝑎

 ,  
𝑐 𝑑
0 𝑐

 ∈  𝑇 𝑅, 𝑅  with  
𝑎 𝑏
0 𝑎

  
𝑐 𝑑
0 𝑐

 = 0 then 𝑎𝑐 = 0 = 𝑎𝑑 + 𝑏𝑐. Since 

R is reduced we have 𝑐𝑎 = 0 and 𝑐𝑎𝑑 + 𝑐𝑏𝑐 = 0 = 𝑐𝑏𝑐 which implies 𝑏𝑐 = 0 and so 

𝑎𝑑 = 0. Hence 𝑐𝑏 = 0 = 𝑑𝑎. Therefore,   
𝑐 𝑑
0 𝑐

  
𝑎 𝑏
0 𝑎

 = 0. 

 

For central case we have the following. 

Definition 1.2.6. [13] 

A ring 𝑅 is said to be central reduced if every nilpotent element of 𝑅 is central. 

Proposition 1.2.7. [12] 

If 𝑅 is a central reduced ring, then 𝑇(𝑅, 𝑅) is central reversible. 

Proof. 

 Let  
𝑎 𝑏
0 𝑎

 ,  
𝑐 𝑑
0 𝑐

 ∈  𝑇 𝑅, 𝑅  with  
𝑎 𝑏
0 𝑎

  
𝑐 𝑑
0 𝑐

 = 0 then 𝑎𝑐 = 0 = 𝑎𝑑 + 𝑏𝑐. By 

hypothesis, R is central reversible, then 𝑐𝑎 is central.  

Hence  𝑎𝑑 3 =  −𝑏𝑐  𝑎𝑑  −𝑏𝑐 = 𝑏 𝑐𝑎 𝑑𝑏𝑐 = 𝑏𝑑𝑏𝑐𝑎𝑐 = 0, which implies 𝑎𝑑 is 

central. Hence  𝑑𝑎 4 = 0 and  𝑐𝑏 4 = 0 which implies 𝑑𝑎, 𝑐𝑏 are central. Therefore  

 
𝑐 𝑑
0 𝑐

  
𝑎 𝑏
0 𝑎

  is central. 

 

Definition 1.2.8. 

 A multiplicatively closed set 𝑆 is a subset of a ring 𝑅 such that the following two 

conditions hold, 

(1) 1 ∈ 𝑆, 

(2)  for 𝑥 and 𝑦 ∈ 𝑆, the product 𝑥𝑦 ∈ 𝑆. 
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Remark 1.2.9. 

Let 𝑆 ⊆ 𝑅 be a multiplicatively closed set, then on 𝑅 × 𝑆 ,we define the relation  𝑎, 𝑠 ∽

(𝑎′ , 𝑠′ ) ⟺ there is an element 𝑢 ∈ 𝑆 such that 𝑢 𝑎𝑠′ − 𝑎′𝑠 = 0. This relation is an 

equivalence relation and each equivalence class   (𝑎, 𝑠)  is denoted by 
𝑎

𝑠
 .The set of all 

equivalence classes 𝑆−1𝑅 =  
𝑎

𝑠
 | 𝑎 ∈ 𝑅, 𝑠 ∈ 𝑆  is a ring together with the following 

addition and multiplication  
𝑎

𝑠
+

𝑎 ′

𝑠 ′
=

𝑎𝑠 ′+𝑎 ′ 𝑠

𝑠𝑠 ′
  and  

𝑎

𝑠
.
𝑎 ′

𝑠 ′
=

𝑎𝑎 ′

𝑠𝑠 ′
 . 

 

Proposition 1.2.10.[12] 

  A ring 𝑅 is central reversible if and only if 𝑆−1𝑅 is central reversible. 

Proof. 

 Let R be central reversible ring and 
𝑎

𝑟
 ,
𝑏

𝑠
 ∈ 𝑆−1𝑅 where 𝑎, 𝑏 ∈ 𝑅, 𝑟, 𝑠 ∈ 𝑆 with 

𝑎

𝑟

𝑏

𝑠
= 0. 

Since 
𝑎

𝑟

𝑏

𝑠
=

𝑎𝑏

𝑟𝑠
= 0 we have 𝑎𝑏 = 0. By  hypothesis 𝑏𝑎 is central, so  

𝑏

𝑠
  

𝑎

𝑟
  

𝑐

𝑡
 =

 
𝑐

𝑡
  

𝑏

𝑠
  

𝑎

𝑟
  for every  

𝑐

𝑡
∈ 𝑆−1𝑅  where  𝑐 ∈ 𝑅, 𝑡 ∈ 𝑆.  

Therefore 𝑆−1𝑅 is central reversible.  

Conversely, assume that 𝑆−1𝑅 is central reversible ring. Since R may be embedded in 

𝑆−1𝑅, the rest is clear. 

 

   Recall that a nonzero element of a ring that is neither a left nor a right zero divisor is 

called Regular element. 

Definition 1.2.11. 

 Let 𝑅 be ring, the set of polynomials 𝑝(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥

𝑛−1 +⋯+ 𝑎1𝑥 + 𝑎0, where 

𝑎𝑖 ∈ 𝑅,𝑛 is non-negative integer ,with usual addition and multiplication of polynomials  is 

called the ring of polynomials over 𝑅 in the indeterminate 𝑥 and is denoted by 𝑅[𝑥]. 

 

https://en.wikipedia.org/wiki/Zero_divisor
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Definition 1.2.12. 

The Laurent polynomial ring 𝑅 𝑥, 𝑥−1  is a ring whose elements are expressions of the 

form  𝑎𝑘𝑥
𝑘

𝑘 , 𝑎𝑘 ∈ 𝑅, where 𝑥 is the indeterminate and  𝑘 ∈ 𝑍 and only finitely many 

coefficients 𝑎𝑘  are non zero, with the following addition and multiplication of Laurent 

polynomials : 

 𝑎𝑖𝑥
𝑖

𝑖

+ 𝑏𝑖𝑥
𝑖

𝑖

=   𝑎𝑖 + 𝑏𝑖 𝑥
𝑖

𝑖

 

  𝑎𝑖𝑥
𝑖

𝑖

   𝑏𝑗𝑥
𝑗

𝑗

 =  

 

 
 
 𝑎𝑖𝑏𝑗
𝑖 ,𝑗

𝑖+𝑗=𝑘  

 
 

𝑘

𝑥𝑘  

 

Corollary 1.2.13.[12] 

 Let 𝑅 be a ring, then 𝑅 𝑥   is central reversible if and only if  𝑅 𝑥, 𝑥−1  is central 

reversible. 

Proof. 

Consider the subset 𝑆 = {1, 𝑥, 𝑥2, 𝑥3, … } of  𝑅 𝑥  consisting of central regular elements. 

Then the result follows from Proposition 1.2.10. by taking  𝑆−1𝑅[𝑥] = 𝑅 𝑥, 𝑥−1 . 

 

Definition 1.2.14.[20] 

 A ring 𝑅 is said to be Armendariz if whenever 𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 +⋯+ 𝑎𝑛𝑥
𝑛  and 

𝑔 𝑥 = 𝑏0 + 𝑏1𝑥 +⋯+ 𝑏𝑚𝑥
𝑚 ∈ 𝑅 𝑥  satisfies 𝑓 𝑥 𝑔 𝑥 = 0 implies 𝑎𝑖𝑏𝑗 = 0 ∀𝑖, 𝑗. 

It is well known  that reduced rings are  Armendariz rings. 

Theorem1.2.15.[12] 

Let 𝑅 be an Armendariz ring. Then the following statements are equivalent.  
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(1) 𝑅 is central reversible. 

(2) 𝑅 𝑥  is central reversible. 

(3) 𝑅 𝑥, 𝑥−1  is central reversible. 

Proof. 

 (1)⟹(2) Let 𝑓 𝑥 =  𝑎𝑖𝑥
𝑖 ,   𝑛

𝑖=1 𝑔 𝑥 =  𝑏𝑗𝑥
𝑗𝑚

𝑗=1 ∈ 𝑅 𝑥  with 𝑓 𝑥 𝑔 𝑥 = 0. Since 𝑅  

is  Armendariz 𝑎𝑖𝑏𝑗 = 0 for each 𝑖 and 𝑗. But R is central reversible so 𝑏𝑗𝑎𝑖  is central for 

each 𝑖 and  𝑗. It follows that 𝑔 𝑥 𝑓 𝑥  is central in 𝑅 𝑥 . Therefore, 𝑅 𝑥  is central 

reversible. 

(2)⟹(1) Clear . 

(2) ⇔ (3) Follows from corollary 1.2.13. 

 

Definition 1.2.16.[12] 

Let 𝑅 be a ring and let ℤ be the set of integers, the Dorroh extension is the ring 𝐷 𝑅, ℤ =

  𝑟, 𝑛 |𝑟 ∈ 𝑅, 𝑛 ∈ ℤ  with operations   𝑟1, 𝑛1 +  𝑟2, 𝑛2 =  𝑟1 + 𝑟2, 𝑛1 + 𝑛2  and 

 𝑟1, 𝑛1 .  𝑟2, 𝑛2 =  𝑟1𝑟2 + 𝑛1𝑟2 + 𝑛2𝑟1, 𝑛1𝑛2  . 

 

Proposition 1.2.17.[12] 

A ring 𝑅 is central reversible if and only if the Dorroh extension  𝐷 𝑅, ℤ of 𝑅 is central 

reversible. 

Proof. 

The sufficiency is clear. For necessity, let  𝑟1, 𝑛1 ,  𝑟2, 𝑛2 𝜖 𝐷 𝑅. ℤ  with 𝑟1, 𝑛1  𝑟2, 𝑛2 =

0. Then 𝑛1𝑛2 = 0  and assume that 𝑛1 = 0 . Since 𝑅 is central reversible,  𝑟2 + 1𝑛2 𝑟1 is 

central in 𝑅 and so,  𝑟2, 𝑛2  𝑟1, 𝑛1  is central in 𝐷(𝑅. ℤ). Hence 𝐷(𝑅. ℤ)is central 

reversible . A similar proof may be given for 𝑛2 = 0. 
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Chapter 2. 

A Generalization of Symmetric Rings 

In this chapter we study a class of rings, called central symmetric rings, which is a 

generalization of symmetric rings. We prove that some results of symmetric rings can be 

extended to central symmetric rings. All rings in this chapter are associative with identity. 

 

Section 2.1.Central Symmetric Rings. 

Definition 2.1.1.[9] 

 A ring 𝑅 is said to be symmetric if for any 𝑎, 𝑏, 𝑐 ∈ 𝑅,𝑎𝑏𝑐 = 0  implies 𝑎𝑐𝑏 = 0. 

  An equivalent condition on a ring that whenever 𝑎𝑏𝑐 = 0  implies 𝑏𝑎𝑐 = 0. 

We now give the main definition in this chapter. 

Definition2.1.2.[9] 

A ring 𝑅 is called central symmetric if for any 𝑎, 𝑏, 𝑐 ∈ 𝑅,𝑎𝑏𝑐 = 0 implies 𝑏𝑎𝑐 belongs to the 

center of  𝑅. 

     One may suspect that central symmetric rings are symmetric. But the following example 

erases the possibility. 

Example 2.1.3.[9] 

Let𝑥, 𝑦 and 𝑧 be indeterminates and consider the set 

𝑅 = {𝑎0 + 𝑎1𝑥 + 𝑎2𝑦 + 𝑎3𝑧|𝑎0, 𝑎1, 𝑎2 , 𝑎3 ∈ ℤ} with component wise addition and defining 

multiplication by 

 𝑎0 +𝑎1𝑥 + 𝑎2𝑦 + 𝑎3𝑧  𝑏0 + 𝑏1𝑥 + 𝑏2𝑦 + 𝑏3𝑧  = 𝑎0𝑏0 +  𝑎0𝑏1 + 𝑎1𝑏0 𝑥 +

 𝑎0𝑏2 + 𝑎2𝑏0 𝑦 +  𝑎0𝑏3 + 𝑎3𝑏0 + 𝑎1𝑏2
 𝑧. 
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Then 𝑅 is a ring with identity. From this multiplication all products are zero except that 

𝑥𝑦 = 𝑧 and that 1 acts as an identity (see [12 Example 5.1]). Since 𝑥2 = 𝑦2 = 0 , 𝑥𝑧 =

𝑥𝑥𝑦 = 0 = 𝑥𝑦𝑥 = 𝑧𝑥 𝑎𝑛𝑑 𝑧𝑦 = 𝑥𝑦𝑦 = 0 = 𝑦𝑥𝑦 = 𝑦𝑧, 𝑧 is central. Hence 𝑅 is central 

symmetric. On the other hand, 𝑦𝑥 = 𝑦𝑥1 = 0, but 𝑥𝑦1 = 𝑧 and so 𝑅 is not symmetric. 

      Our next aim is to find conditions under which a central symmetric ring is symmetric. 

Proposition 2.1.4.[9] 

If 𝑅 is a symmetric ring, then 𝑅 is central symmetric. The converse holds if R satisfies any of 

the following conditions. 

(1) 𝑅 is a semi-prime ring. 

 (2) 𝑅 is a right (left) principally projective ring. 

 (3) 𝑅 is a right (left) principally quasi-Baer ring. 

Proof. 

Clearly every symmetric ring is central symmetric. 

Conversely, assume that 𝑅 is a central symmetric ring and 𝑎, 𝑏, 𝑐 ∈ 𝑅 with 𝑎𝑏𝑐 = 0.It implies 

that 𝑏𝑐𝑎 is central due to1 ∈ 𝑅. Now consider the following cases.  

( 1 )  Let R be a semi-prime ring. 

Since 𝑏𝑐𝑎 𝑥 𝑏𝑐𝑎 = 0 for all 𝑥 ∈ 𝑅, it follows that 𝑏𝑐𝑎 = 0.Therefore 𝑅 is symmetric. 

(2) Let 𝑅 be a right principally projective ring. Then there exists an idempotent 𝑒 ∈ 𝑅 such 

that 𝑟𝑅 𝑎 = 𝑒𝑅. Thus 𝑎𝑒 = 0. Since 𝑏𝑐 ∈ 𝑟𝑅 𝑎 =  𝑒𝑅, we have 𝑏𝑐 = 𝑒𝑏𝑐. It follows that 

𝑏𝑐𝑎 = 𝑒𝑏𝑐𝑎 = 𝑏𝑐𝑎𝑒 = 0.Therefore 𝑅 is symmetric. A similar proof may be given for left 

principally  projective rings. 

(3) Let 𝑅 be a right principally quasi-Baer ring. Then there exists an idempotent 𝑒 ∈ 𝑅 such 

that 𝑟𝑅(𝑎𝑅)  = 𝑒𝑅. Hence 𝑎𝑒 = 0. On the other hand, 𝑎𝑥𝑏𝑐𝑎 = 𝑎𝑏𝑐𝑎𝑥 = 0 for all 𝑥 ∈

𝑅.This implies that 𝑏𝑐𝑎 ∈ 𝑟𝑅(𝑎𝑅)  =  𝑒𝑅, and so 𝑏𝑐𝑎 = 𝑒𝑏𝑐𝑎 = 𝑏𝑐𝑎𝑒 = 0. Thus 𝑅 is 

symmetric. In a similar way every left principally quasi-Baer central symmetric ring is 

symmetric. 
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The following is an apparent consequence of  Proposition 2.1.4. 

Corollary 2.1.5.[9] 

   If 𝑅 is acentral   symmetric  ring, then the following conditions are equivalent. 

(1) 𝑅 is a right principally projective  ring. 

 (2) 𝑅 is a left principally projective  ring. 

 (3) 𝑅 is a right principally quasi-Baer ring. 

 (4) 𝑅 is a left principally quasi-Baer ring. 

Proof. 

(1)⇒(2) Let  𝑅  be a right principally projective ring and 𝑎 ∈ 𝑅. Then there exists an 

idempotent 𝑒 ∈  𝑅 such that 𝑟𝑅(𝑎)  = 𝑒𝑅. 

Also by Proposition2.1.4, 𝑅 is symmetric. Let 𝑏 ∈ 𝑙𝑅(𝑎). 𝑅 Being symmetric ,𝑎𝑏 = 0 and 

so 𝑏 = 𝑒𝑏. Since e is central, we have 𝑏 = 𝑏𝑒. Hence 𝑙𝑅(𝑎) ⊆ 𝑅𝑒. Obviously, 𝑅𝑒 ⊆ 𝑙𝑅 𝑎 . 

Thus 𝑅 is a left principally projective ring. 

(2)⇒(3) Let 𝑅 be a left principally projective ring and 𝑎 ∈ 𝑅. Then there exists an idempotent 

𝑒 ∈ 𝑅 such that 𝑙𝑅(𝑎) = 𝑅𝑒. Since e is central, we have 𝑒𝑎 = 𝑎𝑒 = 0. Let 𝑏 ∈ 𝑟𝑅 𝑎𝑅 . Then 

𝑎𝑥𝑏 = 0 for all 𝑥 ∈ 𝑅. Hence 𝑏𝑎𝑥 = 0 , and 𝑏𝑎 = 0 dueto1 ∈ 𝑅. Thus 𝑏 = 𝑏𝑒 = 𝑒𝑏, and so 

𝑟𝑅 𝑎𝑅 ⊆ 𝑒𝑅. Hence 𝑒𝑅 = 𝑟𝑅(𝑎𝑅) since 𝑒𝑅 ⊆ 𝑟𝑅(𝑎𝑅) holds also. Therefore 𝑅 is a right 

principally quasi-Baer ring. 

(3)⇒(4) and (4)⇒(1) are similar to the proofs of preceding cases. 

 

Lemma 2.1.6. 

 All reduced rings are symmetric.  
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Proof.  

 Let  𝑅 be reduced r ing  w it h 𝑎𝑏𝑐 = 0 ,  𝑎, 𝑏, 𝑐 ∈ 𝑅 then  𝑏𝑐𝑎 2 = 𝑏𝑐𝑎𝑏𝑐𝑎 = 0, 

implies 𝑏𝑐𝑎 = 0 . Hence  𝑅 is  symmet r ic .  

In the central case, we have the following result. 

Lemma 2.1.7. [9] 

If 𝑅 is a central  reduced ring, then it is central symmetric.  

Proof. 

Let 𝑎𝑏𝑐 = 0 for some 𝑎, 𝑏, 𝑐 ∈ 𝑅.Then 𝑐𝑎𝑏 2 = 𝑐𝑎𝑏𝑐𝑎𝑏 = 0 so 𝑐𝑎𝑏 is central. On the other 

hand,  𝑏𝑐𝑎 2 = 𝑏𝑐𝑎𝑏𝑐𝑎 = 0 so 𝑏𝑐𝑎 is central. For any 𝑟 ∈ 𝑅,  𝑎𝑟𝑏𝑐 2 = 𝑎𝑟𝑏𝑐𝑎𝑟𝑏𝑐 =

𝑎𝑏𝑐𝑎𝑟2𝑏𝑐 = 0 since 𝑏𝑐𝑎 is central. So 𝑎𝑟𝑏𝑐 is central. For  any r∈𝑅, (𝑎𝑏𝑟𝑐)3 =

𝑎𝑏𝑟𝑐𝑎𝑏𝑟𝑐𝑎𝑏𝑟𝑐 = 𝑎𝑏𝑐𝑎𝑏𝑟𝑐𝑎𝑏𝑟𝑟𝑐 = 0 since 𝑐𝑎𝑏 is central, and  𝑏𝑐𝑟𝑎 2 =

𝑏𝑐𝑟𝑎𝑏𝑐𝑟𝑎 = 0 implies 𝑏𝑐𝑟𝑎 is central.  𝑐𝑎𝑟𝑏 2 = 𝑐𝑎𝑟𝑏𝑐𝑎𝑟𝑏 = 𝑐𝑎𝑏𝑐𝑎𝑟𝑟𝑏 = 0. 

So 𝑐𝑎𝑟𝑏 is central. For any 𝑟, 𝑠 ∈ 𝑅,  𝑎𝑟𝑏𝑠𝑐 2 = 𝑎𝑟𝑏𝑠𝑐𝑎𝑟𝑏𝑠𝑐 = 𝑎𝑟𝑏𝑐𝑎𝑟𝑏𝑠2𝑐 =

𝑎𝑏𝑐𝑎𝑟2𝑏𝑠2𝑐 = 0 since 𝑐𝑎𝑟𝑏 and then 𝑏𝑐𝑎 is central. Hence 𝑎𝑟𝑏𝑠𝑐 is central.  𝑏𝑎𝑐 4
  

=

𝑏 𝑎𝑐𝑏𝑎𝑐 𝑏 𝑎𝑐𝑏𝑎𝑐 = 0 since 𝑎𝑐𝑏𝑎𝑐 is central and  𝑎𝑐𝑏𝑎𝑐 2
 
= 0. Hence 𝑏𝑎𝑐 iscentral. 

  In the following we prove when a central symmetric ring is reduced. 

Theorem 2.1.8.[9] 

Let 𝑅 be a central symmetric ring. Then we have 

(1) If 𝑅 is a semi-prime ring, then 𝑅 is reduced. 

(2) If 𝑅 is a right (left) principally projective  ring, then 𝑅 is reduced. 

 

Proof. 

(1) Let 𝑎 ∈ 𝑅 with 𝑎2 = 0 .For any 𝑟 ∈ 𝑅, 𝑟𝑎2 = 0. By hypothesis 𝑎𝑟𝑎 is central, 

 𝑎𝑟𝑎 2 = 0 and so 𝑎𝑅𝑎 = 0. Since 𝑅 is semi-prime, 𝑎 = 0.  
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(2) Let 𝑅 be a right principally projective ring and 𝑎 ∈ 𝑅 with  𝑎2 = 0. There exists 𝑒2 = 𝑒 ∈

𝑅 such that 𝑟𝑅 𝑎 = 𝑒𝑅. Then 𝑎 ∈ 𝑟𝑅 𝑎  and 𝑎𝑒 = 0 and 𝑎 = 𝑒𝑎. By Proposition 2.1.4, 𝑒 is 

central and so 𝑎 = 𝑒𝑎 = 𝑎𝑒 = 0. 

This proof  is left-right symmetric  since idempotents are central. 

It is well known that every symmetric ring is reversible and the converse holds 

for semi-prime rings. In this direction we have the following. 

Proposition 2.1.9.[9] 

Let 𝑅 be a central   symmetric  ring. Then 𝑅 is central reversible. The converse statement holds 

if 𝑅 is a semi-prime ring. 

Proof. 

Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 0. Then 1𝑎𝑏 = 0. Hence1𝑏𝑎 = 𝑏1𝑎 = 𝑏𝑎 is central. Conversely, 

assume that  𝑅 is a semi-prime central reversible ring. Let 𝑎, 𝑏, 𝑐 ∈  𝑅 with 𝑎𝑏𝑐 = 0. We may 

suppose that 𝑎, 𝑏 and 𝑐 are non zero. For any 𝑟 ∈  𝑅, 𝑎𝑏𝑐𝑟 = 0 implies 𝑐𝑟𝑎𝑏 is central, and 

 𝑐𝑟𝑎𝑏 2 = 0. By assumption 𝑐𝑟𝑎𝑏 = 0. For any 𝑠 ∈ 𝑅 , 𝑐𝑟𝑎𝑏𝑠 = 0 implies 𝑏𝑠𝑐𝑟𝑎is 

central and (𝑏𝑠𝑐𝑟𝑎)2 = 0. 

By similar reason  𝑏𝑠𝑐𝑟𝑎 = 0. Hence (𝑏𝑎𝑐)2 = 𝑏𝑎𝑐𝑏𝑎𝑐 = 0. For any 𝑡 ∈ 𝑅, 𝑏𝑎𝑐𝑡𝑏𝑎𝑐 is 

central and(𝑏𝑎𝑐𝑡𝑏𝑎𝑐)2 = 0. Then 𝑏𝑎𝑐𝑡𝑏𝑎𝑐𝑅𝑏𝑎𝑐𝑡𝑏𝑎𝑐 = 0. Hence  𝑏𝑎𝑐𝑡𝑏𝑎𝑐 = 0 for 

all 𝑡 ∈ 𝑅. Being  𝑅 semi-prime we have 𝑏𝑎𝑐 = 0. 

 

Corollary 2.1.10. 

Every central reduced ring is central reversible. 

Definition 2.1.11. 

Let G be a group, and let R be a ring with unity. We define the group ring  𝑅[𝐺] as the set of all 

linear combinations of the form 𝛼 =  𝑎 𝑔 𝑔∈𝐺 𝑔,where𝑎 𝑔 ∈ 𝑅 and 𝑎 𝑔 = 0 except a finite 

number of coefficients ,with addition and multiplication defined as the following: 
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 𝑎 𝑔 

𝑔∈𝐺

𝑔 +  𝑏 𝑔 

𝑔∈𝐺

𝑔 =  [𝑎 𝑔 + 𝑏 𝑔 ]

𝑔∈𝐺

𝑔 

  𝑎 𝑔 

𝑔∈𝐺

𝑔   𝑏 𝑕 

𝑕∈𝐺

𝑕 =  [𝑎 𝑔 𝑏 𝑕 ]

𝑕,𝑔∈𝐺

𝑔𝑕 

 

Example  2.1.12. 

Let G = ℤ3, the cyclic group of three elements with generator a and identity element 1G. An 

element r of ℂ[G] may be written as  𝑟 = 𝑧01𝐺 + 𝑧1𝑎 + 𝑧2𝑎
2where z0, z1 and z2 are in ℂ, the 

complex numbers. Writing a different element s as 𝑠 = 𝑤01𝐺 +𝑤1𝑎 + 𝑤2𝑎
2their sum is𝑟 +

𝑠 =  𝑧0 +𝑤0 1𝐺 +  𝑧1 + 𝑤1 𝑎 +  𝑧2 + 𝑤2 𝑎
2 and their product is 𝑟𝑠 =  𝑧0𝑤0 + 𝑧1𝑤2 +

𝑧2𝑤1 1𝐺 +  𝑧0𝑤1 + 𝑧1𝑤0 + 𝑧2𝑤2 𝑎 +  𝑧0𝑤2 + 𝑧2𝑤0 + 𝑧1𝑤1 𝑎
2 

Notice that the identity element 1G of G induces a canonical embedding of the coefficient ring 

(in this case ℂ) into ℂ[G]; however strictly speaking the multiplicative identity element of ℂ[G] 

is 1⋅1G where the first 1 comes from ℂ and the second from G. The additive identity element is 

of course zero. 

The next example provides that there exists a central reversible ring which is not a central 

symmetric ring. 

Example 2.1.13.[9] 

Let 𝑄8 =  1, 𝑥
−1, 𝑥𝑖 , 𝑥−𝑖 , 𝑥𝑗 , 𝑥

−𝑗
, 𝑥
𝑘

, 𝑥
−𝑘
  be the quaternion group and consider the group 

ring 𝑅 = ℤ2[𝑄8]. The elements of ℤ2
 𝑄8

  as ℤ2-linear combinations of {𝑥g : 𝑔 ∈ 𝑄8}. By 

Courter’s result in [13,Corollary2.3], 𝑅 is reversible and so central reversible. But  𝑅 is not 

symmetric as in [14,Example7] by taking 𝑎 = 1𝑥𝑗 , 𝑏 = 1 + 𝑥𝑖  and 𝑐 = 1 + 𝑥𝑖 + 𝑥𝑗 +𝑥
𝑘

. 

Then 𝑎𝑏𝑐 = 0 but 𝑏𝑎𝑐 ≠ 0. In fact 𝑏𝑎𝑐 = 𝑥𝑖 + 𝑥𝑗 + 𝑥
𝑘

+ 𝑥
−𝑖

+ 𝑥
−𝑘

 and it is easily 

checked that 𝑥𝑖 𝑏𝑎𝑐 ≠ (𝑏𝑎𝑐)𝑥𝑖 . Hence 𝑅 is not central symmetric. 

      Note that the homomorphic image of a central symmetric ring need not be central 

symmetric. Consider the following example. 

 

https://en.wikipedia.org/wiki/Cyclic_group
https://en.wikipedia.org/wiki/Complex_numbers
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Example 2.1.14.[9] 

Let ℤ2 denote the field of integers modulo 2 and ℤ2(𝑦) denotes the rational functions field 

of polynomial ring ℤ2
 𝑦  and 𝑅 = ℤ2(𝑦)[𝑥] the ring of polynomials in𝑥over ℤ2(𝑦) subject to 

the relation 𝑥𝑦 + 𝑦𝑥 = 1.  

It is well known that 𝑅 is a principal ideal domain and so is a non-commutative domain 

(see[8,p.30],[5,Note3.9],[21,Example5.3]) . Let 𝐼 = 𝑥2𝑅.  Then 𝐼 is a maximal ideal of 𝑅. 

Consider the ring 𝑆 = 𝑅/𝐼. We write 𝑥  and  𝑦  for the images of 𝑥 and  𝑦 respectively under 

the natural epimorphism from 𝑅 onto 𝑆. Let 𝑎, 𝑏, 𝑐 ∈ 𝑅 with 𝑎𝑏𝑐 = 0. Since 𝑅 is a domain, at 

least one of 𝑎, 𝑏 and 𝑐 is zero. Therefore 𝑏𝑎𝑐 = 0 and so 𝑏𝑎𝑐 is central and  𝑅 is central 

symmetric. For 𝑥 , 𝑦 ∈ 𝑆, we have 𝑥 2 = 0 and 𝑥 𝑦 +𝑦 𝑥 = 1 . Multiplying the last equality from 

the right by 𝑥  and using 𝑥 2 = 0, we have 𝑥 𝑦 𝑥 = 𝑥 . If 𝑆 were central symmetric, (𝑥 𝑦 −1̄)𝑥 = 0   

would imply 𝑥  (𝑥 𝑦 −1̄)=−𝑥  is central in 𝑆 and so 𝑥  is central in 𝑆. This is a contradiction 

since 𝑥      is not central. 

 

    Our next goal is to find conditions when the homomorphic image of a ring is central 

symmetric.  It is proven that every idempotent of a unit-central ring is central. 

Lemma 2.1.15.[9] 

Let 𝑅 be a unit-central ring. If 𝐼 is a nil ideal of 𝑅, then 𝑅 and 𝑅/𝐼 are central symmetric. 

Proof. 

Let 𝑎 ∈ 𝑅with 𝑎𝑛 = 0 for some positive integer 𝑛.  Then  1 +  𝑎  1 − 𝑎 + 𝑎2 −

𝑎3+. . . + −1 𝑛−1𝑎𝑛−1 = 1Hence 1 + 𝑎 and therefore 𝑎 is central. Let 𝑎, 𝑏 and 𝑐 ∈ 𝑅 with 

𝑎𝑏𝑐 = 0 in 𝑅/𝐼. Then 𝑎𝑏𝑐 ∈ 𝐼. Hence 𝑎𝑏𝑐 is nilpotent. So 1 + 𝑎𝑏𝑐, and therefore 𝑎𝑏𝑐 is 

central.  Now (𝑐𝑎𝑏 )2 = 0  and (𝑏 𝑐𝑎)2 = 0 imply (𝑐𝑎𝑏)2 ∈ 𝐼 and (𝑏𝑐𝑎)2 ∈ 𝐼, and therefore 

 𝑐𝑎𝑏 and 𝑏𝑐𝑎 are central. 𝑎𝑏 𝑐𝑟 = 0 for all 𝑟 ∈ 𝑅 implies (𝑐𝑟 𝑎𝑏 )2 = 0 . So (𝑐𝑟𝑎𝑏)2 ∈ 𝐼 

and (𝑐𝑟𝑎𝑏)2  is nilpotent and 𝑐𝑟𝑎𝑏 is central for all 𝑟 ∈ 𝑅. Similarly, (𝑏 𝑠  𝑐 𝑎)2 = 0  implies 

𝑏𝑠𝑐𝑎 is central for all 𝑠 ∈ 𝑅. 
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Let 𝑠 , 𝑟 ∈ 𝑅/𝐼. Then (𝑏 𝑠 𝑐𝑟 𝑎)2 = 0    since 𝑐𝑟 𝑎𝑏  is central nilpotent. Hence 𝑏𝑠𝑐𝑟𝑎 is 

central  for 𝑠, 𝑟 ∈ 𝑅. Now (𝑏 𝑎𝑐)4 = 0  since 𝑏 𝑎𝑐𝑏 𝑎 is central nilpotent. Hence 𝑏𝑎𝑐 is central. 

Thus 𝑏 𝑎𝑐  is central. 

    The next example shows that for a ring 𝑅 and an ideal 𝐼, if 𝑅/𝐼 is central symmetric, then 

𝑅 need not be central symmetric. 

Example 2.1.16.[9] 

Let 𝐹 be a field and 𝑅 the ring of all 2 × 2 upper triangular matrices over 𝐹 and 𝑒𝑖𝑗matrix 

units  with 1 at the entry (𝑖, 𝑗) and zeros elsewhere. Let 𝐼 = 𝑒12𝑅. Then 𝐼 is an ideal of 𝑅 and 

𝑅/𝐼 is a commutative ring, therefore central symmetric. 

Consider 𝐴 = 𝑒22 , 𝐵 = 𝑒11 + 𝑒12  and 𝐶 = 𝐴+ 𝐵. Then 𝐴𝐵𝐶 = 0 but 𝐵𝐴𝐶 = 𝑒12 is not 

central since 𝑒11𝑒12 = 𝑒12  but 𝑒12𝑒11 = 0. Hence 𝑅 is not central symmetric. 

        Let 𝑅 be a ring with an ideal 𝐼. Then 𝐼 is said to be prime if 𝑎𝑅𝑏 ⊆ 𝐼 implies 𝑎 𝑜𝑟 𝑏 is in 

𝐼,while 𝐼 is called completely prime if 𝑎𝑏 ∈ 𝐼 implies that 𝑎 𝑜𝑟 𝑏 is in  𝐼 . Completely 

prime ideals are prime ideals, but the converse is not true. For example, for any positive integer 

𝑛, the zero ideal in the ring of all 𝑛 × 𝑛 matrices over a field is a prime ideal, but it is not 

completely prime. For a ring 𝑅 and an ideal, we show that if 𝑅/𝐼 is a central symmetric ring 

with a completely prime reduced ideal 𝐼,then 𝑅 is a symmetric ring. 

 

Lemma 2.1.17.[9] 

Let 𝑅 be a ring. If R/I is a central symmetric ring with a completely prime reduced ideal I, 

then  𝑅 is symmetric and so central symmetric. 

Proof. 

Let 𝑎, 𝑏, 𝑐 ∈ 𝑅 with 𝑎𝑏𝑐 = 0 and  𝑎 will be the image of 𝑎 under natural epimorphism from 𝑅 

onto 𝑅/𝐼.Then 𝑎𝑏 𝑐 = 0 Since 𝑅/𝐼 is central symmetric and 𝑎𝑏 𝑐𝑟 = 0 for any 𝑟 ∈ 𝑅, 

𝑏 𝑎𝑐𝑟  is central in 𝑅/𝐼 (1) also, 𝑟 𝑎𝑏 𝑐 = 0 for any 𝑟 ∈ 𝑅 implies 𝑏 𝑟 𝑎𝑐  is central in 𝑅/𝐼 (2) 

. 
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By using (1) and (2) we prove (𝑏 𝑎𝑐)4 = 0 . By(1), we have, 

 (𝑏 𝑎𝑐)4 =  𝑏 𝑎𝑐𝑏  𝑎𝑐𝑏 𝑎𝑐𝑏 𝑎𝑐 = 𝑎𝑐𝑏 𝑎 𝑏 𝑎𝑐𝑏  𝑐𝑏 𝑎𝑐. Hence we have 

𝑎𝑐𝑏 𝑎 𝑏 𝑎𝑐𝑏  𝑐𝑏 𝑎𝑐 =  𝑎𝑐 𝑏 𝑎𝑏 𝑎𝑐 𝑏 𝑐𝑏 𝑎𝑐 = 𝑎𝑐𝑏 𝑐𝑏 𝑎(𝑏 𝑎𝑏 𝑎𝑐)𝑐. Thus 

𝑎𝑐𝑏 𝑐𝑏 𝑎(𝑏 𝑎𝑏 𝑎𝑐)𝑐 = 𝑎𝑐(𝑏 𝑐𝑏 𝑎𝑏 𝑎𝑏 𝑎𝑐)𝑐 = 𝑎(𝑏 𝑐𝑏 𝑎𝑏 𝑎𝑏 𝑎𝑐)𝑐𝑐 = 0 . It follows (𝑏𝑎𝑐)4 ∈

𝐼 and 𝑏𝑎𝑐 ∈ 𝐼 and so one of 𝑎, 𝑏 and 𝑐 belongs to 𝐼 since 𝐼 is completely prime. So 𝑐𝑎𝑏 ∈ 𝐼 

and   𝑐𝑎𝑏 2 = 0 implies 𝑐𝑎𝑏 = 0 since 𝐼 is reduced. Similarly, 𝑏𝑠𝑐𝑎 2 = 0 implies 

𝑏𝑠𝑐𝑎 = 0, and (𝑎𝑟𝑏𝑠𝑐)2 = 0 implies 𝑎𝑟𝑏𝑠𝑐 = 0, and (𝑐𝑢𝑎𝑟𝑏𝑠)2 = 0 implies 𝑐𝑢𝑎𝑟𝑏𝑠 =

0. Hence 𝑏𝑠𝑐𝑢𝑎𝑟 = 0 for all 𝑟, 𝑠, 𝑢 ∈ 𝑅. This  implies  𝑏𝑎𝑐 2 = 𝑏𝑎𝑐𝑏𝑎𝑐 = 0. Thus 𝑏𝑎𝑐 =

0. This completes the proof. 

Definition 2.1.18.[9] 

A ring 𝑅 is said to be weak symmetric, if for all 𝑎, 𝑏, 𝑐 ∈ 𝑅, if 𝑎𝑏𝑐 is nilpotent, then 𝑎𝑐𝑏 is 

nilpotent.  

 We now give an example to show that there exists a weak symmetric  ring which is not a 

central  symmetric ring. 

Example 2.1.19.[9] 

Consider the ring 𝑅 =  
ℤ ℤ ℤ
0 ℤ ℤ
0 0 ℤ

  and the elements 𝐴 =  
0 1 2
0 0 0
0 0 0

 , 𝐵 =  
1 1 1
0 0 −2
0 0 0

 , 

𝐶 =  
1 1 1
0 1 1
0 0 1

  of  𝑅 then, 𝐴𝐵𝐶 = 0. But 𝐵𝐴𝐶 =  
0 1 3
0 0 0
0 0 0

  is not central in 𝑅. Hence 𝑅 is not 

central symmetric. However 𝑅 is weak symmetric by [18,Proposition 2.3]. 

 

Proposition 2.1.20.[9] 

Let 𝑅 be a central  symmetric ring. Then 𝑅 is an abelian ring. 

Proof. 

Let 𝑒 be an idempotent of 𝑅 and 𝑥 ∈ 𝑅. Since 𝑒 𝑥𝑒 − 𝑒𝑥𝑒 = 0 and (𝑒𝑥 − 𝑒𝑥𝑒)𝑒 = 0, being 

𝑅 central symmetric,  𝑥𝑒 − 𝑒𝑥𝑒 𝑒 and 𝑒 𝑒𝑥 − 𝑒𝑥𝑒  are central. Then  𝑥𝑒– 𝑒𝑥𝑒 𝑒 =
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𝑒 𝑥𝑒– 𝑒𝑥𝑒 = 0 and 𝑒 𝑒𝑥– 𝑒𝑥𝑒 = (𝑒𝑥 − 𝑒𝑥𝑒)𝑒 = 0. Hence we have 𝑒𝑥 = 𝑥𝑒 for all 𝑥 ∈

𝑅.  Therefore  𝑅 is abelian. 

 

The converse of  Proposition 2.1.20. does not hold in general, that is, every abelian ring need 

not be central symmetric, as the following example shows. 

Example 2.1.21.[2] 

Consider the ring 𝑅 =   𝑎 𝑏
𝑐 𝑑

 |𝑎, 𝑏, 𝑑, 𝑐 ∈ ℤ, 𝑎 ≡ 𝑑(𝑚𝑜𝑑2), 𝑏 ≡ 𝑐 ≡ 0(𝑚𝑜𝑑2)  , with the 

usual matrix operations. Since 0 and the identity matrices are the only idempotents of 𝑅, 𝑅 is 

an abelian ring. let 𝐴 =  
2 4
0 2

 , 𝐵 =  
0 −4
0    4

 , 𝐶 =  
2 2
2 2

 ∈ 𝑅. Then 𝐴𝐵𝐶 = 0 but 𝐵𝐴𝐶 is not 

central. 

 

    The next result shows that the converse statement of Proposition 2.1.20 holds for right 

principally projective rings. 

Proposition  2.1.22.[9] 

Let 𝑅 be a right principally projective ring. If 𝑅 is abelian, then it is central symmetric. 

Proof. 

Let 𝑎, 𝑏, 𝑐 ∈ 𝑅 with 𝑎𝑏𝑐 = 0. By hypothesis, there exists an idempotent 𝑒 of 𝑅 such that 

𝑟𝑅(𝑎)  = 𝑒𝑅. Hence 𝑎𝑒 = 0  and 𝑏𝑐 = 𝑒𝑏𝑐. It follows that 𝑏𝑐𝑎 = 𝑒𝑏𝑐𝑎 = 𝑏𝑐𝑎𝑒 = 0. 

Thus 𝑅 is symmetric and so central symmetric. 

Corollary 2.1.23.[9] 

Every central symmetric ring is directly finite. 

Proof. 

It is clear from Proposition  2.1.20, since every abelian ring is directly finite. 
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Proposition 2.1.24.[9] 

Let 𝑅 be a central symmetric ring. Then the followings hold. 

(1) 𝑅 is central semi-commutative. 

(2) 𝑅 is weakly semi-commutative. 

Proof. 

(1) Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 0. For any 𝑟 ∈ 𝑅, 𝑟𝑎𝑏 = 0 implies 𝑎𝑟𝑏 is central in 𝑅. Hence 𝑅 is 

central semi-commutative. 

(2) Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 0.Since 𝑅 is central symmetric, 𝑏𝑎 is central in 𝑅. Hence for each 

𝑟 ∈ 𝑅,  𝑎𝑟𝑏 2 = 𝑎𝑟𝑏𝑎𝑟𝑏 = 𝑎𝑟2𝑏𝑎𝑏 = 0. Therefore 𝑅 is weakly semi-commutative. 

It is well known that a ring is a domain if and only if it is prime and Symmetric, we have the 

following proposition when we deal with central case. 

Proposition 2.1.25.[9] 

Let 𝑅 be a ring. Then 𝑅 is a domain if and only if 𝑅 is a prime and central symmetric ring. 

Proof. 

First assume 𝑅 is a domain. It is clear that 𝑅 is prime and symmetric and so central symmetric. 

Conversely, assume 𝑅 is a prime and central symmetric ring. 

Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 0. Then 𝑟𝑎𝑏 = 0 and 𝑎𝑏𝑟 = 0 for all 𝑟 ∈ 𝑅. Being 𝑅 central 

symmetric 𝑎𝑟𝑏 and 𝑏𝑎𝑟are contained in the center of 𝑅. Hence we have  𝑎𝑟𝑏 𝑅 𝑎𝑟𝑏 =

0 for any 𝑟 ∈ 𝑅. Since 𝑅 is prime, 𝑎𝑟𝑏 = 0 for any 𝑟 ∈ 𝑅 and so 𝑎𝑅𝑏 = 0. This implies that 

𝑎 = 0 or 𝑏 = 0. Therefore  𝑅 is a domain. 

 

Theorem2.1.26.[9] 

If 𝑅 is a central symmetric ring, then it is 2-primal. The converse holds for semi-prime rings. 
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Proof. 

To complete the proof it is enough to show that 𝑁(𝑅)  ≤ 𝑃(𝑅) since 𝑃(𝑅) is a nil ideal. Let 

𝑎 ∈ 𝑁(𝑅). We first assume that 𝑎2 = 0. By hypothesis 𝑎𝑟𝑎 is central for any 𝑟 ∈  𝑅. 

Commuting 𝑎𝑟𝑎 with 𝑠𝑎for any 𝑠 ∈ 𝑅 we have 𝑎𝑟𝑎𝑠𝑎 = 0. It follows that 𝑎 ∈ 𝑃 for any 

prime ideal 𝑃 and so 𝑎 ∈ 𝑃(𝑅). Assume now 𝑎3 = 0. Then 𝑎2𝑟𝑎 and 𝑎𝑟𝑎2  are central. 

Commuting 𝑎2𝑟𝑎 by 𝑠𝑎 for any 𝑠 ∈ 𝑅 we have 𝑎2𝑟𝑎𝑠𝑎 = 0. By hypothesis 𝑎𝑟𝑎𝑠𝑎𝑡𝑎 is 

central for any 𝑡 ∈ 𝑅. Again commute 𝑎𝑟𝑎𝑠𝑎𝑡𝑎 with 𝑎𝑧 for any 𝑧 ∈ 𝑅 and use the centrality 

of 𝑎𝑟𝑎2 for all 𝑟 ∈ 𝑅 to obtain 

 𝑎𝑧  𝑎𝑟𝑎𝑠𝑎𝑡𝑎 =  𝑎𝑟𝑎𝑠𝑎𝑡𝑎  𝑎𝑧 = 𝑎𝑟𝑎𝑠 𝑎𝑡𝑎2 𝑧 =  𝑎𝑡𝑎2 𝑎𝑟𝑎𝑠𝑧 = 0. Since 

𝑧, 𝑡, 𝑟 and 𝑠 are arbitrary in 𝑅, 𝑎 ∈ 𝑃(𝑅). By induction on the index of nilpotency we may 

conclude that 𝑃 𝑅  consists of  all nilpotent elements of 𝑅. Hence 𝑅 is 2-primal. Conversely, 

let 𝑅 be a semi-prime and 2-primal ring. Then 𝑅 is symmetric and so central symmetric. 

 

Corollary 2.1.27.[9] 

Let 𝑅 be  a central  symmetric  ring.  Then the ring 𝑅/𝑃(𝑅) is central symmetric. 

     Recall that a ring 𝑅 is said to be von Neumann regular [ 2 ] if for every 𝑎 ∈ 𝑅 there exists 

𝑏 ∈ 𝑅 with 𝑎 = 𝑎𝑏𝑎. A ring 𝑅 is called strongly regular [ 2 ] if for any 𝑎 ∈ 𝑅 there exists 𝑏 ∈ 𝑅 

such that 𝑎 = 𝑎2𝑏. Now we give some relations between symmetric, central  symmetric, 

regular, strongly regular and abelian rings. Also the following theorem provides some 

conditions for the converses of Proposition 2.1.4 and Proposition 2.1.22. 

Theorem 2.1.28.[9] 

Let 𝑅 be a ring. Then the following conditions   are equivalent. 

 (1) 𝑅 is strongly regular. 

(2) 𝑅 is von Neumann regular and symmetric. 

 (3) 𝑅 is von Neumann regular and central symmetric. 

(4) 𝑅 is von Neumann regular and abelian. 
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Proof. 

(1)⇒(2) The first assertion is clear. Let 𝑎, 𝑏, 𝑐 ∈ 𝑅 with 𝑎𝑏𝑐 = 0. Since  𝑏𝑐𝑎 2 = 0 and 

𝑏𝑎𝑐 = (𝑏𝑎𝑐)2𝑟 for some 𝑟 ∈ 𝑅, we have 𝑏𝑐𝑎 = 0. Then 𝑅 is symmetric. 

(2)⇒(3) Obvious. 

(3)⇒(4) By Proposition  2.1.20. 

(4) ⇒(1) Let 𝑎 ∈ 𝑅. By hypothesis, there exists 𝑏 ∈ 𝑅 such that 𝑎 = 𝑎𝑏𝑎. Since 𝑎𝑏 is an  

idempotent, 𝑎𝑏 is central. Hence 𝑎 = 𝑎2𝑏 and therefore 𝑅 is strongly regular. 
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Section 2.2.Some Extensions of Central Symmetric Rings. 

In this section, we discuss some ring extensions and localization of central symmetric rings .We 

start with an application of central symmetric rings concerns Modules, so we give a brief 

introduction about modules. 

Definition  2.2.1. [17] 

     Suppose  R  is  a  ring  , a  left  R- module  is  an  additive  abelian group  M  together  with  

a map  R×M ⟶M , ( r, m) ⟶r m  satisfying   

1- r (m + n ) =  r m+ r n .  

2- (𝑟1 +𝑟2 ) m =𝑟1m +𝑟2 m . 

3- ( 𝑟1𝑟2) m =  𝑟1( 𝑟2m) . 

4- l.m = m . for  all  r, 𝑟1, 𝑟2  R and all   m , n ∈ M . 

        A  right  R- module  is  an additive  abelian  group  M  together  with  a  map 

 M ×R ⟶M , ( m , r ) ⟶m r , satisfying  : 

1- (m + n ) r =  m r +  n r .  

2 - m (𝑟1 +𝑟2 )  = m𝑟1 + m 𝑟2 .  

3- m ( 𝑟1𝑟2) = ( m 𝑟1) 𝑟2 . 

4- m .1 = m . for  all  r, 𝑟1, 𝑟2 ∈ R and all   m , n ∈ M . 

 

Example   2.2.2.[17] 

      When  R  is  non- commutative  ring ,we  can  find  a right  R-module  which  is  not  a left  

R-module  .           
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Let  R =  








dc

ba
∶  a, b , c  and  d ∈ ℤ     be  a ring , A =  









00

mr
: 𝑟, 𝑚 ∈  ℤ    is  a  right  R-

module  . Note  that , 








00

mr









uz

yx
= 







 

00

murymzrx
∈ A . But  A  isnot  a left  R- 

module  , since  if  we  take 








00

50
∈ A , and  









01

00
∈ R . Then 









01

00









00

50
= 









50

00
∉ A  . 

Definition  2.2.3. [17]  

      Let  M  be  a left  R- module , then  we  say  that  𝑁  is  a submodule  of  M  if  : 

1- 𝑁is  a subgroup  of  M . 

2- For  𝑟 ∈  𝑅 , 𝑛 ∈  𝑁 , 𝑟 𝑛 ∈  𝑁 .  

 

Example  2.2.4.  [17] 

      If  M  is  a  left  R-module  and 𝑥 𝜖 𝑀 , then  the  set 𝑅𝑥 =   𝑟𝑥 , 𝑟 ∈  𝑅      is  an  R- sub-

module  of  M  . 

 

Definition  2.2.5. [3] 

      A  sub-module  𝑁  of  M  is  called  a  direct  summand  of  𝑀  if  there  is  a sub-module  𝐿  

of  𝑀  such  𝑁⨁𝐿 = 𝑀  . 

We  note  that  𝐿  is  also  a  direct  summand  of  M. 

 

Let  𝑅  be  a ring . Then  R  itself  can  be  regarded  as  a left R-module by defining  𝑟𝑚 , 𝑚 ∈

 R ,𝑟 ∈ R, to  be  the  product  of  𝑟  and  𝑚  as  elements  of  the  ring  𝑅. And sub-modules  of  

the left R- module  R  are  just  left ideals of  R. 
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A module 𝑀 has the summand intersection property if the intersection of two direct 

summands is again a direct summand of 𝑀. A ring 𝑅 is said to have the summand intersection 

property if the right 𝑅 -module 𝑅 has the summand intersection property.[3] 

A module 𝑀 has the summand sum property if the sum of two direct summands is a direct 

summand of  𝑀 and a ring 𝑅 is said to have the summand sum property if the right 𝑅 –module 

𝑅 has the summand  sum property. [3] 

In this case we have the following. 

Proposition 2.2.6.[9] 

Let 𝑅 be a central  symmetric ring. Then we have the following. 

(1) 𝑅 has the summand intersection property. 

(2) 𝑅 has the summand sum property. 

Proof. 

(1) Let 𝑒 and 𝑓 be idempotents of 𝑅. 𝑒 and 𝑓 are central, we have 𝑒𝑅 ∩ 𝑓𝑅 = 𝑒𝑓𝑅 = 𝑓𝑒𝑅 

and (𝑒𝑓)2 = 𝑒𝑓. This completes the proof. 

(2) Let 𝑒𝑅 and 𝑓𝑅 be right ideals of 𝑅 with 𝑒2 = 𝑒,𝑓2𝑓 ∈ 𝑅. Then 𝑒 +𝑓 − 𝑒𝑓 is an 

idempotent of 𝑅. Since 𝑅 is abelian, it is easy to check that 𝑒𝑅 + 𝑓𝑅 = (𝑒 +𝑓 − 𝑒𝑓)𝑅. 

So 𝑒𝑅 + 𝑓𝑅 is a direct summand of 𝑅. 

  Now we show that the class of central symmetric rings is closed under finite direct sums. 

Proposition 2.2.7.[9] 

let 𝐼 be a finite index set and  𝑅𝑖 𝑖𝜖𝐼  a class of rings.  Then 𝑅𝑖 is central symmetric for all 𝑖 ∈ 𝐼 if 

and only if ⨁𝑖∈𝐼𝑅𝑖  is central symmetric. 

Proof. 

Let 𝑅𝑖  be central symmetric for all 𝑖 ∈ 𝐼 and (𝑎𝑖)𝑖∈𝐼 , (𝑏𝑖)𝑖∈𝐼 , (𝑐𝑖)𝑖∈𝐼 ∈ ⨁𝑖∈𝐼𝑅𝑖  with 

(𝑎𝑖) (𝑏𝑖)(𝑐𝑖) = 0. Then 𝑎𝑖𝑏𝑖𝑐𝑖 = 0 and by hypothesis 𝑏𝑖𝑎𝑖𝑐𝑖  is central in 𝑅𝑖  for all 𝑖 ∈ 𝐼. 
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Hence  𝑏𝑖  𝑎𝑖  𝑐𝑖 is central in 𝑅𝑖 . Therefore 𝑅𝑖  is central symmetric. The sufficiency is 

clear since a sub ring of a central symmetric ring is central symmetric. 

The following result is a direct consequence of Proposition 2.2.7. 

Corollary 2.2.8.[9] 

 Let 𝑅 be a ring. Then 𝑒𝑅 and (1 − 𝑒)𝑅 are central symmetric for some idempotent element 𝑒 in 

𝑅 if and only if 𝑅 is central symmetric. 

Proposition 2.2.9.[9] 

A ring 𝑅 is central  symmetric if and only if 𝑆−1𝑅 is central symmetric. 

Proof. 

 Let 𝑅 be a central symmetric ring and 
𝑎

𝑠1
,
𝑏

𝑠2
,
𝑐

𝑠3
∈ 𝑆−1𝑅 where 𝑎, 𝑏, 𝑐 ∈ 𝑅,𝑠1, 𝑠2, 𝑠3 ∈ 𝑆 

with 
𝑎

𝑠1

𝑏

𝑠2

𝑐

𝑠3
= 0. Since  

𝑎𝑏𝑐

𝑠1𝑠2𝑠3
= 0 , we have 𝑎𝑏𝑐 = 0. So 𝑏𝑎𝑐 is central in 𝑅, then  

𝑏

𝑠2
  

𝑎

𝑠1
  

𝑐

𝑠3
  

is also central in 𝑆−1𝑅. Therefore 𝑆−1𝑅 is central symmetric . 

 Conversely, assume that 𝑆−1𝑅 is central symmetric ring. Since 𝑅 may be embedded in 

𝑆−1𝑅, the rest is clear. 

 

Corollary 2.2.10.[9] 

Let R be a ring. Then 𝑅[𝑥] is central symmetric if and only if 𝑅[𝑥, 𝑥−1] is central symmetric. 

Proof. 

Consider the sub set 𝑆 = {1, 𝑥, 𝑥2, 𝑥3, . . . } of 𝑅[𝑥] consisting of central regular elements. Then 

the  result follows from Proposition  2.2.9. 
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Chapter 3 

Skew version of Reversible and Symmetric Rings 

In this chapter we consider a skew version of reversible rings and symmetric rings, called 

𝛼 −reversible and 𝛼 −symmetric rings respectively, with respect to a ring endomorphism 𝜶. 

Next we introduce new classes of rings which are generalizations of  𝛼 −reversible and 

𝛼 −symmetric rings. In this chapter all rings are associative with identity.  

 

Section 3.1. 𝜶-Reversible and 𝜶−Symmetric Rings 

 

Definition 3.1.1.[19] 

(1) A ring 𝑅 is called right  𝛼-reversible if whenever 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅 then 𝑏𝛼 𝑎 = 0. 

(2) A ring 𝑅 is called left  𝛼-reversible if whenever 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅 then 𝛼 𝑏 𝑎 = 0. 

(3) A ring 𝑅 is called 𝛼-reversible if it is both right and left  𝛼-reversible. 

 

 There exists a reversible ring 𝑅 with endomorphism 𝛼 such that 𝑅 is not  𝛼 -reversible ring. 

Example  3.1.2.[19] 

Consider the ring 𝑅 = ℤ2 × ℤ2 with endomorphism 𝛼:𝑅 → 𝑅 defined by 𝛼  𝑎, 𝑏  =  𝑏, 𝑎  

with the usual addition and multiplication. The ring 𝑅 is commutative reduced hence it is 

reversible. However, 𝑅 is not 𝛼 - reversible. Indeed,  0,1  1,0 = 0 but 𝛼  1,0   0,1 =

 0,1  0,1 =  0,1 ≠ 0. 

Definition 3.1.3.[6] 

 A ring 𝑅 is 𝛼 −compatible if for each 𝑎, 𝑏 ∈  𝑅, 𝑎𝛼(𝑏)  =  0 if and only if 𝑎𝑏 =  0. 
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In the next proposition we give the relationship between 𝛼 −reversibility and reducibility. 

Proposition 3.1.4.[19] 

Let 𝑅 be a reduced 𝛼 −compatible ring then 𝑅 is 𝛼 −reversible. 

Proof. 

Let 𝑎, 𝑏 ∈  𝑅, and 𝑎𝑏 =  0. By the hypothesis 𝑅 is 𝛼–compatible so 𝑎𝛼(𝑏)  =  0 and then 

𝛼 𝑏 𝑎 =  0 ( by reducibility ). Hence, 𝑅 is left 𝛼–reversible. The right 𝛼–reversibility is 

obtained similarly. Therefore, 𝑅 is 𝛼 −reversible.  

 

The next theorem gives the relationship between reversible and 𝛼 −reversibe rings. 

Theorem 3.1.5.[19] 

 Let 𝑅 be an 𝛼 −compatible ring. 𝑅 is reversible if and only if 𝑅 is𝛼 −reversible ring. 

Proof. 

Let 𝑅 be a reversible ring and 𝑎𝑏 =  0 for 𝑎, 𝑏 ∈  𝑅. Then 𝑏𝑎 =  0 and 𝑏𝛼 𝑎 =  0   

( by 𝛼–compatibility ). Therefore, 𝑅 is right 𝛼– reversible. 

On the other hand, 𝑎𝑏 =  0 we have 𝑎𝛼(𝑏)  =  0 , so 𝛼(𝑏)𝑎 =  0 ( by reversibility ) hence 𝑅 

is left 𝛼–reversible. Therefore, 𝑅  is 𝛼– reversible. 

Conversely, let 𝑎𝑏 =  0 for 𝑎, 𝑏 ∈  𝑅, then  𝑏𝛼(𝑎)  =  0 ( by right 𝛼–  reversibility ) and 

𝑏𝑎 =  0 ( by 𝛼–compatibility ). Therefore, 𝑅  is reversible. 

 

Theorem 3.1.6.[19] 

A ring 𝑅 is 𝛼 −rigid if and only if 𝑅 is reduced ,𝛼 − reversible , and 𝛼 is monomorphism.  
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Proof. 

Let 𝑅 be an 𝛼 −rigid, then 𝑅 is reduced and 𝛼 is monomorphism by [6]. Let 𝑎𝑏 = 0 

for 𝑎, 𝑏 ∈ 𝑅 so, we have  𝑏𝑎 2 = 𝑏𝑎𝑏𝑎 = 0 implies that 𝑏𝑎 = 0 "since 𝑅 is reduced"  

then 𝑎𝛼 𝑏𝑎 𝛼2 𝑏 = 𝑎𝛼 𝑏 𝛼 𝑎𝛼 𝑏  = 0, hence 𝑎𝛼 𝑏 = 0 " since 𝑅 is 𝛼 −rigid" ,  

and  𝛼 𝑏 𝑎 2 = 𝛼 𝑏 𝑎𝛼 𝑏 𝑎 = 0 implies 𝛼 𝑏 𝑎 = 0 "since 𝑅 is reduced".  

Therefore, 𝑅 is left 𝛼 − reversible. 

On the other hand, 𝑏𝛼 𝑎𝑏 𝛼2 𝑎 = 𝑏𝛼 𝑎 𝛼 𝑏𝛼 𝑎  = 0 implies 𝑏𝛼 𝑎 = 0, then 𝑅 

is right 𝛼 − reversible. Therefore, 𝑅 is 𝛼 − reversible. 

Conversely, assume 𝑎𝛼 𝑎 = 0 for 𝑎 ∈ 𝑅, then 𝛼 𝑎 𝑎 = 0 and 𝛼 𝑎 𝛼 𝑎 = 

 𝛼 𝑎  
2

= 0 " since 𝑅 is 𝛼 − reversible" . Implies that 𝛼 𝑎 = 0 " since 𝑅 is reduced"  

and since 𝑅 is monomorphism 𝑎 = 0. 

 

Definition 3.1.7.[7] 

(1) An endomorphism  𝛼 of a ring 𝑅 is called rigid if 𝑎𝛼 𝑎 = 0 implies 𝑎 = 0,  for 𝑎 ∈ 𝑅. 

(2) A ring 𝑅 is called 𝛼 −rigid if there exists a rigid endomorphism 𝛼 of  𝑅. 

 

The following examples show that neither the conditions 𝛼 to be monomorphism nor 𝑅 to be 

reduced can be dropped. 

Example 3.1.8.[19] 

(1) Let 𝑅 = 𝐹[𝑥] be the polynomial ring over a field 𝐹, and 𝛼 be an endomorphism of  

𝑅 defined by  𝛼 𝑓 𝑥  = 𝑓 0  where 𝑓 𝑥 ∈ 𝑅. 

𝑅 is a commutative domain so it is reduced and 𝛼 − reversible but 𝛼is not monomorphism , 

hence 𝑅 is not 𝛼 −rigid. 
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(2) Let 𝑅 =   
𝑎 0
𝑏 𝑎

 , 𝑎, 𝑏 ∈ ℤ  and 𝛼 be an endomorphism of 𝑅 defined by 𝛼  
𝑎 0
𝑏 𝑎

 =

 
𝑎 0
−𝑏 𝑎

 . 𝑅 is 𝛼 − reversible but is not 𝛼 −rigid.  

 

Definition 3.1.9.[19] 

(1) An endomorphism 𝛼 of a ring 𝑅 is called right (left) 𝛼-symmetric if whenever 𝑎𝑏𝑐 = 0 

implies 𝑎𝑐𝛼(𝑏) = 0,  𝛼(𝑏)𝑎𝑐 = 0  for 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

(2) A ring 𝑅 is called right (left) 𝛼-symmetric if there exists a right (left) 𝛼-symmetric 

endomorphism 𝛼of  𝑅. A ring 𝑅 is called 𝛼-symmetric if it is both right and left 𝛼-symmetric. 

 

The next theorem gives the relationship between symmetric and 𝛼 −symmetric rings. 

Theorem3.1.10.[19] 

Let 𝑅 be 𝛼 −compatible ring. 𝑅 is symmetric if and only if 𝑅 is 𝛼 −symmetric. 

Proof. 

Let 𝑅 be a symmetric ring and 𝑎𝑏𝑐 = 0, for 𝑎, 𝑏, 𝑐 ∈ 𝑅. Then 𝑎𝑐𝑏 = 0 ( by symmetricity ) and 

𝑎𝑐𝛼(𝑏) = 0 ( by 𝛼-compatibility ), hence 𝑅 is right 𝛼 −symmetric. Since 𝑅 is symmetric so it 

is reversible then we have 𝛼 𝑏 𝑎𝑐 = 0, hence 𝑅 is left 𝛼 −symmetric. Therefore, 𝑅 is 

𝛼 −symmetric ring. 

Conversely, let 𝑅 be an 𝛼 −symmetric ring and 𝑎𝑏𝑐 = 0, for 𝑎, 𝑏, 𝑐 ∈ 𝑅. So we have 𝑎𝑐𝛼(𝑏) =

0, and 𝑎𝑐𝑏 = 0 (by 𝛼-compatibility). Therefore 𝑅 is symmetric ring. 

Now, we study the relationship between 𝛼-symmetric and𝛼-reversiblerings. 

Proposition 3.1.11.[19] 

An  𝛼-symmetric ring is 𝛼-reversible. 
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Proof. 

Let 𝑅 be an 𝛼-symmetric ring. Suppose that 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅. Obviously, 1𝑎𝑏 = 

0, since 𝑅 is right 𝛼-symmetric, then 𝑏𝛼 𝑎 = 0. Hence 𝑅 is right 𝛼-reversible. It is 

easily can be shown that 𝑅 is left 𝛼-reversible as above. Therefore,  𝑅 is 𝛼-reversible. 

 

Definition 3.1.12.[19] 

(1) An endomorphism 𝛼 of a ring 𝑅 is called semi-commutative if 𝑎𝑏 = 0 implies  

𝑎𝑅𝛼 𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅. 

(2) A ring 𝑅 is called 𝛼 − semi-commutative if there exists a semi-commutative 

endomorphism 𝛼 of 𝑅 . 

 

 

Theorem 3.1.13.[19] 

Let 𝑅 be an 𝛼 −compatible ring. Then 𝑅 is semi-commutative if and only if 𝑅 is  

𝛼 −semi-commutative. 

 

Proof. 

Let 𝑅 be a semi-commutative ring and 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅, so 𝑎𝑅𝑏 = 0. Since 𝑅 is  

𝛼 −compatible  it implies that 𝑎𝑅𝛼(𝑏) = 0. Therefore, 𝑅 is 𝛼 −semi-commutative  

ring.  The "only if " part is obvious. 

 

Proposition 3.1.14.[19] 

A reduced 𝛼 − reversible ring is 𝛼 − semi-commutative. 

Proof. 

Let 𝑅 be a reduced 𝛼 − reversible ring. Let 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅 and c an arbitrary element of 

𝑅. then𝛼 𝑏 𝑎 = 0 " by 𝛼 − reversible" and 𝛼 𝑏 𝑎𝑐 = 0, and   𝑎𝑐𝛼 𝑏  
2

= 𝑎𝑐𝛼 𝑏 𝑎𝑐𝛼 𝑏 =

0, hence 𝑎𝑐𝛼 𝑏 = 0  " by reduced " . Therefore, 𝑅 is 𝛼 − semi-commutative. 
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Section 3.2. Central  𝜶−Reversibleand Central  𝜶 −Symmetric 

Rings 

In this section, we introduce new classes of rings which are generalizations of 𝛼 −reversible 

and 𝛼 −symmetric rings. 

Definition 3.2.1. 

(1) A ring 𝑅 is called central right  𝛼 −reversible if whenever 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅 then 𝑏𝛼 𝑎  

is central in 𝑅. 

(2) A ring 𝑅 is called central left  𝛼 −reversible if whenever 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅 then 𝛼 𝑏 𝑎 is 

central in 𝑅. 

(3) A ring 𝑅 is called central 𝛼 −reversible if it is both right and left central 𝛼 −reversible. 

 

The following example distinguishing the concepts of central right and left 𝛼 −reversible. 

Example  3.2.2. 

Consider a ring 𝑅 =   
𝑎 𝑏
0 𝑐

 |𝑎, 𝑏, 𝑐 ∈ ℤ . 

1. Consider the endomorphism 𝛼 of 𝑅 defined by 𝛼   
𝑎 𝑏
0 𝑐

  =  
𝑎 0
0 0

 .   Let 𝐴 =  
𝑎 𝑏
0 𝑐

  

and  𝐵 =  𝑎
′ 𝑏′

0 𝑐 ′
 ∈ 𝑅, such that 𝐴𝐵 = 0, then we get 𝑎𝑎′ = 0, 𝑐𝑐 ′ = 0 and 𝑎𝑏′ + 𝑏𝑐 ′ =

0.  𝐵𝛼 𝐴 =  𝑎𝑎
′ 0

0 0
 = 0 . Therefore, 𝑅 is central right 𝛼-reversible since 0 is central in 𝑅.  

Now, let 𝐴 =  
2 3
0 4

 , 𝐵 =  
3 4
0 5

  so, 𝛼(𝐴) =  
2 0
0 0

  and 𝐵𝛼 𝐴 = 0. But 𝛼 𝐵 𝐴 =

 
3 0
0 0

  
2 3
0 4

 =  
6 9
0 0

  which is not central in 𝑅. Therefore 𝑅 is not central right 𝛼-

reversible. 



 
44 

2. Consider the endomorphism 𝛽 of 𝑅 defined by 𝛽   
𝑎 𝑏
0 𝑐

  =  
0 0
0 𝑐

 . By the same way 

as above we can see that , 𝑅 is central left 𝛽-reversible but is not central right 𝛽 −reversible. 

 

Theorem  3.2.3. 

Let 𝑅 be 𝛼-reversible then 𝑅 is central 𝛼-reversible. 

Proof. 

Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 0 then 𝛼 𝑏 𝑎 = 𝑏𝛼 𝑎 = 0 which is central in  𝑅. 

   

 The converse is not true in general i.e. there exist central 𝛼-reversible ring which is not 𝛼-

reversible. 

Example  3.2.4. 

 In example 1.1.4 define 𝛼: 𝑆 ⟶ 𝑆 such that  𝛼 𝑎 = 𝑎. Let 𝐴,𝐵 ∈ 𝑆 with 𝐴𝐵 = 0 then 

𝛼 𝐵 𝐴 = 𝐵𝛼 𝐴 = 𝐵𝐴 is central in 𝑆 since 𝑆 is central reversible. On the other hand let 

𝐴 =  
0 0 0
0 0 1
0 0 0

  and 𝐵 =  
0 1 0
0 0 0
0 0 0

 , then 𝐴𝐵 = 0 but 𝛼 𝐵 𝐴 = 𝐵𝐴 ≠ 0 and so, 𝑆 is not 𝛼-

reversible . 

   

     In the following theorems, we study the relationships between 𝛼 −reversible and central 

𝛼 −reversible rings  

Theorem 3.2.5. 

Let 𝑅 be 𝛼 − compatible and semi-prime ring . If 𝑅 is central 𝛼 −reversible then 𝑅 is 𝛼-

reversible. 
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Proof. 

Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 0 then  𝛼 𝑏 𝑎 and 𝑏𝛼 𝑎  are central in 𝑅. And 𝑎𝛼 𝑏 = 0 " by 

compatibility " , 𝛼 𝑏 𝑎𝑅𝛼 𝑏 𝑎 = 𝛼 𝑏 𝑎𝛼 𝑏 𝑎𝑅 = 0 then 𝛼 𝑏 𝑎 = 0 "by semi-prime" . 

Therefore, 𝑅 is left 𝛼-reversible.Now, 𝑎𝑏 = 0 ↔ 𝛼 𝑎𝑏 = 𝛼 𝑎 𝛼 𝑏 = 0 ↔ 𝛼 𝑎 𝑏 = 0. So, 

𝑏𝛼 𝑎 𝑅𝑏𝛼 𝑎 = 𝑏𝛼 𝑎 𝑏𝛼 𝑎 𝑅 = 0 then 𝑏𝛼 𝑎 = 0 "by semi-prime". Therefore, 𝑅 is left 𝛼-

reversible. Hence, 𝑅 is 𝛼-reversible. 

 

Theorem  3.2.6. 

Let 𝑅 be right (left) principally projective  and 𝛼 −compatible ring .If 𝑅 is central 𝛼-reversible 

then it is 𝛼-reversible.  

Proof . 

Since 𝑅 is right principally projective ring , then there exist an idempotent 𝑒 ∈ 𝑅such that 

𝑟𝑅 𝑎 = 𝑒𝑅.  Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎𝑏 = 0 then 𝑎𝛼 𝑏 = 0 " by compatibility " . So, 𝑎𝑒 = 0 and 

𝑒𝛼 𝑏 = 𝛼 𝑏 . 

Now, 𝛼 𝑏 𝑎 = 𝑒𝛼 𝑏 𝑎 = 𝛼 𝑏 𝑎𝑒 = 0, and so 𝑅 is left 𝛼-reversible. And by the same way we 

may prove the right 𝛼-reversible. Hence 𝑅 is 𝛼-reversible. 

 

Theorem  3.2.7. 

Let 𝑅 be right (left) principally Quasi -Baer  and 𝛼 −compatible ring . If 𝑅 is central 𝛼-

reversible then it is 𝛼-reversible.  

Proof . 

Let 𝑅 be right principally Quasi –Baer. And let 𝑎𝑏 = 0 then 𝑎𝛼 𝑏 = 0. Then there exists an 

idempotent 𝑒 ∈ 𝑅 such that 𝑟𝑅 𝑎𝑅 = 𝑒𝑅. By the same proof of right principally projective ring 

we may prove that 𝑅 is 𝛼-reversible . 
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Proposition 3.2.8. 

 Any domain is central 𝛼-reversible. 

Proof. 

Let 𝑎𝑏 = 0 for any 𝑎, 𝑏 ∈ 𝑅 then either 𝑎 = 0or 𝑏 = 0. 

Case I . 𝑎 = 0then𝛼 𝑎 = 0. so, 𝑏𝛼 𝑎 = 0 = 𝛼 𝑏 𝑎. 

Case II . 𝑏 = 0then𝛼 𝑏 = 0. so, 𝛼 𝑏 𝑎 = 0 = 𝑏𝛼 𝑎 . 

Therefore  𝑅 is 𝛼-reversible, and so central 𝛼-reversible. 

 

Here is an example showing that there exists a central 𝛼-reversible ring which is not domain. 

Example 3.2.9. 

Let 𝑅 =   
𝑎 0
𝑏 𝑎

 |𝑎, 𝑏 ∈ ℤ  be a ring with endomorphism  𝛼 defined by 𝛼   
𝑎 0
𝑏 𝑎

  =

 
𝑎 0
−𝑏 𝑎

  , the ring 𝑅 is central  𝛼-reversible, indeed let  𝐴 =  
𝑎 0
𝑏 𝑎

  and  𝐵 =  
𝑐 0
𝑑 𝑐

 ∈ 𝑅 be 

such that 𝐴𝐵 = 0. So we have 𝑎𝑐 = 0  and 𝑏𝑐 + 𝑎𝑑 = 0 , it implies that either 𝑎 = 𝑏 = 0 or 

𝑎 = 𝑐 = 0 or 𝑐 = 𝑑 = 0. However, in all the cases above 𝛼 𝐵 𝐴 = 𝐵𝛼 𝐴 = 0. So that 𝑅 is 𝛼-

reversible, hence  central  𝛼-reversible. 

 

In the next proposition we show that central 𝛼-reversible is closed under finite direct sum. 

Proposition 3.2.10. 

 Let  𝑅𝑖 𝑖∈𝐼 be a class of rings for a finite index set 𝐼. And  𝛼 be an endomorphism defined 

on 𝑅𝑖  into 𝑅𝑖  then , 𝑅𝑖  is central 𝛼–reversible for all 𝑖 ∈ 𝐼 if and only if ⨁𝑖∈𝐼𝑅𝑖  is central 

𝛼–reversible. 
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Proof. 

Let 𝑅𝑖  be central 𝛼–reversible for all 𝑖 ∈ 𝐼 and let  𝑎1, … , 𝑎𝑛 ,  𝑎1
′ , … , 𝑎𝑛

′  ∈  ⨁𝑖∈𝐼𝑅𝑖  

with  𝑎1, … , 𝑎𝑛  𝑎1
′ , … , 𝑎𝑛

′  = 0  = 𝑎1𝑎1
′ , … , 𝑎𝑛𝑎𝑛

′  = 0 iff 𝑎𝑖𝑎𝑖
′ = 0∀ 𝑖 ∈ 𝐼, then 

i) 𝑎𝑖
′𝛼 𝑎𝑖  is central in 𝑅𝑖  ∀ 𝑖 ∈ 𝐼 so,  𝑎1

′ 𝛼 𝑎1 ,… , 𝑎𝑛
′ 𝛼 𝑎𝑛   is central in ⨁𝑖∈𝐼𝑅𝑖  and which 

 𝑎1
′ 𝛼 𝑎1 ,… , 𝑎𝑛

′ 𝛼 𝑎𝑛  =  𝑎1
′ , … , 𝑎𝑛

′   𝛼 𝑎1 ,… , 𝛼 𝑎𝑛  =  𝑎1
′ , … , 𝑎𝑛

′  𝛼 𝑎1, … , 𝑎𝑛  is central 

in   ⨁𝑖∈𝐼𝑅𝑖 . 

ii) 𝛼 𝑎𝑖
′ 𝑎𝑖  is central in 𝑅𝑖  ∀ 𝑖 ∈ 𝐼 by the same way 𝛼 𝑎1

′ , … , 𝑎𝑛
′   𝑎1, … , 𝑎𝑛  is central in   

⨁𝑖∈𝐼𝑅𝑖 . 

By i) & ii)  ⨁𝑖∈𝐼𝑅𝑖  is central 𝛼–reversible. 

Conversely, let ⨁𝑖∈𝐼𝑅𝑖   be central 𝛼–reversible and 𝑎𝑖𝑎𝑖
′ = 0 for some 𝑖 ∈ 𝐼 then 𝑎𝑖𝑎𝑖

′ =

 0,… 𝑎𝑖 , 0, … ,0  0,… , 𝑎𝑖
′ , 0,… ,0 = 0 so, 

𝛼 0,… , 𝑎𝑖
′ , 0,… ,0  0,… , 𝑎𝑖 , 0,… ,0 & 0,… , 𝑎𝑖

′ , 0,… , 𝑎𝑛
′  𝛼 0,… 𝑎𝑖 , 0, … ,0  are central in 

⨁𝑖∈𝐼𝑅𝑖  . And so, 𝑎𝑖
′𝛼 𝑎𝑖 &𝛼 𝑎𝑖

′ 𝑎𝑖  are central in 𝑅𝑖 . Hence 𝑅𝑖  𝑖𝑠 central 𝛼–reversible. 

 

Here, we study central 𝛼-reversible on a localization of a ring 𝑅. 

Proposition 3.2.11. 

Let 𝛼 be an onto endomorphism then a ring R is central 𝛼–reversible if and only if 𝑆−1𝑅 is 

central 𝛼–reversible. 

Proof. 

Let R be central 𝛼–reversible and   
𝑎

𝑟
,
𝑏

𝑠
∈ 𝑆−1𝑅 where 𝑎, 𝑏 ∈ 𝑅 ,𝑟, 𝑠 ∈ 𝑆 with  

𝑎

𝑟

𝑏

𝑠
= 0 iff  

𝑎𝑏

𝑟𝑠
= 0 iff 𝑎𝑏 = 0, then 𝑏𝛼 𝑎 & 𝛼 𝑏 𝑎 are central in R now, let  

𝑐

𝑑
∈ 𝑆−1𝑅  so 

𝑏

𝑠
𝛼  
𝑎

𝑟
 
𝑐

𝑑
=
𝑏𝛼 𝑎 

𝑠𝛼 𝑟 

𝑐

𝑑
=
𝑐

𝑑

𝑏𝛼 𝑎 

𝑠𝛼 𝑟 
=
𝑐

𝑑

𝑏

𝑠
𝛼  
𝑎

𝑟
 . 

By the same way  
𝑐

𝑑
𝛼  

𝑏

𝑠
 
𝑎

𝑟
= 𝛼  

𝑏

𝑠
 
𝑎

𝑟

𝑐

𝑑
.  Therefore 𝑆−1𝑅 is central 𝛼–reversible. 
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Conversely, let 𝑆−1𝑅 be central 𝛼–reversible and 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅 then 𝑎 =
𝑎

1
 ,𝑏 =

𝑏

1
 ,1 ∈ 𝑆 

and 𝛼 1 = 1 then the rest is clear. 

Now, we introduce another new class of rings, which is called central 𝛼-symmetric rings. 

Definition  3.2.12. 

(1) A ring 𝑅 is central right 𝛼-symmetric if whenever 𝑎𝑏𝑐 = 0 then 𝑎𝑐𝛼(𝑏) is central in 𝑅 for 

𝑎, 𝑏, 𝑐 ∈ 𝑅. 

(2) A ring 𝑅 is central left 𝛼-symmetric if whenever 𝑎𝑏𝑐 = 0 then 𝛼 𝑏 𝑎𝑐   is central in 𝑅 for 

𝑎, 𝑏, 𝑐 ∈ 𝑅. 

(3) A ring 𝑅 is central 𝛼-symmetric if it is both central right and left 𝛼-symmetric. 

    It is well known that if 𝑅 is 𝛼-symmetric, then it is 𝛼-reversible ring. For central case we 

have : 

Theorem  3.2.13. 

Let 𝑅 be any ring. If 𝑅 is central 𝛼-symmetric then it is central 𝛼-reversible ring. 

Proof. 

 Let 𝑎𝑏 = 0 for any 𝑎, 𝑏 ∈ 𝑅 then 𝑎𝑏 = 𝑎𝑏1 = 0. Implies that 𝛼 𝑏 𝑎1 =  𝛼 𝑏 𝑎 is central in 𝑅 

and1𝑎𝑏 = 0 then 1𝑏𝛼 𝑏 = 𝑏𝛼 𝑏  is central in 𝑅. Therefore 𝑅 is central 𝛼-reversible ring. 

Remark  3.2.14. 

If 𝑅 is 𝛼–symmetric then, it is central 𝛼 −symmetric. 

Next proposition shows that central 𝛼 −symmetric is closed under finite direct sum. 

Proposition  3.2.15. 

 Let  𝑅𝑖 𝑖∈𝐼 be a class of rings for a finite index set I. And  𝛼 be an endomorphism defined on𝑅𝑖  

into 𝑅𝑖  then,  𝑅𝑖  is central 𝛼–symmetric for all 𝑖 ∈ 𝐼 if and only if  ⨁𝑖∈𝐼𝑅𝑖   is central 

𝛼–symmetric. 
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Proof. 

Let 𝑅𝑖  be central 𝛼– symmetric for all 𝑖 ∈ 𝐼 and let 𝑎1, … , 𝑎𝑛 ,  𝑏1, … , 𝑏𝑛 ,  𝑐1, … , 𝑐𝑛 ∈

 ⨁𝑖∈𝐼𝑅𝑖  with  𝑎1, … , 𝑎𝑛  𝑏1, … , 𝑏𝑛  𝑐1, … , 𝑐𝑛 = 0 then  𝑎1𝑏1𝑐1, … , 𝑎𝑛𝑏𝑛𝑐𝑛 = 0 if and only if  

𝑎𝑖𝑏𝑖𝑐𝑖 = 0   ∀𝑖 ∈ 𝐼 implies both 𝛼 𝑏𝑖 𝑎𝑖𝑐𝑖  and 𝑎𝑖𝑐𝑖𝛼 𝑏𝑖  are central in 𝑅𝑖∀𝑖 ∈ 𝐼 . So, 

 𝛼 𝑏1 𝑎1𝑐1, … , 𝛼 𝑏𝑛 𝑎𝑛𝑐𝑛  is central in ⨁𝑖∈𝐼𝑅𝑖  if and only if 

 𝛼 𝑏1 ,… , 𝛼 𝑏𝑛   𝑎1, … , 𝑎𝑛  𝑐1, … , 𝑐𝑛  is central in ⨁𝑖∈𝐼𝑅𝑖  if and only if 

𝛼  𝑏1 , … , 𝑏𝑛   𝑎1, … , 𝑎𝑛  𝑐1, … , 𝑐𝑛  is central in ⨁𝑖∈𝐼𝑅𝑖 . Hence, ⨁𝑖∈𝐼𝑅𝑖  is central left 𝛼-

symmetric. 

And,  𝑎1𝑐1𝛼 𝑏1 , … , 𝑎𝑛𝑐𝑛𝛼 𝑏𝑛   is central in ⨁𝑖∈𝐼𝑅𝑖  if and only if 

 𝑎1, … , 𝑎𝑛  𝑐1, … , 𝑐𝑛  𝛼 𝑏1 ,… , 𝛼 𝑏𝑛   is central in ⨁𝑖∈𝐼𝑅𝑖  if and only if 

 𝑎1, … , 𝑎𝑛  𝑐1, … , 𝑐𝑛 𝛼  𝑏1 , … , 𝑏𝑛   is central in ⨁𝑖∈𝐼𝑅𝑖 . Hence, ⨁𝑖∈𝐼𝑅𝑖  is central right 𝛼-

symmetric. Therefore, ⨁𝑖∈𝐼𝑅𝑖  is central 𝛼-symmetric. 

Conversely, let ,⨁𝑖∈𝐼𝑅𝑖  be central 𝛼-symmetric and let 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 ∈ 𝑅𝑖  for some 𝑖 ∈ 𝐼 

with  𝑎𝑖𝑏𝑖𝑐𝑖 = 0   but 𝑎𝑖 =  0,… , 𝑎𝑖 , 0,… ,0  , 𝑏𝑖 =  0,… , 𝑏𝑖 , 0,… ,0  and  𝑐𝑖 = 

 0,… , 𝑐𝑖 , 0,… ,0  then 𝑎𝑖𝑏𝑖𝑐𝑖 =  0,… , 𝑎𝑖 , 0,… ,0  0,… , 𝑏𝑖 , 0,… ,0  0,… , 𝑐𝑖 , 0, … ,0 = 

 0,… , 𝑎𝑖𝑏𝑖𝑐𝑖 , 0, … ,0 = 0 hence, both   

𝛼  0,… , 𝑏𝑖 , 0, … ,0   0,… , 𝑎𝑖 , 0, … ,0  0,… , 𝑐𝑖 , 0,… ,0  and 

 0,… , 𝑎𝑖 , 0,… ,0  0,… , 𝑐𝑖 , 0, … ,0 𝛼  0,… , 𝑏𝑖 , 0, … ,0   are central in ⨁𝑖∈𝐼𝑅𝑖   if and  

only if  0,… , 𝛼 𝑏𝑖 𝑎𝑖𝑐𝑖 , 0,… ,0  and  0,… , 𝑎𝑖𝑐𝑖𝛼 𝑏𝑖 , 0, … ,0  are both central in  

⨁𝑖∈𝐼𝑅𝑖   if and only if  𝛼 𝑏𝑖 𝑎𝑖𝑐𝑖  and 𝑎𝑖𝑐𝑖𝛼 𝑏𝑖  are both central in 𝑅𝑖 . Therefore, 𝑅𝑖  is 

central 𝛼-symmetric.  
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Proposition 3.2.16. 

Let 𝛼 be an onto endomorphism then ,a ring R is central 𝛼–symmetric if and only if 𝑆−1𝑅 is 

central 𝛼– symmetric. 

Proof. 

Let R be central 𝛼– symmetric and  
𝑎

𝑟
,
𝑏

𝑠
,
𝑐

𝑡
∈ 𝑆−1𝑅 where 𝑎, 𝑏, 𝑐 ∈ 𝑅 ,𝑟, 𝑠, 𝑡 ∈ 𝑆 with  

𝑎

𝑟

𝑏

𝑠

𝑐

𝑡
= 0 

iff  
𝑎𝑏𝑐

𝑟𝑠𝑡
= 0 iff 𝑎𝑏𝑐 = 0 then 𝑎𝑐𝛼 𝑏 & 𝛼 𝑏 𝑎𝑐 are central in R now, let  

𝑤

𝑑
∈ 𝑆−1𝑅  so 

𝛼  
𝑏

𝑠
 
𝑎

𝑟

𝑐

𝑡

𝑤

𝑑
=
𝛼 𝑏 𝑎𝑐

𝛼 𝑠 𝑟𝑡

𝑤

𝑑
=
𝑤

𝑑

𝛼 𝑏 𝑎𝑐

𝛼 𝑠 𝑟𝑡
=
𝑤

𝑑
𝛼  
𝑏

𝑠
 
𝑎

𝑟

𝑐

𝑡
. 

By the same way 
𝑤

𝑑

𝑎

𝑟

𝑐

𝑡
𝛼  

𝑏

𝑠
 =

𝑎

𝑟

𝑐

𝑡
𝛼  

𝑏

𝑠
 
𝑤

𝑑
.  Therefore 𝑆−1𝑅 is central 𝛼– symmetric. 

Conversely, let 𝑆−1𝑅 be central 𝛼– symmetric and 𝑎𝑏 = 0 for 𝑎, 𝑏 ∈ 𝑅 then 𝑎 =
𝑎

1
 , 𝑏 =

𝑏

1
 ,

1 ∈ 𝑆 and 𝛼 1 = 1, then the rest is clear. 
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