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Abstract

In this thesis we study central reversible and central symmetric rings, which are
generalizations of reversible and symmetric rings respectively. We study their main

characterizations and properties and its relationship with other classes of rings.

Moreover, many ring extensions of those rings are considered. We introduce new
classes of rings which are central «-reversible and central «- symmetric rings as
a generalizations of «-reversible and «- symmetric rings respectively, some results

in this case were introduced.
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Introduction

Throughout this thesis all rings are associative with identity . A ring R is said to be
reversible if for any a,b € R, ab = 0 implies ba = 0 and it is called a central reversible if for
any a,b € R, ab = 0 implies ba is central in R and it is said to be weakly reversible, if for

anya, b,r € Rsuch that ab = 0, then Rbra is a nil left ideal of R.

In chapter one, we study central reversible rings as a generalization of reversible rings.
Clearly, reversible rings are central reversible and central reversible rings are weakly
reversible. We supply some examples to show that all central reversible rings need not be
reversible and all weakly reversible rings need not be central reversible. Therefore, we show
that the class of central reversible rings lies strictly between classes of reversible rings and
weakly reversible rings.

Among others we prove that central reversible rings are abelian and there exists an abelian ring,
but it is not central reversible. It is shown that every central reversible ring is weakly reversible,

2-primal, abelian and so directly finite.

For an Armendariz ring R, we prove that R is central reversible if and only if the polynomial
ring R[x] is central reversible if and only if the Laurent polynomial ring R[x, x] is central
reversible. Moreover, it is also proven that if R is central reversible, then the Dorroh extension

of R is central reversible.

Aring R is said to be symmetric if for any a,b,c € R, abc = 0 implies acb = 0 and it is

called central symmetric if for anya, b, c € R,abc = 0 implies bac belongs to the center of R.

In chapter two, we study central symmetric rings, which is a generalization of symmetric
rings. We investigate which properties of symmetric rings hold for the central case. Clearly,
symmetric rings are central symmetric and central symmetric rings are central reversible. We
supply an example to show that all central symmetric rings need not be symmetric. We provide
another example to show that all central reversible rings may not be central symmetric.
Therefore the class of central symmetric rings lies strictly between classes of symmetric rings
and central reversible rings. Sufficient conditions for central symmetric rings to be symmetric

are indicated.




It is shown that the class of central symmetric rings is closed under finite direct sums. We have
an example which shows that the homomorphic image of a central symmetric ring is not central
symmetric. Then we determine under what conditions a homomorphic image of a ring is central

symmetric.

Finally in chapter three, we consider a skew version of reversible and Symmetric rings
with respect to a ring endomorphisme , in particular we study « —reversible and « —
symmetric rings ,they are defined as follows:

Aring R is called a-reversible if it is both right and left a-reversible that is whenever ab = 0
for a,b € R then ba(a) = 0 and a(b)a = 0 ,and it is called a-symmetric if it is both right and
left a-symmetric that means whenever abc = Othenaca(b) = 0 and a(b)ac = 0 fora, b,c €
R.Moreover, we introduce new classes of rings, called central « —reversible and central « —
symmetric rings as a generalization of « —reversible and o — symmetric rings . We prove

some results in this general setting.




Chapter 1.

Generalization of Reversible Rings

In this chapter we study a class of rings, called central reversible rings, which is a
generalization of reversible rings. We prove that some results of reversible rings can be
extended to central reversible rings. In this chapter all rings are associative with identity.

Section 1.1. Central Reversible Rings

Definition 1.1.1.

A non zero element a is called nilpotent if there exist n € Z* such that a™ = 0.
Definition 1.1.2.

Aring R is said to be reduced if it has no non-zero nilpotent elements.
Definition 1.1.3. [2]

Aring R is said to be reversible if for anya, b € R, ab = 0 implies ba =0 .
We now give the main definition in this chapter.

Definition 1.1.4. [12]

Aring R is called central reversible if for any a,b € R, ab = 0 implies ba is central in
R.

One may suspect that central reversible rings are reversible. But the following example

erases the possibility.

Example 1.1.5.[12]

a b c
Let R be a commutative reduced ring and consider S = {(0 a d) la,b,c,d € R} be
0 0 a

the ring of 3 x 3 upper triangular matrices with usual addition and multiplication of

matrices , we prove that S is central reversible but not reversible. Let




aq b1 C1 a; bZ C2
x = (O a, d1>,y = (O a; d2> € S with xy = 0. Then we have the following

0 0 a 0 0 a;
equations ;
(1) aja; =0,

(2) a1b; + bia; =0,
(3) acy + b1d2 + c1a, = O,
(4) a1d2 + d1a2 =0.

Since R is commutative, we have a,a; = 0. Multiplying equation (2) from the left by

bia, then ( bya,)? = 0 and so b;a, = 0 since R is reduced. Using a similar method we
geta,;d, = 0 = d, a,. Multiplying equation (3) from the right by a,c,, then (a;c,)? =0
it follows that a;c, = 0 = ¢, a4 then we get b;d, + c;a, = 0. Multiplying this equation

from the right by b, d,, then b;d, = d,b; = 0, consequently

az by ¢\ /a1 b 0 0 bydy
yx=10 a, d || 0 a di]=|0 0 0 |#0.
0 0

0 0 a; 0 0 a

0
0 0 as
0 0 byd,\ /a3 b3 c3 0 0 bydias
yxc=|0 0 O 0 a3 d3|=|0 0 0 and
00 O 0 0 a; 0 0 0
az b3 c3\ /0 0 byd, 0 0 azbyd, 0 0 bydas
cyx=(0 a3 d3)]{f0 0 O |]=|l0 0 O |=(0 O O
0 0 a3/\0 0 O 0 0 0 00 0

Therefore S is central reversible.

0 0 O 0 1 0
Onthe otherhandletx =0 0 1)and y=(0 0 0], notethatxy = 0 but
0 0 O

0 0 1
yx = (O 0 O) # 0. Hence S is not reversible.
0 0O




Definition 1.1.6.[1]
Aring R is semi-prime if aRa = 0 implies a = Ofor a € R.
Definition 1.1.7.[1]

Aring R is right (left) principally projective if the right (left) annihilator of an element of
R is generated by an idempotent.

Definition 1.1.8.[1]

Aring R is right (left) principally Quasi-Baer if the right (left) annihilator of principal
right (left) ideal of R is generated by an idempotent.

Lemma 1.1.9.
If R is areversible ring, then R is central reversible.
Proof.

Let R be a reversible ring with ab = 0. And so, ba = 0, since R is reversible then ba is

central in R since 0 is central.
We now investigate under what conditions central reversible rings are reversible.
Proposition 1.1.10. [12]

Let R be a central reversible ring, then R is reversible if R satisfies any of the following

conditions.
(D R is semi-prime ring.
(2) R is aright (left) principally projective ring.
3 R is aright (left) principally Quasi-Baer ring.
Proof .

Assume that R is a central reversible ring and a,b € Rwithab = 0. Then ba is central.

Now consider the following cases.

(1) Let R be a semi-prime ring. Since ba is central, baRba = 0 and soba = 0. Thus R




is reversible.

(2) Let R be a right principally projective ring. Then there exists an idempotent e € R
such that r; (a) = eR. Hence b = eband ae = 0. Since ba is central, ba = eba =
bae = 0 and so R is reversible. A similar proof may be given for left principally
projective rings.

(3) Let R be a right principally quasi-Baer ring. Then there exists an idempotent e € R
such that r; (aR) = eR. Hence b = eband ae = 0. Since ba is central, ba = eba =
bae = 0 related on 1. And so R is reversible. A similar proof may be given for left

principally projective rings.

The following is a consequence of Proposition 1.1.9.
Corollary 1.1.11.

If R is a central reversible ring. Then the following conditions are equivalent .

(D R is a right principally projective ring.

2) R is a left principally projective ring.

3) R is a right principally Quasi-Baer ring.

4 R is a left principally Quasi-Baer ring.
Proof.

(1)=(2) Let R be a right principally projective ring and a € R. Then there exists an
idempotent e € R such that rr(a) = eR. Also by Proposition1.1.9, R is reversible.
Let b € lz(a). R Being reversible ,ab = 0 and so b = eb. Since e is central, we have
b = be. Hence lz(a) € Re. Obviously, Re S lz(a). Thus R is a left principally

projective ring.

(2)=(3)Let R be a left principally projective ring and a € R. Then there exists an
idempotent e € R such that Iz (a) = Re. Since e is central, we have ea = ae = 0.
Letb € g (aR).Then axb = 0 for all x € R. Hence bax = 0, and ba = 0 due tol € R.
Thus b = be = eb, and s0 rr(aR) S eR.Hence eR = rR(aR) sincee R € rr(aR)

holds also. Therefore R is a right principally quasi-Baer ring.




(3)=(4) and (4)=(1) are similar to the proofs of preceding cases.

Recall that a ring with identity 1 # 0 in which every element is unit is called division

ring.

Note that the homomorphic image of a central reversible ring need not be central
reversible. Consider the following example.

Example 1.1.12. [12]

Let D be adivisionring, R = D[x,y]land I = (xy), where xy # yx.Since Risa
domain, R is central reversible. On the other hand, (x + I)(y + 1) is zero but (y +

I) (x + I)isnotcentral in R/I . Hence R/I is not central reversible.
Definition 1.1.13.[10]
Aring R is called unit central if all unit elements are central in R.

Our next endeavor is to determine conditions when the homomorphic image of a ring is

central reversible.

Recall that an ideal of a ring is said to be nil ideal if each of its elements is nilpotent .
Lemma 1.1.14. [12]

Let R be a unit central ring. If I is a nil ideal of R, then R /I is central reversible.
Proof.

Leta,b € Rwith (a+ I)(b + I) = 0+41.Then ab € I and so there exists a positive
integer nsuch that (ab)® = 0. Hence (ba)™*! = 0. It follows that 1 - ba is unit and so
central by hypothesis. Thus rba = bar for any r € R. Therefore (b + I)(a + ) is

central in R/I.

The next example shows that for a ring R and an ideal I, if R/l is central reversible, then

R need not be central reversible.



https://en.wikipedia.org/wiki/Nilpotent_element

Example 1.1.15.[12]

F F
0 F

F F

LetR:( 0 0

) where F is any field. Consider the ideal I = ( )of R.ThenR/I is

central reversible because of the commutativity property of R/l . For A = (8 1)

(1 1 _ _ e
B—(O O)ER,wehaveAB—O. ConsnderC_(0

that CBA + BAC. Therefore R is not central reversible.

Cy . .
63) € R with ¢; # c3. Itisclear
Lemmal.1.16. [12]

Let R be aring. If R/I is a central reversible ring with a reduced ideal I, then R is central

reversible.
Proof.

Let R/I be a central reversible ring. Leta,b € Rwithab = 0. Since (a + I)(b +
I1)=0+1,(b+1)a+1) is central inR/I. It follows that bar — rba € I for
anyr € R. Then I (bar — rab) = 0. Hence we have (har — rba)? = 0. Since Iis

reduced, bar = rba and so R is central reversible.
Definition 1.1.17. [15]

Aring R is said to be weakly reversible, if for all a, b, € R such that ab = 0, Rbra isa
nil left ideal of R.

We show that the class of central reversible rings lies strictly between classes of

reversible and weakly reversible rings.
Theorem1.1.18. [12]
Let R be a ring. Consider the following conditions.

(1) Risreversible.
(2) R s central reversible.

(3) R is weakly reversible.

Then (1) = (2) = (3).




Proof.
(1) = (2) By lemma 1.1.16.

(2)= () Leta,b € Rwithab = 0. Thenforall x € R,abx = 0. Since R is central
reversible, clearly bxa is central. Then we have (rbxa )? = (rbxa )(rbxa) =
r(bxa)rbxa = rrbx(ab)xa = 0 for all r,x € R. This implies that R is weakly

reversible.

Lemma 1.1.19.[15]

Aring R is a weakly reversible ring if and only if, for any n, the n X n upper triangular

matrix ring T,, (R) is a weakly reversible ring.
The next example shows that weakly reversible need not be central reversible.
Examplel.1.20. [12]

Let R be a weakly reversible ring and consider the ring

a b c
S = [(0 d e)
0 0 f

by last proposition S is weakly reversible. We now prove that S is not central reversible .

a,b,c,d,fER}

0 1 1 1 1 1
Forx={10 0 O)y=(0 0 1 ]€S,wehavexy= 0 butyx = x which is not
0 0 O 0 0 -1

1 2 1 0 1 3 0 1 1
centralin S, letz=(0 1 2], xz=|0 0 O|butzx={0 0 O |.ThereforeS

0 0 1 0O 0 O 0O 0 O
is not central reversible.

Definition 1.1.21.[12]

Aring R is said to be abelian if every idempotent of the ring R is central.




Lemma 1.1.22. [12]
Every reversible ring is abelian.
Proof.

Lete? = e€ R.Foranyr € R,(1— e)(er — ere) = 0 implies (er — ere)(1 —
e) = er — ere = 0then er = ere. Similarly for any r € R,(re — ere)(1 —

e) = 0implies re — ere = 0. Therefore R is abelian.

In addition to lemma 1.1.22, we have the following proposition when we deal with

central case.

Lemmal.1.23. [12]

If R is central reversible ring , then it is abelian .
Proof.

Lete? = e€e R.Foranyr € R,(1— e)(er — ere) = 0 implies (er — ere)(1 —
e) = er — ere iscentral. Commuting er — ere by ewe have er — ere = 0.
Similarly, forany r € R, (re — ere)(1 — e) = 0 impliesre — ere = 0. Therefore R

is abelian.

The next example shows that there exists an abelian ring which is not reversible and so

not central reversible.

Examplel.1.24. [12]

a b

Consider the ring R = {(c d) la = d(mod2),b = ¢ = 0(mod2), a,b,c,d € Z}.

Since (8 8) and ((1) (1)) are the only idempotent of R, R is abelian. On the other hand,

. 0 0\ (2 2 : _ : _
con3|derx—(0 2),y—<0 0)ERWlthxy—Obutyxlsnotcentralfor z=

(o Der wme=(g o) 2= $)mox=( )G 0)=( o

Hence R is not central reversible.

10
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Definition 1.1.25.[12]

Aring R is called directly finite whenever a,b € R,ab = 1 implies ba = 1.
Lemma. 1.1.26.

Every abelian ring is directly finite.

Proof.

Let R be abelian ring, let a, b € R with ab = 1. (ba)? = baba = bla = ba means that
ba is idempotent hence central. Now, bac = cba = cbaab = cabab = c. Implies that

ba = 1 since 1 is unique in R.

Corollary 1.1.27. [12]

Every central reversible ring is directly finite.

Proof.

Clear since every central reversible ring is abelian and every abelian is directly finite.
Definition 1.1.28.[14]

Aring R is said to be semi-commutative if for any a,b € R, ab = 0 implies aRb = 0.
Definition 1.1.29. [14]

Aring R is said to be weakly semi-commutative if forany a,b € R,ab = 0 implies arb is

a nilpotent element for each r € R.
Lemma 1.1.30.

Every reversible ring is semi-commutative.
Proof.

Let R be reversible ring with ab = 0 then ba = 0 since R is reversible . Forany € R ,

bar = 0 hence arb = 0 therefore, R is semi-commutative.

11

—
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Lemma 1.1.31. [12]
Every central reversible ring is weakly semi-commutative.
Proof.

Leta,b € R withab = 0, then ba is central. Thus we have (arb)? = (arb) (arb) =
ar (ba) rb = a(ba) rrb = 0, and so arb is nilpotent for all » € R. This shows

that R is weakly semi-commutative.
Corollary 1.1.32.[12]

Let R be a right principally projective ring. If R is central reversible, then it is semi-

commutative.
Proof.

It follows from the fact that every central reversible and right principally projective ring is

reversible and so, semi-commutative.

Definition 1.1.33.

A non zero ring R is a prime ring if forany a,b € R, arb = 0, impliesa =0 or b = 0.
Definition 1.1.34.

Aring R is a domain in which ab = 0 impliesa =0o0r b = 0.

Lemma 1.1.35. [12]

Let R be aring, then R is a prime and reversible ring if and only if it is a domain.

Proof.

Let R be reversible and prime, let ab = 0 then abr = 0,Vr € R, so bra = 0 since R is

reversible. Impliesthata = 0 or b = 0.

Conversely, let R be a domain (1) let arb = 0 for some r € R then eithera =0orrb =0
hence either r = 0 or b = 0 but since r is arbitrary b = 0. Hence eithera = 0 or b = 0.

Therefore, R is a prime .

12
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(2) Let ab = 0 then at least one of a or b is zero, implies that ba = 0. Hence R is

reversible.
We have the following proposition when we deal with central reversible rings.
Lemmal.1.36. [12]

Let R be aring, then R is a prime and central reversible ring if and only if it is a domain.
Proof.

Leta,b € Rwithab = 0. Thenabr = 0 for any r € R and so bra is central. By
commuting bra with b, we have b?ra = brab = 0. By hypothesis, bratb is central for

anyt € R.Since R isprime,a = 0orb = 0. Therestis clear.

Definition 1.1.37.

(1) The prime radical of aring R is defined by P(R) = N{P: P is a prime ideal of R}
(2)The nil radical of aring R is defined by N(R) = {a € R: a is nilotent element in R}

(3) Thering R is called 2-primal if P(R) = N(R).

In (21; Theorem 1.5) it is proved that every reversible ring is 2- primal. In this direction

we have the following theorem.
Theorem1.1.38. [12]

If R is a central reversible ring, then it is 2-primal. The converse holds for semi-prime

rings.
Proof.

Let R be a central reversible ring. We always have P (R) S N (R), since P (R) is a nil
ideal of R. For the converse inclusion, let a € N (R) with a® = 0 for some positive
integer . Assume that a ¢ Q for a prime ideal Q. Since R is central reversible, ais
central. For any r,_1,7,-2,...,75, 71 €ER we have ar,_iar,_,..anara=

Ty_1Tyh—z -.1yrya™ = 0.For all prime ideals P we have aR(ar,_,..arara) € P.

13

—
| —



Sincea ¢ Q,ar,_,..arnaria € P for all prime ideals P and 7,,_5, ..., 75,77 € R. Hence
aR(ar,_3..ar,ara) € P for all prime ideals P and 7;,_3, ..., 15, 74 € R, using a similar
reason, since a € Q, aR(ar,_4..ar,ar;a) € P for all prime ideals Pand for all
Tn_4, -, T2, 7 € R. By going downward induction , we may reach aRa < P for all prime
ideals P. This is the required contradiction. Thus if a is nilpotent, then a € P(R) and so
N (R) € P (R).

Conversely, let R be a semi-prime and 2-primal ring. Then P(R) = 0 and so N (R) = 0.
Hence R is reduced and so central reversible. This completes the proof.

14
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Section 1.2. Some Extensions of Central Reversible Rings

In this section, we study many ring extensions of central reversible rings.
Definition 1.2.1.

A ring R is said to be a direct sum of two sub-rings Ry, R, denoted by R = R; @ R, if
and only if

1) VTER, r=mn +T2 where T1ER1,T2€R2.

Now, we prove that central reversible rings are closed under finite direct sum.
Proposition 1.2.2.

Let {R;};c; be aclass of rings for a finite index set. Then R; is central reversible for all

i €lifand only if @,¢R; is central reversible.
Proof.

Let R; be central reversible for all i € I, and let a, b € ®@;¢;R; with ab = 0 where
a=(ay,..,a,),b = (by,..,b,) such that a;, b; € R; forall € I , with ab = 0. Now,
ab = (ayby, ...,a,b,) = 0 implies a;b; = 0 foralli € I, but a;b; € R, forall i € I, and

S0, b;a; is central in R;.

Now,bac = (b;ay, ..., b,a,)(cy, ..., ;) = (bya;cq, ..., bya,c,) = (c1b1a4, ..., c, b a,) =

(¢1) e, cy)(b1ayq, ..., bya,) = cba.Henceba is central in @;¢R;.

Conversely, let @,¢;R; be central reversible . Let a;b; = 0 for some a;, b; € R; .

now, a; = (0, ...,q;,0,...,0),b; = (0, ..., b;,0, ...,0) then a;b; = (0, ...,a;b;,0,...,0) = 0
implies b;a; = (0, ..., b;a;, 0, ...,0) is central in @,¢;R;.implies b;qa;is central in R; , in
particular, let c € ®,¢R; s0,.(0, ..., b;a;c;,0...,0) = (0, ...,¢;b;a;, 0 ...,0) implies
b;a;c; = c;b;a; for some i € I means b;a; is central in R;. Therefore, R; is central

reversible.

15
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Corollary 1.2.3.

Let R be aring. Then eR and (1 — e) R are central reversible for some central idempotent

e in R if and only if R is central reversible.
Proof.

Firstly, We going to prove that R is a direct finite of eR and (1 — e) R .Let e be a central
idempotent ,s0 (1 —e)?=1—2e+e?=1—-2e+e=1—-ceand(1—e)r=r—er =

r —re = r(1 — e) therefore (1 — e)is central idempotent.

Now, eR and (1 — e) R are both two sided ideals of R. Let r € R, thenr = er +
(1—-e)reeR+(1—e)R(1).Letx€eeRN(1—e)R,3r, 1, € Rsuchthat x = er; =
(1 — e)r, implies e?r; = e(1 — e)r, 0, er; = (e — e?)r, = 0 therefore, x = 0. By last

proposition eR and (1 — e) R are central reversible.
Proposition 1.2.4.

Let R be reduced ring, then it is reversible.

Proof.

Let R be reduced ring with ab = 0. Now, (ba)? = baba = 0, hence ba = 0. Therefore, R

is reversible.

Let R and M be rings. Recall that the trivial extension of R by M is defined to be the
ring T(R,M) = R®M with the usual addition and the multiplication (r;, m;)(my, 1) =

(ry1p, iy + myry) This ring is isomorphic to the ring {(6 T) |r€ER,mME M} with

the usual matrix operations .

Theorem 1.2.5.[11]

If R is a reduced ring, then T (R, R) is reversible.

16

—
| —



Proof.

Let (g Z)((C) ‘Ci) € T(R,R) with (g Z) ((C) CCZ) = 0'then ac = 0 = ad + bc. Since

R is reduced we have ca = 0 and cad + cbc = 0 = cbc which implies bc = 0 and so

ad = 0. Hence cb = 0 = da. Therefore, (8 Ccl) (g 2) = 0.

For central case we have the following.

Definition 1.2.6. [13]

Aring R is said to be central reduced if every nilpotent element of R is central.
Proposition 1.2.7. [12]

If R is a central reduced ring, then T(R, R) is central reversible.

Proof.

Let (g Z)((C) Ccl) € T(R,R) with (g Z) (8 Ccl) = 0thenac =0 = ad + bc. By

hypothesis, R is central reversible, then ca is central.

Hence (ad)® = (—bc)(ad)(—bc) = b(ca)dbc = bdbcac = 0, which implies ad is

central. Hence (da)* = 0 and (ch)* = 0 which implies da, cb are central. Therefore

((C) Cci) (g Z) is central.

Definition 1.2.8.

A multiplicatively closed set S is a subset of a ring R such that the following two

conditions hold,

1) 1€5,
(2) forxandy €S, the product xy € S.
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Remark 1.2.9.

Let S < R be a multiplicatively closed set, then on R x S ,we define the relation (a,s) —~

(a',s) & there is an element u € S such that u(as’ — a's) = 0. This relation is an

equivalence relation and each equivalence class [(a, s)] is denoted by% .The set of all

equivalence classes S™1R = {% |a €ER,s € S} Is a ring together with the following

’
__aa

SS

I
as +a s
—

v |
“ |8

addition and multiplication =+ = = and

SS

Proposition 1.2.10.[12]
Aring R is central reversible if and only if S~1R is central reversible.

Proof.

Let R be central reversible ring and % % € S"'Rwhere a,b € R,1,s € S with %g = 0.

Since %g = % = 0 we have ab = 0. By hypothesis ba is central, so (g) (3) (3) =

r t
(5) (g) (g) for every - € S™'R where c €R,t € S.

t

Therefore S~1R is central reversible.

Conversely, assume that S~1R is central reversible ring. Since R may be embedded in

S~1R, the rest is clear.

Recall that a nonzero element of a ring that is neither a left nor a right zero divisor is

called Regular element.
Definition 1.2.11.

Let R be ring, the set of polynomials p(x) = a,x™ + a,_;x" ! + --- + a;x + a,, where
a; € R,n is non-negative integer ,with usual addition and multiplication of polynomials is

called the ring of polynomials over R in the indeterminate x and is denoted by R[x].
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Definition 1.2.12.

The Laurent polynomial ring R[x, x 1] is a ring whose elements are expressions of the
form Y, a,x*, a; € R, where x is the indeterminate and k € Z and only finitely many
coefficients a;, are non zero, with the following addition and multiplication of Laurent

polynomials :

z a;x' + Z bix! = Z(ai + b;)xt

L l

j ij
i+j=k

i x| = / a-b-\xk
(o) 20 Xz

Corollary 1.2.13.[12]

Let R be a ring, then R[x] is central reversible if and only if R[x,x~!]is central

reversible.
Proof.

Consider the subset S = {1, x, x2,x3, ...} of R[x] consisting of central regular elements.

Then the result follows from Proposition 1.2.10. by taking S™'R[x] = R[x, x!].

Definition 1.2.14.[20]

Aring R is said to be Armendariz if whenever f(x) = ag + a;x + -+ + a,,x™ and

g(x) = by + byx + -+ b, x™ € R[x] satisfies f(x)g(x) = 0 implies a;b; = 0 Vi,}j.
It is well known that reduced rings are Armendariz rings.
Theorem1.2.15.[12]

Let R be an Armendariz ring. Then the following statements are equivalent.
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(1) Ris central reversible.
(2) R[x]is central reversible.

(3) R[x,x~1]is central reversible.
Proof.

(D=(2) Let f(x) = Xy a;x’, g(x) =X bjx) € R[x] with f(x)g(x) = 0. Since R
is Armendariz a;b; = 0 for each i and j. But R is central reversible so b;a; is central for

eachiand j. It follows that g(x)f(x) is central in R[x]. Therefore, R[x] is central

reversible.
(2)=(1) Clear .

(2) & (3) Follows from corollary 1.2.13.

Definition 1.2.16.[12]

Let R be aring and let Z be the set of integers, the Dorroh extension is the ring D(R, Z) =
{(r,n)|r € R,n € Z} with operations (ry,n;) + (3, n,) = (r; + rp,ny + ny) and

(r,ny). (ry,np) = (1, + nyry + npry,nyny) .

Proposition 1.2.17.[12]

A ring R is central reversible if and only if the Dorroh extension D(R, Z)of R is central

reversible.
Proof.

The sufficiency is clear. For necessity, let (r;,n,), (1, n,)e D(R.Z) with(ry,ny) (ry, ny) =
0. Thennyn, = 0 and assume that n; = 0 . Since R is central reversible, (1, + 1ny)ry is
central in R and so, (r,,n,) (1, ny) is central in D(R.Z). Hence D(R.Z)is central

reversible . A similar proof may be given for n, = 0.
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Chapter 2.

A Generalization of Symmetric Rings

In this chapter we study a class of rings, called central symmetric rings, which is a
generalization of symmetric rings. We prove that some results of symmetric rings can be

extended to central symmetric rings. All rings in this chapter are associative with identity.

Section 2.1.Central Symmetric Rings.

Definition 2.1.1.[9]

Aring R is said to be symmetric if for any a, b, c € R,abc = 0 implies acb = 0.
An equivalent condition on a ring that whenever abc = 0 implies bac = 0.

We now give the main definition in this chapter.

Definition2.1.2.[9]

Aring R is called central symmetric if for any a, b, c € R,abc = 0 implies bac belongs to the

center of R.

One may suspect that central symmetric rings are symmetric. But the following example

erases the possibility.
Example 2.1.3.[9]

Letx, y and z be indeterminates and consider the set
R = {ay + a1x + a,y + asz|ay, a4, a,, az € Z} with component wise addition and defining

multiplication by

(ao -+ ax -+ ay -+ a3Z)(b0 -+ blx -+ bzy -+ ng) = aobo + (a0b1 + albo)x +
(aobz + azbo)y + (a0b3 + a3b0 + albz)Z.
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Then R is a ring with identity. From this multiplication all products are zero except that
xy = zand that 1 acts as an identity (see [12 Example 5.1]). Since x? = y? = 0,xz =
xxy = 0 =xyx = zxand zy = xyy = 0 = yxy = yz, z s central. Hence R is central

symmetric. On the other hand, yx = yx1 = 0, but xy1 = z and so R is not symmetric.
Our next aim is to find conditions under which a central symmetric ring is symmetric.
Proposition 2.1.4.[9]

If R is a symmetric ring, then R is central symmetric. The converse holds if R satisfies any of
the following conditions.

(1) R is a semi-prime ring.

(2) R is a right (left) principally projective ring.

(3) R is a right (left) principally quasi-Baer ring.
Proof.

Clearly every symmetric ring is central symmetric.

Conversely, assume that R is a central symmetric ring and a, b, ¢ € R with abc = 0.1t implies

that bca is central due to1 € R. Now consider the following cases.
(1) Let R be a semi-prime ring.
Since(bca)x(bca) = 0 for all x € R, it follows that bca = 0.Therefore R is symmetric.

(2) Let R be aright principally projective ring. Then there exists an idempotent e € R such
that 7z (a) = eR. Thus ae = 0. Since bc € rz(a) = eR, we have bc = ebc. It follows that
bca = ebca = bcae = 0.Therefore R is symmetric. A similar proof may be given for left

principally projective rings.

(3) Let R be aright principally quasi-Baer ring. Then there exists an idempotent e € R such
that 7z (aR) = eR. Hence ae = 0. On the other hand, axbca = abcax = 0 for all x €
R.This implies that bca € zr(aR) = eR, and so bca = ebca = bcae = 0. Thus R is
symmetric. In a similar way every left principally quasi-Baer central symmetric ring is

symmetric.
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The following is an apparent consequence of Proposition 2.1.4.
Corollary 2.1.5.[9]
If R is acentral symmetric ring, then the following conditions are equivalent.
(1) R is aright principally projective ring.
(2) R is a left principally projective ring.
(3) R is aright principally quasi-Baer ring.
(4) R is a left principally quasi-Baer ring.
Proof.

(1)=(2) Let R bearight principally projective ring and a € R. Then there exists an

idempotent e € R such that 7z (a) = eR.

Also by Proposition2.1.4, R is symmetric. Let b € lz(a). R Being symmetric ,ab = 0 and
so b = eb. Since e is central, we have b = be. Hence [z (a) S Re. Obviously, Re < [z (a).

Thus R is a left principally projective ring.

(2)=(3) Let R be a left principally projective ring and a € R. Then there exists an idempotent
e € R such that [z (a) = Re. Since e is central, we have ea = ae = 0. Let b € vz (aR). Then
axb = 0 for all x € R. Hence bax = 0, and ba = 0 duetol € R. Thus b = be = eb, and so
rr(aR) € eR. Hence eR = rR(aR) since eR € gz (aR) holds also. Therefore R is a right

principally quasi-Baer ring.

(3)=(4) and (4)=(1) are similar to the proofs of preceding cases.

Lemma 2.1.6.

All reduced rings are symmetric.
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Proof.

Let R be reduced ring with abc =0, a, b, c € R then (bca)? = bcabca = 0,

implies bca = 0 . Hence R is symmetric.
In the central case, we have the following result.
Lemma 2.1.7. [9]
If R is a central reduced ring, then it is central symmetric.
Proof.

Let abc = 0 for some a, b, c € R.Then(cab)? = cabcab = 0530 cab is central. On the other
hand, (bca)? = bcabca = 0530 bca is central. For any r € R, (arbc)? = arbcarbc =
abcar?bc = 0 since bca is central. So arbc is central. For any reR, (abrc)® =
abrcabrcabrc = abcabrcabrrc = 0 since cab is central, and (bcra)? =

bcrabcra = 0 implies bera is central. (carb)? = carbcarb = cabcarrb = 0.

So carbis central. Forany r,s € R, (arbsc)2 = arbscarbsc = arbcarbs?c =
abcar?bs?c = 0 since carb and then bca is central. Hence arbsc is central. (bac)* =

b(achac)b(achac) = 0 since achac is central and (achac)? = 0. Hence bac iscentral.
In the following we prove when a central symmetric ring is reduced.

Theorem 2.1.8.[9]

Let R be a central symmetric ring. Then we have

() If R is a semi-prime ring, then R is reduced.

(2) If R is a right (left) principally projective ring, then R is reduced.

Proof.

(1) Let a € R with a? = 0 .Forany 7 € R,ra® = 0. By hypothesis ara is central,

(ara)? = 0 and so aRa = 0. Since R is semi-prime, a = 0.
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(2) Let R be a right principally projective ring and a € R with a? = 0. There exists e? = e €
R such that 7z (a) = eR. Thena € 1z (a) and ae = 0 and a = ea. By Proposition 2.1.4, e is

central and so a = ea = ae = 0.
This proof is left-right symmetric since idempotents are central.

It is well known that every symmetric ring is reversible and the converse holds

for semi-prime rings. In this direction we have the following.
Proposition 2.1.9.[9]

Let R be a central symmetric ring. Then R is central reversible. The converse statement holds

if R is a semi-prime ring.
Proof.

Leta,b € Rwithab = 0. Then 1ab = 0. Hencelba = bla = ba is central. Conversely,
assume that R is a semi-prime central reversible ring. Let a, b,c € R with abc = 0. We may
suppose that a, b and c are non zero. For any r € R, abcr = 0 implies crab is central, and
(crab)? = 0. By assumption crab = 0.Forany s € R, crabs = 0 implies bscrais

central and (bscra)? = 0.

By similar reason bscra = 0. Hence (bac)? = bacbac = 0.For any t € R, bactbac is
central and(bactbac)? = 0. Then bactbacRbactbac = 0. Hence bactbac = 0 for

all t € R. Being R semi-prime we have bac = 0.

Corollary 2.1.10.

Every central reduced ring is central reversible.
Definition 2.1.11.

Let G be a group, and let R be a ring with unity. We define the group ring R[G] as the set of all
linear combinations of the form a = ¥, ,¢; a(g) g,wherea(g) € R and a(g) = 0 except a finite

number of coefficients ,with addition and multiplication defined as the following:
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Y alg)g (Z b(h) h>= > la@)b(] gh
gEeG heaG h,geG

Example 2.1.12.

Let G = Z,, the cyclic group of three elements with generator a and identity element 1c. An
element r of C[G] may be written as r = z,1; + z,a + z,a*where 2y, z; and z, are in C, the
complex numbers. Writing a different element s as s = wy1,; + wya + w,a?their sum isr +

s =(zg+wp)l; + (z; + wa + (z, + wy)a? and their product is rs = (zowy + zyw, +
z2,wy) 16 + (Zgwy + Wy + zowy)a + (zgw, + zywy + zywy )a?

Notice that the identity element 1 of G induces a canonical embedding of the coefficient ring
(in this case C) into C[G]; however strictly speaking the multiplicative identity element of C[G]
is 1-1¢ where the first 1 comes from C and the second from G. The additive identity element is

of course zero.

The next example provides that there exists a central reversible ring which is not a central

symmetric ring.
Example 2.1.13.[9]

Let Qg = {1,x_1,xl.,x_l.,xj,x_j,xk,x_k} be the quaternion group and consider the group
ring R = Z,[Qg]. The elements of Z, [Q,] as Z,-linear combinations of {x,: g € Qg}. By
Courter’s result in [13,Corollary2.3], R is reversible and so central reversible. But R is not
symmetric as in [14,Example7] by taking a = 1x;,b=1+x, andc =1+x, + X; + X
Then abc = 0 but bac = 0. Infact bac = x; +x; +x, +x_; +x_, and it is easily

checked that x, (bac) # (bac)x;. Hence R is not central symmetric.

Note that the homomorphic image of a central symmetric ring need not be central

symmetric. Consider the following example.
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Example 2.1.14.[9]

Let Z, denote the field of integers modulo 2 and Z, (y) denotes the rational functions field
of polynomial ring Z, [y] and R = Z, (y)[x] the ring of polynomials inxover Z, (y) subject to
the relation xy + yx = 1.

It is well known that R is a principal ideal domain and so is a non-commutative domain
(see[8,p.30],[5,Note3.9],[21,Example5.3]) . Let I = x2R. Then I is a maximal ideal of R.
Consider the ring S = R /1. \We write X and y for the images of x and y respectively under
the natural epimorphism from R onto S. Let a, b, c € R with abc = 0. Since R is a domain, at
least one of a, b and c is zero. Therefore bac = 0 and so bac is central and R is central
symmetric. For x, y € S, we have ¥ = 0 and xy+yx = 1. Multiplying the last equality from
the right by xand using ¥2 = 0, we have xyx= . If S were central symmetric, (¥j—1)x = 0
would imply % (¥y—1)=-% is central in S and so ¥ is central in S. This is a contradiction

since x is not central.

Our next goal is to find conditions when the homomorphic image of a ring is central

symmetric. It is proven that every idempotent of a unit-central ring is central.

Lemma 2.1.15.[9]

Let R be a unit-central ring. If 7 is a nil ideal of R, then R and R /I are central symmetric.
Proof.

Let a € Rwith a™ = 0 for some positive integer n. Then (1 + a)(1-a + a? —

al+...+(=1)""ta”~1) = 1Hence 1 + a and therefore a is central. Let a, b and ¢ € R with
abc = 0in R /1. Then abc € I. Hence abc is nilpotent. So 1 + abc, and therefore abc is
central. Now (cab)? = 0 and (bca)? = 0 imply (cab)? € I and (bca)? € I, and therefore
cab and bca are central. abcr = 0 for all € R implies (c7ab)? = 0. So (crab)? € I

and (crab)? is nilpotent and crab is central for all 7~ € R. Similarly, (b5 ¢ @)? = 0 implies

bsca is central for all s € R.
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Lets,7 € R/I. Then (bscra)? = 0 since crab is central nilpotent. Hence bscra is
central for s, € R. Now (bac)* = 0 since bacba is central nilpotent. Hence bac is central.

Thus bac is central.

The next example shows that for aring R and an ideal 7, if R /I is central symmetric, then

R need not be central symmetric.
Example 2.1.16.[9]

Let F be a field and R the ring of all 2 x 2 upper triangular matrices over F and e, . matrix
units with 1 at the entry (i, j) and zeros elsewhere. Let I = e ,R. Then I is an ideal of R and

R /I is a commutative ring, therefore central symmetric.

Consider A = e,,,B = e, +e,andC = A+ B. Then ABC = 0but BAC = e, is not

central since e, e,, = e, bute ,e,, = 0. Hence R is not central symmetric.

Let R be a ring with an ideal 7. Then I is said to be prime if aRb € I implies a or b is in
I,while 1 is called completely prime if ab € I implies that a or b isin I . Completely
prime ideals are prime ideals, but the converse is not true. For example, for any positive integer
n, the zero ideal in the ring of all n X n matrices over a field is a prime ideal, but it is not
completely prime. For a ring R and an ideal, we show that if R /I is a central symmetric ring

with a completely prime reduced ideal 7,then R is a symmetric ring.

Lemma 2.1.17.[9]

Let R be aring. If R/I is a central symmetric ring with a completely prime reduced ideal I,

then R is symmetric and so central symmetric.
Proof.

Let a, b, c € R with abc = 0 and a will be the image of a under natural epimorphism from R
onto R /1.Then abc = 0 Since R /I is central symmetric and abc7 = 0 for any r € R,

bacr is central in R /I (1) also, #abc = 0 for any = € R implies brac is central in R /1 (2)
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By using (1) and (2) we prove (bac)* = 0. By(1), we have,

(bac)* = (bach)acbachbac = acba(bach)cbac. Hence we have

acba(bacb)cbac = ac(babac)bcbac = acbcba(babac)c. Thus
acbcba(babac)c = ac(bcbababac)c = a(bcbababac)ce = 0. It follows (bac)* €
I and bac € I and so one of a, b and c belongs to 7 since I is completely prime. So cab € I
and (cab)? = 0 implies cab = 0 since I is reduced. Similarly,(bsca)? = 0 implies

bsca = 0, and (arbsc)? = 0 implies arbsc = 0, and (cuarbs)? = 0 implies cuarbs =
0. Hence bscuar = 0 forall r, s,u € R. This implies (bac)? = bachac = 0. Thus bac =

0. This completes the proof.
Definition 2.1.18.[9]

Aring R is said to be weak symmetric, if for all a, b, c € R, if abc is nilpotent, then acb is
nilpotent.

We now give an example to show that there exists a weak symmetric ring which is not a

central symmetric ring.

Example 2.1.19.[9]

Z 7 7 0 1 2 1 1 1
Consider thering R = |0 Z Z] and the elementsA=10 0 O, B=|0 0 —2],
0 0 Z 0 0 O 0 0 O
1 1 1 0 1 3
C = [0 1 1] of R then, ABC = 0.But BAC=(0 0 0] is not central in R. Hence R is not
0 0 1 0 0 O

central symmetric. However R is weak symmetric by [18,Proposition 2.3].

Proposition 2.1.20.[9]
Let R be a central symmetric ring. Then R is an abelian ring.
Proof.

Let e be an idempotent of R and x € R. Since e(xe — exe) = 0and (ex — exe)e = 0, being

R central symmetric, (xe — exe)e and e(ex — exe) are central. Then (xe-exe)e =
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e(xe-exe) = 0 and e(ex-exe) = (ex — exe)e = 0. Hence we have ex = xe for all x ¢

R. Therefore R is abelian.

The converse of Proposition 2.1.20. does not hold in general, that is, every abelian ring need

not be central symmetric, as the following example shows.

Example 2.1.21.[2]

Consider the ring R = {[* Z] |a,b,d,c € Z,a = d(mod2), b = ¢ = 0(mod2)} , with the

usual matrix operations. Since 0 and the identity matrices are the only idempotents of R, R is

2 2

an abelian ring. let A = [(2) ;L] B = [8 _ﬂ, C = 5 o

] € R. Then ABC = 0 but BAC is not

central.

The next result shows that the converse statement of Proposition 2.1.20 holds for right

principally projective rings.

Proposition 2.1.22.[9]

Let R be a right principally projective ring. If R is abelian, then it is central symmetric.
Proof.

Let a, b, c € R with abc = 0. By hypothesis, there exists an idempotent e of R such that
1r(a) = eR.Hence ae = 0 and bc = ebc. It follows that bca = ebca = bcae = 0.

Thus R is symmetric and so central symmetric.
Corollary 2.1.23.[9]

Every central symmetric ring is directly finite.
Proof.

It is clear from Proposition 2.1.20, since every abelian ring is directly finite.
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Proposition 2.1.24.[9]

Let R be a central symmetric ring. Then the followings hold.
(1) R is central semi-commutative.

(2) R is weakly semi-commutative.

Proof.

(1) Leta,b € R with ab = 0.For any r € R,rab = 0 implies arb is central in R. Hence R is

central semi-commutative.

(2) Let a, b € R with ab = 0.Since R is central symmetric, ba is central in R. Hence for each

r € R,(arb)? = arbarb = ar?bab = 0. Therefore R is weakly semi-commutative.

It is well known that a ring is a domain if and only if it is prime and Symmetric, we have the

following proposition when we deal with central case.

Proposition 2.1.25.[9]

Let R be aring. Then R is a domain if and only if R is a prime and central symmetric ring.
Proof.

First assume R is a domain. It is clear that R is prime and symmetric and so central symmetric.

Conversely, assume R is a prime and central symmetric ring.

Let a,b € R withab = 0. Then rab = 0 and abr = 0 for all » € R. Being R central
symmetric arb and barare contained in the center of R. Hence we have (arb)R(arb) =
0 for any r € R. Since R is prime, arb = 0 for any r € R and so aRb = 0. This implies that

a = 0orb = 0. Therefore R isa domain.

Theorem?2.1.26.[9]

If R is a central symmetric ring, then it is 2-primal. The converse holds for semi-prime rings.
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Proof.

To complete the proof it is enough to show that N(R) < P(R) since P(R) is a nil ideal. Let
a € N(R). We first assume that a?> = 0. By hypothesis ara is central for any r € R.
Commuting ara with safor any s € R we have arasa = 0. It follows that a € P for any
prime ideal P and so a € P(R). Assume now a® = 0. Then a?ra and ara? are central.
Commuting a?ra by sa for any s € R we have a?rasa = 0. By hypothesis arasata is
central for any ¢ € R. Again commute arasata with az for any z € R and use the centrality
of ara? for all € R to obtain

(az)(arasata) = (arasata)(az) = aras(ata?)z = (ata?)arasz = 0. Since
z,t,r and s are arbitrary in R, a € P(R). By induction on the index of nilpotency we may
conclude that P(R) consists of all nilpotent elements of R. Hence R is 2-primal. Conversely,

let R be a semi-prime and 2-primal ring. Then R is symmetric and so central symmetric.

Corollary 2.1.27.[9]
Let R be a central symmetric ring. Then the ring R /P (R) is central symmetric.

Recall that a ring R is said to be von Neumann regular [ 2] if for every a € R there exists
b € R with a = aba. Aring R is called strongly regular [2]if for any a € R there exists b € R
such that a = a?b. Now we give some relations between symmetric, central symmetric,
regular, strongly regular and abelian rings. Also the following theorem provides some

conditions for the converses of Proposition 2.1.4 and Proposition 2.1.22.
Theorem 2.1.28.[9]

Let R be a ring. Then the following conditions are equivalent.

(1) R is strongly regular.

(2) R is von Neumann regular and symmetric.

(3) R is von Neumann regular and central symmetric.

(4) R is von Neumann regular and abelian.
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Proof.

(1)=(2) The first assertion is clear. Let a, b, ¢ € R with abc = 0. Since (bca)? = 0 and

bac = (bac)?r for some 7 € R, we have bca = 0. Then R is symmetric.
(2)=(3) Obvious.
(3)=(4) By Proposition 2.1.20.

(4) =(1) Let a € R. By hypothesis, there exists b € R such that a = aba. Since ab is an

idempotent, ab is central. Hence a = a?b and therefore R is strongly regular.
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Section 2.2.Some Extensions of Central Symmetric Rings.

In this section, we discuss some ring extensions and localization of central symmetric rings .\We
start with an application of central symmetric rings concerns Modules, so we give a brief

introduction about modules.
Definition 2.2.1. [17]

Suppose R is a ring , a left R- module is an additive abelian group M together with

amap RxM —M, (r, m) —rm satisfying
I-r(m+n)=rm+rn.

2-(ry ¥y ) m=rym+r, m.

3-(rrpy)m= r;(r,m).

4-Im=m.for all r,r,nERandall m,ne M.

A right R- module is an additive abelian group M together with a map
M XR —M,(m,r)—mr, satisfying :
I-(m+n)r=mr+ nr.
2-m(ry+ry) =mrp+mry .
Im(nr)=(mmnr)r,.

4-m.l=m.for all r,r,7, €Randall m,neM.

Example 2.2.2.[17]

When R is non- commutative ring ,we can find aright R-module which is not a left

R-module .
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a b ) rom : :
LetR:H d}:a,b,c and d € Z }be arlng,A:{{O O}:r,me Z]lsarlght R-
c

zZ U 0 0

. . 05 00 0 0[{|0 5] |0 O
module , since if we take {0 O}eA,and L O}eR.Then{ H }:{ };EA.

r mi|x vy rX+mz ry+mu
module . Note that, {O OM }:{

:|EA. But A isnot aleft R-

1 0f|0 0| |0 5

Definition 2.2.3. [17]
Let M be aleft R- module, then we say that N is asubmodule of M if :
1- Nis asubgroup of M.

2-Forr e R, n € N,rne N.

Example 2.2.4. [17]

If M is a left R-module and x e M , then the setRx = {rx,r € R} is an R-sub-

module of M .

Definition 2.2.5. [3]

A sub-module N of M is called a direct summand of M if there is asub-module L

of M such N®L=M .

We note that L is also a direct summand of M.

Let R be aring. Then R itself can be regarded as a left R-module by defining rm ,m €
R,r € R,to be the product of r and m as elements of the ring R. And sub-modules of

the left R- module R are just left ideals of R.
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A module M has the summand intersection property if the intersection of two direct
summands is again a direct summand of M. A ring R is said to have the summand intersection

property if the right R -module R has the summand intersection property.[3]

A module M has the summand sum property if the sum of two direct summands is a direct
summand of M and aring R is said to have the summand sum property if the right R —module

R has the summand sum property. [3]

In this case we have the following.

Proposition 2.2.6.[9]

Let R be a central symmetric ring. Then we have the following.
(1) R has the summand intersection property.

(2) R has the summand sum property.

Proof.

(1) Let e and £ be idempotents of R. e and f are central, we have eR N fR = ef R = feR
and (ef)? = ef. This completes the proof.

(2) Let eR and fR be right ideals of R withe? = e, f2f € R. Thene + f — ef isan
idempotent of R. Since R is abelian, it is easy to check that eR + fR = (e + f —ef)R.
So eR + fR isadirect summand of R.

Now we show that the class of central symmetric rings is closed under finite direct sums.
Proposition 2.2.7.[9]

let I be a finite index set and {R;};.; a class of rings. Then R;is central symmetric for all i € I if

and only if @;¢;R; is central symmetric.
Proof.

Let R; be central symmetric for all i € I and (a;); ;, (i), 1, (¢i) iy € @i R; with
(a;) (b)) (c;) = 0.Then a;b;c; = 0 and by hypothesis b;a;c; is central in R; forall i € 1.
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Hence (b;)(a;)(c;)is central in R;. Therefore R, is central symmetric. The sufficiency is

clear since a sub ring of a central symmetric ring is central symmetric.
The following result is a direct consequence of Proposition 2.2.7.
Corollary 2.2.8.[9]

Let R be aring. Then eR and (1 — e)R are central symmetric for some idempotent element e in

R if and only if R is central symmetric.
Proposition 2.2.9.[9]
Aring R is central symmetric if and only if S~IR is central symmetric.

Proof.

Let R be a central symmetric ring and <, 2, < € S~1R where a, b, ¢ € R, Sy, 53 € S

S1 S2 S3

with 25 = 0. Since -~

S1 82 83 S152S53

= 0, we have abc = 0. So bac is central in R, then (3) (i) (é)

S2 S1

is also central in S™1R. Therefore SR is central symmetric .

Conversely, assume that S~1R is central symmetric ring. Since R may be embedded in

S~1R, the rest is clear.

Corollary 2.2.10.[9]
Let R be aring. Then R[x] is central symmetric if and only if R[x, x 1] is central symmetric.
Proof.

Consider the sub set S = {1,x,x2,x3,...} of R[x] consisting of central regular elements. Then

the result follows from Proposition 2.2.9.
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Chapter 3

Skew version of Reversible and Symmetric Rings

In this chapter we consider a skew version of reversible rings and symmetric rings, called
a —reversible and @ —symmetric rings respectively, with respect to a ring endomorphism «a.
Next we introduce new classes of rings which are generalizations of a —reversible and

a —symmetric rings. In this chapter all rings are associative with identity.

Section 3.1. a-Reversible and a& —Symmetric Rings

Definition 3.1.1.[19]
(1) Aring R is called right a-reversible if whenever ab = 0 for a, b € R then ba(a) = 0.
(2) Aring R is called left a-reversible if whenever ab = 0 for a,b € R then a(b)a = 0.

(3) Aring R is called a-reversible if it is both right and left a-reversible.

There exists a reversible ring R with endomorphism « such that R is not « -reversible ring.

Example 3.1.2.[19]

Consider the ring R = Z, x Z, with endomorphism a: R — R defined by a((a, b)) = (b, a)
with the usual addition and multiplication. The ring R is commutative reduced hence it is
reversible. However, R is not a - reversible. Indeed, (0,1)(1,0) = 0 but a((l,O))(O,l) =
(0,1)(0,1) = (0,1) # 0.

Definition 3.1.3.[6]

Aring R is « —compatible if foreach a,b € R, aa(b) = Oifandonlyifab = 0.
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In the next proposition we give the relationship between a —reversibility and reducibility.
Proposition 3.1.4.[19]

Let R be a reduced @ —compatible ring then R is a —reversible.

Proof.

Leta,b € R,and ab = 0. By the hypothesis R is a-compatible so aa(b) = 0 and then
a(b)a = 0 ( by reducibility ). Hence, R is left a-reversible. The right a-reversibility is

obtained similarly. Therefore, R is a —reversible.

The next theorem gives the relationship between reversible and a —reversibe rings.
Theorem 3.1.5.[19]

Let R be an « —compatible ring. R is reversible if and only if R isa —reversible ring.
Proof.

Let R be areversible ringand ab = 0fora,b € R. Thenba = 0and ba(a) = 0
( by a-compatibility ). Therefore, R is right a- reversible.

On the other hand, ab = 0 we have aa(b) = 0,50 a(b)a = 0 ( by reversibility ) hence R

is left a-reversible. Therefore, R is a- reversible.

Conversely, letab = O0fora,b € R, then ba(a) = 0 ( by right a- reversibility ) and
ba = 0 ( by a-compatibility ). Therefore, R is reversible.

Theorem 3.1.6.[19]

Aring R is a —rigid if and only if R is reduced ,a — reversible , and a is monomorphism.
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Proof.

Let R be an a —rigid, then R is reduced and « is monomorphism by [6]. Let ab = 0
for a, b € R so, we have (ba)? = baba = 0 implies that ba = 0 "since R is reduced"
then aa(ba)a?(b) = aa(b)a(aa(h)) = 0, hence aa(b) = 0 " since R is a —rigid",
and (a(b)a)? = a(b)aa(b)a = 0 implies a(b)a = 0 "since R is reduced".
Therefore, R is left « — reversible.

On the other hand, ba(ab)a?(a) = ba(a)a(ba(a)) = 0 implies ba(a) = 0, then R
is right a — reversible. Therefore, R is a — reversible.

Conversely, assume aa(a) = 0 for a € R, then a(a)a = 0 and a(a)a(a) =

(a(a))2 = 0 "since R is a — reversible" . Implies that a(a) = 0 " since R is reduced"

and since R is monomorphism a = 0.

Definition 3.1.7.[7]

(1) Anendomorphism « of aring R is called rigid if aax(a) = 0 implies a = 0, for a € R.

(2) Aring R is called a —rigid if there exists a rigid endomorphism a of R.

The following examples show that neither the conditions a to be monomorphism nor R to be

reduced can be dropped.
Example 3.1.8.[19]

(1) Let R = F|[x] be the polynomial ring over a field F, and « be an endomorphism of
R defined by a(f(x)) = f£(0) where f(x) € R.
R is a commutative domain so it is reduced and a — reversible but ais not monomorphism,

hence R is not a —rigid.
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(2) LetR = {(Z 2) ,a,b € Z} and a be an endomorphism of R defined by a (Z 2) =

a 0 . . . -
(—b a)' R is a — reversible but is not a —rigid.

Definition 3.1.9.[19]

(1) An endomorphism « of a ring R is called right (left) a-symmetric if whenever abc = 0
implies aca(b) = 0, (a(b)ac = 0) for a, b, c € R.

(2) Aring R is called right (left) a-symmetric if there exists a right (left) a-symmetric

endomorphism aof R. Aring R is called a-symmetric if it is both right and left a-symmetric.

The next theorem gives the relationship between symmetric and @ —symmetric rings.
Theorem3.1.10.[19]

Let R be @ —compatible ring. R is symmetric if and only if R is @ —symmetric.
Proof.

Let R be a symmetric ring and abc = 0, for a, b,c € R. Then acb = 0 ( by symmetricity ) and
aca(b) = 0 ( by a-compatibility ), hence R is right @ —symmetric. Since R is symmetric so it
is reversible then we have a(b)ac = 0, hence R is left @ —symmetric. Therefore, R is

a —symmetric ring.

Conversely, let R be an @ —symmetric ring and abc = 0, for a, b,c € R. So we have aca(b) =

0, and acb = 0 (by a-compatibility). Therefore R is symmetric ring.
Now, we study the relationship between a-symmetric anda-reversiblerings.
Proposition 3.1.11.[19]

An a-symmetric ring is a-reversible.
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Proof.
Let R be an a-symmetric ring. Suppose that ab = 0 for a, b € R. Obviously, 1ab =
0, since R is right a-symmetric, then ba(a) = 0. Hence R is right a-reversible. It is

easily can be shown that R is left a-reversible as above. Therefore, R is a-reversible.

Definition 3.1.12.[19]

(1) Anendomorphism « of aring R is called semi-commutative if ab = 0 implies
aRa(b) = 0fora,b € R.
(2) Aring R is called a — semi-commutative if there exists a semi-commutative

endomorphism a of R .

Theorem 3.1.13.[19]
Let R be an @ —compatible ring. Then R is semi-commutative if and only if R is

a —semi-commutative.

Proof.
Let R be a semi-commutative ring and ab = 0 for a, b € R, so aRb = 0. Since R is
a —compatible it implies that aRa(b) = 0. Therefore, R is @ —semi-commutative

ring. The "only if " part is obvious.

Proposition 3.1.14.[19]
A reduced a — reversible ring is @ — semi-commutative.
Proof.

Let R be a reduced a — reversible ring. Let ab = 0 for a, b € R and c an arbitrary element of

R.thena(b)a = 0 " by a — reversible" and a(b)ac = 0, and (aca(b))2 = aca(b)aca(b)

0, hence aca(b) = 0 " by reduced " . Therefore, R is a — semi-commutative.
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Section 3.2. Central a —Reversibleand Central a —Symmetric

Rings

In this section, we introduce new classes of rings which are generalizations of « —reversible

and a —symmetric rings.
Definition 3.2.1.

(1) Aring R is called central right a —reversible if whenever ab = 0 for a, b € R then ba(a)

is central in R.

(2) Aring R is called central left a —reversible if whenever ab = 0 for a, b € R then a(b)a is

central in R.

(3) Aring R is called central « —reversible if it is both right and left central « —reversible.

The following example distinguishing the concepts of central right and left @ —reversible.

Example 3.2.2.

a b

Consider aring R = {(0 c

)|a,b,c € Z}.

1. Consider the endomorphism a of R defined by a <(S lg)) = (g 8) Let A = (g IC’)

and B = (C(l) lc’) € R, such that AB = 0, then we get aa’ = 0,cc’ = 0 and ab’ + bc' =

0. Ba(4) = (ag 8) = 0. Therefore, R is central right a-reversible since 0 is central in R.

Now, let A = (3 i) B = ((?; g) s0, a(A) = ((2) 8) and Ba(A) = 0. But a(B)A =

3 0\(2 3\_ (6 9\ ... - : . .
(O 0) (0 4> = <O O) which is not central in R. Therefore R is not central right a-

reversible.
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2. Consider the endomorphism g of R defined by 8 ((g i’)) = (8 2) By the same way

as above we can see that , R is central left S-reversible but is not central right g —reversible.

Theorem 3.2.3.
Let R be a-reversible then R is central a-reversible.
Proof.

Let a, b € R with ab = 0 then a(b)a = ba(a) = 0 which is central in R.

The converse is not true in general i.e. there exist central a-reversible ring which is not a-

reversible.
Example 3.2.4.

In example 1.1.4 define a: S — S such that a(a) = a. Let A,B € S with AB = 0 then

a(B)A = Ba(A) = BA is central in S since S is central reversible. On the other hand let
0 0 O 01 0
A=10 0 1)JandB=(0 0 0] ,thenAB = 0buta(B)A = BA # 0and so, S is not a-

0 0 O 0 0 O
reversible .

In the following theorems, we study the relationships between a —reversible and central

a —reversible rings
Theorem 3.2.5.

Let R be @ — compatible and semi-prime ring . If R is central a —reversible then R is a-

reversible.
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Proof.

Let a,b € R with ab = 0 then a(b)a and ba(a) are central in R. And aa(b) = 0" by
compatibility ", a(b)aRa(b)a = a(b)aa(b)aR = 0then a(b)a = 0 "by semi-prime" .
Therefore, R is left a-reversible.Now, ab = 0 & a(ab) = a(a)a(b) = 0 & a(a)b = 0. So,
ba(a)Rba(a) = ba(a)ba(a)R = 0 then ba(a) = 0 "by semi-prime". Therefore, R is left a-

reversible. Hence, R is a-reversible.

Theorem 3.2.6.

Let R be right (left) principally projective and a —compatible ring .If R is central a-reversible

then it is a-reversible.
Proof .

Since R is right principally projective ring , then there exist an idempotent e € Rsuch that
rr(a) = eR. Leta,b € R with ab = 0 then aa(b) = 0" by compatibility " . So, ae = 0 and
ea(b) = a(b).

Now, a(b)a = ea(b)a = a(b)ae = 0, and so R is left a-reversible. And by the same way we

may prove the right a-reversible. Hence R is a-reversible.

Theorem 3.2.7.

Let R be right (left) principally Quasi -Baer and @« —compatible ring . If R is central a-

reversible then it is a-reversible.
Proof .

Let R be right principally Quasi —Baer. And let ab = 0 then aa(b) = 0. Then there exists an
idempotent e € R such that vz (aR) = eR. By the same proof of right principally projective ring

we may prove that R is a-reversible .
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Proposition 3.2.8.

Any domain is central a-reversible.

Proof.

Let ab = 0 for any a, b € R then either a = Oor b = 0.
Case | . a = Othena(a) = 0. s0, ba(a) = 0 = a(b)a.
Case Il . b = Othena(b) = 0.s0, a(b)a = 0 = ba(a).

Therefore R is a-reversible, and so central a-reversible.

Here is an example showing that there exists a central a-reversible ring which is not domain.

Example 3.2.9.
LetR = {(Z 2) la,b € Z} be a ring with endomorphism « defined by a <(Z 2)) =
a 0 . . . . _(a O _(c 0
(—b a) , the ring R is central a-reversible, indeed let A = (b a) and B = (d C) € R be

such that AB = 0. So we have ac = 0 and bc + ad = 0, it implies that either a = b = 0 or
a=c=0orc=d =0.However, in all the cases above a(B)A = Ba(4) = 0. So that R is a-

reversible, hence central a-reversible.

In the next proposition we show that central a-reversible is closed under finite direct sum.
Proposition 3.2.10.

Let {R;};c; be a class of rings for a finite index set /. And «a be an endomorphism defined
on R; into R; then, R; is central a-reversible for all i € I if and only if @;¢;R; is central

a-reversible.
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Proof.

Let R; be central a-reversible for all i € I and let (ay, ..., a,), (ay, ..., a,) € ®;eR;
with (ay, ...,an)(all, @) =0 :(alall, ...,ana;l) = 0 iff al-a; =0V i €I, then

i) a;a(a;)iscentralin R; Vi €I 50, (a;a(ay), ..., ayala,)) is central in @;¢,R; and which
(alla(al), ...,a;la(an))= (aj, ...,a;l)(a(al), ...,a(an)) = (ay, ..., a,)a(ay, ..., a,) is central
in @R

i) a(a;)a iscentral in R; V i € I by the same way a(ay, ..., a,)(ay, ..., a,) is central in

®ierR;-
By i) & ii) @,¢;R; is central a-reversible.

Conversely, let @,¢R; be central a-reversible and a;a; = 0 for some i € I then a;a; =
(0, ...a;,0,...,0)(0,...,a;,0,...,0) = 0 so,
a(0,...,a; ,0,...,0)(0,..,q;0,..,0&0,..,a; ,0,..,a,)a(0, ..a;,0, ...,0) are central in

®;c/R; . And 50, a;a(a;)&a(a;)a; are central in R;. Hence R, is central a-reversible.

Here, we study central a-reversible on a localization of a ring R.

Proposition 3.2.11.

Let a be an onto endomorphism then a ring R is central a-reversible if and only if S~1R is

central a-reversible.

Proof.

Let R be central a-reversible and %% € S"IRwhere a,b € R 1, s € S with %g =0 iff

D _0iffab = 0, then ba(a)& a(b)a are central in R now, let 2 € S7IR so

b ac_ba(a)c_cba(a)_cb a
()i mea T ~ a4 )

By the same way ga (9)% =a (%) %2 Therefore S~1R is central a-reversible.

N
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Conversely, let SR be central a-reversible and ab = 0 for a,b € Rthen a = % b = % ,J1€S8

and a(1) = 1 then the rest is clear.
Now, we introduce another new class of rings, which is called central a-symmetric rings.
Definition 3.2.12.

(1) Aring R is central right a-symmetric if whenever abc = 0 then aca(b) is central in R for
a,b,c €R.

(2) Aring R is central left a-symmetric if whenever abc = 0 then a(b)ac is central in R for
a,b,c €R.

(3) Aring R is central a-symmetric if it is both central right and left a-symmetric.

It is well known that if R is a-symmetric, then it is a-reversible ring. For central case we

have :

Theorem 3.2.13.

Let R be any ring. If R is central a-symmetric then it is central a-reversible ring.
Proof.

Let ab = 0 for any a,b € R then ab = ab1 = 0. Implies that a(b)al = a(b)a is central in R

andlab = 0 then 1ba(b) = ba(b) is central in R. Therefore R is central a-reversible ring.

Remark 3.2.14.

If R is a-symmetric then, it is central @ —symmetric.
Next proposition shows that central @ —symmetric is closed under finite direct sum.
Proposition 3.2.15.

Let {R;};c; be a class of rings for a finite index set I. And « be an endomorphism defined onR;
into R; then, R; is central a-symmetric for all i € I if and only if @,¢;R; is central

a-symmetric.
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Proof.

Let R; be central a- symmetric for all i € I and let(ay, ..., a,), (by, ..., by), (¢, ..., C;) €

@ R; with (ay, ...,a,)(by, ..., b, ) (cq, ..., c,;) = 0 then (a1 bicy, ..., a,b,c,) = 0 ifand only if
a;b;c; =0 Vi €I implies both a(b;)a;c; and a;c;a(b;) are central in R;Vi € I . So,
(a(by)aycq, ..., a(by)a,c,) is central in @;¢;R; if and only if

(a(by), ..., a(by))(ay, ..., ay)(cy, .., cy) is central in @, R; if and only if

a((by, ..., by))(ay, ..., ay)(cy, ..., ¢,) is central in @;¢,R;. Hence, @, R; is central left a-

symmetric.

And, (aycia(by), ..., ayc,a(by,)) is central in @, R; if and only if
(@, o, ay)(cy, e, cp)(a(by), ..., a(by)) is central in @, R; if and only if
(@, o, ay)(cy, s cp)a((by, ..., by)) is central in @;¢,R;. Hence, @, R; is central right a-

symmetric. Therefore, ®;¢;R; is central a-symmetric.

Conversely, let ,®,¢;R; be central a-symmetric and let a;, b;, c; € R; for some i € I
with a;b;c; =0 buta; = (0,...,q;0,...,0), b, =(0, ..., b;,0,...,0)and ¢; =
(o,...,c;,0,...,0) then a;b;c; = (0, ...,q;,0,...,0)(0, ..., b;, 0, ...,0)(0, ..., ¢;, 0, ...,0) =
(0, ...,a;b;c;,0, ...,0) = 0 hence, both

a((0, ..., b;,0, ...,00)(O, ...,a;,0, ...,0)(0, ..., ¢;, 0, ...,0) and

@, ...,a;0,..,0(0,..,c;,0,..,0a((0, .., b;,0, ...,0)) are central in @;¢,R; if and
only if (0, ...,a(b;)a;c;, 0, ...,0) and (0, ..., a;c;a(b;), 0, ...,0) are both central in
@, R; ifand only if a(b;)a;c; and a;c;a(b;) are both central in R;. Therefore, R; is

central a-symmetric.
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Proposition 3.2.16.

Let o be an onto endomorphism then ,a ring R is central a-symmetric if and only if S~1R is

central a- symmetric.

Proof.

Let R be central a- symmetric and %%% € SIR where a,b,c € R 1,5, € S with 225 =0

rst

iff % = 0 iff abc = 0 then aca(b)& a(b)ac are central in R now, let %E S7IR so

(b)acw_a(b)acw_wa(b)ac_w (b)ac
s rtd_a(s)rtd_da(s)rt_da s/rt

By the same way %%f a (2) = %% a (g) %. Therefore S~1R is central a— symmetric.

N

)

Conversely, let S~1R be central a- symmetric and ab = 0 for a,b € R then a = % b= %

1 € Sand a(1) = 1, then the rest is clear.
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