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Abstract

The need for the distribution of combination of random variables arises in many areas of
the sciences and engineering. In this thesis, the distributions of two different combination
of Gaussian random variables will be investigated. It is established that such expressions
can be represented in their most general form as the sum of chi-square and the product
of two normal random variables. The distribution of the product of two normal random
variables studied by some authors in the literature in different ways. The first expression
assumed two independent and identical random variables with zero mean and the same
variance. The second one assumed two dependent random variables with zero mean,
same variance, and with a specific correlation coefficient. Closed forms of the probability
density function and cumulative distribution function will be derived, as well as some
statistical properties such as mean, variance, moments, moment generating function,
and order statistics will be studied. All derivation ascertained by using Monte Carlo
simulation. Additionally, method of moment estimation and the maximum likelihood
estimation will be used to estimate the parameter of the derived distribution. Simulation

study carried out using R software. Finally, a practical application well be presented.
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Chapter 1

Introduction

1.1 Motivation and (eneral Purpose

Engineers use statistical data in variety of applied settings. For instance, an industrial
and system engineers may be interested in determining the overall throughout for a cer-
tain manufacturing process, e.g., a chemical engineer may be interested in determining
the expected yield in a certain chemical reaction, while a transportation engineer may be
interested in determining the average volume of traffic flow through an intersection in or-
der to increase driver safety by improving traffic control devices. In each of these settings,
the engineer require, to physically collect and analyze data which consists of observations
of a system. It can be argued that the behaviour of most real-world systems is stochastic
rather than deterministic. Therefore, a responsible analysis of any phenomenon should
include the inherent probabilistic behaviour of a system. Measures such as the mean and
variance are certainly useful in describing the main features of a distribution. However,
in decision making processes, the most valuable pieces of information available are the
probability density function or the cumulative distribution function. In fact, when the
probability distribution of a given phenomenon will be known, more intelligent decisions

can be made regarding the performance of a given system. For these reasons, probability
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density derivation or estimation become an important tool to the engineering analyst. In
real-world systems, multiple random variables will be usually involved which are inter-
acting in some way to produce a new random response. Hence, it is expected that this
random response follows some probability distribution measure.

Many responses may be modelled as the sum, difference, product or quotient of random
variables or combinations of some or all of these metrics. Thus, it is a major issue to
investigate the probability distribution of new resulted random variables. In some cases,
a closed-form (analytical solution) probability distribution can be obtained. In some
other cases, it is difficult, if not impossible, to solve for a closed-form for such a distribu-
tion. For the latter, it is desirable to develop a practical technique by which an engineer
may closely approximate the probability distribution for the sum, difference, product or
quotient of random variables.

To this end, consider an example from the field of communication engineering. Future
wireless communication systems, including fifth-generation (5G) networks and the In-
ternet of Things (IoT), require a massive number of inexpensive transceivers. These
transceivers come with various hardware impairments, such as phase noise and in-phase/
quadrature-phase (I/Q) imbalance. This thesis studies the PDF of an optimal maximum

likelihood receiver designed by Alsmadi (2020).

1.2 Statement of the Problem

This thesis investigates the probability density, cumulative distribution functions, and

some other statistical properties for the following two formulations of random variables:

(i) Suppose X; and X, are two independent normal random variables with zero mean
and identical variance 0. Define

7 =X} + X3 —0X,X,, (1.1)

where 6 is an unknown scale parameter.



1.3. RESEARCH QUESTIONS

(ii) Suppose X; and X, are two dependent normal random variables with zero mean,

identical variance o2, and correlation coefficient p. Define

U=X;+X;—2pX Xs. (1.2)

1.3 Research Questions

The research focus of this thesis is summarized in the following four main research ques-

tions:

(i) How to derive the probability density function of the new defined random variables?

(ii) How to estimate the parameters of the new derived probability distribution func-

tions?
(iii) What are the statistical properties of the new probability distribution functions?

(iv) How do we apply the new probability distribution functions in real life?

1.4 Thesis Objective

The main contribution of this thesis is to develop a new probability distribution based
on a combination of some normal random variables. Two cases will be adopted. The first
one is for independent normal random variables represented by (1.1), and the second one
is for the dependent normal random variables in (1.2). The specific objectives as related
to the previous research questions are as follows:

Research Question 1:

(i) List some literature review on the distribution of function of random variables, and

in particular of normal random variables.

(ii) Derive the probability distribution of the new defined (dependent and independent)

normal random variables.
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Research Question 2:
(i) Estimate the parameters of the new probability distribution function using?

(i) Method of moment estimation.

(ii) Maximum likelihood estimation.
(ii) Evaluate the derived estimators in terms of bias and mean squared errors.

Research Question 3:
Investigate the properties of the probability distribution of the new random variable.

Particularly:
(i) Descriptive measures, such as mean and variance.
(ii) Moments of the distribution.
(iii) Moment generating function.

Research Question 4:

Motivate the new probability distribution by real life applications.

1.5 Thesis Organization

The organization of this thesis is as follows: Chapter 2 introduces the preliminaries and a
review of the literature for some similar distributions and their results. In Chapter 3, the
distribution of function of independent normal random variables will be derived, as well
as its properties and the parameter estimation of the distribution. Chapter 4 provides
the distribution of function of dependent normal random variables and its properties.
Moreover, the parameter estimation of the distribution will be introduced. Finally, an
application will be presented. In Chapter 5, a summary of our investigation and some

important conclusions will be presented. We also suggest some potential topics for future
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research.

Appendix contains the detailed proof of chapter 3.



Chapter 2

Background

This chapter gives some preliminaries that are fundamental for the thesis. Also, it gives
some literature review and theoretical background on the product of two normal random
variables, product of independent Rayleigh random variables, product of m Gamma and
n Pareto random variables, Slash Maxwell distribution, product of Bessel distribution of
second kind and Gamma distribution, and distributions involving correlated generalized

Gamma variables.

2.1 Preliminaries

In this section, some preliminaries that are fundamental for the thesis will be introduced
(The definitions and theorems presented here can be found at Wackerly et al. (2008),

Pishro-Nik (2014), Hogg et al. (2015), and Georgiev (2019)).

2.1.1 Random Variable and Some Properties

Definition 2.1.1. Random Variable
A random variable (RV) is a variable whose value is unknown or a function that assigns

real values to each of an experiment’s outcomes. Random wvariables often designated by
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letters and can be classified as discrete, if it assumes only a finite or countably infinite
number of distinct values, or continuous, if the data can take infinitely many values. For
example, a RV measuring the time taken for something to be done is continuous since

there are an infinite number of possible times that can be taken.

Definition 2.1.2. Probability Density Function

A probability density function (PDF), or density of a continuous RV, is a function whose
specify the probability of the RV falling within a particular range of values, unlike taking
on any one value. This probability is given by the area under the density function, but
above the horizontal axis and between the lowest and greatest values of the range. For

any continuous RV with PDF f(x), we have that:
(i) f(z)>0 V.

(i1) J,, J(@)de = 1.
Definition 2.1.3. Cumulative Distribution Function
The cumulative distribution function (CDF) of a random variable is another method to
describe the distribution of random wvariables. The advantage of the CDF is that it can

be defined for any kind of random variable (discrete, continuous, and mized). The CDF
of the RV X is defined as

Fx(z)=P(X < x), Vo e R.
Note that the subscript X indicates that this is the CDF of the random variable X .

Also, note that the CDF is defined for all x € R.

Definition 2.1.4. Joint Probability Density Function
Two RV’s X1 and X, are jointly continuous if there exists a non-negative function fx, x, :

R? — R, such that, for any set A € R?, we have

p((Xl,XQ) S A) = // fX1X2($1,$2)d$1d.CE2.
A
The function fx,x,(x1,%2) is called the joint probability density function (JPDF) of

Xy and X5. It achieves the following properties:

7
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(i) f(z1,29) >0, YV, and Vs,

(ZZ) fle fV:Bz f((lfl,l‘g)dflfgdl’l =1.

Definition 2.1.5. Independence
Two RV’s X1 and X5 are called independent if the JPDF is the product of the individual

PDFs, i.e., if fx,x,(r1,22) = fx,(x1)fx,(x2) for all z1, x5.

Note: While the individual (marginal) densities fx, and fx, can always be computed
from the joint density fx,x,(Z1,22), only for independent RVs can one go backwards,

e.g., obtain the joint density from the marginal densities.

Definition 2.1.6. Moments
The n*" moment of a real-valued continuous function f(x) of a RV X is given by the

measure,

pn, = E(X™) = /OO 2" fx(x)dzx.

Definition 2.1.7. Ezpectation

Let X be a continuous RV with PDF f(z) and

/ |z| f(z)dx < oo (finite),
then the expectation of X (sometimes called as the expected value of X, or the mean

of X) is

p:E(X):/OO zf(x)dr < oo (finite).

Definition 2.1.8. Variance
The most common measure of variability used in statistics is the variance, which is a
function of the deviations (or distances) of the sample measurements from their mean.
If X is a RV with mean E(X) = p, the variance of a RV X is defined to be the expected
value of (X — p)?. That is,

0? = EI(X — p)?]. 2.1)
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The standard deviation of X is the positive square root of o2.

2

It is worthwhile to observe that o° can be calculated as

o = E[X?] — u*.

This frequently affords an easier way of computing the variance of X.

Definition 2.1.9. Skewness

The measure of skewness defined here is called the Pearson moment coefficient of skew-
ness. This measure provides information about the amount and direction of the departure
from symmetry. It’s value can be positive or negative, or even undefined. The higher
the absolute value of the skewness measure, the more asymmetric the distribution. The
skewness measure of symmetric distributions is, or near zero. The Pearson’s moment
coefficient of skewness (or the coefficient of skewness) is the ratio of the third central

moment to the cube of the standard deviation, and is denoted by vy, i.e.,

= E[(Zag w?’l _ %' (2.2)

Definition 2.1.10. Kurtosis
Kurtosis is a measure of the tailedness of the probability distribution of a real-valued
random variable. Like skewness, kurtosis describes the shape of a probability distribution.
The ratio of the fourth central moment to the fourth power of the standard deviation, is
called the kurtosis, i.e.,

El(X - p)']

M= (2.3)

Definition 2.1.11. Moment Generating Function
Let X be a random variable such that, for some h > 0, the expectation of exp {tX} ezists
for —h < t < h. The moment generating function (MGF) of X is defined to be the

function M(t) = E(exp{tX}), for —h <t < h.

Definition 2.1.12. The Coefficient of Variation

The coefficient of variation () is a statistical measure of the dispersion of data points
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in a data series around the mean. The coefficient of variation represents the ratio of
the standard deviation to the mean, and it is a useful statistic for comparing the degree
of variation from one data series to another, even if the means are drastically different

from one another.

Definition 2.1.13. Order Statistics

Order statistics (0.8) plays a prominent role in L-moment theory. The study of order
statistics is the study of the statistics of ordered (sorted) random variables and samples.
The random variable X for a sample of size n, when sorted, forms the order statistics of
X X, < Xo.,, <o < X, The sample order statistics from a random sample are
created by sorting the sample into ascending order: Xi., < Xo., < -+ < X, As we will
see, the concept and use of order statistics take into account both the value(magnitude)
and the relative relation (order) to other observations. In general, order statistics are
already a part of the basic summary statistic repertoire that most individuals including non
scientists or statisticians are familiar with. The minimum and maximum are examples

of extreme order statistics and are defined by the following notation:

minX, = Xin (2.4)
max X, = X,mn (2.5)
Remark 1. (i) The order statistic X1.1(a single observation) contains information

about the location of the distribution on the real-number line.

(ii) For a sample of n = 2, the order statistics are Xy.o(smallest) and Xo. (largest). For
a highly dispersed distribution, the expected difference between Xo.o — Xi.0 would
be large, whereas for a tightly dispersed distribution, the difference would be small.
The expected difference between order statistics of an n = 2 can be used to express

the variability or scale of a distribution.

(iii) For a sample of n = 3, the order statistics are Xy.3(smallest), Xo.3(median), and

X33 (largest). For a negatively skewed distribution, the difference Xo.3 — X1.3 would

10
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be larger (more data to the left) than Xs.3 — Xo.3. The opposite (more data to the

right) would occur if a distribution where positively skewed.

Let F(z) be the CDF of a random sample Zy, Zs, . .., Zn and f(z) be its PDF. Reorder
Zy, Ly, ... Ly such that Zyy > Zy_1y > -+ > Zy, then Zyy is called the 3t order
statistic, and have the following marginal PDF’s:

n - o
fz,,(z) =n fE)FR) (1= F(z)". (2.6)
Jg—1
The 1% 0.5, Z(1y, has the following marginal PDF
f20,(2) = nf(2)(1 = F(2))" . (2.7)

The n'"* o.s, Z(n, has the following marginal PDF
f20y(2) = nf(2)(F(2))" . (2.8)

In the following, some theorems related to the distribution of function of normal RV’s

will be presented.

Theorem 2.1.1. Let Xy, X5 are two independent normal RV’s with means py, po and
variances o3, o3, respectively. Then, the RV'Y = X| + X, has a normal distribution
with mean E[Y] = 1 & po, and variance Var[Y] = o3 + 03. In case of dependent RV’s,

the distribution remains normal with mean EY| = py £+ po, and variance Var[Y] =

0? 4+ o5 + 2C0ov( X1, X3).

Theorem 2.1.2. If Xy, Xs,...,X,, are n mutually independent normal variables with
Means i1, fla, - - -, b and variances o3,0s,...,02, respectively, then the linear function

- n . . . . n . n 2 92
Y =>"", ¢X; has the normal distribution with mean ) ;. c;jt; and variance y ., ¢;o; .

Theorem 2.1.3. The random variables X1 + X5 and X; — X5 are independent if and

only if X1,Xs are distributed normal.

Theorem 2.1.4. If X; ~ N(0,1), i = 1,2,...,n are mutually independent RV’s, then

Y =31 | X2 has the chi-square distribution with n degrees of freedom.

11
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2.1.2 Methods for Deriving the Probability Distribution of a

Function of Random Variables

Two methods for deriving the probability distribution for a given function of random
variables will be presented. Any one of these may be employed to find the distribution of
a given function of the variables, however one of the methods usually leads to a simpler
derivation than the other. The method that works best varies from one application to

another.

Definition 2.1.14. The Distribution Function Method
If Y has probability density function f(y) and if U is some function of Y, then we can
find Fy(u) = P(U < u) directly by integrating f(y) over the region for which U < w.

The probability density function for U is found by differentiating Fy(u).

Definition 2.1.15. The Bivariate Transformation Method

Suppose that Yy and Yy are continuous RV’s with JPDF' fy, v, (y1,y2) and that for all
(y1,Yy2), such that fy, y,(y1,y2) >0,
up = hi(yr,y2)  and  uz = ha(y1, 1),
is a one-to-one transformation from (y1,ya) to (uy,uz) with inverse
y1 = hit(ug, ug) and Yo = hyt(uy, us).

If b7 (uy,ug) and hy'(ur,us) have continuous partial derivatives with respect to u,

and usg, and Jacobian

-1 -1
J = = _ dhytdhyt dhytdhy 0
dhy'  dhy? duy  dus duy  dus ’
duq dus
then the JPDF of Uy and U, is
fU1,U2 (uh UQ) = fY1,Y2 (hl_l(uh UQ)J h2_1(u1> U2)|J’7 (29)

where |J| is the absolute value of the Jacobian.

12
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2.1.3 Method of Estimation

In this subsection, a more formal and detailed examination of some of the mathematical
properties of point estimators will be undertaken. Then two other useful methods for
deriving estimators will be introduced. Some properties of estimators derived by these

methods will be discussed.

Definition 2.1.16. Point Estimation

Point estimation s the process of finding an approximate value of some parameters such
as the mean of a population from random samples of the population. The accuracy of any
particular approrimation is not known precisely, though probabilistic statements concern-

ing the accuracy of such numbers as found over many experiments can be constructed.
It is desirable for a point estimate to be:
(i) Consistent. The larger the sample size, the more accurate the estimate.

(ii) Unbiased. The expectation of the observed values of many samples (average ob-
servation value) equals the corresponding population parameter. For example, the

sample mean is an unbiased estimator for the population mean.

(iii) Most efficient or best unbiased of all consistent, unbiased estimates, the one pos-
sessing the smallest variance (a measure of the amount of dispersion away from the

estimate).

Several methods are used to derive the estimators. The most often one is the mazimum
likelthood method. 1t uses differential calculus to determine the maximum of the proba-
bility function of a number of sample parameters (see Definition 2.1.19 below). Another
method of estimation based on equates values of sample moments (functions describing
the parameter) to population moments called method of moment (MME)(see Definition

2.1.17).

13
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Definition 2.1.17. Method of Moments Estimation

The method of moments is a method of estimation of population parameters. It starts
by expressing the population moments (i.e., the expected values of powers of the random
variable under consideration) as functions of the parameters of interest. Those expres-
sions are then set equal to the sample moments. The number of such equations is the
same as the number of parameters to be estimated. These equations are then solved for

the parameters of interest. The solutions are estimates of such parameters.

The method of moments was introduced by Pafnuty Chebyshev in 1887 in the proof

of the central limit theorem (CLT).

Definition 2.1.18. Likelihood Function

In frequentist inference the likelihood is a quantity proportional to the probability that,
from a population having a particular value of 6, a sample having the observed value
xo, should be obtained. Likelihood, being the outcome of a likelihood function thus de-
fined, describes the plausibility, under a certain statistical model (the null hypothesis in
hypothesis testing), of a certain parameter value after observing a particular outcome.
Formally: L(©;x¢) o< f(zo;60), Y0 € O. Likelihood is central to parametric statistical

inference. It is a basis for the maximum likelihood estimate.

Definition 2.1.19. Mazimum Likelihood Estimation

Maximum likelihood estimation (MLE) is a method of estimating the parameters of a
probability distribution by maximizing a likelihood function, so that, under the assumed
statistical model the observed data is most probable. The point in the parameter space
that maximizes the likelihood function is called the maximum likelihood estimate. The
logic of mazximum likelihood is both intuitive and flexible, and as such the method has

become a dominant means of statistical inference.

If the likelihood function is differentiable, the derivative test for determining maxima

can be applied. In some cases, the first-order conditions of the likelihood function can be
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solved explicitly; for instance, the estimates of the normal RV parameters p and o2 ob-
tained as the sample mean (Z) and the sample variance (s?). Under most circumstances,
however, numerical methods will be necessary to find the maximum of the likelihood
function.

Let Z1, %5, ..., Z, be observations selected from Z distribution with parameters # and
o. Let © = (0,0) be a 2 x 1 parameter vector. The likelihood function of Z for the

parameter vector © can be written as
L(©;21,2,. .., 2) = | [ (20, 0). (2.10)

Definition 2.1.20. Confidence Interval

Let X1, Xs,..., X, be a sample on a RV X, where X has PDF f(z;0) and 0 < o <
1 be a pre-assigned level of significance. Assume L = L(X1,Xs,...,X,) and U =
U(X1, Xo,...,X,) be two statistics. Then we say that the interval (L, U) is a (1—a)100%
confidence interval (CI) for 6 if

Ploe(L,U)=1-a. (2.11)

That is, the probability that the interval includes 6 is 1 — «, which is called the confidence

coefficient or the confidence level of the interval.

2.1.4 Some Common Discrete and Continuous Random Vari-

ables

In this subsection, some common distributions will be listed, focusing on some important
statistical properties such as mean, variance, and MGF. Table 2.1 shows two discrete
distributions, while Table 2.2 presents three continuous distributions that will be used

later.
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Table 2.1: Some discrete distributions (Wackerly et al., 2008)

Distribution PMF Mean  Variance MGF

Binomial(n,p) <Z> z(l—p)"2z=1,....,n np np(l—p) [(1-p)+pe]"

Poisson(\) e A N> A A eMe'=1)

!l

Table 2.2: Some continuous distributions (Wackerly et al., 2008)

Distribution PDF Mean Variance MGF
—(@—p)? o242
Normal(u, 0?) \/21—7706 207, —00 < T, u < 00,0 >0 ] o? ertt oy
Exponential(3) %67%; 0<zr<oo, >0 8 B2 l%ﬂt, t< %
Gamma(a, ) L _go-lemE.0<z<o0,a,8>0 af aB? <#)a t< i
) T(a)Be y Vo s Gy 1—3t ) B

2.1.5 Some Special Functions

In the following, some special functions, that will be referred to them during the thesis,
will be introduced (These functions can be found at Abramowitz and Stegun (1965),

Gradshteyn et al. (2007), and Arfken et al. (2013)).

Definition 2.1.21. Gamma Function

The (complete) Gamma function I'(n) is defined to be a generalization of the factorial
function to nonintegral values, introduced by the Swiss mathematician Leonhard Fuler in
the 18th century. The Gamma function can be defined as a definite integral for I'(z) > 0

(Euler’s integral form) as

['(z) = /OO t*Lexp {—t}dt. (2.12)

0

For integer n, it is easy to show that
[(n)=(n—1)L (2.13)

Definition 2.1.22. Polygamma Function
The polygamma functions are the logarithmic derivatives of the Gamma function. The

polygamma function of order m + 1 is defined as

m~+1
V" (z2) = dzm+1l0gf(z), m=12... (2.14)
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Thus
PO) = (z) = (215)

holds where 1(z) is the digamma function and I'(z) is the gamma function.

Definition 2.1.23. Bessel Function
The linear second order ordinary differential equation of type

2.1

o2y + xy + (2 — vy =0, (2.16)

for an arbitrary complex number v, is called the Bessel equation. The number v is called

the order of the Bessel equation.

The Bessel equation is named after the German mathematician and astronomer
Friedrich Wilhelm Bessel who studied this equation in detail and showed (in 1824) that
its solutions are expressed in terms of a special class of functions called cylinder functions
or Bessel functions.

Bessel functions can be first, second or third kind.
Definition 2.1.24. Modified Bessel Functions: 1., K,

The Bessel functions are valid even for complex arguments x, and an important special
case is that of a purely imaginary argument. In this case, the solutions to the Bessel

equation are called the modified Bessel functions (or occasionally the hyperbolic Bessel

functions) of the first and second kind and are defined as

il L[ 0)} do
Io(z) = ;W = ;/O exp {zcos(6)} db, (2.17)
2k
Ko(z) = =in (3) o(= +222k ), (2.18)
K, (au) = \/;W 0 exp {—wt} '3 <1+2tu) an (2.19)
Ko(zu) = \/ZQXPF{(:;EU} Ooexp{ xt}f% <1—|— Qtu)zdt

> exp {—at} xt}

=exp{— xu} m (2.20)

where 1 is the digamma function, see (8.447.1), (8.447.8), (8.431.5) and (8.432.8) in
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Gradshteyn et al. (2007).

Definition 2.1.25. Gaussian Hypergeometric Function

The Gaussian or ordinary hypergeometric function oF(a,b;c;z) is a special function
represented by the hypergeometric series, that includes many other special functions as
specific or limiting cases. It is a solution of a second-order linear ordinary differential
equation (ODE). Every second-order linear ODE with three reqular singular points can
be transformed into this equation.

The hypergeometric function is defined for |z| < 1 by the power series

o Fi(a,b;c;2) = 2%2—7;, (2.21)

n=0

(see Eq. 9.14.1 in Gradshteyn et al. (2007)). It is undefined (or infinite) if ¢ equals a

non-positive integer.

Definition 2.1.26. Generalized Fxponential Integral Function
The exponential integral (E;) is a special function on the complex plane. It is defined
as one particular definite integral of the ratio between an exponential function and its

argument. The exponential integral may also be generalized to

Eo(z) = — /100 expi=zt} ), (2.22)

tn
where R(z) >0, n=0,1,2,...

Definition 2.1.27. Meijer G-Function

The G-function was introduced by Cornelis Simon Meijer (1936) as a very general func-
tion intended to include most of the known special functions as particular cases. This
was not the only attempt of its kind: the generalized hypergeometric function and the
MacRobert E-function had the same aim, but Meijer’s G-function was able to include
those as particular cases as well. The first definition was made by Meijer using a series;
nowadays the accepted and more general definition is via a path integral in the complex

plane, introduced in its full generality by Arthur Erdélyi in 1953.
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A general definition of the Meijer G-function is given by the following line integral in

the complex plane:

ai,.. -9, T(1—a;+s
G;nén 1 / )H] 1 ( J ) sts, (223)
’ b 27” H] m+1 b + 8) ]._.[] =n+1 F( - S)

1ye--

where I" denotes the gamma function. L is a loop beginning and ending at oo, encircling
all poles of I'(b; — s), 7 = 1,2,...,m, exactly once in the negative direction, but not
encircling any pole of I'(1 — a; + s), 7 = 1,2,...,n. Then the integral converges for all
z if ¢ > p > 0; it also converges for ¢ = p > 0 as long as |z| < 1. In the latter case,
the integral additionally converges for |z| = 1 if R(v) < 1, where v is defined as for the
first path. Also, L is a loop beginning and ending at —oo and encircling all poles of
I'l —a;+s), j =1,2,...,n, exactly once in the positive direction, but not encircling
any pole of I'(b; —s), 7 = 1,2,...,m. Now the integral converges for all z if p > ¢ > 0; it
also converges for p = ¢ > 0 as long as |z| > 1. As noted for the second path too, in the
case of p = ¢ the integral also converges for |z| = 1 when R(v) < 1. This integral is of
the so-called Mellin - Barnes type, and may be viewed as an inverse Mellin transform.

The definition holds under the following assumptions:
(i) 0 <m < qgand 0 <n <p, where m,n,p and ¢ are integer numbers.

(ii) ax —b; #1,2,3,... for k =1,2,...,nand j = 1,2,...,m, which implies that no
pole of any I'(b;—s),j = 1,2,...,m, coincides with any pole of any I'(1—a,+s),k =
1,2,...,n

(iii) z # 0.
Definition 2.1.28. Beta Function
Products of Gamma functions can be identified as describing an important class of definite

integrals involving powers of sine and cosine functions, and these integrals, in turn, can

be further manipulated to evaluate a large number of algebraic definite integrals. These
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properties make it useful to define the beta function, defined as

(2.24)

2.2 Review of the Literature

2.2.1 Distribution of the Product of Two Normal Random Vari-
ables

The normal distribution is one of the most common in probability theory which arises
from the numerous application that it has in many fields in the real world, such as biol-
ogy, psychology, engineering, physics, and many other fields.

For the past decades, the normal distribution was discovered by Lane (1809). He de-
termined its probability density function, cumulative distribution function, moments,
besides many of its properties. Several distributions are derived from the normal dis-
tribution such as chi-square and t-distribution, also its relation to the exponential, the
uniform distribution.

One of the most important theorem about the normal distribution is that the sum of
two normal RV’s remains normal, as mentioned earlier in Theorem 2.1.1. The product of
them was not distinguished like the sum but there are some researches in the literature.
Let X7, X5 be two normal RV’s with means p;, ps, and standard deviations oy, o9,
respectively, p the coefficient of correlation, and the inverse of the variance coefficient
p1 = /o1, po = pa/og. Graig (1936) found the moment generating function first when
the random variables are independent (p = 0). Then he derived the distribution func-
tion of Z = X ;Xs5/0109 in a closed form as a difference between two integrals. Let
W = X, X,, the function will be in terms of X, W. Graig (1936) considered two cases

for X(X > 0,X < 0), so the cumulative distribution function becomes

oxp 1 _ 13 ~
p 20’% 20’% dﬂ?l
Fy(w) = d(w,z1)— qﬁ w, xy)— (2.25)
2mo109 0
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where
2,4 2,3 2 2,2
—05%] — 210577 — 2ua0i Wy + ofw
p(w,z1) = eXp{ 207077 : (2.26)
Substituting Z = ﬁfj, p1 and po, reduces the distribution function
exp {——p%;pg }
Fo2) = — A i(2) - (2] (2:27)
where
00 2 2
x] z 27| dxy
_ il R — TN 2.28
¢1(2) /0 exp{ 5 T P11 szl + 29@%} . (2.28)

and ¢o(2) is the integral of the same function over the interval (—oo,0).

To evaluate this integral, Graig (1936) expanded it in a Laurent series in powers for all
values of = except zero. Also, he found the result in term of the Bessel function of a
certain kind. Note that for p; = 0 or p; = 0, the distribution is symmetric about the
mean, then decreases at the origin.

Graig (1936) derived the distribution function of Z when (p # 0) using the special case
(p = 0). The expansion that found for F'(z) is very slowly convergent for large values of

p1 and py. Graig (1936) introduced some special cases.
(i) For p1 = ps = p =0, we have F(z) = 2K(2).
(ii) For p; =1, po = p = 0, the curve is symmetrical about the origin and the mean.

(iii) For p; = py = %, p = 0, he constructed tables for some value of X within a given

interval.

Arolan (1947) started from the results of Graig (1936). He showed that when p; and

X1Xo

0102

po close to infinity, the probability function of Z = approaches to normal. In the
case (p = 0), the Gram-Charlier Type A series are excellent approximations to the Z
distribution, where the exact value of the PDF evaluated by numerical method using

some infinite series.
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The moment generating function of Z, Mz(t) is given by

(p1+p3—20p1p2)t>+2p1p2)t
eXp{ M-+ (=(-p)D) }

My(t) = : (2.29)
VIL= 1+ )L = (1 - p)t]
Let uz and oz be the mean and standard deviation of Z. Then
iz = pip2+p and oz = \/ﬂ% + 05+ 2pp1p2 + 1+ p. (2.30)
Setting T, = Z;—;‘Z and by using (2.29), the moment generating function of 7, is
exp { —2pw+pi+p3—2pp1 p2w? +4p*w? —2w3 (p®—1) (p1p2+p)) }
VL= 1+ puw][l = (1 - pu]
where w = =, assuming p > 0. Furthermore,
t2
li My (t) = — . 2.32
im0 = o { 5 (2.32)

According to the theorem of Curtiss by Curtiss (1933) on the moment generating func-
tion, the probability function of Z closes to be normal with mean pz and variance %

when (p > 0). The theorem investigates some special cases:

(i) If =14+ e < p <1, e >0, the probability function of Z approaches a normal curve,
with mean 7 and variance 0% when p; and py close to co. The same result when

p1 and py approach -co.

(i) f —-1<p<1l—¢¢€>0 p — 00, pp = —00, the distribution of Z approaches

normality with mean pz and variance o%.

Remark 2. In any of the cases above p; and ps may be interchanged, also the approach

to normality is more rapid when p; and py have the same sign as p.
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Aroian et al. (1978) developed a general formula for the product of bivariate RV (X7, X3)
with parameters p, po, 01, 02, and correlation coefficient p.

Assuming §; = %, 09 = ﬁ—;, and Z = 2%2  Then, the distribution function of Z is

Fz<Z) = 5 + —/0 5(2,51,527p7 t)dt, (233)

where

O(2,80,0,,0,1) = 7' G " exp —(H + 4p0,8,)8° + (1 — p*)Ht*) /267

x [(0.5(G + 1))*sint(y — (6,6, — pHt*)/G?)

— (0.5(G — 1))*cost(y — (0,0,1 — pHt*)/G?, (2.34)

H = 62+ 6% — 2pd,0,, (2.35)
I=1+(1-pHt, (2.36)
G? = (1+ (1 —p*)t?)* + 4p°t%. (2.37)

To evaluate this integral, Romberg integration method is used, which evaluates the in-
tegral by combining the Composite Trapezoidal Rule with Richardson Extrapolation.
Then performed numerical integral from ¢; to t,_y, ¢ = 1,2,..., and t5 = 0. The t.s

selected near the zeros of the function ¢.

Remark 3. Note that when using Romberg integration method there is no need to the
exact zero’s by taking advantage of the Euler’s transformation for summing the area below

and above the t-axis.

Now,

| 000000 =3 Rt (2.38)
0 i=1

where Y >°| R;; is a series equivalent to the Euler’s transformation, it’s useful when

dealing with a series that converges slowly.
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Aroian et al. (1978) faced a problem in evaluating (2.38). When ¢ is equal to zero, there
is an indeterminate form of the function ¢(z, 1, ds, p, t).
Rohatgi (1976) derived the PDF of Z = X; X5 by assuming X; is a continuous RV with
PDF f(z1), definite and positive in (a,b), with 0 < a < b < oco. Let Xy be a RV
with PDF g¢(z3), definite and positive in (¢,d), with 0 < ¢ < d < co. Then the author
considered three cases: when ad < bc , ad = bc, ad > bc. He noted that the product is
not defined at zero, the range of normal distribution must be bounded. Also, provided
a very good approach for the product of two independent N (0, 1) distribution was given
by

ha(z) = %K0(|z|), 2R, (2.39)

where Ky(-) denotes the modified Bessel function of the second kind of order zero.
Ware and Lad (2003) derived the MGF of Y = X; X, by assuming that (X, X,) are

bivariate independent normal distributions with means p, po, and variances o2, o3,

respectively.

Define X; = Xo + Z; and X5 = Xy + Z5, where

XO 0 pPO102 0 0
Zl ~N M1 > 0 0'% — PO109 0
Zo 2 0 0 O’% — pO109

To find the MGF of Y = X, Xy = (Xo + Z1)(Xo + Z3), we know that

MY(t) = /OO exp {ty} fy(y)dy
= /OO /oo /OO exp {t([to + Zl)(l‘o + zQ)} fY(fEO, 21, Z2>dl’0d2’1dz2

10,2 .2, .2 2 2
= o5+ p50T —2pp1 pao102)t*+2p1 p2)t
exp { 2(“1 2 TH297 H ) p2)

2(1—po10at)2—oiost?

- i (2.40)
V(1 = poiost)? — o?adt
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This MGF found by Aroian et al. (1978) who calculated My(t), where Z = % Note
that the result is written only in terms of the ratios p; and py, which are proportional to
the reciprocals of the coefficient of variation, and p (see (2.29)).

To confirm the equivalence between (2.40) and (2.29), observe that

My(t) = Mxyxy (1) = My ( ! ) . (2.41)

0102 0102

The moment generating function can be used to find moments about the origin of Y.
By differentiating My (t) and evaluating at t = 0, one can find as many moments as
required. These moments can be used to calculate the mean, variance, and skewness of

the product of two correlated normal variables. Ware and Lad (2003) found that

Mty = Hiflz + pO102, (2.42)

0y = pi0% + {1307 + 0105 + 2ppi a0 0 + pPot0;. (2.43)
For the case of two independent normally distributed variables, the limit distribution of
the product is normal. These approaches follow the evolution of the ratio (mean/standard

deviation), but some important questions remain under consideration?

(i) When the ratio mean/standard deviation is enough to guarantee the normal ap-

proach of the product?

(ii) Approximation to normality is more sensitive for individual ratios or combined

ratio.

(iii) How is the development of the skewness of the product, is there a specific level of
it?

Mactas and Oliveira (2012) assumed that X; and X, are two normal RV’s with param-

eters p1, 02, 1 = BL, o, o3, and ry = 2. Then, it was concluded that about the

product:
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(i) When two variables have unit variance (02 = 1) with different means, the normal
approach is a good option for means greater than 1. But, when the mean is lower,

normal approach is not correct.

(ii) When two variables have unit mean (u = 1) with different variances, the normal

approach requires that, at least, one variable has a variance lower than 1.

(iii) When, at least, one of the inverse of the variation coefficient §; or ds is high, then

normal approach is correct.

(iv) When two normal distributions have same variance 0? = 02 = 02, we define the
combined ratio as #2#2, then a high value for combined ratio produce a good normal
approach to product, but when the combined ratio is lower than 1, the normal

approach fails.

Nadarajah and Pogtany (2016) found the PDF of Z = X; X5, when (X, X5) is a bi-
variate normal distribution random vector with mean zero, variance one, and correlation

coefficient p. Then, for Z € R,

o) = - \/f_ineXp { 1 52/)2} K, (1 |_Z!p2) | (2.44)

Cui et al. (2016) derived the exact PDF of the product Z = X;X,, assuming X; and
X, are two real Gaussian RV’s X; ~ N(uj,01) and Xy ~ N(ug,09) with correlation

coefficient p, and the mean for the two variables are not equal zero.

7m|w1|m no,;n n—1

B -1 pioops 2p(x1 4 pape) -
fZ(Z)_eXp{Q(po) (‘T%JFUE 0102 > Z

n=0m=0 7T' 2”
m m 2n—m
(u; _pu2 ) 8 (u; _pp2 ) Kmn< \:c21| ) (2.45)
o7 0102 m o7 0109 (1—p?)o101

Nadarajah (2011) identified the product of two zero-mean correlated normal random

2n +l 1
) O_'{n n—

variables as a variance-gamma random variable, from which an explicit formula for the

probability density function is derived.
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The variance-gamma distribution with parameters r > 0, § € R, ¢ > 0, 4 € R has PDF

1 0 |21 — pl = NEE
f(xl):g\/%r(;)e}(p{zﬂ(xl_'u)} (2\/;24-702) Kr;l( 2 |x—u|>, 1 € R.

Here, it was provided an alternative proof of the main results of the work of Nadarajah

and Pogany by noting that Z has a variance-gamma distribution.
Let Z = X1 Xs. Then, Z ~ VG(1, poy102,01024/1 — p?,0). Consequently, the PDF of Z

is given by

1 E } < |x1‘ )
T]) = ————F——=¢€X K , r1 € R. 2.46
Jz(@1) w1094/ 1 — p? p{0102(1—P2) 0 o102(1 — p?) ! (2.46)

2.2.2 Distribution of the Product of Independent Rayleigh Ran-

dom Variables

Salo et al. (2006) derived the exact probability density function and the distribution func-
tion of a product of n independent Rayleigh distribution using the Meijer G-Function.
Let

where X; is a Rayleigh distributed random variable with probability density function

T x? .
fxi(z) = Zexpq — , x>0, i=12 ... ,n (2.47)
o

2
i 20;

The exact probability density function of Y is given by

Friy) = 2(2"0%) 2 G0 | (2702) 7y : (2.48)

N |—=
N[

Notice that the density depends only on the parameter o = [, 0?. As the Meijer
G-Function is implemented only in few mathematical software packages, they provided
series forms of the distribution functions for n = 3,4,5. The series form was derived by

evaluating the contour integral in the definition of the Meijer G-Function using calculus
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of residues.

For n = 3, the exact PDF of Y is given by

fr(y) =4/ 8% kZ:O ((;!1)): [in?(x) — 2in(z)As(k) + A (k) + [As(k)]?)2*. (2.49)

2.2.3 Exact Distribution of the Product of m Gamma and n

Pareto Random Variables

Salo et al. (2006) and Nadarajah (2007) derived exact expressions for the product of
two independent random variables: one assumed to be gamma and the other Pareto.
Nadarajah (2008) provided the extension for the product, Z = X;X5... X,,V1Ys... Y,

of m + n independent probability density functions specified by

B Mt exp {—\ix}

fx,(z ; 2.50
(for x > 0,65; >0, and \; > 0) and Y;, i = 1,...,n have their PDFs specified by
Mﬂf'”
friy) = g (2.51)
The probability density function of Z is given by
, n 1—
N ol Hi
fz(2) = > CrnGli | w L (252)
P(ﬁl) o F(/Bm)z k=1 ﬁl? T 76m7 M

2.2.4 Slash Maxwell Distribution

Gaunt (2018) defined Slash Maxwell (SM) distribution as a variate to a power of an
independent uniform random variate.
Slash distribution is defined as Z = -, where Y and U are independent and have

Ul/q7

the standard N(0,1) and U(0,1) distribution, respectively. Here, ¢ > 0 is the shape
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parameter which controls the kurtosis of distribution. It is clear from this representation
that the Slash distribution is an extension of normal distribution. Indeed, the Slash
distribution has heavier tails than the normal distribution. During that study, stochastic
representation and some distributional properties such as moments, skewness, and kur-

tosis measures were provided. The MLE used for estimating the unknown parameters.

2.2.5 Distribution of the Product of Bessel Distribution of Sec-

ond Kind and Gamma Distribution

Acitas et al. (2020) introduced a new distribution by taking the product of the probability
density functions of Bessel distribution of second kind and gamma distribution. Some
distributional properties of the proposed distribution outlined. The percentile points for
some selected values of parameters are provided. It observed that the new distribution
is skewed to the right and carries most of the properties of skewed distributions. They
established a characterization result of the proposed distribution by using the truncated

moment by considering a product of reverse hazard rate and another.

2.2.6 Distributions Involving Correlated Generalized Gamma

Variables

Ahsanullah et al. (2015) derived some of the most important statistical properties of the
product and the ratio of two correlated generalized Gamma (GG) RV’s. The probability
density functions of both the product and the ratio of two correlated GG RV’s were
obtained in closed form, while the cumulative distribution function of the product was
derived in terms of an infinite series. Also capitalizing on the distribution of the product
and an union upper bound for the distribution of the sum of two correlated GG RV’s are

also derived.
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Chapter 3

Distribution of Function of

Independent Normal Random

Variables

3.1 Introduction

In this chapter, a specific distribution in an engineering problem specifically in wireless
communications will be studied. Let Z = X? + X7 — §X; X5, where 0 is unknown scale
parameter, so it can be any number greater that zero, X; and X, are independent and
identically distributed (iid) normal random variables with zero mean and variance 2.

In the sequel, the probability density function of Z will be derived in terms of the Bessel
functions. This chapter is organized as follows: Section 3.2 describes the derivation of
the PDF of Z. Section 3.3 gives the CDF of Z. Also, shows some special cases of
the distribution of Z. In Section 3.4, some statistical properties of the distribution will
be derived such as the limit behaviour, mean, variance, moments, moment generating
function and order statistics. Section 3.5 provides the estimation of the parameters Z

distribution, besides a simulation study.
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

3.2 The Probability Density Function of Z

Our purpose in this section is to derive the PDF of Z. To do so, let us rewrite the RV
Zas Z =Y, +Y, where Y = X? + X2 and Y, = —0X, X,. First, we need to find the
JPDF of Y] and Y5, then the PDF of Z is to be obtained.

Let us start with the following transformation:
20X, X,

2Y

Vit E = XX - S = (X - X))
2Y 20X, X

K—TQ:XHXQM 91 2= (X, + X,)%.

Recall that (see Theorem 2.1.2), (X; + X3) ~ N(0,20?%). Accordingly, let

1 2Y;
W1:7(Y1+—2),

202 0
1 2Y,
W2_W<YI_T>

From Theorem 2.1.4, W, and W, are iid x? RV’s each with 1 degree of freedom. Thus,

the JPDF of W, and W is given by

g(wla w2) = gw, (wl)gwg(ﬂb)
=1 =1
Cw? exp { = wy’ exp {2

var(3) var(;)

1 =t =2 —1
= —w,> Wy exp {—(wl + wg)} : (3.1)

2m 2
To find the JPDF of Y] and Y5, transformation technique (see Definition 2.1.15) is used.

The Jacobian of Y; and Y5 is given as

dwq dwq

1
J = dyy dya | _ |202 6002 | —2 o —1
dwy  dwy 1 =1 200*  fo*
dy1 dy2 202 o2
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

The JPDF of Y; and Y5 is given as

fy,2) = 217T (21 (yl + 2?;2))

exp {54 }

ot \/ 2y2+9y1 \/ Qyijzrgyl
_ exp {54 }

o/ —2ys + Oy1v/2y2 + Oy
o2/ — 43

Recall that W7 and W5 follow a chi-square distribution, so both of them are positive.

[SIE
[NIES

=1
0ot

BRI OO R N {_ﬂ}
202 o 0 P 202

W1>0:>Y1+27¥2>0:>Y1>_29Y2:>Y2>_92YI, and
W2>0:>§G—27¥>0 Y1>27?/2 YQ<%.
Hence —om <Yy < %
Moreover, Y} = X7 + X2 > 0.
Finally, the JPDF of Y] and Y5 is given by:
i, y2) = 02:\?% for y; > 0, — Ys < %

Since f(y1,y2) is a JPDF, it has to be non-negative and the integral over its support

is one. In the following, we check these two properties:

(i) It is clear that f(yi,y2) is non-negative over its support.

(i) Joy, Sy, fu1,y2)dyodys = 1.

Hence/ / f (1, y2)dyady: = / / oD {571 ) dy2dy
1, Y2 2 1 — 2 1
o o?m\/0%y7 — dys

First, we evaluate the inner integral, which is the PDF of Y}
9y1

le<Y*1): 2 exp{2 }

dy»
.Y, 0%yt — 4y;
0y
— exp {gy;} Sinfl (2y2>

2021 Oy,

701/1

exp {54 }
:T2227 Y1 > 0.
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

It’s worth to note that the PDF of Y; is an exponential distribution with rate

1
202"

Integrating fy, (Y1) overall values of Y; will results in 1. Thus, f(y1,y2) represents a

JPDF.

Before we derive the PDF of Z, it is of interest to investigate the PDF of Y5. To find

the marginal distribution PDF of Y; alone, we need to integrate the JPDF f(y;,y2) with

respect to Y. As it is shown in Figure 3.1, the integration must be divided into two

cases based on the sign of Y;. Case 1: For Y5 > 0, let

Y2

Yq

Figure 3.1: Plot of Y5 vs ¥}

o0

]1 =
2y2
[
oo

(y1 » Y2 ) dy,

ew{sh}
s o2 [P — A

To evaluate I, let u = %, then du = y%dyl. When 4,

33
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

o0, u — 0o. Thus,

1 00 exp *1;112
]1 = 3 { 22 2 } ngdu
02uy; — 4dy;

1 / * exp {54}
o?m J2 |y V0?2 — 4
1 (e%e] ex —uy2
= p{ 20° }du, since Yy > 0.

o’m 2 VOPu? -4

For this integral, we use change of variable again. Let t = u — %, dt = du. When u = %,

Yodu

t =0, and when u — oo, t — oo. Thus,

_ 2
1 0 eXp{ (t;;g)yQ}
I, = dt,

o’m J, 0212 + 40t

k(%) =

where Kj(+) is the modified Bessel function of the second kind of order zero (see Definition

2.1.24).
Case 2: For Yo <0, let I := [Z5y, f(y1,y2)dus.
[

Similarly as in Case 1, we get

o0

exp {54 }

d
N TR
1 Y2
= K, . 3.4
o2rf " ((729) (3:4)
Thus, from (3.3) and (3.4), the marginal PDF of Y; alone is given by

1 2]
fra(y2) = UQWQKO (—2> ; Y2 € R.

12 =

020

Recall that Y5 = —0X; X, is the product of two iid RV’s multiplied by the scale
parameter 6. As discussed in Subsection 2.2.1, the PDF of the product has been studied
several times in the literature under some assumptions. It is obvious that our PDF of
Y, is a general case of Rohatgi’s Theorem by Rohatgi (1976) who provides the PDF only
when the two independent RV’s are N(0, 1).

To find the PDF of Z = Y] + Y,, we will solve it in two stages: First, we find the joint
density function of Z and Y;. Second we find the marginal PDF of Z.

Let Y] be fixed at a value y; > 0. Then Z = y; + Y5, and we can consider the one-
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

dimensional transformation problem in which Z = h(Y3) = y; + Y3, Letting g(y1, 2)

denotes the JPDF of Y; and Z, we have, with Y, = Z —y; = h™(2), and ]%\ =1,

ol ) = £l ()|

e 725 —0 —0
= XP{QU} fory1>0and—y1<2—y1< a
0?02y — 4(2 — y1)? 2 ’

Simplifying, we obtain

exp {5 }
o21\/=2(z —y1) + 0y1/2(z — 1) + Oys
for y; > 0 and (1 — £)y1 < 2z < (1 + £)ys. Notice that the values of Z depends on

g(ybz) =

6. Z must produce positive values when 0 < # < 2 as shown in Figure 3.2a, and when

0 > 2, Z must produce two values which are positive and negative (see Figure 3.2b). The

Z Z @
12 s z = (1 + _)yl

(] 2
oz=(1+ E)yl :
@ -2

=1
2= 2 )ylw £ z=(1- %)yl
(a) When 0 < 6 < 2 (b) When 6 > 2

Figure 3.2: Plot of Z vs Y}

marginal density of Z is then given by:

fz(z) = /OO 9(y1, 2)di

(e o]

(
2z

[37 g(y1, 2)dy;  for 0 <0 <2,
246

= f%; g(y1,2)dy;  for z >0 and 6 > 2,
2460

f%; g(y1,2)dy;  for z < 0 and 6 > 2.
\ 2-0
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

Case 1: For 0 < 0 < 2, let

2—0
I = / 9(y1, z)dy,
2
e o {4}

22 027r\/—2(z —y1) + Oy \/2(2 —y1) + 0y

240

dy,

:/ exp {54 }

2 o2m\/—2z + (0 + 2)y11/22 + (0 — 2)y,

dyl .

Sometimes rather than making a substitution of the form u = function of y;, we may try
a change of variable of the form y; as a function of some other variable such as ¢, and

write dy; = y}(t)dt, where y}(t) = derivative of y; with respect to t.

Here we consider y; = 92% + 49%’;2(@, thus dy; = %Wdt. Based on this substitu-
tion, we have
40zsin’(t
—2: 4 (0+2)y; = Te()’

and

22+ (0 — 2)y1 = 22+ (6 — 2) ((92;) n 4928_“192@)

2z 40z sin’(t)
B R
46z — 40z sin’(1)

B 0+2

_402(1 — sin®(1))

B 0+ 2

_ 40zcos*(t)

o 0+2

Q(t) _ (2—0) (yz(0492+2)—2z) )

To find the limits of the integrand with respect to t, we can write sin

Now, when y; = 22_fev t =0, and when y; = 22%9, t = 5. Hence the original integral be-
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

comes

2 40z sin?(t)
3¢ {(202) (923 T e ) } 86z sin(t) cos(t)
[1 - 2 dt
a’r Jo

\/40z sin? () \/4z9 cos?(t) 4 — 62

0+2

- 20z sin?

B { } /2 exp { 0—2(4792_(;) } (80z sin(t) cos(t)> 0
o 2 . —p2

o%(0+ 2 ( 49z sin(t) cos(t )) 4—4
B % —20z sin?
B \/4 7 0+2 xp 02(4—62) 92
B —20z 1 — cos(2t) 0t
B 0'271'\/4 92 9+2 P o?(4 —6?) 2

B 0z cos(2t)
9+2 } {024 92)}/ eXp{02(4—92)}dt'

Using (8.431.5) in Gradshteyn et al. (2007) we get

Y A S

m
- e (e (i)

where [y(-) denotes the modified Bessel function of the first kind of order zero (see

0'271'\/4 92 {

Definition 2.1.24). It is worth to observe that Iy(-) is an even function.
Case 2: For 6§ > 2, we have two integrals to evaluate; Iy = [5. g(y1,2)dy; for Z >0
2460
and I3 = f g(y1, 2)dy; for Z < 0. We start with I,:

1 0 exp {34 }
]2 _ dyl
2 /(=22 + (0 +2)y1)v/ (22 + (6 — 2)y1)

Here we consider the substltutlon. Y1 = zu, so dy; = zdu. After adjusting the limits
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3.2. THE PROBABILITY DENSITY FUNCTION OF Z

of the integral, we get

I, = L P {;7} zdu
22/ =22+ (04 2)zun/22 + (6 — 2)2u
= oxp {5 zdu

02 25 V(=22 + 20u + 22u) (22 — 2zu + Ozu)

exp
= T/ 3 {2 }2 3 zdu
o°m ) 2o \/22(—4 4 8u + (0% — 4)u?)
— 1 / eXp{ZO'Q} 2du
o’m J 2 |z|\/—4 + 8u+ (62 — 4)u?
= exp{2 } du, since Z > 0.

20/ —4+ 8u+ (02 — 4)u?

The last integral can be computed with the substitution: v =t + %, so du = dt. After

adjusting the limits of the integral, we get:

— _2
1 00 eXp{ z(l;—;267+2)}

a*m Jo /(02 — 4)t2 + 410

1 ooexp{2 }eXp{02(9+2)}
_ dt
o’ Jo V(0% — 4)t2 + 4t0
1

exp { —2(0 —2) exp {57} P52 g,
o2m\/0?% — 4 o2(02—4)) Jo N 4“9
1 22 / eXp {Q;Zt dt
g X X
PR Sl P 2 4

Employing (8.432.8) in Gradshteyn et al. (2007) we get

I - 1 2z K 0z
* T o2 — 4 P 22 —4) [ O\ —4) )

To find I3, the same procedure with appropriate substitution must be considered,

I =

and the result is

I - 1 ox 2z i —0z
T/ P P o202 —4) [ " \o2(02-4) )"
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3.3. THE CUMULATIVE DISTRIBUTION FUNCTION OF Z

Therefore, the probability density function of Z is given by

e eXp{a2@2—Z«92) } Io (%) for 0 <6 <2,

027“/19274 exp{02(§§_4) } Ky (%) for z € R and 0 > 2.

fz(z) = (3.5)

Figures 3.3 and 3.4 show the PDF curves of Z for distinct values of 6 and o. It is obvious
from Figure 3.3 that for a fixed 6, the PDF curve is more close to the positive z-axis
when we increase the value of . While the PDF curve at a specific Z is decreased when
we increase the value of 6 assuming o constant. From Figure 3.4 notes that the curve
is more symmetric about z = 0 as € increases. Moreover, it is obvious that we have a

vertical cusp at z = 0.

3.3 The Cumulative Distribution Function of 7

The cumulative distribution function is the integration of the probability density function

over the interval (—oo, z|; that is,

/fu

s Ji exp {02(@92) } Iy (02(3392)> du  for0<6<2,

#mfozexp{%}[(g ((729—24> du  for z >0 and 6 > 2,
0 U

T e P {m} Ko (m) du

\—i—#mfozexp{%}[(o (02(0—24> du for z < 0 and 6 > 2.
Case 1: For 0 < 6 < 2,

Fy(z) = m/ {02 42“02>}10 (Ug(fﬁ 02)> du. (3.6)

From (8.447.1) in Gradshteyn et al. (2007) we have

> 0271 2n

[0(02 - ) Z 07 (1 () (3.7)

n=
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3.3. THE CUMULATIVE DISTRIBUTION FUNCTION OF Z

00 05 10 15 20 25 30 00 05 10 15 20 25 30
z 4
(a) When 6 =0 (b) When 6 = 0.5

00 05 10 15 20 25 30 00 05 10 15 20 25 30
z 4
(c) When 0 =1 (d) When 6 = 1.5

Figure 3.3: Plot of fz(z) when 0 <6 < 2
40




3.3. THE CUMULATIVE DISTRIBUTION FUNCTION OF Z

055

0.1 0.2 0.3 0.4

0.0

053

0.1 0.2 0.3 0.4

0.0

(a) When 6 = 2.5

(c) When 0 =4

0532

(b) When 6 = 3

052

(d) When 6 =5

Figure 3.4: Plot of fz(z) when 6 > 2
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3.3. THE CUMULATIVE DISTRIBUTION FUNCTION OF Z

Substituting (3.7) in (3.6), we get
0 §2nq,2n

Fa(z) = \/m / {4—%92)} z% (027" (4 g2yngn (i

g2n ? —2u on
\/WZ )" (4 — g2)2ndn (n))? /0 eXp{a2(4—92)}“ -
so dh = du.

Consider the substitution h = 4—92 4—92)

After adjusting the limits of the integral, and employing (3.351.1) in Gradshteyn et al.
(2007) we get

Ly >
o2VA— 02 = (02)*" (4 — 62)2n4n(n))?

2 204 _ n2\\ 2" 204 _ N2
></ ( 9>exp{—h}<h0 (42 9)) 0(42 Q)dh
0

I @2 [ -
= Z Y ()2 / exp {—h} h*dh

Z 0211 4 02 9 i 1 2z
24n+1 n ) 0.2(4 _ 92) )

where (-, ) is the lower 1ncomplete gamma function.

Fz(Z> =

Case 2: For 0 > 2,

(i) For Z < 0, we have

1 i 2u —0u
Fz(2) = ——— ——— VKo | —— | du. :
z(2) 027T\/¢92—4/ exp{02(92_4)} " (02(92_4)) ! 38)
From (8.447.3) and (8.447.1) in Gradshteyn et al. (2( 07) we have

Ko(2) = —In ( ) )+ Z O+ 1, (3.9)
Iy (z) = ; 22:“':!)2. (3.10)

Substituting (3.9) and (3.10) in (3.8), we get

—Ou

r
2k
oo —0Ou
=

1 z 2u
o — /_OO exp { o2(6% — 4) } kZ:O 2%k (k!)? W(k + 1)du.
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3.3. THE CUMULATIVE DISTRIBUTION FUNCTION OF Z

Changing the order of integration and summation, we get

2r
-0
-1 = (202(9274)> £, 2u —6u
Fy(z) = "
2(2) Uzm/m; o Lo e ()

> 202(92 4) S 2u

2r 2r
0 N/ —2r— r 92 0
=> - oy (2_7) =), ) QR LR
= m(rl)? P @ =9 0941

+

mw(r!)? 0

00 \/927—42_27'_10'47' (2 — %>2T (—%)QT 20% (92 — 4)
Z — G (2 log(o) — log <_u>>

3

0
2u
x I’ (27"—1—1,—02 G _4)>

2k
0o 27 2ky 2Rty (k4 1) (—m) E_g (_%>
+ — bl
; To2y/02 — 4(k!)?

where E,(-) is the exponential integral, ¢(-) is the digamma function, and G};" (-|-)

is the Meijer G-function.

(i) Similarly, for Z > 0,
oo oy 1 0 2r
Z[ 9—4(r—1) ;4r (92 _ 4) 3 (_u)72ru2r (0_2 (02 — 4))

1,1 -1
274'r71 4r
)} *ZO[W(T!P 7

0,0,2r + 1 =

2u
x (6% — 4) ngg (—02«02_4)

% (92 _ 4)27"—% (_u)—2ru2r (92 _ 4) log (%‘_Q(ZZL_ZL)>

02(;2u_4)> -2 (02TF(2T) —2I'(2r + 1))

x <w(0)(2r +1) - log <—49“) + 1og(u)>]

—2k—1 2k
n i 274k IZZJ(O)(KJF 1) (702(912_4)> (02(992_4)>
= o2/ 0% — 4(k!)?

X <F(2k+1) T (2k+1,02«02f_4)))]

The CDF curves of Z for distinct value of # and o2 are shown in Figures 3.5 and 3.6.

><F<2r+1,

It is worth to observe that when # = 0, the Z distribution in (1.1) reduces to the
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3.3. THE CUMULATIVE DISTRIBUTION FUNCTION OF Z

(c) When 6§ =1 (d) When 6 =1.5

Figure 3.5: Plot of Fz(z) when 0 < 6 < 2
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(a) When 6 = 2.5 (b) When 6 = 3

8 10

(c) When 0 =4 (d) When 6 =5

Figure 3.6: Plot of Fz(z) when 6 > 2
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3.4. SOME STATISTICAL PROPERTIES OF Z

exponential distribution with rate parameter A = #, and when 6 = 02 = 1, the Z

distribution reduces to the following density function:

1 —2z z
-3 3 I (_> '
f22) \/gexp{ 3 } "\3
Finally, when 6 = 2, the Z distribution in (1.1) reduces to the chi-square distribution

with 1 degree of freedom. This result coincides with Theorem 2.1.4.

2r
Fz(2) = / exp 2711 In Z (202(02 4)) du
027T\/92 2(02 —4) 202( 92 —~
e / Cen{ 2y (202?;?_40% Pk + Ddu
a2nve? —4 J_ 02(6% — 4) = 22k (k)2 '

Changing the order of integration and summation, we get

2r
0
B (202(92 4)) 2, 2u —0u
Fz(2) = Uzﬂwg /_oo“ eXp{02(924)}l”<202(024) du

( )2k
202(92 1) Y 2u

+ o274 /92 Z 22k kl)
) 02 2r o 2r
ZOO Vo2 — 427 ot (2 - 7) (_ 02(0274)) 30 2u 1,1
- r=0 m(rl)? “ o? (0 ) 0,0,2r +1
2r 2r
00 /02 — 4272 1gdr (2 - %) (—72 9 ) 904 (62 —
o2(9% 1) ot (0% —4)
+ TE: - )2 <2 log(o) — log <_9u>>

0
2u
X F <2T =+ 1, OW—ZL))

k, 2k %) 2k 2
o 9 2ky2 +1r¢}(k + ]_) (—702(0274)) E_o <—702(0374))
+ E — .
Pt wo2y/0% — 4(k!)?

3.4 Some Statistical Properties of Z

In this section, some statistical properties of Z will be derived.
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3.4. SOME STATISTICAL PROPERTIES OF Z

3.4.1 Limit Behaviour

Definition 3.4.1. (Vertical Cusp)
A function f has a vertical cusp at x = a when the one-sided derivatives are both infinite,

but one is positive and the other is negative. For example, if

lim flath) = fla) = 400, and lim flath) = fla)
h—0~ h h—0+ h

= —00,

then the graph of f has a vertical cusp that slopes up on the left side and down on the

right side.

As with vertical tangents, vertical cusps can sometimes be detected for a continuous

function by examining the limit of the derivative. For example, if

lim f'(z) = —oc0, and lim f'(z) = +oo,

T—a~ r—a™t

then the graph of f will have a vertical cusp that slopes down on the left side and up on
the right side. This corresponds to a vertical asymptote on the graph of the derivative
that goes to oo on the left and —oo on the right.

It is clear that the graph of the function when 6 > 2 has a vertical cusp (see Definition
3.4.1 above) that slopes up on the left side and down on the right side at z = 0, see
Figures 3.4 and 3.6.

z 20
lim () = I 1 29XP{_02(5—02)}K0 <a2(92—4)>
ot T A e — 4 o2 (4 - 62)
z 20
N 1 GCXP{*GQ(Z_GQ)}Kl (702(92_4))
wo2y/60% — 4 o2 (62 —4)
z 20
N 1 QGXP{*%}KO (*m)
mo2V/0%2 — 4 o2 (4—02)
20
Lo b exp { s | Ko (i)
o2\ 0% — 4 o2 (62 —4)
= —00.

Note that, (8.486.18) in Gradshteyn et al. (2007)) is used. Similarly, lim, ,o_ f/(2) = oc.
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3.4. SOME STATISTICAL PROPERTIES OF Z

3.4.2 Mean

To evaluate the mean or the expectation of Z, we have two cases:

Case 1: For 0 < 0 < 2,

o0

E(Z) = 0 02\/41_792,%@{ e 92} (ﬁ) dz.

Using (8.447.1) in Gradshteyn et al. (2007) our integral becomes

E(Z) — /OO oxp {02(_4_92)} Z 0" Z{2n+1}d2
0 o2/4 — 62 — 4n(n|)2(0-2)2n(4 _ Q2)2n :

Switching the order of summation and integration we get

0 9271 oo _22
E(Z) = = U {2}y,
) no4n(”!)2(‘72)\/4—_92(02)2"(4—92)2”/0 eXp{om—e?)}z ’

Now, let u = Then du = —*5dz and imploying (3.326.2) in Gradshteyn et

(4 0%)
al. (2007) we get

2(4 62)

0o 9271( 2)2n+1(4 _ 92)2n0.2(4 o 02)2 /Oo
E(Z) = Iy
) Z [ 224 (nl)? UQM(UQ)Q"(4 —p2)m J, exp {—u}u U

n=0

= 02 (4— 030
22n+14n (?’L')Q F[2n + 2]

n=0

= 202,

where I'(+) is the Gamma function.

Case 2: For 0 > 2,

(i) For Z > 0,

0= o 5 )

Employing (8.432.8) in Gradshteyn et al. (2007) we get

e R C e R E e e
{—z 2+t(0+2))}dzdt.

_077/ \/W/

20%(60 +2)
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Using (3.351.3) in Gradshteyn et al. (2007) the integral becomes

B / 10t 0+2?
o2 /(02 t2+4t9 (2410 +2))

40 6+ 2) / 1 gt
V(07 = 4)#2 460 (2 + £(0 + 2))?

We set \/t(0 +2) = v/2tan(z). Then dt = %dw and t? = 4('3;14255), so that

by substitution we have

B(Z) = 402(0 + 2)? / 1 4tan(z) sec?(x) d
)itani(e) | 86 tan2(a) (2sec?(x))? 0+2)
\/ (9-1-2)2 0+2
20’ 0 2070 +2) 2) 1
(0—2) 20 sec(x )dx
\/(9+2 tan )+ @+
2(0+2)2 1 1

dx.
V(0 —2) tan?(z) + 20 sec?(x)

Now, take the indefinite integral for 0 <z < 7.

R — ;
N V(0 -2 tanQ(x) + 20 sec?(x)

/ cos?(x) i
\/ sm (z) + 9 <08 (ac%

0052 (z) cos?(z

dx

3
/ cos (x) I
V(0 — 2) sin®(x) + 26 cos?(z)

_ / cos3(:v) "
V(0 — 2)sin®(x) +20(1 — sin®(z))

/ cos®(z) i
V/0sin?(z) — 2sin®(z) + 20 — 20 sin®(x)

/ 0083(1:) i
v/ —sin?(z) (0 + 2) + 20
’(z)

V20 — sin®(2)(0 + 2)

cos
dx.

Using the trigonometric substitution v/26 sin(a) = /0 + 2sin(x), o € <0, sin~* (
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3.4. SOME STATISTICAL PROPERTIES OF Z

Then dx = 1/ﬁcos(z§ do, sin®(a) = % sin?(x). Then, v becomes

0+2 cos(
/COS [ 20 Cos(a)d
\/_ cos(a) V 6+ 2 cos(x) “
*(x)da.

= —— [ cos“(x
7l

Substitute cos®(x) = 1 — 7% sin®(a), we get

et g
ST ARTEE (1‘“;“2”)@

B 0 cos(2x)
- m/em T2
1 2a BOsin(«) cos(a)

_\/0+2(9+2+ 0+2 )

do

Substitute « in terms of x, we get

1 2 (VT2 .
= N [9—1——2 sin ( 50 sm(x))
0 [0+2 V20 — (0 + 2) sin’(x)
T2\ 2 @ NGT] }
sin~! ( b2 sin(a:))
20

(\V]

us

2

sin(xz)1/20 — (6 + 2) sin(x)

0

2 2 — sin~! 1.1
(M)g(w i <2+9>>.
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3.4. SOME STATISTICAL PROPERTIES OF Z

Now, we have

E(Z)—QJQ(QH)%( & f<m+4sin_1< 1+1>>>
m 0+ 2) 2 0

o2 .1 1 1
= — (V02— 4+ 4sin -+
T 2 0

(NI

To simplify, employing (1.624.1), (1.626.2), and (1.623.1) in Gradshteyn et al.

(2007), and (1.6.3) in Thomas (2014) we obtain

sin ™ 1—i—1 =cos ' (1— l—i—1
2 6] 2 0

The expectation of Z is

2

2
Bz =" <7r—|—\/92 — 4+ 2sin”! (5)) (3.11)
m
(ii) For Z < 0, along the same lines as above, it can be shown that

E(Z) = —%2 (m — 2cos ™! (%)) : (3.12)
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3.4. SOME STATISTICAL PROPERTIES OF Z

Therefore, the expectation of Z is given by

202 for 0 < 6 < 2,
E(Z) = —2(7r+\/92—4+2sin71(%)) for z >0 and 0 > 2, (3.13)

—072( 92 —4—2cos ' (2)) for z < 0 and 6 > 2.

By summing (3.11) and (3.12), we get F(Z) = 202. Tt is obvious to note that the

expectation for the two cases is 202

3.4.3 Variance

To find the second moment of Z the same steps as Subsection 3.4.2 can be used

(See the Appendix). We get
E(Z%) = o*(8 4+ 6?). (3.14)
Using (3.13) and (3.14), the variance of our distribution is given by

var(Z) = B(7) - (E(2))
=0 (8 + 0% — (207)?

=o' (4 + 6?). (3.15)

3.4.4 Moments and Related Measures

In this subsection, a closed form formula for the 7 moment of Z will be provided,

which can be obtained using

B(Z7) = /_ T ()

o0
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3.4. SOME STATISTICAL PROPERTIES OF Z

We need to consider two cases:

Case 1: For 0 < 6 < 2,

B(Z7) = /0 ()

_/°° , 1 N —2z I 0z J

)y Torvi—e P \e2a—) \r2u—n))"

_/°° , 1 -2z l/” 6z cos(a) dod
) TaviteE P \e2E—e) ), TP\ e
B 1 <o 2(2 — O cos(a))

— WOQM/O /0 z exp{ 24— () dadz.

Employing (3.351.1) in Gradshteyn et al. (2007) our integral becomes

E<Zr) _ / 4 6)2))7"+1 o
o2\/4 — 92 2 — G cos(a))+!
1 N 1
— | 2742 4 — 2\r+1
To2\/4 — GQT o) /0 (2 = b cos(a)) ! @

1, ) 1/” 1
— 0¥ D(r +1)(4 — 62)73 .
g (r+ 1D =6 o (2—=0cos(a))+! da

Employing (1.323.1) in Gradshteyn et al. (2007) we get

1
E Zr —— 27‘1‘\ 4 2
(Z") o (r+1 6°) / 20052(%) — 1>>r+1da

L,
=—0“T )(4 — %)t dao.
T (r+1) / +2—29COSQ(%))T+1 “

Using the substitution u = 5, we get da = 2du. The limits of the integral will be

a=0—u=0,a=1—>u=73.

jus

1 1 2 1
E(Z") = =o®T 1 4—(92”2/ 2du.
(2% d (r+ 1) ) o (042 —260cos?(u))+! "

Employing (3.682) in Gradshteyn et al. (2007) we get

1 . 11 1 20
E(ZT):;UQTF(T+1)(4—02)T+5(9+2) B (2 2) 2 F1 (2,r+1;1;>.
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3.4. SOME STATISTICAL PROPERTIES OF Z

Using (8.384.1) in Gradshteyn et al. (2007) we get

1 1 20
E(Z) =0 T(r+1)(4 -0 20+2) " R [z, r+ 1,1, ==, (3.16)
2 042
where oF} (-, ;+;+) is the Gauss hypergeometric function.

It is clear that if we substitue r = 1,2 in (3.16), then we get (3.13) and (3.14).
Case 2: Similarly for 6 > 2, we get

E(Zr):(92—4)02r (29—3)7"[9F (7’+1)2 R <7"+1 r+1 1 4>

2mH2/62 — 4 2 2 7 2 2742

roNE o (r o r 3 4N (P—4)27 10" (o (4 —06))"
+4F<§+1> 2F1 <2+172+172592>:|+ W@Z\/m(r+l)2

1\2 1 11 4 2
oo () (5 ) o

2 72 72742 2
1 4 r 2
—9? 1 F r 11 1. 2. = (L1
x((9+8r+ 6) oF1 (5 +15+1Ligig ) )+ (5+1)
2 L ._l.i}
X(g 4)2F1<2+1,2+17 27@2) *

In the following, some other statistical properties of the Z distribution will be derived.

The coeflicient of variation

Lo o4+ Vi+e?
N = e 53 == (3.17)

The function is differentiable over its entire domain, so the only critical point is where
a = ﬁ = 0, namely # = 0. The functions values at § = 0, v(0) = 1. Hence the

minimum value of v is 1 at # = 0.
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3.4. SOME STATISTICAL PROPERTIES OF Z

Skewness

The skewness can be defined as

U3
" = g
_ E[(Z-p)?
o3
E(Z3) = 3uE(Z?) + 3u*E(Z) — i?

o3
o5(8 + 360?) — 3(202)0*(8 + 6%) + 3(202)%(20?) — (20?%)3
(6)2
o%(8 4+ 30%) — 605(8 + 62) + 2405 — 80
(o4(4+62))3

1262416

TR (3.18)

The critical points of v, are # = —2,0,2. Recall that we assume 6 > 0, so —2 is ignored,
we need to check the functions values at § = 0,2. Critical point values are 7;(0) = 2 and
71 (2) = 2.828. The function has a minimum value of 2 at § = 0 and maximum value of
2.828 at 0 = 2.

Note that the skewness of our distribution is always positive, so the distribution is right

skewed.
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3.4. SOME STATISTICAL PROPERTIES OF Z

Kurtosis

The kurtosis can be obtained as

_ M
Yo = p
_ ElZ -
B E(Zf) — AuE(Z3) + 6p2E(Z2) — AP E(Z) + p
B (0)?
1

(0462 +4))? [
£ 6200208 + %) — 4(20%)'(20°) + (207

90" + 1686 + 144
BN GCERE

30°(128 + 9662 + 30*) — 4(20°)(60°(8 + 36°))

The critical points of vo are § = —2,0,2 (same as ;). We need to check the functions
values at @ = 0,2. Critical point values are 72(0) = 9 and 7»(2) = 15. The function has
a minimum value of 9 at # = 0, and maximum value of 15 at § = 2.

It is worth to observe that v, v, 7- are free of . Figure 3.7 depicts the graphs of v, v,

and v, for different values of 6.

15

Y2

10

Figure 3.7: The coefficient of variation, skewness and kurtosis of Z as a function of 6
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3.4. SOME STATISTICAL PROPERTIES OF Z

Remark 4. Note that the kurtosis will be always positive, which indicates that our dis-
tribution is peaked and possess thick tails, so it is called a Leptokurtic distribution. A
leptokurtic distribution has a higher peak and taller (i.e. fatter and heavy) tails than a
normal distribution. An extreme positive kurtosis indicates a distribution where more of

the values are located in the tails of the distribution rather than around the mean.

In Table 3.1, the descriptive measures of Z are determined for distinct values of o
and 0. The results show that for the same value of o, the mean remains fixed (this is
obvious and clear from (3.13)), the median decreases, the variance, the skewness, and
the kurtosis all are increasing. It is worth to mention that the formulas in (3.13) and

(3.15) are conformity with the data given in Table 3.1.

3.4.5 Moment Generating Function

In this subsection, a closed form for the moment generating function (MGF) of Z will
be derived.

Case 1: For 0 < 0 < 2,

o0

My (t) = E(exp {Zt}) = / exp {2t} f2(2)dz

—0o0
[e.9]

1 (21} —2z I 0z p
y oo PSP an ey [ 0\ ey )

Using (8.431.5) in Gradshteyn et al. (2007) we get

B 1 o —2z T 0z cos(a)
MZ(t) = mA exp{zt}exp{M}/o exp{w}dadz
2to?(4 — 62) — 2z + 0z cos(a) } dods

1 oo s
N 71'02\/4792/0 /0 exp{ o?(4 —02)

o7



3.4. SOME STATISTICAL PROPERTIES OF Z

Table 3.1: Descriptive measures of Z for different values of ¢ and 6

o 0 Mean Median Variance Skewness Kurtosis
0.5 05 0.5 0.343 0.266 2.169 10.329
0.5 1 0.5 0.324 0.313 2.504 12.84
0.5 1.5 0.5 0.284 0.391 2.752 14.530
0.5 3 0.5 0.198 0.813 2.645 14.112
05 5 0.5 0.162 1.813 2.023 11.854

1 05 2 1.377 4.25 2.169 10.329
1 1 2 1.288 ) 2.504 12.84
1 1.5 2 1.125 6.25 2.752 14.530
1 3 2 0.792 13 2.645 14.112
1 d 2 0.677 29 2.023 11.854

1.5 05 4.5 3.114 21.516 2.169 10.329
1.5 1 4.5 2.907 25.313 2.504 12.84

1.0 1.5 4.5 2.576 31.641 2.752 14.530
1.5 3 4.5 1.763 65.813 2.645 14.112
1.5 5 4.5 1.494 146.813 2.023 11.854
25 0.5 125 8.601 166.016 2.169 10.329
25 1 12.5 8.144 195.313 2.504 12.84

25 15 125 7.080 244.141 2.752 14.530
25 3 12.5 4.976 207.813 2.645 14.112
25 5 12.5 4.138  1132.812 2.023 11.8537

3 0.5 18 12.442 344.25 2.169 10.329
3 1 18 11.660 405 2.504 12.84
3 1.5 18 10.228 506.25 2.752 14.530
3 3 18 7.100 1053 2.645 14.112
3

2 18 6.151 2349 2.023 11.854

Using (3.310) in Gradshteyn et al. (2007) we have

B 1 /” o?(4 — 6?)
w02 /(4= 02) Jo —to*(4—6%) 42— 0 cos()
_ V4 — 62 /7r 1

—to?(4 — 62) + 2 — 0 cos(a)

My(t) do

dao.

Now take the indefinite integral

1
H = da.
/ —to?(4 — 6%) +2 — B cos(a) “
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3.4. SOME STATISTICAL PROPERTIES OF Z

We set u = tan(%). Then du = 3 sec?($)da, so that by substitution we have sin(a) =
ufil, cos(a) = igﬁ and do = — 2+1du.
1 2
du
/ —to?(4 — 62) € +))(U2+1)
-/ 2 d
u
o20%tu? + 020t — 4otu? — 4o?t + Ou? — 0 + 2u? + 2

1
- /( 2024 — 40275—9—}-2) (0202tu2—402tu2+0u2+2u2 +1)

0202t—402%t—0+2

du

2 / 1 p
= u.
202t — 4ot — 9+ 2 u2(020%t—402t+0+2)
(0 ’ + ) < (020%t—402%t—0+2) + 1)

uVo20%t—402t+0+2

. . /0-2 2 0-2
Now, substitute s = N Y ds = Vo zzzi 302§+z;du
2 / 1 \/0202t—402t—0+2d
= S
(02602t — 402t — 0+ 2) ) s+ 1/0262t — 402t + 0 + 2

2
V0202t — 402t — 0 + 20202t — 402t + 0 + 2

tan"'(s).

Now, substitute the values of s,u, so H becomes

2 - tan (%) Vo202t — 402t + 0 + 2
— 4/ (0% — )2 + 402t — 1 Vo202t — do%t — 0 + 2 '

Now, finding the moment generating function by substituting the limits of a from 0 to

m produces

m
T V02— 4\ o4 (02 — 4)12 + 4ot — 1 2
VA — 62 fo 1
— 4o (0% — )12 + 402t — 1 ~o2(0+2)

Case 2: For 6 > 2, similarly as the previous case, we get




3.5. ESTIMATION AND INFERENCE

3.4.6 Order Statistics

In this subsection, the order statistics of the Z distribution will be derived.

Lemma 3.4.1. Let Zy,Z, ..., 7, be a random sample (RS) from our distribution and

0 <60 < 2. Then we get the following PDF’s

o (2) = n—1 1 —2z 7 0z
Zpy\2) =" i1 —UQMGXP _02(4 _ 92) 0 02<4 _ 92)
i—1

(i@ (F(2k+ 1) -T (21<:+1,L)>)>j

— 24k+1(k!)2 02(4 _ 92

(1-?2‘)%#\/_792 (F(2k+1)—F <2k+1,2—z))>)n

p 24k+1(/{;!)2 02<4 _ 92

—J

In particular, the 15* o.s PDF is given by

o) = e i o (=) )
(1—2% <P(2k:+1)—F (2k+1,ﬁ)>) .

and the nt* o0.s PDF is

[z, (2) = na%/ﬁ exp {02(22_292) } lo (ﬁ(fi 92))
(i@ (F(2k+ )T <2k+ 1, 2—2)»)”

-1

—~ 24k+1(k!)2 O'2<4 — 2

Remark 5. Similarly, when 6 > 2, it can be easily obtained the PDF’s of order statistic.

3.5 Estimation and Inference

In this section, the estimation of the parameters using MME and MLE will be investi-
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3.5. ESTIMATION AND INFERENCE

gated.

3.5.1 Method of Moments Estimation

In this subsection, the two unknown parameters, ¢ and 6, will be estimated via the
method of moments. In order to use this method we need to define two equations by

equating the first two population moments with the sample moments as follows:
Mk = Uk fOT’ k= 1,2

We have the following two cases:

Case 1: For 0 < 0 < 2,

Thus, the MME of ¢ is the solution of the equation

=M =7 =20"=5= (3.19)

Now, the MME of 6 by solving the following equation. Substitute the value of ¢ using

(3.19) we get

N
— My = o8 1 6%) = Z 0=\/%—&
i=1~1

Remark 6. This solution is valid when %nzz')z > 8, otherwise the solution will be outside

the domain.

Remark 7. Note that the MME’s of 8 and o when 8 > 2 will be same as the case of

0<0<2.
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3.5. ESTIMATION AND INFERENCE

3.5.2 Maximum Likelihood Estimation

The likelihood function of the parameter vector © can be written as

L(@7 1y 225+« Zn) = Hf(zla 870-)'
i=1
In the following, we have two cases:

Case 1: For 0 < 0 < 2,

L<®;Zla’227 s 7ZTL) - Hf(ZZ,6,0'>
i=1

_ﬁ 1 ox —22:1' I 021
_z'=1‘72\/m b o (4 —6?) ’ o?(4 - 6?)

:aw(ﬁwe’ip{ _izgé}nf‘)( (- e?))‘

Now, set Y z; = nz. The total log-likelihood function for © is

1(©; 21,20, ...,2n) =1In L(O; 21, 29,...,2,)

“+ (rzt=ee) = ()
(HI‘)( 2(4 — 02)))

Case 2: For 6 > 2, we have two regions.

(i) For Z > 0,

L(©; 21, 29, . .., 2n) = Hf(zi;ﬁ,a)
~ o 192—4)neXp{ QZZZ }_HKO (02 4))'
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The total log-likelihood function for © is

1(O; 21,20, ..., 2n) =In L(O; 21,29, ...,2,)

= 0z;
+ In (gKo <—U2(92 — 4))>
= —2nln(o) — nln(r) — nln(\/927_4) n 2>z

o2(62 — 4)
+1In (HKO (%)) .

(ii) For Z < 0, we proceed similarly to obtain

1(O; 21,20, ..., 2n) =1In L(O; 29,29, . .., 2,)

= —2nln(o) —nln(r) — nin(V0* — 4) + m

= —0z;
1 Ko | ————r :
o (I () )
By summing the log-likelihood function, we get

(O; 21,20, ...,2n) =In L(O; 21, 29,...,2,)

02(92 )

(100 () ) o (00 () )

The MLEs of ¢ and 6 can be found by differentiating the log-likelihood function for each

= —4nln(o) — 2nln(7r) — 2nIn(vV6? — 4) +

case with respect to o and € and equating these partial derivatives to zero. However,
these equations cannot be solved analytically. So statistical software can be used to solve
them numerically. Iterative techniques such as Newton-Raphson algorithm can be used

to obtain the estimates.

63



3.5. ESTIMATION AND INFERENCE

3.5.3 Evaluating the Goodness of an Estimator

Suppose O is an estimator used to estimate (0,0). Then the bias of O is given by
Bias(©) = E(©) — 6,
and the mean square error of O is evaluated as
MSE(©) = E(© — 0)? = Var(©) + Bias(6)?.

The performance of the estimator is evaluated via Monte-Carlo simulation.
Due to the unknown distribution of the derived estimator é), empirical method is used

to construct a confidence interval. An approximate 100(1 - a)% of © can be constructed

©-0
P<—Q; < SE(O) SQ;) =1-q,

as

where @), is the o upper percentile of the empirical distribution of the corresponding
estimator, and SE(©) = \/MSE(©) is the empirical standard error. Therefore, the
approximate 100(1 - «)% confidence limits for o and 6 of the Z distribution are given,

respectively, by

3.5.4 Simulation Study

In this section, the Monte Carlo simulation will be introduced, and it will be used to
evaluate the properties of the MMEs and MLEs. The simulation will be carried out using

R software.

Monte Carlo Simulation

Gentle (2010) said that the basis of a Monte Carlo simulation is that the probability of

varying outcomes cannot be determined because of random variable interference. There-
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3.5. ESTIMATION AND INFERENCE

fore, a Monte Carlo simulation focuses on constantly repeating random samples to achieve
certain results. A Monte Carlo simulation takes the variable that has uncertainty and
assigns it a random value. The model is then run and a result is provided. This process
is repeated again and again while assigning the variable in question with many different
values. Once the simulation is completed, the results are averaged together to provide an
estimate. A Monte Carlo simulation can be used to treat a range of problems in virtually
every field such as finance, engineering, supply chain, and science. It is also referred to
as a multiple probability simulation.

As it is shown in Figure 3.8, the CDF curve of our distribution is approximately identical
to the Monte Carlo simulation curve, which ascertain our derivations. The Monte Carlo

simulation curve graphed by generating a 10000 random sample from the distribution in

R, for 0 =1, and 6 = (0, 3).

1038

0.8

0.6

0 (Empirical)

0.4

—— 0 (Closed Form)

[ ] 3 (Empirical)

0.2

——— 3 (Closed Form)

0.0

Figure 3.8: Plot of Fj;(z) and Fy(z)

MME and MLE Simulation

To evaluate the properties of the MMEs and MLEs, a simulation study will be carried out
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3.5. ESTIMATION AND INFERENCE

in this section. Sample of sizes 50, 150, and 300 from Z distribution will be considered.
2000 random samples will be selected for each set up with the following combinations

that included the two cases of 6:
(0,0) ={(0.5,1.5),(1.5,3)}.
This simulation study will be carried out using the R software (R Core Team, 2020).

Table 3.2: Mean of MMESs of all parameters, bias, and MSE, for distinct values of n and
distinct setting of (o, 6)

Sample (0,0) (0.5,1.5) (1.5,3)
size o 0 o 0

Estimate 0.498 1.236 1.488 2.875

Bias -0.002 -0.264 -0.012 -0.125

50 MSE 0.002 0.572 0.034 0.592
CI (0.480,0.523)  (1.235,3.182) (1.280,1.829)  (1.671,6.389)

Width 0.043 1.947 0.550 4.718

Estimate 0.499 1.335 1.492 2.925

Bias -0.001 -0.165 -0.008 -0.075

100 MSE 0.0009 0.294 0.018 0.288
CI (0.485,0.516)  (1.333,2.608) (1.326,1.726)  (1.851,5.124)

Width 0.031 1.275 0.400 3.274

Estimate 0.499 1.380 1.495 2.951

Bias -0.0007 -0.120 -0.005 -0.049

150 MSE 0.0006 0.195 0.012 0.209
CI (0.488,0.513)  (1.166,2.350) (1.356,1.678)  (1.964,4.753)

Width 0.026 1.185 0.322 2.789

Table 3.2 and Table 3.3 indicate that, as the sample size increases, the estimate becomes
closer to the actual value, the bias decreases, the MSE decreases, and the width of the
C.I becomes narrower. Note that ¢ is an unbiased estimator for o, while 0 is a biased

estimator.
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Table 3.3: Mean of MLEs of all parameters, bias, and MSE, for distinct values of n and

distinct setting of (o, 0)

Sample (0,0) (0.5,1.5) (1.5,3)
size o 0 o 0

Estimate 0.498 1.297 1.488 3.058

Bias -0.002 -0.104 -0.012 0.058

50 MSE 0.002 0.350 0.034 0.223
Cl (0.480,0.524)  (1.297,2.450)  (1.280,1.829) (1.930,5.039)

Width 0.043 1.154 0.550 3.109

Estimate 0.499 1.396 1.492 3.031

Bias -0.001 -0.104 -0.008 1.531

100 MSE 0.0009 0.156 0.018 2.430
Cl (0.485,0.516)  (1.395,2.134)  (1.326,1.726) (-0.956,8.812)

Width 0.031 0.739 0.400 9.768

Estimate 0.499 1.425 1.495 3.023

Bias -0.0007 -0.075 -0.005 0.023

150 MSE 0.0006 0.089 0.012 0.059
Cl (0.488,0.513)  (1.225,1.965) (1.356,1.678) (2.381,3.899)

Width 0.026 0.740 0.322 1.518
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Chapter 4

Distribution of Function of

Dependent Normal Random

Variables

4.1 Introduction

In this chapter, another distribution presents an engineering problem specifically in
wireless communications under the effect of I/Q imbalance will be studied. Let U =
X? 4+ X2 — 2pX 1 X5, where X; and X, are dependent and identically distributed (iid)
normal random variables with zero means, variances o2, and correlation coefficient p.

In the sequel, the probability density function of U will be derived in terms of the Bessel
functions. This chapter is organized as follows: Section 4.2 describes the derivation of the
PDF and CDF of U. Section 4.3 presents some statistical properties of the distribution
derived as the mean, variance, moments, moment generating function. In Section 4.4 the
estimation of the parameters U distribution will be derived. Also, Section 4.4 provides

a simulation study. An application will be introduced in Section 4.6.
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4.2. THE PROBABILITY DENSITY FUNCTION OF U

4.2 The Probability Density Function of U

Our purpose in this section is to derive the PDF of U, where U = Y;+Y, and Y} = X7+ X2
and Yo = —2pX; X5. First, we need to find the JPDF of Y; and Y5, then the PDF of U
is to be obtained.

Let (X1, X5) be a bivariate normal random variable with zero mean and variance o2 with

correlation coefficient p, |p| < 1. Recall,
U=X}4+X;-2pX Xy, -1 <p< 1 (4.1)

Let us start with the following transformation:

2pX1X2

Y-
Y1+?2:X12+X22— :(Xl—X2)27
Ys 20X X
Yl—szerXSJr PEIT2 (X + X0)%,

Note that E(X1 —|—X2) = E(X1)+E(X2) =0and Var(Xl +X2) = Var(X1)+Var(X2)+

2Cov(X7, X5). Recall that

Cov(X1, X5)
N VVar(X,)Var(Xs)
Hence Var(X; + X2) = 20% 4+ 2po? = 20%(1 + p). Note that (see Theorem 2.1.2),

— OO’ZJ(Xl,XQ) = pO’Q. (42)

P

(X1 £ X5) ~ N(0,202%(1 £ p)). Accordingly, let

1 Y,
- [y
M 20'2(1—/))(1Jr p)’

1 Y,
Wyi=—— (V1= 2).
’ 202(1+p)(1 p)

W, and W, are iid x* RV’s each with 1 degree of freedom in the case of bivariate normal

random variable with the same variance. Thus, the JPDF of W; and Wj is given by:

1 = = 1
o1, s) = g ), ) = o wf o { b (43)

To find the JPDF of Y; and Y3, transformation technique (see Definition 2.1.15) is used.

Hence

fyr,2) = glwi, wa)|J,
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4.2. THE PROBABILITY DENSITY FUNCTION OF U

where
dw dw 1 1
S| | _ | weas| -2 -1
dwy  dwy 1 1 4pot(1—p?)  2pot(1—p?)
dyr  dy2 202(1+p)  2po?(1+p)
Thus, |J| = 204—1/)2), for —1 < p < 1. Hence the JPDF of Y7 and Y5 is given by
1 =t = - 1
f(y17y2):%w1 Wy eXp{T(wl—i-U&)}m, for —1<,0<1.

Substitute w; and wq, we get

exp {20%1(32931) }
20%m/1T— PP/ PPy} — 43
We have mentioned before that W; and W, follow a chi-square distribution, so both of

fln,y2) =

for —1<p<1.

them are positive,
Vi=X;+X7>0,
W1>0:>Y1+%>0,
W2>0:>Y1—§>0.

p
For —-1<p<0=pYi <Yy < —pY,and for 0 < p < 1= —p¥; <Y < pYi.

f(y1,y2) is a JPDF, and has to be non-negative and the integral over its support is one.

In the following, we check these two properties:

(i) It is clear that f(yi,y2) is non-negative over its support.

(ii) For —1 < p <0, fvyl ny2 (Y1, yo)dyady, = 1.

/ /—py1 —py1 exp 20%1(:21’31)}
91792 ddeyl / / dyady; .
o 2021 — P2/ p%3 — v}

As in Chapter 3, it can be shown that

Yy1+y2

—PY1 exXp { 52 (2 — }
I / 20%(p2—1)
p

w2021 — PP/ p2y% — 42
B exp{%}]0 <%> (4.4)

2024/1 — p? ’
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4.2. THE PROBABILITY DENSITY FUNCTION OF U

and

~ e { gt | 1o (5
dyl =1.
J

2024/1 — p?

Similarly, for 0 < p < 1,

00 PY1L exp %}
/ [y, y2)dyady, / / ——dy>dy1.
o Jopn —oy1 2027\/1 — p*\/p*y} — 3

The inner integral

R / b o {%yzl(:?yfw} d
= Y2
o 20271 — P2/ p?13 — v}
_exp {202&12—1)}% ( a2<p21—1)> (45)
2024/1 — p? ' .
o oxp { gty } 1o (efr)
dyl = 1.
0 202/1 — p?

It’s worth to note that the inner integrals L (4.4) and R (4.5) are the PDF of Y}, which
are the same. So, for |p| <1 the PDF of Y] is

1 Y1 PY1
= — S | ——— 0< < .
e e b= K1 G L

Before we derive the PDF of U, it is of interest to investigate the PDF of Y. To find the

marginal PDF of Y,, we need to integrate the JPDF f(y,y2) with respect to Y;. Case

Y2

y2 = py1

Figure 4.1: Plot of Y5 vs ¥}
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4.2. THE PROBABILITY DENSITY FUNCTION OF U

1: For Y5 > 0,

1 Y2 Y2
_ o Ko (s )
fra(s) 2wo?py/1 — p? P {202(P2 - 1)} " (202(0 - Pg)>

Case 2: For Yy < 0,

1 Y2 —Y2
= — S Ky | ———— ] .
fislv2) omoo /12 T {202(/)2 - 1)} ’ (202(/) - p3)>
Hence, the PDF of Y5, yo € R and —1 < p < 1, is

fY2 <y2) =

1 eXp{ Yo }Ko ( |2 )
21a2p\/1 — p? 20%(p* — 1) 20%(p — p*)
Using the transformation method that was explained before, the probability density

function of U is given by

exXp {_202(?—02)}
20%(1=p?)

u > 0.

fu(u) =

It’s worth to mention that the distribution of U is an exponential with rate parameter

A= m, and the cumulative distribution function is given as
7 B u
U(u)—l—exp —m , u > 0.

Recall that U = X? + X2 — 2pX; X, is a combination of normal RV’s. As discussed in
Section 2.3 in Mohsenipour (2012), the RV U is distributed as a linear combination of
independent central chi-square variable when ;1 = 0. The PDF of a linear combination
of chi-squares is derived in Moschopoulos et al. (1984). It is obvious that our PDF of U
is the same as in Moschopoulos et al. (1984) by putting j = 0,s = 1.

The PDF and CDF curves of U for distinct values of p and o2 are shown in Figure 4.2
and Figure 4.3. It is obvious from Figure 4.2 that the PDF is always convex and is
stretched to the right as o decreases in value. Figure 4.3 shows that the CDF value at a

specific Z increases as p increases.
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0.0 05 1.0 15 20 0.0 05 1.0 15 2.0
u u
(a) When p = 0.1 (b) When p =0.4
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\ —— 05
\
S A \
\ -- 1
\
15
0.0 05 10 15 2.0 0.0 05 10 15 2.0
u u
(¢c) When p = 0.6 (d) When p=10.9

Figure 4.2: Plot of fy(u) for different values of p
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F(u)
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Figure 4.3: Plot of Fyy(u) for different values of p
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4.3. SOME STATISTICAL PROPERTIES OF THE DISTRIBUTION

4.3 Some Statistical Properties of the Distribution

The mean or expected value of an exponentially distributed random variable U with rate

parameter \ is given by

= E(U) = % —262(1 = ). (4.6)

The variance of U is given by

)= 53 = 2021 = )P = d0*(1 - ) (4.7)

Var(U
The moments of U, for n € N are given by

EU™) = 7;—7: =nl(20%(1 — p*)™. (4.8)

The median of U is given by

The MGF of U is given by

4.4 Estimation and Inference

In this section, the estimation of the parameters using MME and MLE will be investi-

gated.
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4.5. SIMULATION STUDY

4.4.1 Maximum Likelihood Estimation

The likelihood function of U for the parameter vector © = (02, p) can be written as

L(®;“17u27"'7un) = Hf(u17027p)

_ ﬁ eXp {_ 202(1ii_p2_) }

20%(1 = p?)

1 T
_ exp iz |
(202(1 = p?))" 20%(1 = p?)
Now, set >, u; = nu. The total log-likelihood function for (o2, p) will be
. _ n/ __2\n 2\n nu
l(@7u1,u2,...,un)——ln(2 (O') (1—p))—m
_ 9 9 nu
=-—nln(2) —nln(c®) —nln(l — p*) — 5021 = 7’
Differentiating the log likelihood function with respect to o2 and p results in

d n nu
—_1(0; ) = e b
( ; U, U, , U ) 0_2 + 20_4(1 . pg)

do?
_ 2np  dnpo*u
ST 7P

—U(O;uy, ug, . .., up)

dp
Solve these equations, by equalling them to zero, setting p = p and ¢ = 62, and then

solving for p and &2, we get

52 — Zi:l Ui .
2(1 = p?)
Z?:l Ui

h=+1/1—
p 202

Remark 8. The Moment of Method estimation for the exponential distribution is the
same as MLE.

4.5 Simulation Study

As it is shown in Figure 4.4, the CDF curve of our distribution is approximately identical
to the Monte Carlo simulation curve, which ascertain our derivations. The Monte Carlo

simulation curve is graphed by generating a 10000 random sample from the distribution
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in R, for 02 =1, and p = (0,0.8).

F(u)

1.0

0.8

0.6

0 (Empirical)

0.4

—— 0 (Closed Form)

[ ] 0.8 (Empirical)

0.2

——— 0.8 (Closed Form)

0.0

T T T T T T
0 2 4 6 8 10
u

Figure 4.4: Plot of Fy;(u) and EFy(u)

MLE Simulation

To study the properties of the MLEs, a simulation study is carried out in this section.
Sample of sizes 20, 50, and 100 from U distribution are considered. 10000 random samples
are selected for each setup with the following combinations that included different cases
for (p,o?):

(p,0?) = {(0.2,0.5),(0.2,1.5), (0.8,0.5), (0.8, 1.5)} .

This simulation study is carried out using R software.
Remark 9. The results in Tables (4.1 and 4.2) indicate that:
(i) Everything else being fized, increasing the sample size, the bias decreases.

(i) Everything else being fized, increasing the sample size, the MSE decreases.

(iii) Everything else being fized, increasing the sample size, the confidence interval will

be narrower, so the estimator being more efficient.
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4.6. APPLICATION: THE EFFECT OF 1/Q IMBALANCE IN ADVANCED
WIRELESS COMMUNICATION SYSTEM

Table 4.1: Mean of MLEs of all parameters, bias, and MSE, for distinct values of n and
distinct setting of (p, o)

Sample (p,0) (0.2,0.5) (0.2,1.5)
size p o P o

Estimate 0.196 0.514 0.194 1.538

Bias 0.004 -0.264 0.006 0.712

20 MSE 0.050 0.074 0.050 0.547
ClI (0.255,0.330)  (-0.020,1.049) ( 0.252,0.327) (0.088,2.988)

Width 0.075 1.069 0.075 2.900

Estimate 0.197 0.504 0.198 1.512

Bias 0.003 -0.254 0.002 0.738

o0 MSE 0.019 0.066 0.019 0.559
C.I (0.208,0.260)  (0.0003,1.009)  (0.209,0.260)  (0.047,2.977)

Width 0.0525 1.009 0.051 2.930

Estimate 0.2000 0.5019 0.200 1.508

Bias —5.2%107° -0.252 0.0005 0.742

100 MSE 0.009 0.064 0.009 0.557
ClI (0.198,0.235)  (0.005,0.999)  (0.199,0.237)  (0.045,2.971)

Width 0.037 0.993 0.038 2.927

4.6 Application: The Effect of I/Q Imbalance in Ad-

vanced Wireless Communication System

Alsmadi (2020) mentioned that modern digital communication systems require consider-
able digital signal processing and advanced analog circuity. On a high level, the commu-
nication system can be represented using some basic stages: starting from a bitstream at
the transmitter to a physical channel and ending with a bitstream at the receiver. This
can be illustrated in Figure 4.5. In an In-phase/Quadrature (I/Q) based RF receiver,
analog to digital converter (ADC) is required to convert the signal from an analog signal
to a digital one. In addition, the received signal is demodulated (down-converted) to
retrieve the baseband transmitted signal.

The direct-conversion transceivers have a simple, low cost and flexible structure with
less analog components and low implementation. Since direct-conversion transceivers
convert the RF signal directly to the baseband instead of using an Intermediate Fre-

quency (IF), it does not need either external IF or image rejection filters. Besides these
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Table 4.2: Mean of MLEs of all parameters, bias, and MSE, for distinct values of n and

distinct setting of (p, o)

Sample (p,0) (0.8,0.5) (0.8,1.5)
size p o p o

Estimate 0.790 0.518 0.792 1.563

Bias 0.010 -0.268 0.008 0.687

20 MSE 0.009 0.086 0.008 0.600
ClI (0.738,0.875)  (-0.057,1.094) (0.741,0.876) (0.044,3.081)

Width 0.137 1.151 0.135 3.037

Estimate 0.797 0.508 0.797 1.525

Bias 0.003 -0.258 0.003 0.725

50 MSE 0.003 0.071 0.003 0.570
Cl (0.761,0.844) (-0.016,1.031) (0.761,0.844) (0.034,3.007)

Width 0.083 1.047 0.0842 2.973

Estimate 0.798 0.503 0.799 1.512

Bias 0.002 -0.253 0.001 0.738

100 MSE 0.001 0.067 0.001 0.565
ClI (0.772,0.830)  (-0.002,1.009) (0.772,0.831) (0.038,2.986)

Width 0.058 1.011 0.0582 2.948

Message Baseband
Bitstream va va

Message
Bitstream

010101001

Transmitter RF

Receiver

Figure 4.5: Block diagram of a typical communication system (Alsmadi, 2020)

advantages, it is appropriate for higher levels of integration because no need to use IF fil-
ters. As such, direct-conversion transceiver have attracted remarkable attention in next
generation wireless communication studies, which require flexible and software recon-
figurable transceivers that are capable to satisfy demands of desired quality of service.
Consequently, due to the imperfections: 1) the phase difference between the I and Q
parts of the transmitter and/or receiver signals might not be exactly 90 degrees which
is called phase imbalance, 2) small variations might be between the amplitude of the I
and Q parts of the signal at the transmitter and/or receiver, which is called amplitude

imbalance. Then, 1/Q imbalance can dramatically affect the systems performance by
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changing the transmitted signal at the transmitter or corrupting the received signal at
the receiver.

Three main reasons make the effects of 1/Q imbalance critical for the next-generation
communication systems. First, the I/Q imbalance effects become harsher with larger
signal constellation since the probability of incorrect detection increases when the dis-
tances between the constellation becomes smaller. Second, fifth generation (5G) and IoT
require a massive number of connected devices. This can be supported by manufacturing
low-cost transceivers which are expected to come with poor quality. Third, new tech-
nologies such as mmWave might not always able to meet the standard requirements for
acceptable levels of 1/Q) imbalance. Figure 4.6 show the effect of the phase imbalance on
the 16-QAM constellation diagram appears as a rotation of the constellation diagram in
the I/Q plane. Figure 4.7 illustrates the effects of the I/Q applied to the 4-QAM and
64-QAM signal constellation diagrams. As this figure shows the constellation impaired
received symbols overlap with the baseband transmitted symbols when using 64-QAM.
This means it may be impractical to obtain the baseband symbols when using the any

receiver to detect signals with higher modulation orders. In our case, we have only the

Quadrature-phase
Quadrature-phase

10 + 10

-15 + | 15 . '
-20 0 20 -20 0 20
In-phase In-phase

Figure 4.6: The result of phase imbalance for specific values (Alsmadi, 2020)

phase imbalance that affect on the receiver performance as shown in Figure 4.8. Denoting

p as the phase imbalance, where p = sin(¢) as ¢ is the phase difference between 0° and
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20 20
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A5 | 15 |
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20 - 20
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Figure 4.7: The result of transmitter and receiver 1/Q imbalances applied to the 4-QAM
and 64-QAM signal constellation diagrams for specific values (Alsmadi, 2020)

90°.

LO@ 90°
&

Figure 4.8: Wireless communication system under the effect of 1/Q imbalance.

LF Filter

4.6.1 Optimal ML Receiver

In this subsection, an optimal ML receiver is proposed for the presented wireless com-
munication system, which has I/Q imbalance at the receiver. The joint PDF of the real
part, y' and the imaginary part, y?, of the received signal can be written as Canbilen et
al. (2018) and Balakrishnan et al. (1985)
I,Q _ 1
fyrya(y' y=la:) = DR
exp {2(1_—_1,02) (" = VEXD? + (4% = VEX?)? = 2p(y" = VEX))(° - \/FX?))} -
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The primary task of the ML receiver is to decide which x; transmitted among M hy-
potheses. Assuming that the channel inputs are equally likely, the optimal receiver will

be designed based on maximizing the following statement

& = arg mazi—y a { fyr ey’ y®)m:)} -
Now, to study the behaviour of the proposed optimal receiver, an average pairwise error
probability (APEP) well be derived. Considering perfect amplitude and phase mismatch,
the channel gain coefficient h! and h? have to be zero means, same variances and being
correlated. Benefiting from the Beckmann fading channels to choose the suitable channel

for our case depends on the mean and variance. More details about Beckmann fading

channels can be found in Section 2.4 by Alsmadi (2020). h can be modeled as N ~ (0, 0?).

Average Pairwise Error Probability

Considering the optimal ML detection, the APEP can be calculated from 4.19 in Alsmadi
(2020) under the assumption of that z; has been transmitted and detected erroneously

at the receiver, since we only consider the phase imbalance as

v = (B))* + (h?)? = 2ph{h?. (4.11)

(2

It is obvious that v has the same PDF as U distribution, since h!, h? are identical
correlated with zero mean and equal variances.
The APEP can be defined by using the expected value of PEP expression as given in

4.26 in Alsmadi (2020), we derived earlier the PDF of ~, substitute it in this expression

APEP = E{Q(\/E:)}
- | awEsear
Note that we derived a closed formula for the PDF, so it more easy to know the rela-
tionship of the variables. As it mentioned in Alsmadi (2020), Canbilen et al. (2018),
and Balakrishnan et al. (1985) that there is no closed formula for the PDF, so they use

alternative solution by deriving a general formula for the MGF, then by some numerical
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methods and simulating using Matlab software they almost know the effect of each vari-
ables.

We can also find the following properties for the wireless communication channel.

Average Bit Error Rate

q° /OO -1
P = exp{—q P=2F (v)d
) J, {=av} " E(v)dy
P

“agy ), ot (e g ) o
— %ﬁp) /OOO exp {—qy} 7ty — /Ooo exp {—7 (q + m> } VP dry.

Employing (3.351.3) in Gradshteyn et al. (2007) we get

P s <<p ~1lg "~ (p—1)! (q * m»

Lo, 1 -
—2 2 \"T2n— 7))

Capacity

c= /Oooln(Hv)fv(v)dv

1 & eXp {_ 20-2(?_/)2) }
- In(1 d
[ =g
1

- 2ln(2)02(1 — p?) /OOO In(14 ) exp {—ﬁ} dy.

Using (4.337.1) in Gradshteyn et al. (2007) we get

iz ) & ()
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

The main objective of this thesis consists in obtaining accurate distribution for two
types of combinations of normal random variables. The methodology used was rewrite
the functions as the sum of chi-square random variable and other variable involves the
product of two normal random variables, taking in our consideration the independent
and dependent case. Then using a transformation technique to get a two independent
and identical chi-square random variable, which the joint probability density function is
well known. The probability density function, cumulative distribution function as well
as all statistical properties of the two distributions derived. Simulating our data using
Monte Carlo stimulation. The method of moment, and maximum likelihood estimation
used to estimate the distribution parameters. Finally, an application introduced for the

dependent case.

5.2 Future Work

First, I am planning to extend the density methodology that was used to random vectors

and matrices. This will entail making use of multivariate base densities, which would
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5.2. FUTURE WORK

be adjusted by linear combinations of multivariate orthogonal polynomials on the basis
of the joint moments of the variables involved. This approach would allow for much
more flexibility than that univariate random variable, and its applicable in many fields
in engineering and physics. Second, I want to obtain a closed-form approximation for
the PDF and CDF of Z by approximating the Bessel functions involved in the exact
expressions of the PDF and CDF of Z. This closed-form approximation will make the
derivation more practical and easily handling with them. Third, extend the distribution
for any mean and variance, and for more distribution like gamma, nakagami, etc. Fourth,

searching or designing a suitable application for the Z distribution.
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Appendix A

Proof of the Second Moment

To evaluate the second moment of Z, we have two cases:

Case 1: For 0 < 0 < 2,

& 1 —2z 0z
E(Z%) = — — 3| — )
2= [ e e o ()

Using (8.447.1) in Gradshteyn et al. (2007) our integral becomes

—2z ) n
BE(7?) = /OO P {02(4—92)} Z a SA2n+2} g,
0 o2VA— G = Ar(n))2(0%)2 (4 — 67) '

Switching the order of summation and integration we get

o0 92" o —2z
e {2n+2}
nz WA= 62(02)27(4 — 62)2n / P {02(4 —62) } : =

———dz and imploying (3.326.2) in Gradshteyn et

Now, let u = m. Then du =
al. (2007) we get

2(4 02)

0 an( 2\2n+174 _ p2\2n 44 _ 02\3 S
E(ZQ)ZZ 62" (o)1 (4 — 6%)*0* (4 9))77’/0 exp {—u} w22 gy

2271—‘,—1477,(7,ll)20-21 /4 — 02(0-2)271,(4 _ 92 2

62" (4 — 92)20
Z TS ———— T (2n+3)

=o*(8 4+ 6?),

where I'(+) is the Gamma function.

Case 2: For 6 > 2,
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(i) For Z > 0,

w0 o )

Employing (8.432.8) in Gradshteyn et al. (2007) we get

2z —92’ exp { 324 }
E(Z)= - o2
2) 027r\/927/ : exp{02(922)}exp{ }/ 24 4t9 N
92

—924 oo exp { 202 9,3 } \/7
= 22e —_— 4dtdz
027T\/02 / P { 202(6% — 2) } o 202 — 1) + 410
:7/ /Do 2exp{_z(2+t(9+2)>}dzdt
o’n Jo /(0% = 4)t2 +4t0 Jo 202(0 + 2) '

Using (3.351.3) in Gradshteyn et al. (2007) the integral becomes

B / 2!180°%(0 + 2)3
)= V7 t2+4t¢9(2+t(9 )

dt

160 6+ 2)> / 1 gt
V(0 = 4)82 460 (2 + (0 + 2))?

We set /t(0 +2) = v/2tan(x). Then dt = dsec?(z) tan(@) 7. o1 42 — L0 oo ot

(0+2) (0+2)2 >

by substitution we have

2
E(2)= iy =2 / 4«; n:‘ll-( ) | 86tan?(z) (SSGC:;(,Z‘))?) 4tan((0x—)|—S;§ = de
a x + a €T
) 72)? 942
40 0+ 2)? 1
(0-2) 20 sec4(x)dx
\/ ) tan’ (@) + g

40(0 4 2)3 / 1 1
= ——dx.
T o /(6 —2)tan?(z) + 26 sec*(z)
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Now, take the indefinite integral for 0 <z < 7.

/ 1 L
v = X
V(0 -2 tanQ(m) + 26 sect(x)

/ cos*(x) ) e
\/ _2 sin? ))+20cos x)

COS2 cos?(z)

5
/ cos (:I;) i
V(0 — 2) sin?(x) + 26 cos?(x)

_ / cos5(x) "
V(0 —2)sin?(x) + 20(1 — sin?(x))

/ cos®(z) i
V0sin?(z) — 2sin®(x) 4 20 — 20sin?(2)

_ / cos5(x) "
v/ —sin?(z) (0 + 2) + 20
cos®(x)

dzx.
/20 — sin’(z)(0 + 2)

Using the trigonometric substitution v26 sin(«a) = /0 + 2sin(z), o € (0, sin™! ( gi2

Then dz = ,/ﬁcos(zg da, sin®(a) = (9;92) sin?(x). Then, v becomes

042 cos(
/cos [ 20 cos(oc)(m
\/_ cos(a) V 0+ 2 cos(x)
= ﬁ/cos (x)dav.

Substitute cos?(z) = 1 — m sin?(a) and imploying (1.321.1) and (1.321.3), we get

2
(1 sm2 a)) do

2
(1 46

9+2 () +

=)
“wl

1 — cos(2a) 462
\/9+ [1 9+2( 2 )+8(6+2)2
X (cos(4ar) — 4 cos(2ar) + 3) } dov.

R sin4(a)> do
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Unifying denominators, grouping and simplifying produces

02 +8  4fcos(2a) 6% cos(4a)
\/W/( 20122 T (042 +z(e+2)2)d0‘
1 6? + 8 20sin(2a) 62 sin(4a)
- vz (et o o)

Substitute « in terms of x, we get

1 62 0+2 40 0+2
[ 8 in_l( i sin(x)>+( i sin(x)

T Varalae 22’ 20 0+2)2V 20
y V20 — (6 +2) sin2(:v)}
V20
w  for2 V- ros@ ( 6+2 o N[
TSGr2p\ 20 @) V20 (1 e (x)) 0

1 0% +8 - 0+ 2 Jr\/92—4_\/92—4
Vo2 \20122° Y @+22 20+272)"
Now, we have

_ 4oM(0+2)3 1 3We2—4 0>+8 (1 1
E(Z)= <(9+2)3< 5 + 5 sin ( §+5>>>

™

4
-7 <6\/92—4+(92+8)sin1( %—i—%))
m

To simplify, employing (1.624.1),(1.626.2), and (1.623.1) in Gradshteyn et al. (2007),
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and (1.6.3) in Thomas (2014) we obtain

(-G (5))

The expectation of Z is

T 9

E(Z) = o (M +6vV02 — 4+ (0% + 8)sin~ (;)) . (A.1)

(ii) For Z < 0, along the same lines as above, it can be shown that

4

B(Z)= —2 (—6(92 — 4) + V02 — 4(8 + 6%) cos ! (;)) . (A.2)

/0?2 — 4

Therefore, the expectation of Z is given by

ot(8 + 6?) for 0 < 6 <2,
E(Z) = ”74 (@ +6v0Z — 4+ (6% +8)sin! (%)) for z> 0 and 0 > 2, (A.3)
m/% (—6(62 —4) + V62 — 48+ 6?) cos™* (2)) for 2 <0 and 6 > 2.

By summing (A.1) and (A.2), we get E(Z?) = 0*(8 + 6?). Tt is obvious to note that the
second moment for the two cases is o*(8 + 62).
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