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ABSTRACT 

Conformal mapping is extremely important in complex analysis as well as in 
many areas of physics and engineering. 

Our main goal in this thesis is to present a successful application of conformal 
transformations in solving boundary value problems. conformal transformation has 
been used to generate orthogonal curvilinear coordinates for solving various problems 
in simply connected regions. Consequently, if one is solving an elliptic boundary 
value problem, an appropriate conformal mapping could be used simultaneously to fit 
the boundary curves with coordinate lines and simplify the original partial differential 
equation. 
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Chapter 1 

Introduction 

Over the span of several decades, many advances have been made in the area 
of mathematics known as conformal mapping, a key theoretical tool used by 
mathematicians, engineers, and scientists to translate information from complicated 
shapes to simpler shapes; so that it is easier to analyze. In general, a conformal 
transformation is a map of one region upon another that is one-to-one and continuous 
and such that angles are preserved; in particular, maps that preserve the form ( or 
shape) of small-scale features are also called conformal. Conformal means same form 
or same shape and invariance as used in physics means the preservation of some 
physically observable characteristic. The most well known conformal relationship is 
scale invariance, which relates systems of different scale. 

Conformal mappings a.re an old mathematical topic and they have been a 
part of mathematics for centuries. In the 19th century, great strides were made in 
conformal mapping theory by using the idea of complex numbers. The culmination 
of this work was the Riemann Mapping Theorem, considered by many to be the 
greatest accomplishment of 19th century mathematics. In 1851, Georg Friedrich 
Bernhard Riemann {1826-1866) proved that any planar region with no holes in it 
can be conformally mapped to a disk. Unfortunately, the theorem provided no 
way to actually construct the map whose existence was proved. The theorem was 
a nonconstructive theorem, i.e., it proved the existence of conformal mapping of a 
simply-connected planar region by demonstrating that nonexistence would lead to 
a logical contradiction. 

A conformal map of a region in the complex plane is an analytic {smooth) 
function whose derivative never vanishes within the region. More precisely, a 
conformal map transforms any pair of curves intersecting at a point in the region 
so that the image curves intersect at the same angle. Conformal maps a.re both 
mathematically interesting and practically useful in applied sciences. Geometrically, 
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because of the feature of the ti ·f . . e preserva ion o angles, a conformal map of a square 
gnd in the plane results in a curvilinear orthogonal grid. Traditionally, conformal 
mnappmng is strongly founded in complex analysis with emphasis on the theoretical 
analysis and some physical applications. The field of conformal transformation 
includes a whole wealth of mappings in mathematical sciences most important to 
complex theory, the theory of differential geometry, and differential equations. They 
naturally arise in mathematical physics; and, therefore, conformal mapping holds 
the importance as an enabling mathematical tool for physicists who, in turn, are 
trying to understand the basic forces of nature. Classical references on this topic 
include the work of Ahlfors [1], Conway [2], Greene and Krantz [3], and Dettman [4]. 

Conformal maps are extremely powerful tools for analyzing a wide range of 
mathematical and scientific problems. This theoretical tool has a long history of 
use in diverse applications in a large number of fields including modeling airflow 
patterns over intricate wing shapes in aeronautics. Furthermore, the transformation 
by a conformal map of a solution to Laplace's equation is still a solution in the 
image region, so that conformal maps can be used in heat transfer, electrostatics, 
steady fluid flows, and other physical applications in which Laplace's equation 
arises. The usefulness of conformal mapping for applied problems stems from the 
fact that the Laplacian operator transforms in a simple way under a conformal 
map. The literature abounds with methods for constructing conformal mappings, 
as in Nahari [8], Cohen [9], and Bieberbach [10]. Conformal mappings have 
already stepped beyond the realm of complex analysis with strong manifestation in 
differential equations and computational geometries, see Kreyszig [23], Thorpe [24], 
and Struik [25]. 

Recently, conformal mapping methods have attracted researcher in 
computational geometry and grid generation fields for the purpose of constructing 
domain discretization applied to a multitude computational engineering problems. 
Researchers have utilized conformal mappings in grid generation methods a mean 
to an end application in computational sciences. As a mater of fact, the successful 
elliptic methods applied to computational grid generation were those borrowed most 
heavily from the properties of conformal mappings. The main impetus for the 
development of this type of elliptic methods is the inherit geometric properties of 
conformal mapping. Experience in the field of computational simulation has shown 
that geometric quality in terms of smoothness and orthogonality of coordinate grid 
lines effects the accuracy of numerical solutions. Conformal transformation possess 
a commanding rule in control of the geometric characteristics of the computational 
model. Details on use of conformal maps to generate orthogonal coordinates 
by Khamayseh et al. [29], Ryskin and Leal (30), Ives [31], and Godunov and 
Prokopov [32]. 
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Currently, there are new xt • d 
£ al e: ensions an enchantments made to computational con orm mapping in areas f · · . o image processing and medicine. For example, 

Stephenson [26] based his computational methodology of circle-packing on conformal 
mappmg which is currently being used in neuroscience to visualize the complicated 
structure of the human brain imaging. New methods i» rcle cking ·ideal] "ed " ts using circle-pack g are ite ly 
suitec to unfold and flatten the cortical surface of the brain. Computational methods 
in the area of circle-packing are used to create approximations to discrete conformal 
maps of the brain. Conformal computational techniques of the brain maps are 
becoming more popular in the field of medicine, particularly among neuroscientists 
who are interested in depression, schizophrenia, and Alzheimer's diseases . 

The geometric motivation for constructing conformal mappings lies also in their 
application to the generation of curvilinear coordinate systems for two-dimensional 
regions. Conformal mappings may be used to reduce any second order linear 
elliptic partial differential equation to canonical form, i.e., the principal part of 
the differential operator reduces to the Laplacian. Consequently, if one is solving 
an elliptic boundary value problem, an appropriate conformal mapping could be 
used simultaneously to fit the boundary curves with coordinate lines and simplify 
the original partial differential equation. The equation, in canonical form, could 
possibly be solved more efficiently or by methods which would not be applicable to 
the original equation in cartesian coordinates. Examples and study cases are given 
in Mathews and Howell [5] and Kwok [6]. 

In the research, there are three principal themes of this investigation which 
are structured as follows: (1) The first chapter is concerned with preliminary study 
of the analytic concept and properties of conformal mappings form the theory of 
complex analysis. The notion of conformal mapping on Riemannian surfaces will 
be presented in conjunction with geometrical representations of such surfaces in the 
two-dimensional space. We also shed more light on the strong connection between 
holomorphic functions and conformal mappings and establish the fact that one map 
leads to the other and visa versa. Furthermore, much of the theory on the necessary 
and sufficient conditions is discussed for the map to achieve conformality. 
(2) The next chapter is centered around the investigation of conformal mappings 
form a geometric point view with the intention of examining basic geometric features 
such as local shape invariance. In addition to the investigation of fundamental 
analytic properties, the presented research explores geometric characteristics of 
conformal mappings. For practical purposes, we consider the proposition of 
classical conformal mappings as geometrical maps by examining the underlying 
geometric properties. We show that conformal mappings have the characteristics 
know geometrically as circle-to-circle mapping. A class of conformal maps called 
Mobiuos Transformations is closely examine as geometric maps for a wide range 
of regions. Conformal characteristics have been exhibited by several numerical 
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examples throughout the course of this study. In particular, the two dominant 
geometric features, namely the preservation of angles and shapes are highlighted 
and supported by numerical results. 

(3) Finally, chapter three consists of several initiatives to overcome pitfalls of the 
conformal mapping. Conformal maps often times viewed as rigid and extremely 
hard to construct for arbitrary domains. It is a well known fact that conformal 
mappings are powerful mathematical tool in computational geometry with quality 
control over angles and shapes of geometric elements. However, conformal mappings 
lack the necessary feature of control over the spacing between coordinate curves. To 
resolve this deficiency, we introduced the concept of quasiconformal mapping which is 
considered a generalization to conformal mapping. Since we are interested in the core 
geometric properties of conformal mapping, our version of quasiconformal mapping is 
mild departure from the relationship of conformality, enough to account for grid lines 
spacing. We conclude this chapter with a comprehensive development of geometric 
boundary value problem based on conformal mapping and harmonic function theory. 
This boundary value problem is best suited for numerical construction in the 
retrieval of conformal and/ or quasiconformal mappings, while preserving the true 
shape of the overall domain. 
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Chapter 2 

Conformal Mapping on 
Riemannian Surfaces 

In classical differentiable geometry, a Riemannian manifold (M,g) (with 
Riemannian metric g) is a real differentiable manifold .M in which each tangent 
space is equipped with an inner product g in a manner that varies smoothly from 
point to point. This allows one to define various metrics such as angles, lengths 
of curves, areas of cells, curvature, or differential operators such as gradients of 
functions, and divergence of vector fields. Even though Riemann manifold are n­ 
dimensional, we restrict our attention to the two-dimensional space of R? == C; the 
complex plane. In this case, Riemann surfaces can be thought of as deformable 
geometric regions in the complex plane C: locally linear at every point, they look 
like patches of the complex plane, but the global topology can be quite different. 
For example, they can look like a sphere or a torus or a couple of curved sheets 
glued together with curvilinear boundaries. 

The main emphasis of this study is that one can define and construct conformal 
maps between Riemannian surfaces with well-defined coordinate transformation. 
These surfaces are referred to as boundary-curved ( or curvilinear) surfaces and 
nowadays considered the natural setting for studying analytic and computational 
geometry. However, the interesting geometric facts about Riemannian surfaces 
that are deformable and flexible enough with smooth curvatures, i.e., infinitely 
differentiable. Furthermore, they have the benefit of allowing for geometric modeling 
of surfaces with varying boundaries and shapes. They often provide the intuition 
and motivation for the generalizations of higher dimensional curves and manifolds. 
In two-dimensional space, examples include planes, regions bounded by piecewise 
polygons or parametric conics (circles, ellipsis, etc.), quadric surfaces (sphere, torus, 
etc.) or general spline surfaces. For this part of Riemannian geometry the books by 
Jost [27] and Farkas and Kra [28] are informative references. 
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2.1 The Concept of Conformality 

In mathematics, the word conformal refers to the transformation of a surface 
or a region onto another surface in which inherent metric structures remain 
unchanged. For example, in complex analysis, a conformal map is defined as a 
function which preserves angles. In addition, conformal means same form or same 
shape which means the preservation and invariance of some physically quantitative 
characteristics. The most well known conformal relationship is scale invariance, 
which relates transformations of different scale. 

A conformal mapping, also called a conformal map, conformal transformation, 
angle-preserving transformation, or biholomorphic (bijective and holomorphic) map, 
is a transformation that preserves local angles. However, the concept of conformality 
strongly depends on the metric properties of the base space. In Riemannian 
geometry, the concept of conformality we use in our approach deals with the 
scale invariance of metrics such as inner products, norms and angles which implies 
conformal invariance. 

In addition, the concept of conformality has a distinctive relevance to 
geometric mappings across domains of interest. Conformal maps have the property 
of preserving orientation of boundary and coordinate curves, sometimes called 
sense-preserving transformations. Furthermore, one of the most fundamental 
characteristic of conformal transformation is the property of local shape 
preservation. Indeed, this type of transformation leads to the mapping of tiny 
disks in the domain onto another uniformly scaled disks in the image domain. The 
primary focus of this study is to closely investigate the characteristics of conformal 
mappings and demonstrate their geometric applications. 

We next examine basic analytic properties of conformal maps and establish the 
close relationship to holomorphic functions. In fact, conformal maps on surfaces are 
basically the same as complex-analytic maps. The phrase holomorphic at a point © 
in the complex plane C means not just differentiable at C, but complex-differentiable 
everywhere within some open disk centered at in the complex plane. This is a 
much stronger condition than real differentiability and implies that the function is 
infinitely differentiable, i.e., C®, and can be described by its Taylor series. 
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Analytic Properties of Conformal Maps 

""" 9mlex map w = 0(c) is catted con.toral (or angle-preserving) at ¢ 
tinh e hco:zip ex plane C, if it preserves oriented angles between intersecting curves 
roug .,, , as well as their orientat· · d" · le aon, z.e., lirection. Conformal maps preserve both 
"T' "]""""g® ; ®®oesails sat fares, tat oe asst» use s, 
n impor cant ta y ot examples of conformal maps comes from complex analysis. 

In this section we examine the close relationship between the analyticity of a complex 
function and the conformality of such mapping. The term analytic function is often 
used interchangeably with holomorphic function, although the former term is also 
used in the broader sense of a function (real, complex, or of more general type), that 
is equal to its Taylor series in a neighborhood of each point in the domain. The fact 
that the class of analytic functions coincides with the class of holomorphic functions 
s a maJor theore~ Ill complex analysis. In this study we use the term holomorphic 
instead of analytic function. 

2.2 

Definition 2.1. Analyticity- Let U be a non-empty open subset of C and the 
function : U ~ C, we say that b is holomorphic at © if 

=)= (©) 
z-+¢ z­ 

exists. This limit is unique and denoted by '( () as the derivative of at (. If is 
holomorphic at every point of U, we say it is a holomorphic function on U. 

In other words, a complex-valued function is holomorphic ( or analytic) at a 
point ( c C if and only if it is differentiable at every point within some open 
disk centered at C, which can be expanded as a convergent power series. Thus, 
holomorphic functions are infinitely differentiable at any point in a domain and that 
its Taylor series converges to it in some neighbourhood of this point. This concept 
of differentiability shares several properties with real differentiability: it is linear 
and obeys the product, quotient and chain rules. On the other hand, the following 
noteworthy fact is established in the theory of holomorphic functions: If a function 
is differentiable in a domain {2, it is holomorphic in this domain (for a single point 
this statement is not true: 'l/J(z) = lzl2 = zz is differentiable at C== 0, but is nowhere 
holomorphic). Thus, the concepts of complex differentiability and holomorphy of a 
function in a domain {2 are identical; together with property satisfaction of the 
CauchyRiemann equations. 

We now present the notion of mathematical nature of conformality when 
mapping different domains in the complex plane C. Let w =(z) be a holomorphic 
function that maps a domain Q, in the complex z-plane onto a domam Ow m the 
the complex w-plane that satisfy the following two conditions: (1) Every curve 
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(C. : z(t) (0 < t <1)) that starts t · 
there has an image curve (c, : w a any point zo € 2, and possesses a tangent 
tangent at the image ; on,»' ) = a))(0 <t < 1)) that also possess a 
and C2 • pom Wo = ¢ zo • (2) The angle between any two curves C! 

z possessmg tangent at zr al h z C} and c2 h h . . 0 18 equ to t e angle between their image curves 
,g""° "®direction of the angle is also taken into account as show in 

1gure :.1. 1en the mapping from Sf2, onto Q,, is said to be conformal. We will 
present a proof that ¢(z) 1s necessarily a function analytic in £2, and /' (zo) ± 0. 

Figure 2.1: Conformal mapping from the z--plane to thew-plane. 

It is worth noting that throughout the course of this study we assume- without loss 
of generality- the candidate mapping is homeomorphism; if not otherwise, classified 
as holomorphic or conformal. 

Definition 2.2. Homeomorphism- A mapping b between two topological spaces 2, 
and Ow is called a homeomorphism if the mapping is continuous, bijective, and the 
inverse mapping is continuous, i.e., Jacobian conditions of b do not vanish. 

In mathematical analysis, the notion of homeomorphism is often interchange­ 
able with diffeomorphism in which the two concepts have the same properties and 
intuitions. The definition of diffeomorphism is a differentiable isomorphism between 
smooth manifolds and has a differentiable inverse, i.e., (z) 0. 
Definition 2.3. Conformality- We say¢ is conformal at a point (En if for each 
pair of smooth curves mn and 'Y2 passing through (, say at an arc-length parameter 
t == T, the angle between their tangent vectors (r) and ,(r) equals the angle 
between their tangent vectors ( o 'Y1 )' (r) and ( o 'Y2)' (r), their images under • If 
¢ is conformal at every point inn, we say is conformal. 

In the study of conformal mappings we need to define partial derivatives in 
terms of real and complex parts. Let : 2 > (2) be a holomorphic map, where 
(z) = u(z) + iv(z) and z = x + iy. Then x = T. and Y =5° and dz == da+ idy. 
The total derivative of b with respect to z and z 18 computed as follows. 
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For the mapping carried out by the transformation w = (z) to be conformal on the 
domam n = n U an, with boundary an being a closed Jordan curve be conformal 
it is necessary by definition for the Jacobian of mapping to be positive, i.e., J >6, 
where 

J =['(2)[=[.]°-[h/ =u, -u, (2.2) 
This condition essential for the conformality of the mapping to hold on ©2. A 
continuous mapping which preserves the orientation of a Jordan curve is called sense­ 
preserving or orientation-preserving. On the other hand, if a mapping reverses the 
orientation, it is called sense-reversing. If the mapping is furthermore differentiable 
then the above statement is equivalent to saying that the Jacobian is strictly positive 
at every point of the domain. In case that the mapping is it still preserves angles, 
yet reverses their orientation, then the mapping is no longer conformal and it is 
referred to as antiholomorphic, i.e., the conjugate to a holomorphic function. 

In our applications, conformal mappings in geometric representation and 
boundary value problems are required to have boundary behavior of non-self­ 
intersecting curves, i.e., simply-closed curves. The conformality condition is required 
not only in the domain {2 but also extended to the boundary an. It should be 
specially mentioned that the demand of the preservation of traversal orientation of 
the boundary has been added to the conditions of conformality. If, however, we look 
at the simple example shown in Figure 2.2, in this case the image of the boundary is 
non-Jordan curve (self-intersecting), the demand can not be excluded. The function 
(z)== z + z° is analytic inside the disk D = {z: [z] <1} maps the circumference 
[z] == 1 onto a self-intersecting closed curve. Through the discourse of this study, 
we only consider domains with boundaries an are Jordan curves, and where it is 
analytic closed curve. 



11 

l 
~ 

Figure 2.2: Self-intersecting conformal map when extended to boundary. 

For a later reference, in this section we define elemental length and area 
of a conformal transformation. The property of confomality applies to small 
neighborhoods of a point C which is being mapped from the z-plane onto the w­ 
plane by means of transformation w = ¢(z). Suppose that w = (z) is holomorpic 
at ( for which¢'(() =/= 0. Since¢ is differentiable at C, then at neighboring points 
we can express the map in the form of a Taylor expansion, 

(z) = (©) + (C)(z=-©)+(z)(a-), (2.3) 

where X tends to zero as z tends to C. The transformation of incremental lengths 
and areas are given 

ds = [d] = [' (z)\[dz], 
and 

or 
dwd = (z)'(z)dzdz, 

dA = dudv = 1¢' (z)l2dxdy. 

u,=, and u,==-,. 

(2.4) 

The relationship between real differentiability and complex differentiability is 
the following. The complex function (z) = u(z) + iv(z) is holomorphic if and 
only if u and v are continuously differentiable, i.e., C}, and their partial derivatives 
satisfy the Cauchy-lliemann equations: 

(2.5) 

The Cauchy-Riemann equations have a remarkable significance in the study 
f 1 analysis theory and applications. This system of equations ensure the o compex . . · d 
Jacobian of the mapping is positive and in turn the mapping sense-preserving an 
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none-self intersecting In additi th · · · · 
;, s 1tlon, 1e equations provide a necessary conditions 

for a function to be holomorphic and therefore conformal. The Cauchy-Riemann 
equations have been . established a key mathematical tool in the investigation of 
~nalyt1c and geometric properties of conformal maps. These equations have special 
importance within the realm of applied mathematics in the development of boundary 
and initial value problems. For convince and later use, we express the Cauchy­ 
Riemann equations in compact forms: 

5 == 0 or (2.6) 

We observe from these equations that if u and v are twice continuously differentiable 
then they are harmonic functions since they satisfy Laplace equation v'2u =v'2v = 0, 
where the Laplace operator is defined v'2 = /;z + It,. The equations can therefore 
be seen as the conditions on a given pair of harmonic functions to become as real 
and imaginary parts of a holomorphic function. For a given harmonic function u 
a corresponding harmonic function v is called a harmonic conjugate. The converse 
is not necessarily true. A simple converse is that if u and v have continuous first 
partial derivatives (C1-differentiable) and satisfy the Cauchy-Riemann equations, 
then is holomorphic. A more satisfying converse, if is continuous, u and v have 
first partial derivatives, and they satisfy the Cauchy-Riemann equations, then is 
holomorphic. 

Theorem 2.4. Suppose that 'ljJ : n --+ C is a homeomorphism defined by 
(z) = u(z) + iv(z). Then is holomorphic onto 2 if and only if the function 
components u and v are continuously differentiable and satisfy the Cauchy-Riemann 
equations. 

Proof Consider the mapping w = (z) = u(z) + iv(z) has continuous partial 
derivatives in a neighborhood of a point zo E n, 1x = Ux + iv,, ,, = Uy+ ivy 
and the Jacobian J = uxvy - UyVx > 0. The continuity condition of u and v and 
all partial derivatives implies that all directional derivations exist as well. Then, 
first-order Taylor expansion of u and v at zo, 

.8'1j; 8'1j; 
[-- tTD » 

Os 0y' 

u(z)-u(zo)= u,(zo)(@-zo) + u,(2o)( =o) + A(z)(z-2o) (g.7) 
v(z)- v(zo) = v-(zo)(r-mo) + v,(zo)( =o) + Xa(z)(z-zo), 

h , ( ) 0. fc k= 1 2 as z --+ Zo· We rewrite the system of equations 2.7 in w ere A 2 - ·4 or - , 
complex form 

(z)-(zo) = -(o)(r = co) + y(2o) ( = o) 
+X(z)(z - z), (2.8) 
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where -X(z) = ,X1(z) + ,x (z) N 
fr 2 ow suppose r = { z - + iB} • h 
rom Zg; we seek the derivative of VJ(z) at =o re ~st e ray emanating 

Zo along r · When z is on r, we have 

(c)- (go) _ ±r cos 0 + ,r sin 0 
z - zo reiB + >.(z), (2.9) 

where , and VJ denote VJ ( ) d .,( ) 
Y x Zo an 'f/y zo ' respectively. By letting r - 0, we obtain 

d_,-9(g, so4 ,so) dz - 'f/x cos 'f/y sm · (2.10) 
If the function VJ is holomor hi th th b . 
then letting 0 - 0 a" ~ en e ~ ove derivative is independent of direction 
Riemann dins ,,,"" =3» we set 7 = % = -i,, and hence the Cauchy­ 1ueren 1 equations, 

Conversely, if the real-valued components u and v of VJ are continuously 
differentiable at the point zo and Cauchy-Riemann equations hold, then from 
equation 2. 7 we have 

VJ(z) - VJ(zo) 
z _ zo - [ux(zo) + ivx(zo)] =X(z), 

where X(z) >0 as z-+ .zo. Hence, we obtain the existence of 

'(E5) 5,, ()_= (o) DU Z = [III ' ' ', 
Z-->ZO Z - Zo 

the derivative of (z) at Zo which is independent of direction. Nevertheless, for any 
z €f2, this complex derivative is expressed as 

b'(z)=u, +iv,=v, - iu,y. (2.11) 

□
The previous result asserts the natural relationship and dependency between 

holomorphic functions and conformal mappings. An analytic function is conformal 
at any point where it has a nonzero derivative. Conversely, any conformal mapping 
of a complex variable which has continuous partial derivatives is analytic. The 
conformal property may also be described in terms of the Jacobian derivative matrix 
of a coordinate transformation. If the Jacobian matrix of the transformation is 
everywhere a scalar times a rotation matrix, then the transformation is conformal. 
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It is worthwhile to clarify this mf 
of linear algebra. Su O h co ormal property which falls from the realm 
into C, can also be r:p ~e J at '1/J(z) -: u(z) + iv(z) maps an open subset of C 
h lc hi gar e as a function from an open subset of JR.2 into IR? is 
1.
0 omorphic at for which 1P

1

(() =/ 0. Then the transformation w = '1/J(z) has the mear approxunat1on 

l(z) =a+ f3(z - (), (2.12) 
where a = (C) and f3 ='(C). The effect of the linear mapping l is a rotation of 
the plane through the angle 0 = arg '1/J' ( (), followed by a magnification of a factor 
X== l'l/J (()!, followed by a rigid translation by the vector a - {3(. Consequently the 
Jacobian matrix7=j"]\,_ofthe mapping is structurally given 

so-() U, U, (2.13) 

However, the Cauchy-Riemann equations for b means exactly that the tangent 
matrix in 2.13 has the form J = r A, where the matrix A 

where a= u,, b = V:z:, and r = Va? -{ b2. The matrix A is an orthogonal matrix for 
which its transpose is the same as its inverse, i.e., AT= A-1. Notice that the matrix 
A constitutes a vector V = ( a, b) and its orthogonal rotation V .1 = Ve-if = (-b,a). 
The vector V can be uniquely written as the linear combination V = ae1 +be2, where 
the vectors e; = (1, 0) and e» = (0, 1) are the standard basis of R?. Indeed, the 
right triangle formed by V, aei, and be2 with the angle 0 € JR between the vectors 
V and ae, has 

a 
cos 8 = ✓a2 + b2 , 
. b 

sin0 ,777 7 

Thus the Jacobian matrix J = >i.n0, where no is the rotation matrix ' 

( 
cosO -sinO) 

no= sinO cosO . (2.14) 

Therefore the product of >i.no represents the same operation on R? as does 
multiplication on C by the complex number Xe". Geometrically, this expresses the 
conformal nature by a combination of rotation and enlargement for any holomorphic 
function at a point where its derivative is not zero. At this end, we summarize the 
prior discussion in the following result: 
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Corollary 2.5. Let 'ljJ . n · C h l 
Then the Jacobian mat 7 _"®®orhic function on 2 and tetX = ['(a)]> 0. 

/Kvg, where 'Ro is the rotation matrix. 

We now present a main theorem . h. . . 
connection between holomorphi ' is chapter which precisely states the 

c c ions and angle-preserving maps. 
Theorem 2.6. Let 'ljJ • n -> C b h l 
is conformal. Conversely, y ., """rPic function and that '(e) ± 0, then 
2. " s conformal, then 'ljJ is holomorphic on 

Proof. Suppose that is holomorphic at , and d . n passing through C at r. By the chain rule 'Y1 a.n g are two smooth curves m 
' 

and 

Hence, 
arg ('1/J o 'YI)' {r) = arg'ljJ' ('Y1(r)) + arg-y~ (r), 

and similarly, 
arg ( o »)'(r) = arg (a(r)) + arg s(r). 

Since the curves 'YI and ,2 pass through ( at r, it follows that 

arg ' ( 'YI (r)) = arg 'I/J1 (ma( r)). 

Therefore, 

arg ( '1/J op)'( r) - arg { '1/J o ,2)' ( r) = arg ( r) - arg -( r). 
This means that the angle between the tangent vectors {( r) and ,; ( r) equals to 
the angle between ( 'ljJ o)'( r) and ( 'ljJ o ,2)' { r). Since the two curves are arbitrary, as 
is C in n, implies that map is angle-preserving and so the function is conformal. 

Conversely, suppose '1/J is conformal on 2. By definition, the mapping is angle 
preserving map. Therefore, from the previous discussion we know the Jacobian of 
mapping at is a scalar times a proper rotation matrix by angle 0, i.e., J{() = XR,, 
where 'Re and J are the rotation and Jacobian matrices, respectively. Notice that, 
since 'Re 'Rf = I is the identity matrix, then we have 77F = )..2I and of course 

rr.( ©+ «+ ) JJ = 2 2 • u,v, + u,Uy U; +; 
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Thus, preservation of angles is fulfilled if and only if u2 + u2 = v2 + v2 =I o and 
uv% +u,y, = 0. We now combine these two equations to give the complex equation 

( + iu,) + (u, + iv,)° = 0, 
This quadratic equation can be solved as 

u, + iv, = ±i(u, + iv,). 
For the angles and orientation to be preserved, the sign ± needs to be chosen such 
that the Jacobian J = UxVy - UyVx > 0. Therefore, by choosing the negative sign 
will make J = u; + u = v; + v: > 0. Thus, the Cauchy-Riemann equations are 
satisfied at each point in f2; and hence, the map is holomorphic. □

We conclude this section by highlighting some the basic properties of conformal 
maps. Any conformal map is infinitely differentiable and invertible, i.e., C00 and 
J > 0. The inverse map ' of a conformal map is conformal and the composition 
<p o 'ljJ of two conformal maps p and </J is conformal as well. We now showcase two 
examples of conformal maps presented in Figure 2.3 depicting the preservation of 
angles between coordinate lines. The family of coordinates lines in the domain 
{2= [0.1, 0.5) x [0.1, 0.5] are perpendicular lines and in turn the coordinate curves 
in the map image (2) intersect orthogonally. 

3 C _c al mappings of simply connected domains. Figure 2. : ornorm 



Chapter 3 

Geometric Characteristics of 
Conformal Transformation 

In theoretical and computational geometry, conformal mappings play a fundamental 
rule in the study of boundary-curved surfaces and manifolds. In essence, conformal 
transformations are viewed as spatial maps from one geometric region to another. 
A well-known property pertains to conformal maps is local shape preservation up 
to scale-invariance. Generally, this property can not be extended to the overall 
shape of the geometric region. However, one can take full advantage of the local 
shape matching feature of conformal maps by decomposing the domain into smaller 
geometric elements such as triangles, quads, or circles. In this case, a conformal 
transformation maps local net of small shapes covering the domain to similar 
topological shapes in the range and in turn preserves the global boundary shape 
of the domain. Geometric properties of conformal maps have been studies for quite 
sometimes from the viewpoint of complex analysis, as it was presented by Krantz [7] 
and Wen [18]. 

Conformal transformations are radial in nature at the local geometric level and 
possess shape invariance property of discretized circles between different domains. 
However, local circular shapes are scaled by the Jacobian of mapping as presented in 
the previous chapter. In practice, one can exploit this conformal property through 
means of effective computational methods applied to the area of circle-packing. 
For example, Stephenson [26] employed conformal mappings to his theory of circle­ 
packing of bounded domains. The shape invariance feature shares similar key 
conformal properties such as scaling, translation, and rotation under affine conformal 
transformation. 

The aim of this chapter is to present a comprehensive study of geometric 
ch t · t· 8 of conformal transformation including the feature of retammg shape aracterustics ·ful she 5%.3j,3 
'·ile ity mapped domains. Defining a uset shape similarity maps is smmary across 

17 
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in itself a difficult problem . th . . . 
:. .:. 5 smce e similarity should b invariant, scale-invariant and t 1 . measure s o e translation- 
research it is known that ,"®® partially rotation-invariant. From geometric 

contorm maps are ful £ . shape similarity. We , >uset tor measuring and retaining · vve auso present a secti: ;h 
transformation supported b 1 d c ion on t e class of bilinear conformal 

Y a c oset-form ex licit fc ul • conformal properties such . . P ci orm at1on. The affine 
as mvanance translat' t t · d . mapping uses com; osition f ion, ro aton, an scalmg, the 

invariance a ca o :nformal maps to guarantee translation- and rotation­ 
. . ' zmg e arc length of domain boundaries guarantees scale­ mvanance. 

3.1 Local Shape Invariance 

An important merit of conformal geometric maps, including harmonic maps and 
conformal maps, is to reduce the shape complexity of the global region into a 
simpler canorucal domain (auxiliary domain) enabling theoretical or numerical 
analysis to be carried out easily. However, for this transformation to be valid 
certain inherent geometric structured must be invariant under conformal coordinate 
transformation between domains. In fact, the concept of conformal invariants is 
of particular importance to the development of certain Riemannian metrics on 
underlying surfaces. Conformal maps are often viewed as isotropic ( or isometric) 
maps; in the sense they preserve infinitesimal shapes (conformality) as well as angles 
between level curves, of mapped geometric regions. The premise of this fundamental 
property allow for local discretized geometric shapes to preserve basic conformal 
structures. For example, conformality of this type of transformation leads to the 
mapping of circles to circles, squares to squares, etc., however, preserving the shape 
but not necessarily the size the geometric element as illustrated in Figure 3.1. 

The motivation for constructing conformal mappings lies also in their 
application to the generation of curvilinear coordinate systems for two-dimensional 
regions. Indeed, the notion of conformality is key to the development of conformal 
geometry and boundary-conformal gird generation. In practice, conformal mapping 
has been widely recognized among the grid generation community to efficient tools 
to construct smooth orthogonal coordinates for solving various physical problem 
in simply connected regions. The potential of this approach was explored by 
Ryskin and Leal [30], Godunov and Prokopov [32], and Khamayseh and Mastin [33]. 
Generally, conformal transformation between manifolds is an important aspect 
in mathematics and physics because it allows more complicated structures to be 
expressed and understood in terms of the relatively well-understood properties of 
simpler spaces. Indeed, the Riemann theorem of general shapes and domains is a 
prime example of this influence. 
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Theorem 3.1. Riemann Map . Th 
Riemann surface can be mappedpzng eorem (l851): Every simply connected 
disk, and the resulting mo,,, @formally onto the sphere, the plane, or the ·unit 

as unque up to Mibius transformations. 

The Riemann mapping th 
analysis has enormous r t· eor~m, one of the profound results of complex 
This theorem alte • ®PPheations in conformal differential geometry of the plane. 

1 1 (Cerna ively states that if n is a simply connected open subset of the 
"""f°_ich is not ant of c, en here exists a unique bholomorphtc 
h 

IJec Ive an olomorphic) mapping 1/J : n ._ C, such that for a given C € n we ave ~ , 

1. () = 0 and¢'(() > 0 (real and positive); 
2. is injective (one-to-one); 
3. (2) = {z EC: lzl < 1} (open unit disk D) 

The fact that b is biholomorphic implies that it is a conformal map and therefore 
angle-preserving. Intuitively, such a map preserves the shape of any sufficiently 
small figure, while possibly rotating and stretching (but not reflecting) it. As a 
consequence of this theorem, any simply connected region n c C is conformally 
equivalent to unit disk ID. Furthermore, the theorem guarantees that any two simply 
connected regions (none of which is C) can be mapped conformally onto each other, 
or what is equivalent, onto the unit disk. 

A third formulation of the Riemann mapping theorem which extend the 
conformal mapping to the boundary of mapped domains,is that, given three 
boundary points 21,22,23 € 0(2), then there exist a unique conformal map 
w=(z) : f2+ D such that w; = (z), wg = (z»), and w» = (z3), where 
w1, w2, w3 the image boundary points on 0(D). This assertion is due to the fact 
that any three distinct none-collinear points in space uniquely define a circle, the 
circumscribed circle or" a triangle. This particular version of Riemann mapping 
theorem has geometric significance that it allows for the construction of conformal 
maps in closed-form at the local domain partitions. In addition, this theorem 
pertains the geometric notion of mapping local triangles to triangles. Indeed, the 
fact that every triangle possesses a unique circumscribed circle which passes through 
its vertices, is therefore also, circles are mapped to circles as illustrated in Figure 3.1. 
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Figure 3.1: Isotropic mapping under conformal transformation. 

We now begin with a closer look to examine geometric properties of conformal 
mappings by assuming the mapping w =(z) = u(z) +iv(z) to be homeomorphism 
of class C1(0). For the general case, from the differentiability equation 2.10, we 
have 

"[-w-ass+s,so 
= (ux cos0 + Uyf:!in0)2 + (v, cos 0 + v, sin0)° 
= a cos 0 4 2(3 cos 0 sin 0 + ysin0 = 4> ( 0), 

(3.1) 

where the metrics a, S, and y are defined 

a=\° = u] + v}, 
3=p,·y = 24y + 02Uy, 
=l° =«+} 

The function @(0) has a maximum value M and a minimum value m on the segment 
0 <0 <2m, and for all values of 0 we have the inequality 

(3.2) 

l

d'ljJ/2 m< - $M. 
- dz 

(3.3) 
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In order to find the M and l M m,we only need t fi d h varues, and m, respectively of the fu t' o ~ t e maximum and the minimum 
By the method of Lagrange mclt' r nc 1?n a:e +2,Be11+-yr,2 on the disk e+r,2 = 1 

1pliers, we mtroduce an unknown scalar ' and I . s A, SO ve 
Ve,r,G(e, TJ; .A)= 0 subject to e2 +n = 1 

with 

G(&,n; X) = a&? + 26€n + m- X? + °= 1) 
where the gradient operator 7 ( a a ). T <.n .a5 o,.. Then 

(a-X)6+87 = 0, 
..ee + C'Y - .A)TJ = o, (3.4) 

whence, 

I a:-,\ ,8 I ,8 'Y _ ,\ = 0, (3.5) 

the ~eterminant of the eigenvalue matrix of the above system 3.4 sim 1 leads to 
solving the quadratic equation ,\2 - (a:+ -v),\ + o:-v _ ,e2 _ o H Mp Yd t ( . 1 , - • ence, an m are 
wo roots eigenvalues) of equation 3.5, and solving this equation yields: 

v-5{a+r+ta+a"-r]"} 
=#{a+r-(@+ar -r]} 
J° = (u,v,=-ugu,) = ay- 3° >0. 

M + m = a:+ 1, mM = J2• 

(3.6) 

Let D = max ltl/ min ltl = (M/m)112, and call it dilation of w = (z) at 
Zo €Q. From the system of equations in 3.6, we have 

(3.7) 

Now, if our transformation w = p(z) is conformal on S2, then Riemann mapping 
theorem asserts, the mapping maps the circle C. = {z En : [z- z6] = r} for 
all z = zo + reiO E Cz to the circle Cw = {w E '1jJ(11) : [w- wo] = p} for all 
w = w0 + pe;.o E Cw. Therefore, then the minimum and the maximum of !fl; on C, 
and thus M ==m. In this case, the dilation D = l which means no stretching in the 
mapping, i.e., circle is only mapped to scaled-invariant circle. Furthermore, we know 
from 3.7 that if M = m and thus we have (a:+ ,)2 = 4J2 and (o--y)° + 4,82 = 0; 
hence 

a: =y, and ,8 = 0. 
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This important result has two-fold geometric significance: first, we deduce 
that conformal mappings are orthogonal maps, which mean coordinate level curves 
intersect at right angle. Whereas, the spacings between coordinate curves are 
essentially uniform the property of spatial uniformity (or map isotropy). We now 
state these conformal geometric features in the following theorem: 

Theorem 3.2. Let the mapping : n ~ C be a homeomorphism. Then b = u + iv 
is conformal if and only if the real and imaginary parts u and v are C-differentiable 
functions and satisfy the following two conditions inn: 

() •· 'I/Jy = 0 (Orthogonality), 
(ii) [.]= l,] (Uniformity). 

The second geometric significance we infer from the previous discussion is the 
distinctive characteristic of local shape invariance. Consider the principle linear part 
of equation 2.8 

w=(zo) + ,(z6)(r -co) + ,(o)( = 9o), 
which can also be rewritten as 

u-uo =u,(-mo) + u,(y= 9o), 
v-vo=v,(-zo) + v,(3y- o). 

h ( ) and V - v(zo) The inverse transformation is w ere ug == Z9 '0 - · 

7, ,) "9(,- s) X - Xo =- U - Uo - J O ' 
J u 

y - Yo --# u - Uo) + ; ( v-vo). 

(3.8) 

(3.9) 

(3.10) 

The affine transformation 3.9 maps the circle C 

)2 2 (ar-ao)+(y- o, =r 

onto the ellipse£ centered at Wo = '1/J(Zo): 
( )2 .I2 2 (3.12) a(u -,)-28(u-uo)(v-vo) +(v-vo)'=r. 

. ti 3 2 In particular' if our mappmg d fin d m equa 10n • · t' fy where a, ,8, and 'Y are tet 1e Theorem 3.2, the coefficients a, ,B,_ 1 sa 18 
is conformal, then by virtue ~t se E represented by equation 3.12 IS actually 
a = 'Y and ,a = O. Hence, t~e e_ ~e-to-circle mapping property under conformal 
a circle [w- wo] = ./Jr. T~ c~~ ample shown in Figure 3.2. This example 
transformation is highlighted in t e ex 

(3.11) 
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illustrates the mapping from the finite strip 2 = [-10, 10] x [0,1] to a crescent 
shape domain. As expected, the conformal map 'lf;(z) = z~i maps the circle packed 
strip 2 to the crescent and preserved the shape of the tile of circle. However, the size 
of the circles is transformed from uniform to dilated or contracted circles though the 
circular shape remains unchanged. The following observations carry over geometric 
properties of conformal maps through inversion and composition. 

Corollary 3.3. 

(i) If b : 2 + b(f2) is a conformal map, then and its inverse b are circle­ 
preserving maps. 

{ii) If 'lj; : n -+ 'l/1(!1) and </J : 'lf;(n) -+ C are conformal maps, then the composed 
mapping </> o 'l/; is a circle-preserving map. 

HIEATT{HHIH 
. in from a finite strip to the crescent. F. 3.2: Circle-preserving mapp g 1gure .... 
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Now we consider again equati a ion 3.8. From th . e coordinate maps relation 

{ 
2(x - x0) _ (z ) 
2i(% o)+ (z - zo), 

y Yo) = (z - zo) - (z - zo) ' 

consequently, equation 3 8 can b . ·' e rewritten as 

w - Wo = ¢z(zo) (z - zo) + '1/Jz(zo) (z - z ) 
where wo = uo + iv, b,=±(4;, Oh · "o» 25(% =ip,), and % = }(, + i,) 
Again by 3.14, we obtain 2 

Y • 

(3.13) 

(3.14) 

(l-]- h-el)lz- zol <[w-wo] <(l-]+[l)l -zo] (3.15 
Thus, smce the circle [z- z] = r is ma d . ( · ) 
transformation, then (z) has . ppe circle [w- wo] = P under the conformal 

a maximum and a minimum, respectively, 

lw - wol =(1'¢zl + l'I/Jzl)r, 
[w - wo] =(l.]- [:I)r, 

and hence, on the circle [w--wo] = p we have satisfied the Cauchy-Ric : '¢z - o · ' · -l emann equation 
. z equation. We now summarize the previous discussion in the followin 
Important theorem. g 

Theorem 3.4. Let the mapping :{2 -» C be a homeomorphism. Then b = u+ iv 
is conformal if and only if the real and imaginary parts u,v c C\(Q) and satisfy 
Cauchy-Riemann equation '¢z = 0. 

3.2 Conformal Bilinear Transformation 

(3.16) 

One of the challenging issues in practical applications of conformal mapping is 
the problem of devising such maps on any arbitrary complex domains. Although 
Riemann mapping theorem guarantees the existence of the desired conformal 
transformation; it however, provides no direct mechanism of constructing such 
a transformation for complex domains. In this section we consider the problem 
of devising conformal maps in closed-form on complex domains. Nonetheless, 
in certain cases Riemann mapping theorem provides insight into the formulation 
of conformal maps between specific class of domains. For example, Schwarz­ 
Christoffel transformation is a conformal map which maps the upper half-plane 
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{z E C : Imz > O} conformal! t 1 · 
. t b d y onto po ygonal domam (or visa verse), which m urn can e mappec onto the ·it disk H · 

. . e uru 1s . owever, for practical purpose the core focus of this study is on constructing conformal b t fi: it b d d 
• . . . 11 maps e ween ru e oun e 

regions without intermediate transformation steps. A class of well-defined conformal 
mappings between simply connected domains is the Mobius transformation. The 
general form of a Mobis transformation is given by 

w =(z) = ~ 
cz + d (3.17) 

where a,b,c, d are complex numbers satisfying ad-- bc =I= O. This transformation 
can be expressed in a bilinear form Azw + Bz + Cw + D = 0, where A, B, C, D 
are factors of a, b,c,d, and is sometimes referred to as linear fractional. The set 
of all Mobius transformations forms a group of first-order conformal maps under 
composition. This group can be given the structure of a complex manifold in such 
a way that composition and inversion are also conformal maps. Decomposition and 
elementary properties of a Mobius transformation is equivalent to a sequence of 
geometric transformations. Let 

1 z) = 2-+ ~ ( translation) e 
'l/)2(z) ± (inversion and reflection) 

z 

we)=-(",)> «anon and rotuato) 

b4(z) =z4 " (translation) 
C 

. . . f M 5bi: transformations is a Mobius transformation, then algebraic composition ot tobius 
namely az-+ b 

4 oso% o /(z) ,,»+a 

(3.18) 

. . that the composition of two such maps and the 
It is clear from the definitwn . rt·bl co-cormal mapping, so the set of such . ain an inver a e m, . f 

inverse of any such map is ag u This decomposition makes many properties o 
mappings forms a conformal gro P· this decomposition, we also see that Mobius 
the Mobius transform obVIoUS. From. ·a1 roperties of circle inversion. Namely, 

. . all non-trivi p . d . 1 transformation carries over W+ale in the postimage, anc any circle . becomes a circ £ that any line in the preimage [,, stimage. This is justified by the fact . l in t e pos uu • . • 
in the preimage remai~ a circ e d of a sequence of isometries plus a mvers1on. 
that M6bius transform IS compose 
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{z e C : Imz > 0} conformally onto polygonal domain ( or visa verse) which 
in turn can be mapped onto the ·it di k H · ' 

. · umt is · towever, for practical purpose the 
core focus of thi_s study is on constructing conformal maps between finite bounded 
regions without Intermediate transformation steps. A class of well-defined conformal 
mappings between simply connected domains is the Mobius transformation. The 
general form of a M6bius transformation is given by 

w = 'l/J(z) == ~ 
cz+d (3.17) 

where a,b, c, d are complex numbers satisfying ad - be =I= 0. This transformation 
can be expressed in a bilinear form Azw + Bz +Cw+ D = 0, where A, B, C, D 
are factors of a, b, c, d, and is sometimes referred to as linear fractional. The set 
of all M6bius transformations forms a group of first-order conformal maps under 
composition. This group can be given the structure of a complex manifold in such 
a way that composition and inversion are also conformal maps. Decomposition and 
elementary properties of a Mobius transformation is equivalent to a sequence of 
geometric transformations. Let 

bi(z)=24" (translation) 
C 

lg(z)= = (inversion and reflection) 
z 

we)=-("",)> «antenna rotuatto) 
4(z)=z4 " (translation) 

C 

. . . f Mibi: transformations is a Mobius transformation, then algebraic composition ot tobius 
namely az+ b 

4 opg ob, o/(z) 9 + d 

(3.18) 

. . that the composition of two such maps and the 
It is clear from the definitwn . rt·bl co-"ormal mapping, so the set of such 

ie ·in aninvertitle on1o +i. 5f 
inverse of any such map ", This decomposition makes many properties o 
mappings forms a conformal gr P· this decomposition, we also see that Mobius 
the Mobius transform obvious. From. 'al properties of circle inversion. Namely, • all non-trivie . d · l transformation carries over • le in the post1mage, an any crrc e 

· becomes a crrc · h f that any line in the preimage he stimage. This is justified by t e act . 1 Ill t e pos 1 • . . 
in the preimage remains a c1rc e d f sequence of isometries plus a mvers1on. 
that M6bius transform is compose O a 



Th
. ~ 
e 1sometries preserves di st . 1 D is ances whil th . crrc es. tor example it is eas t ' e e inversion does e: :tl : ' Y o see that the mnap exactly map circles to 

i0 (2) ©"(>-a) 
1 - az ' (} E JR and la] <1, 

maps the unit circle I z [=1 t it: If o I se and a to 0. 
Furthermore, if two points are . . 
; ·i 1), the symmetric with mvers10n ' t en, after a Mobius t c . respect to a circle ( as in geometric 
ith ranstormation, the tr : 

WI respect to the image circle Th' c ' wo pomts still be symmetric 
f Mo6bi as tact can easily be fr 0 o ms transformation and the fa ·t th seen om the decomposition 

circle will maintain two 'symm t. ac . at two geometric inversions over the same 
Mibius transform is composed o~ nc pomts over the circle. In addition, since a 

. a sequence of translati dilati geometric inversion and all th on, 1 aion, reflection, and 
preserves angles. 2ese preserve angles, therefore a Mobius transform also 

Corollary 3.5. The following assertions pertaining to M6bi» tr ,5, ,, 
equivalent to conformality: 1o0us transformation are 

{i) The Mobius transformations are biholomorphic on C. 

{ii) The M6bius transformations map circles to circles. 

{ii) The Mobius transformations preserve angles, together with their orientation. 

An important practical application of this transformation is the generation of 
smooth curvilinear coordinates around an airfoil geometry in the plane. In this 
case, conformal mapping is viewed as mathematical technique to transform ( or 
map) one mathematical problem and solution into another. A typical case study of 
this application is the mapping represented by curvilinear curves in the Figure 3.3. 
The primary mapping is (z) = z + ¼ which transform points around an airfoil 
type geometry to points exterior to the disk and visa-versa. The shape domain is 
prescribed by the parametrization exterior to the disk centered at zc = -0.132 with 
radius r = 1.132 and interior of hexagonal polygon. Then the mapping 'l/J(z) = z+ ¾ 
converts the entire flow field around the cylinder into the flow field around the 
airfoil-Figure 3.3. By knowing the velocity and pressures in the plane containing 
the cylinder, the conformal map gives the velocity and pressures around the airfoil 
and therefore one can compute the lift. 



27 

I·(") 1 : 5_-]­ 

~ 

Figure 3.3: Conformal mapping around an airfoil domain. 

However, from another geometric prospective the same map (z) = z +± converts 
a domain exterior to an inner circle centered at z, = 0 with radius r = 0.25 and 
interior to an outer triangle to a completely different configuration--Figure 3.4. this 
means that conformal maps in most explicit forms are domain dependant and yet 
fully control the image domain. 

al Ping of multi-connected domains. Figure 3.4: Conform map 
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An interesting fact about the M6bius . . 
is the case when c = O. Then the (-) transfonnatwn which worth mentioning 

e mnap p(z] = az-+ b with a 0 . th nl h extends the plane onto itself, see Kwok [6]. This b b 18 e O Y map that 
the Mobius transform as can e O served by decomposing 

w = '1/J(z) = ~ + be - ! 1 
c c cz-+ d c 0, 

It becomes apparent that the condition ad - be =j:. O is necessary in order for (z) 
not to be constant. When c== (O the mapping is a linear transformation. When 
c 0, w = (z) has simple pole at -d/c so that (--d/c) = oo. Similarly, the 
inverse transformation has a simple pole at a/ c and that (co) == a/ c. In the case 
C= 0, then we have ¢( oo) = oo and that is the necessary condition for establishing 
oo ~ oo under M6bius transformation. A more sophisticated coupling between 
conformal maps and Mobius transformation is presented by Greene and Krantz [3]. 

Corollary 3.6. A map b : C "-"7 C is conformal if and only if there are complex 
numbers a, b with a 0 such that (z) = az +b, z€C. 

In other words a map of the extended complex plane C ( which is conformally 
equivalent to ~ sphere) onto itself is conformal if and only if it is a Mobius 
transformation. The proof of this assertion can be motivated by the facts that 
any holomorphic function satisfies 

lim l'I/J(z)I = +oo 
[z]->too 

and is a polynomial of degree at most 1, that is, (z) = az+b for some a, b E.C. 
. . . f Mobius transformation is the preservation 

Another geometnc ch'.3'1"acter1Stic ~ This roperty is inferred by virtue of 
and bilinear mapping of triangular pat . es. th e~ It states that there exists a 
h h. d c ulti f Riemann mapping eor . '. h l the third formulation of thr distinct points z±,29,23 in the z-plane 
unique Mobtus transform that mos""7,,',sore. sics z, is mapped to u,, onto three distinct points wy, w,w 
J. = 1 2 3 it follows from equation 3.17 that 

' ' ' 
az, +b ;=1,2,3, 

w· = d' J 3 czy+ 

(3.19) 



29 
Also notice that 

w =-w, (@d-bc)(2a-z,) 
(czk + d))(czi + d)" (3.20) 

This transformation has als th 
o t e following property kn preservation own as cross-ratio 

(wa_w)(w»_ws) _ (_-a)(a-z,) 
(a =w)(w,-uws) (a-)(-,) (3.21) 

is invariant under a Mobius transformation that fr 
( ) d ( maps om z- to w-planes Here 
Zk, Zk+i an 7V_k, Wk+1) are end points of arc-segments of the domain boundaries. 

11)) and 2 respectively. ' 

The formula for a general first-order (bilinear) conformal mappings is 
conveniently expressed by this implicit formula: 

(w-uw)(w»- ws) _ (3-z)(o-za) 
( W2 - w1)( w - wa) - (z2 - z1)(z - za) (3.22) 

Moreover, this expression interpreted such that choosing three specific points in the 
domain and their images in the targeted range, the mapping given in 3.22 determines 
for all the remaining pots z and w. Making the the substitution of the expression 3.20 
in the previous equation yields the explicit form of the transformation w =(z) 

w1(z- za) =ws(z- z1) 
1P(z) (z-s)-(z-z) (3.23) 

whereµ= (z2 _ z3)(w2 _ w1)/(z2 - z1)(w2 - w3). This explicit formula represents 
al b.li c al transformation which maps three distinct boundary a gener 1 near contorm: ·1 . 

· t I E a(n) onto three distinct boundary pomts w1, w2, W3 m pom s, name y z1, z2, z3 3r, 

points on O(D), respectively. 



Geometrically, given arbit 
with sampled boundary curve 

1 
rary two multi•connected do . . 

make subdivision of triangul s. Then, the boundary pointtamsbn and 2, in C 
1i _ { . ar patches nam 1 can e connected to i = t;»y+1,,4a} € , such that (Jp, _y T, = {2y,1,,42} € 2 and 
piecewise mappmg '1/J in equation 3.23 ;; U ~ = Or, see Figure 3.5. The 
onto the range 2, maintaining the guall antees the bilinear transformat· fo 

over shape of the domains ion O) JZ 
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Figure 3.5: Bilinear conformal transformation of triangulated domains. 

We conclude this chapter with the presentation of a numerical result portraying 
the overall picture of geometric characteristics of conformal transformations. The 
showcase demonstration in Figure 3.6 exhibits the fundamental properties of 
conformal mappings. We show three different discretizations of the same rectangular 
domain n = [-0.5, 0.5] x (-0.85, 0.85] being transformed under the same conformal 
map '1/J(z) = ¾,. The decomposition of S1 encapsulates the very basic geometric 
shapes of quadrilaterals elements (right), triangle elements (middle), and circles 
(right). 



These part icular _multi-element geometric shapes are often the choice of grid cells 
needed for numerical methods USed to solve governing physical models. As excepted, 
the conformal map transform, the three different grids of the canonical domain to 
the same shape in the Physical image domain. Furthermore, the angles between 
the cell-edges and shapes of cells are preserved as well, whereas the size of the cells 
increased in certain subregion or decreased in other locations. 
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Chapter 4 

Conformal Transformation of 
Boundary Represented Domains 

Conformal mappings arise naturally in many areas of applied and computational 
mathematics, for example, in the study of computational geometry. The principle 
objective of this chapter is to present the theoretical development of a unified 
mathematical framework for the construction of conformal transformations between 
arbitrary boundary-represented domains in R?. Conformal maps are proven to be 
viable mathematical tools in the development of grid generation which is view as a 
branch of computational geometry. We shall also consider the challenging problem of 
finding conformal maps as solution to elliptic boundary value problems on complex 
domains. 

Traditionally conformal transformation has been used to generate orthogonal 
. . . ' 1 . • oblems in simply connected regions. curvilinear coordinates for so vmg various pr . 

: mfc al t £ rmation is the construction of One of the prime applications of co orm rans O 
1 

. · m2 
:. ilin ids in the complex regions in K . smooth and orthogonal coordinate curvii ear ~ d • otential lines of say 

ua a contort as oas repeat e .s' """"",""l ,cause are 
a fluid motion. Another area of application is [,, Additional applications h . . t • fl Laplace equa Ion. the electrostatic potential Imes sa is es . fl id fl w in the plane, which may 
' } · al. mnviscous !u O Include heat transfer, irrotational, non lires that also satisfies Laplace 

• t tial stream me he described in terms of a velocity po en 

equation. . s lies also in their 
:. 3onformal mappings .. • al The motivation for constructmg c d' te systems for two-dimension 
ili coordmnat ·llioti application to the generation of curv mear d to reduce a second order e Ip ~c 

'gions. Conformal mappings may ©"", ze, the principal part of the 
· . t ·ts canomc orm, 1 ·r one is solving an Partial differential equation ° 1 . le ian. Consequent Y, I . uld b used d. a the Laplace . al pping co e literential operator reduces to iate conform ma 1. appropn elliptic boundary value problem, an 

32 



33 simultaneously to fit the boundary . 
al t·a1 ..-1:.a curves With c di 

origin par 1 wuerential equation Th ~or nate lines and simplify th 
easily investigated for solution exist\2 "" 9Ution, in canonical for, can ,, 

3. ] by 1ce an unique 9 e more efficient Y Y methods which would t b ~ness, and possibly be solved 
in cartesian coordinates, see Wen [IS] ~~ K; applicable to the original equation 
development of a method of constructing a -cantz and Gavosto (20]. With the 

> s, ·Conformal transfo; stir th of the transformation may give a better distry,:, Omnation, the selection 
d . stribution of gnd lm . lify transforme equations that need to be solved th es or simp) the 

of conformal mapping methods have bas ,,,,,,," [""ical region. This concept 
Mastin [33], and Mastin [38]. ize Y ves (31], Khamayseh and 

4.1 Quasiconformal Maps on Rectangular Domains 

Conformal maps have been effectively used in the development of elliptic partial 
differential equations applied to geometric and physical modeling. In earlier 
chapters, we analyzed several analytic and geometric properties of conformal 
mappings with emphasis on the existence and analysis of such maps. A class of 
conformal maps are feasible to be constructed explicitly for a wide range of domains. 
However, the drawback of this scenario is that the conformal transformation controls 
the shape of image map and may not produce the desired geometric configuration 
with the exception of limited cases. A more challenging proposition is, given two 
arbitrary bounded domains in IR?, is it feasible to construct a conformal map between 
them? Indeed, this chapter is intended to answer this question. 

In this section we briefly introduce the notion of quasiconformal mapping 
and the rationale as to why it needs to be induced in this ~tudy of conformal 
transformation. To further aid our understanding of the topic at hand andhrits 

. . h thi liminary argument. There are t ee geometric relevance, we begm wit s pre . al etr and grid generation. 
fundamental questions in the study of computation geom Y 
The first two are as follows: 

. . is there a one-to-one and onto (i) Given two regions of the same dimension, 
transformation between the regions? . . t can a practical 

h transformat10n eXIS s, (ii) More important, if SUC a 
construction be provided for it? . ( a mapping) between 

transformation {or . h 
The third question is, (iii) How can a entl none of these questions as 

he regions (domains) be controlled? CV' 3,g attracted the attention 
b . Th first two ave th computational een answered satisfactorily. ~ . for reasons other an that the 
of mathematicians and applied sc1ent1sts f nformal mappings to show 
geometry. Riemann developed the theory O co 



answer to (i) and (ii) in two-dimension 
1 

. 
t . t· d" . a space ls a confc al rather res ric 1ve conditions, a candidate t (") .. 0_rm mapping. Under some 

o I and (ii) is a har . . . Conformal mapping techniques ha~ 1 momc mappmg. 
£ t . e long served as inst mean or constructing smooth transformat;> Drumental mathematical 

existence of the conformal map between ~ io~s between planar domains. The 
y the Riemann mapping thorn, ,," ""tea domains is guarantees 

h h. , c we ow Howe th h does not say w at t IS mapping may look lik 't . · ver, ie theorem 
• d · • e, It is merely an existence th In this stu y we are primarily concerned with th . f eorem. 

mappings between arbitrary domains and rec,,," ® ®structipg conformal 
· ul fc this · d · :. tar tomains in lR space The particular reason fort 5judicious choice of rectangular domains and the associated 

technical requirement o such approach will be explained at le gth 5 
1 f hi h t en in a ater stage o t s c aper. 

In two dimensions, conformal mapping techniques have long served as a mean 
of constructing geometric mappings between planar domains. Here again, consider 
the conformal mapping of an arbitrary simply connected domain n in the z-plane 
onto a rectangular region nr in the w-plane. The domain {2 is chosen to be 
represented by oriented smooth boundary curves an which encircle the interior 
of $2. In computational geometry this type of geometric domains are referred to as 
boundary-represented or B-rep regions for short. Furthermore, consider the problem 
of mapping not only the interior of 2 conformally into the interior of f2, but also 
mapping boundary curves and vertices of an onto the corresponding edges and 
corners of 02,, as shown in Figure 4.1. 
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0, 

. . ain to a rectangular domain. Figure 4.1: Mapping of a curvilinear dom . 
ffirms that a conformal mappmg · theorem a · d In this case, the Riemann map',,,,3, the mapping is uniquely determine 

eXists between 2 and Or, and it also implies an Suppose we wish to indicate four 
" specifying three points on the bo]'.,, yertces of the rectangle l; 
specific points on a2 to be map®l''', Ger-determined and no conf" 
If th pro em f the dimensions the rectangle is fixed, than °, must determine one O the mapping 
lllapping exists. Therefore, the ma:h 7 and hight h. In th1~ case,d satisfies the 
the rectangular region Or with leng t·n a conformal mapping an 
of, • n ( ) + 1,V IS S l 'f' • ~ G ~ nr where 'lp z == 



Cauchy-Riemann equation > = ), The following assertion, is a variation of the Riemann mapping theorem. 

Theorem 4.1. Let ©2 be a bounded simply connected region in the z-plane whose 
boundary an is a simple closed curue. Let Zt, z,,, z,, and z, be distinct boundary 
ints ordered by the orientation on /J!l. There f3!ists a unique conformal mapping !/ n onto a rectangular region 2, in the W-plane such that the points z, map to 

boundary points of fl, which also ordered by the orientation of the rectangle. 

Now consider the following motivational simple problem, let the mapping 
'P . R ...., R2 be a homeomorphism with R, be the rectangle with vertices z

1
, z,,, z,, 

prescribed in counterclockwise and edge hight h, and length l,, and also R, be 
z

4 

ctangle with corresponding vertices w1, w,, w
3
, w

4 
and edge lengths h, and 1, a re F' 4 2 such that 'l/J(zk) = wk fork= 1, 4, see igure., 
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Wt 1/';3 5.4 3 
IR 

0 IR, 
~} ho II' h 1 

de 
h 52 

h U'9 
~:: 1 

(/' 1 

. on rectangular domains. F. 4 2· Quasiconformal Mappmg 1gure .. 

fr R to R2 is conformal A natural question to ask is wdhetherdt~;r:;~ ~ap ~: co:ners. For simplicity, 
d P toe ges an with the caveat that e ges ma d . the affine map 
0 can evise we assume z1 = W1 = , one ) 

(
l2 h2 

H -x,-y' .A.; : (x, y) l1 h1 h all 
. !ll. - !!1 Rec al unless the ratios Ii - ~ . I his is not conform ma1 map from C to name Y Which maps R, onto R,,., butt . only one confor al ap from R

1 

to R, under 
from the previous chapter, 

th
~bi~ is the only "?nfonn :_1 ~ f. In fact, the affine 

(z) = az+ b, where a, b EC. ual aspect ratios,'.\ ?onn:' 
the condition, the domains ha:~~ the following explici 
'Iap .A% above can be express h,) l (1

2 
_ hi)z. !(- _ z 5 , h /4p(z) == 2 11 h1 



36 Indeed, it can be easily seen that • f hi. h 

Cauchy-Riemann equations and th "5 1;, then this map do . 
l ereJ.Ore 18 not r, es not satisfy the Ag(z) is nearly or quasai conformal and ;,, formal. However, the a 

· Th h h 1 Possesse , e ne map properties. ough, t ere one exceptior th s ?1ost of the standard con£ 1 11. . R . th n at a circI . R, orma an e ipse m 2 VIa . e linear differential d'I/J - ../1 e m :, is now mapped to 
One may ask, what is the map from R, to R - f dz_ as shown in Figure 

4
.
2
. 

map and does not require the condition f 2 which lS closest to a conformal 
referred to as quasiconf ormal and satisfies ~h equal aspect ratios. This map is now 
which are called the Beltarmi equations Wee ext~nded Cauchy-Riemann equations 
aasicoformal mappings on simply coca.,,',,""""®""® oat aamiuon ar 
Definition 4.2. The function (z) = u + i · . 

. 
0 

. ed . v zs a quasiconformal ma'Tl'TI · ,1 th region S2 containe 'in the eatended complea plane C, ;r,, \PP®ng of e 
t l · (y • 'OO ZJ 'P maps Q homeomorphically onto a rectangular region S2, and b is a solution to Belin 3i4,,,_ 

etrami litferential equation 

1/Jz = v(z)'I/Jz (4.1) 
where the complex dilation v(z) is a measurable function in £2 that satisfies the 
condition llvll00 < l. 

Quasiconformal mappings have been studied extensively by complex analysts 
and even generalized to higher dimensions. However, very little work has been done 
on the numerical construction of quasiconformal mappings and their applications. 
In recent years a finite difference methods for constructing quasiconformal mappings 
developed by Mastin and Thompson [36] and Khamayseh and Hansen [34] which 
have been used in the construction of orthogonal coordinate systems. Classical 
references on quasiconformal mapping include the work of Ahlfors [12], Krushkal [13], 
and Lehto and Virtanen [14]. A modern outlook on quasiconformal mappings is 
presented recently by Fletcher and Markovic [15], Fletcher [16], Lehi [17]. 

· _r I mapping was established by The stand alone existence of quasiconforma 
Mastin and Thompson [37] in the following result: 

t d region in the z-plane whose Theorem 4.3. Let n be a bounded simply connec: and z4 be distinct boundary 
boundary an is a simple closed curve. Let zi, z2, 3'. ts unique quasiconformal 

· ts . · an There exis a . point ordered by the orientation on · . he r-plane such that the points . l . n 2, in t e w rnappzng of {2 onto a rectangu ar regzo r 

zi rnap to the vertices of the rectangle S0,. 
al mappings determine the aspect 

Thus far, we have established that c"",, s,'iagth. Rather than allow a 
""o of she rectangular region, i.e, the""_"[,, ,roaics bha parameter r such 
rectangle with variable width, one a"" , height must be some conform that the width of the rectangle is set to um y, ,1. .-ial module of n. 
:. ·dtc as confoTT® lllvariant quantity µ, which is referre 0 
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Frequently in computational grid generation process, we must construct a 
homeomorphism from a simply connected region 2 onto a region that is not the 
rectangle Dr, but rather onto a square region n.,. In this situation conformal 
mappings can still be utilized to construct such a mapping. We choose the unit 
square, of course with unity aspect ratio, for several practical reasons: (1) Square 
regions are the simplest computational domains in R?, thus facilitating the numerical 
solution procedure for the governing equations. (2) Any simply connected domain 
can be mapped quite easily to the unit square under arc-length transformation. 
(3) The interior discretization of the domain can be constructed by straitforward 
bilinear interpolation from the edges. (4) Last but not least, what is sought after 
here is to adopt a unified framework for coordinate mapping from arbitrary domains 
to one type domain and that chosen to be the square. 

Since we are primarily focused on mapping P.. onto a square n.!, This process 
is carried in two steps: First, and without loss of generality, let z. z2, z5, and z, be 
distinct points on 0£2, in counterclockwise order, which will map conformally to the 
vertices of the rectangle 0, 1, 1 + iµ, and ip, respectively. The invariant quantity 
is to be determined by the conformal mapping 1jJ : Q --+ nr which satisfies the 
Cauchy-Riemann equations: 

u,=,, 
-u,= U,. 

(4.2) 

- b a bi"ective transformation from the rectangle to Second, we follow the first step y ", s ped onto a unit square region h . An ectangular domam ~ 'r can e map t e umt square. • !yr . . . t duced This transformation is 
2, if an additional stretching transformation is""",,,% ¢= €+ in with the 

h • n£ormal map "!, • Hr --; Ha, ' can be given by t e quasco: 
following change of variables; 

€=u, 
U 

T)=-. 
µ 

-& rmal and quasiconformal maps yields a h mposite of a cowo · ( . n --+ n We observe that t e com rt that the composite mappmg · s 

quasiconformal map. Thus, we asse conformal map between the rectangle and 
ere c&) = s&) + is) "" "E,'sens co comas sics ihe aspeefrtirs 
the square, while mapping correspon owever, the conformal mapping can bee~ Y 
of the two regions do not match. rdmate by µ. On the unit square, using 

ult. lying the n] coor 4 2 the functions € and retrieved by simply mu tIpI; «h Riemann equations · ' hich 
the change of variables 4.3 in Cal{ ,,owing first-order elliptic system, w 

. satisfy t e 10 
n) of the composite mappmg arameter 
now include the module of f2, as a P 

(4.3) 
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&. =mn,, 
%=n. (4.4) 

This coupled first-order elliptic syst . £ 
It. . em is re erred to as B lt . resu mg map is then quasiconformal erami equations and the 

can also be observed from equation 4 3 ~ap, see Mastin [38]. The following relation 
module of the mapping ( · ' or every z €2 we can define the conformal 

) = /%+a? 
?+g' 

where as the modulo of the domain µ •- µ(") b val d 
·- H can e e {uatec as 

µ(!1) =- Jin µ(z)dxdy. 

(4.5) 

(4.6) 

T~e quasiconformal mapping of the region 2 onto a rectangular region can 
be obtained by constructing a homeomorphic mapping which satisfies Beltrami 
system 4.4. This class of quasiconformal mapping is classified as p quasiconformal 
which allows for the mapping of arbitrary regions onto the unit quare 2, with 
corners being mapped to corners and edges to edges. Quasiconformal mappings 
and conformal mappings are closely related and quasiconformal mappings are 
considered as a generalization of conformal mappings. In contracts to conformal 
transformations which map circle-to-circle, quasiconformal maps transform circle­ 
to-ellipse due to the induced stretching ( dilation) factor in the linear differential 
d( = ../Jdz. Moreover, setting == 1, then the Beltrami equations in 4.4 are reduces 
to Cauchy-Riemann equations and the mapping is called 1-quasiconformal. In this 
particular case the mapping C = e + in) from the region n to the rectangle S2, is 
conformal. The close relationship between quasiconformal mappings and conformal 
mappings can be observed in the next result, see Ahlfors [12]. 

Corollary 4.4. The following assertions pertain to quasicon formality. 

(i) A C homeomorphism is conformal if and only if it is l -quasiconformal. 

{:. ·; ,.,,'h . , 1. al map is quasi conformal. , '1ne inverse of a quasiconform F 
. . . da uasiconf ormal is quasiconformal map. (iii) Composition of a conformal map an q 

Th 3 2 which we conclude in this special u r xt nsion to eorem · h · We now present an e e . still orthogonal map. Whereas, t e spacing 
case of quasiconformal mapping are 



I 

between coordinate curves is controlled and 
factor p. These notions of geometric q,,, ®erved by the spatial anisotropy 
become more apparent later in th> ,,Ceristics of quasiconformal mapping 
exactly the same procedure as in T: c apt

2
er. The proof of this theorem follows 

eorem ..6 and Theorem 3.2. 
Theorem 4.5. Let the mapping¢ : n -+ n be . . 
vanishing Jacobian. Then g4;. ;, 'r a homeomorphism with a non­ 

.,,, - .,, ZTJ zs quaszconformal if and nl if th l lved functions e and TJ are Cl dii!rc t · bl O Y e Tea-valu 
- 'J./eren za e and satisfy the following two conditions: 

(i) V€.Vn ==0 (Orthogonality), 
(ii) [V€]= ]'Vn] (Anisotropy). 
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This investigation shows that, with the aid of quasiconformal mappings we 
are able to overcome the rigidity of conformal mapping and allow for arbitrary 
complex regions to be mapped to simplistic canonical domain, namely the unit 
square. This type of mapping carry over essential conformal properties such as 
control over angle between coordinate lines. In addition, we are able to map 
corresponding prescribed domain boundaries with just a simple scale composition 
keeping the map inherently closest to conformal. The advantage of this approach 
is to eliminate any complications required for further coordinate transformations. 
Furthermore, the choice of this special case of quasiconformal mapping produces 
desired geometric characteristics in terms of exerting control over the spacing 
and angles between intersecting coordinate lines. As a matter of fact, under 
quasiconformal transformation the coordinate lines intersect orthogonally and the 
modulo of the domain p controls the spacing. In conclusion, the knowledge and tools 
developed for the theoretical quasiconformal mapping can and should. be applied to 
elliptic systems required for solving boundary value problems. It 1:3 worthwhile 
mentioning that much of the discussion on conformal maps in previous chapters 
can be extended to study the analytic and geometric properties of quasiconformal 
mapping. 

4.2 Boundary Value Problem for Harmonic Maps 
. an intimate connection between partial 

It had been shown over the years, ther~ 18 and harmonic maps. Note that the 
differential equations, conformal mappbmgs, 

1 
t d ways in this chapter: (i) there is 

:. different vut re a e word harmonic is used in two 1 
• olution of the homogeneous Laplace 

h . . f h nic function as a s . min • the classical notion of armor . +a transformation ofR" to R', in our . f harmomc map as . equation and (2) the notion o . The theory of harmonic maps can 
' nt is harmomc. 5f ch Case n = 2 for which each compone al di ensions; the components o su ' ifolds of equ: Lime '» be extended to mappings of manito 



• 

maps satisfy the Laplace-Beltrami equatir ·p 
used in the study of computational g "" he theory of harmonic maps has been 
Dvinsky [39), Sritharan [40]. eome nc maps in the plane, see Mastin [381, 

In general, there is a close relationship between bo . . 
and quasiconformal mappings · t» di .. • undary-value elliptic systems 

• ; [1 ·in two dimensions is prevalent in the work of Wen [18] Likewise, Renelt [19] based his treatment of ge al ell5,, 
t'al d'ffi t· l • enera e Ip 1c systems of first order para ditterential equations entirely on quasiconformal mapping. Additionally, 

there are other classical applications of conformal transfc sb 5f ur£ 
:. 8formation of as face onto a planar region and the reduction of elliptic partial differential equations to canonical 

form, proposed by Khamayseh and Mastin [33]. 

Many of the harmonic mapping theory fundamentals is based on conformal 
and quasiconformal mappings. This can be seen by considering the quasiconformal 
mapping of a simply connected region n onto the square {Q, as a solution to the 
Beltrami equations in 4.4. However, the difficulty with approach is that the first­ 
order elliptic systems given by the Beltrami equations is tightly-coupled and the 
quantity µ is not known a priori, since it is domain dependent. We shall show how to 
overcome this difficulty and derive an alternative way of obtaining quasiconformal 
mapping by solving a decoupled boundary-value problem. The relation between 
quasiconformal transformation and elliptic systems can be seen by utilizing the 
Beltrami equations in 4.4. We easily see that the function C(z, y) = €(x, y) +iTJ(x, y) 
is harmonic and therefore satisfy Laplace equation 
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(4.7) 
h r12 _ a2 + a2 is the Laplace operator. It is interesting to note that the w ere v - 7fx2 liii2 h h C h Ri 

coordinate functions { and TJ are still harmonic even thoug . t e auc Y- em~n 
t. t ·tisfi d This is an important observation that the harmonic equa ions are no sa 1s e • . al · · 
. th till be applied in the case of quas1conform mappmg, i.e., mnapping eory can s 

4+6%=0, (4.8) 
T/xx + T/yy = O. 

1 t' f the elliptic system 4.8, it is necessary To determine completely the solul"" ,jong 02. In the study of partial 
d·t· on the so u on . Th to specify boundary con l 1ons 4ta] issues need to be addressed. e ; H the are three essential ellintir , differential equations, here nd uniqueness of the elliptic system 

h 1 tion existence an . . t f . an basic problems are t e sou . . Fr a practical pom o view, 
bc ada conditions. rom of> aalytic or subject to prescribed voundary lvability of the system by means o an ic 0 equally important problem is the so 

computational methods. t . boundary representation of a 
• h erall geome nc · t 4 8 we now begin by describing t e ov ditions needed for solving sys em . . 

:. o id boundary con simply connected domam H an 
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Assume the boundary of 2 is subdivided to four arcs, namely I'
1 
from z

1 

to z
2

, I'2 
from Z2 to Z3, r. from z, to z., and I' 4 from z, to Z1 where an ~ UT,. The boundary 
conditions of the solution € of 4.8 will be investigated first. Clearly' e is constant on 
the boundary arc I» and r,, whereas~ must be constant on the boundary arcs , 
and r3 of 8!l. Furthermore, to specify boundary conditions of eon the arcs I, and 
r3, we introduce a new coordinate system, these directions are the normal and the 
tangent vectors of a smooth curve. We denote these perpendicular directions by n 
ands, wheres is the arc length parameter. In the new (n, s) coordinate system, we 
shall assume that the relative orientation of then- and s- direction are like those 
of the z- and y-axis, respectively (see Nehari [8]). This is in agreement with our 
conventions regarding the positive direction of the normal and the positive sense in 
which the boundary of the region an is described below. 

If .2- and .fl.. denote the differentiations with respect to the positive n-direction On Os . 
and the positive s-direction, respectively, we have 
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€, = V€· (c,, %), 
%=V€-(%,-s), (4.9) 
n, = Vn·(a,, s), 
n, = Vn·(%,-a,), 

= ( ) is the unit tangent vector. The where Vis the gradient operator ""3 rotating the tangent clockwise 
outer unit normal vector n_,,. (Ys, -~s) isS~ amth derivative of n) with respect to the ( . )'# y% ia, Jince e bt · b 

1r • - x + iy, Ie 2 = s - • s • : =(O we o am Y 5, .e., n - 8 B • h the arcs r1 and ra, z.e., T/s - ' h t r S must vams on arc-lengtl paramete (4.10) 
TJxXs + T/yYs = O. 

. 4 4 into equation 4.10 yields Substitution of n, and n, in Beltrann sySlem · (

4

.ll) 

9%%=36, = 0. 
uations of the system 4.9as follows Let us now rewrite the first two eq 

2,6+%6=&% (4.12) 
&,+ 0,6, = G­ 

-Ys x s Y t'tute into equation 4.11, 
£ C and 5, and then s_ubsl~ the normal derivative stem or : -(0 imp ies Solving the above sy . .11 show that n, = a straightforward calculation w1 (4.13) 

condition; ae = o. 
an 



- 

Further, we can also proceed with the same argument based on the constraints 
in 4.9 and deduce the tangent derivative condition €, = -pun, being specified on the boundary curves r1 and T, 

The analogy of previous discussion is carried through in the treatment process 
of the boundary conditions for the solution n] in the harmonic system 4.8. Knowing 
that the function n7 = 0 on the boundary arc r 

1 
and n] = 1 on the boundary 

arc r3 of an, therefore, on the boundary arcs r, and r, of an, the function { is 
constant, whereas the necessary boundary conditions of the function n7 are ~ = 0 and T/s = ten• 

In summary, the functions { and n) of the complex map ( = { + iq must be a 
solutions of the self-adjoint Laplace equation 

V=¢.+6,,=0, (@.14) 
where the coordinate function € satisfies the following mixed (Dirichlet-to-Nuemann) boundary conditions 
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€=0 on T,, 
f. = 1 on I», 

(4.15) 6_ on Tr, D,, 8n 

5-n, on T,, T, 
0s ndt; 

. . following boundary con I ions Similarly, the function n7 satisfies the 

rJ = 0 on T,, 

T) = I on s, (4.16) On_g on , T, 
8n 
.±, o T;r, 
Os 

ditions are however, an 1 t. n of the boundary con I f the Laplace equation. al th formu a 10 d · queness o d In gener:, e . existence an um h lution to the boundary 
essential element to the ~olut10~s we shall show that t e "\oundary conditions is 
In Particular if the solution , pjjchlet and Neumann sary for the solution 
' "th associate . nsidered neces value problem 4.1 WI d condition IS 00 . Th N mann boun ary 1 

unique. e eu . t name y (4.17) · fun t1·on to eXIS ' of a harmonic c Bf. 

in 8n = 0. 



This argument is verified using Gauss's Theorem 

' 
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ff-/£.=-/s-% 
It should be noted that the mathematical condition attributed the normal derivative 
!!f = 0 has a physical meaning. For example, the total rate at which heat Hows into 
{{;e object is complete ( otherwise it will never reach the state of equilibrium), namely 
the steady state modeled by Lap].,., equation. One also can think of this condition 
as non-existence condition. For instance, if 8!! is the unit circle, and the normal 
derivative is prescribed to be~= 1 on 02. Then no harmonic function € can exist 
satisfying this condition, since the integral in 4.17 has the value 2r, not 0. 

In the case at hand, we can also prove the solution £ of the boundary-value 
problem 4.14, if it exists, it is unique. This argument uses Green's Theorem which 
gives [V? == o everywhere in 2, 

[[,s-{4e-» 
h t N b undary conditions are the necessary Later in the section, we prove t a leumann vo . . d with 

e e wet;rrttt ttt; 
the quasiconformal, or confonnal mt b µ d conditions identified by normal from 4.4 and equation 4.10, the Neumann oun ary 
derivative 

0
c &r, 
-~ = O and = 0, on 8n .. 

d rthogonality condition are equivalent to coordinate boundary o 

V;· Vn; = 0, (4.18) 

t. l derivative conditions whereas the boundary tangentia 
' 8 l ac d 1/ __ c S all _-7 gnn _ = -µ1/n 8s µ 8s 

spacing condition are equivalent to boundary spa (4.19) 

[Ve] = u/ Vn]. 

l . the study of elliptic t mathematical too m fulness of maximum 
Next we present an importanum principle. The ~nd derivatives of the 
• JI d maxim . ince the sec h imum differential equations ca e cl-order equations s Also the effect of t e max] 

principle is restricted to ~econ function's extrema. 
: 3¢> ation on function provide 1morm 



principle can be seen in its use t 
. . • 0 prove the uni 

elliptic equations. A comprehensi: ., queness of the solution to many 
inbe [22] s. strve reference on the this s: Wem erger 22 which also include th f . e t s topic by Protter and 

e proo of this next result. 
Theorem 4.6. Macimum Principle_ Let Q 
and the real-valued Junction 1,, • n m b e_ a closed and bounded region in R? 

y ~ G --➔ .IL\\. e continu o has the following two properties: ous on sZU an . Suppose that p 
(1) , and 'Py are C-differentiable at every point (a,y) € 2; 
(2) po, and p,, eist at every point (x, y) En. 

If is a non-constant solution of the Laplace equation v72 _ 
0 

• n h 
·t · 1 d · • ) cp - in u, t en po assumes s maamum (anc minimum, values on 0Q, 
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In other words, harmonic functions satisfy the maximum principle cannot attain 
local m8.XJ.ma or minima in 2, other than the exceptional case where go is constant. 
As a result of this theorem, we conclude that the solution of the Laplace equation 
in 4.14, if it exists, then it is unique, For further details on the use of maximum 
principle in partial differential equations the book of Myint and Debnath [21] is 
indispensable reference. 

Now we turn our attention to the retrieval process of quasicoformal map 
C = ~ + iTJ as the solution to the elliptic equations system of partial equations given 
by 4.14. To put thing in prospective, let {2 be a simply connected region in R? 
bounded by a smooth closed curve an. Again, we decompose an into four arcs T,, 
», T», and I, having only endpoints in common. The ordering and orientation of 
the arcs are in a counterclockwise fashion around an and each mapped to a s1 e o 
the square 2,. Let c;,c» € IR with c; <cg. 

Theorem 4.7. Let te a simply connected region and¢: 2 + R %_0 ho""® 
Junction such that € = c, on 4, € = cg on Io, € is increasing on '±, an is 
decreasing on I'3, then gradient V~ =f:. 0 on £2. 

:. Q such that the gradient V&(z,) = 0. Since Proof Suppose there 1s 29 = (xo, Yo) E . n then there exists a harmomc 
Q- . d . and € is harmoruc on ' . 18 simply connecte region ) ·e( ) is holomorphic on 2. It IS easy to 
conjugate e of~ such that </J(z) = ~(z( +)i ~ then the function has a zero of 
see that 6'(z,) = 0. Define '1/J = <P - <I> zohon g~ent principle, the change in the 

. . . t - z, By t e ar an :. ah has a multiplicity at least two a z - 0• in {2 arbitrarily close to Z in case 'f' • 

argument of b around an (or a curve radicts the boundary values of € since t 4 This contr 1 zero on an) must be at least - ,, twice on an. □
e(z) (z) assumes the value zero O y 



Suppose f2 is mapped to a r ' Q 

rJ are harmonic functions. Moreo::~~~ ( : the function C= € 4 iTJ, where € and 
f3, and f 4 to the edges of 2, in a one 3s the boundary components I,, T, 8 e-one man h ' , nonzero on n by the previous theorem. ner, t en both v' e and v' TJ will be 
Theorem 4.8. Let ©2 be a simply connected . 
the function C = { + in. Suppose that e ~egzon mapped to a square region S2, by 
Jacobian of transformation J = e 7J _ e an TJ are harmonic functions. (i} If the 
of 2. (ii) If the mappings e and x y y'T/xh> O on O2, then J > 0 in the interior 

. ... TJ are ort ogonal, 1.e., V. Vn) = 0, on an then they are orthogonal inn. {iii) Assume (i) and (i) h ld d ;; 
1 h · p · ,,1; [' () o an 'lJ conformal module µ 
0 t e mapping '!o satzsJ~es ve, = µlv'11I on an then it is satisfied inn. 

Proof. (i) and (ii)- Let be the mapping defined by 

¢(z) == 'T/x - ~'T/y 
-i6, 

We see that ex, ev, 'T/x, and 'T/y are harmonic functions, since e and TJ are harmonic. 
It follows that n, -in, and &,-i,, are holomorphic functions, i.e., the real and the 
imaginary parts of both functions satisfy Cauchy-Riemann equations. By the virtue 
of Theorem 4. 7, we have Vt=/ 0 on n. Therefore, the mapping '1/J(z) is holomorphic. 
We rewrite the function as 

(-)_ (n + &) = in, = Sn.) 
w)= ?+? 
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since is holomorphic, we have 

J &ny-6» 
veF e; +} (4.20) 

V;·Vn) _ <.n,+a, 
veP g+; 
. . um principle to the above equations 

are harmonic functions. Applymg the maxunJ O and V'. VTJ = O in the interior 
. h h tric tensors > , "' In 4.20, we conclude t at t e me 
of 2. 
(iii)- Let b be the mapping defined by 

(- ±+g.) =_is ±Ens) 
c)= (&-)'-76%-) 

f the function are harmonic 
see the components o ) - i(ey - 7/u) are By the same argument above we 2 ) _ i(ey + µ2TJu) and (ex -TJx 

functions since and that ( ex + µ 1/x 
' 



holomorphic functions. Mc 46 · toreover. fr 
on n and the mapping 1/J(z). h ' om Theorem 4.7 

Is olomorphic. Wi . _we have 'v{ ¥ 0 and V -.t. 0 
e rewrite the funeti- 'Tl 

(2) [V<?p?[v,? "®on as 
[Ve]F7]vi-+, 2J 

since 1/J is holomorphic there£ h 
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l'v{l
2 + l'vTJl2 , ore t em • 

ax1mum principle yields 

[Ve] = /v» 
in the interior of 2. D 

At this end, We are read t . 
in this section o harmonic ,, ,], """give he overan atsusion preset«a 
quas1conformal mapping equivalence The~':1 ary-value problems in relation to the 

em 4.5, we now state our main result: 
Theorem 4.9. Let the mapping C : n ~ 
vanishing Jacobian Then ( _ ~ + . 2, te a homeomorphism with non- 
real-valued functions &,n e 0\(o),,{" ®@siconformal map if and only if he 

n so u ion to the Laplace equation 

V?¢ = 0 

with boundary conditions 

V£. Vn = 0 and [V€]=/Vn] on a2 

4.3 Curvilinear Coordinate Transformations 

The motivation for the use of quasiconformal mapping in computational geometry is 
the ease of expressing orthogonal curvilinear coordinate systems on simply connected 
two-dimensional regions. The primary concern of this section is to establish 
conformal and quasiconformal maps as an enabling mathematical tools in solving 
practical problems in geometry. In real-world applications in geometric modeling 
and analysis, it is however, the map from the computational domain Os to the 
Physical domain 2 is foremost important. For the purpose of ease, the process of 
theoretical } , : ·f ·d • the £orward direction f2 H ns, On the other c ana ysis IS per orme m 1' • . h d · • fr n n what is sought after in practice. an , It Is the inverse mapping process om Hs H . 

fic :h • verse coordinate transformation 
We now begin by setting the stage or t ~ alm . n In most of the two- 

from th . . r. t the physic region . . 
. e computational region ls 0 . numerical transformation dim · b solved using a ensional problems which have een_,, . al region S2 to the square region 

inethod, it is not the transformation from the P ysict· r from the region ns to the 
$2, th . h transform at1o. 8 at Is constructed, but rather t e r 



region n. Our work proceeds in th . . 
11. t' 4 14· th t · e same direction Th fir e 1p IC • , a Is, to develop an • al · e st task is to invert the 
variables (e, TJ) are independent varia~iUl"!l ~t syStem _so that the computational 
the dependent variables. Define th . es an the Physical variables (a,y) become 

. e inverse map ,-1 . fl ' x(e, TJ) = x(e, TJ) + iy({, TJ). The function ·- ·-1' s .~ n by the function 
mapping from a square region to a sirnpl X ·- (' descnbes a quasiconformal 

Y connected domain: 
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whose gradient 

F := V;x, 
has nonzero determinant for every point ( of 2,, that is, the Jacobian 

(4.21) 

(4.22) 

We now proceed with the coordinate inverse transformation by assuming that 
the physical variables a and y are C- differentiable and the Jacobian of the inverse 
transformation J = XeYTJ - XTJYe is nonvanishing in the region under consideration. 
The metrics ( "{x, {y, T/x, T/y") appear in previous differential equations in this chapter 
can be determined uniquely in the following manner. Using the chain rule of partial 
differentiation, the partial derivatives become 

a a a 
ae"a."", a a a 
a, o. "oj 

We first write the differential expressions 

du = a=d& + c,dn 
dv = 9;d€ + y,@n, 

and 

and 

which in matrix " = () ( : ) . 
dv Ye Y11 1J 

"·""7.4±G3 d1J 1/:r: 1Jv 
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Thus, the metrics are 

1 1 =pm» &=r» and 
1 1 »=-jo »= j+e 

Note that, the Jacobian of the transformation and its inverse are interchangeable, i.e., J = 7, where J - exT/y =6. 
By combining the transformational relations above and from the definition of 

quasiconformal mapping, we observe that the function x maps 0
8 
homeomorphically 

onto a region n, and x is a solution to Beltrami equation 

(4.23) 

(4.24) 

where ( = e - irJ and ( = e + iT/, By definition, the real and imaginary parts of x 
are solutions to the expanded Beltrami equations 

HT¢ =h%, (4.25) 
,= =-­ 

. . . hich € and TJ are solutions to the We now establish the mapping = e + ZTJ lil w 
linear elliptic system 

• +©% =0, 
+ -0 T/xx 1/yy - ' 

• : mhich and y are solutions to the - X + zy lil W l X is equivalent to argument that x = 
quasi-linear elliptic system 

(4.26) 

a; + s,, =0, 
2 + y, =0. 

µ /5¢ 9 ndary value problem 
· f the bounc +diti . specification O the boundary con ions. 

To complete the mathematical SP cessary to address depends on boundary 
4 27 it is nec 1,fj/ system represented by system • , of the elliptic 
d ·queness The solution existence an um 

(4.27) 



49 conditions expressed in terms of 
O 
th . 

d. t t c . r ogonahty and . 
coor ma e rans1ormat1on the orir,; al b spacing constraints A . d 

3 '8ll% 90undary coaditj> 3 gain, under 
on I ions for the system 4.26 

VE· Vn} = 0 and [V€]= /Vn] on a 
lead to the boundary conditions for th 

e system 4.27 
(4.28) 

X¢·X,=0 and [x,]=ulx] on a, 
It is the boundary-value problem governed b t . . 

boundary conditions 4.29 which forms th b . Y he elliptic system 4.27 modulo 
e asis of our computati ial and grid generation system. This method b . a ion geometry 

d • . 0 ased on quas1conformal mapping has 
emerged mGan atte~pt t? u~fy and improve several existing geometric discretization 
metho s. ieometric elliptic methods make use of harm · functi :h · fy 

• • • • : omic tc ions t at satis combinations of some intuitive geometric requirements. The h · al b d 
d. . . 4 29 h . physic oundary 

con litions in .. ave an important value from numerical implementation view 
point. Looking back at Theorem 4.8, we make the case that knowing J > o on an 
implies J > 0 in 2 since J= }. In addition, the orthogonality conditions on n 
and 2, are related by V£ ·Vn) = -+x;·x,, where x>·x, = c% + 4» is the 
orthogonality condition of the grid on 2. Therefore, imposed orthogonality on the 
boundaries results in orthogonal network of coordinate (or grid) lines throughout 
the domain. In the course of generating grids, as a result of the maximum principle, 
the mapping defined as a solution to the elliptic system 4.27 with corresponding 
boundary conditions satisfies the following fundamental geometric property: All 
points of S2, map into Q, that is, there is no grid folding or spill-over. For the 
computational treatment of the geometric boundary-value problem 4.27, we refer 
the reader to Khamayseh et al. [29] and Khamayseh and Hansen [34]. 

nr l d this chapter with the demonstration of geometric comparison 
vve cone u e . . The numerical result exhibited 

between conformal and quasiconformal mappings. t b treen the two mapping. 
. F' 4 h th alogy and contras e w 
m 'igure ..3 s ow e an onsistent orthogonal/quasi-orthogonal 
Fundamentally, the mappings produced © H er the most appealing feature of 
grids on a curvilinear geometry as expecte · . owev,f the edge spacing throughout the 
th :. id( . ht) . the preservation o . d . 

e quasiconformal gri 'rig _18 exhibited lack of control over the gric. spacing. 
domain, while the conformal grid (left) . d e to absence of the domam module 

• perty is (u 'd This undesired conformal geometric pro t 1 over the spacing between gri 
µ in the conformal map, which exerts strong co: :ak near convex boundaries and 
lines. It is a known fact that conformal map~~ we see grid lines repulsed fromdthe 

d • and as res . . f the concave boundary strong near concave boundaries, sd · the vicIDity O ial vbilit 
convex boundary segments while attr~t:£ mmal mapping acts as a spati mo ifiJ 

• he quasicontor ,, d ain or user-spec • segments. The quantity in t e over the who e om · . _ -- 
fun t d in advance ction which can be computed - 5,,,f ztiigly 3al? 

<, Z"",,y6chtie &University l2 ', test€ "7pp,yy 
"rY, 1. lw'...S'.ll 
~ ;":- The Library . - 
a=;fr' 0(_ , ) 1ta» ~ ..... i,r;,,,. .. ;w:... ..... ~ 

CC. ·--" iasllls) ··········· ... ·····. - 

(4.29) 

C,IOSS, -- 
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Figure 4.3: Comparison between conformal and quasiconformal mappings. 

. The elliptic approach to computational geometry is widely used because of 
its novelty in producing smooth-orthogonal coordinate lines suitable for scientific 
computations. The method can be incorporate consistently into the computational 
frame work using most of the standard methods, e.g., finite-difference methods, 
finite-element methods, or finite-volume methods. Furthermore, what the method 
appears to produce satisfactory results in a wide range of complicated geometric 
designs. The multiple grid geometries presented in Figure 4.3 were constructed using 
finite-difference methods to solve the associated elliptic system 4.27. Boundary 
conditions 4.29 were imposed on the internal and external boundaries of curvilinear 
geometries. The end result is high quality spatial discretization of challenging 
geometries fully controlled by rigorous mathematical methods. Last but not least, 
robust methods of solution are often required, however, the method still has much 
to be developed and profit from as applied to other areas of mathematics and 

computational sciences. 
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Figure 4.4: Quasiconformal mappings on curvilinear geometries. 

It must be noted here, even though the theory developed and presented in this 
chapter is focused on the study of quasiconformal mapping, harmonic maps, and 
boundary-value problem on simply connected domains, it has also an extension to 
multi-connected domains. Needless to say, a simple way to overcome the complexity 
of boundary-value problems on multi-connected domains is to decomposed the multi­ 
connected domain into multi-simply connected sub-domains, and however the theory 

and analysis presented here hold. 
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I 

Chapter 5 

Conclusion 

We have presented a thorough study of conformal mappings with applications to 
boundary value problems, computational geometry, and grid generation. Conformal 
mappings have become increasingly prevalent in today's scientific computing field. 
Fundamental methods of conformal mapping are emerging with many applications 
ranging from computational fluid dynamics, climate modeling, to astrophysics. 
We analyzed a family of conformal geometric maps including harmonic maps and 
quasiconformal maps with an eye toward solving challenging problem in geometry. 
AB a result, we developed a theoretically novel framework that allows for the 
transformation of complicated geometries to simplified domains, in which the 
resulting conformal mapping method easily studied. Nevertheless, highly accurate 
and efficient numerical algorithms can be achieved by using conformal geometric 
maps in the discipline grid generation. The grid generation field is deeply rooted in 
the theory of conformal mapping and differential equations. 

0 · t fe ta of this study is the combining of several theoretical ne prominent teature ·tr % ·ified 1d · · · t onformal geome ry in a um e an 
and applied mathematical ideas pertaining '°, ,pect of this work is aimed at 
well-integrated presentation. Another distinctive 5p t·es that otherwise have 

• • : mnfc al geometric proper 1 
rigorously addressing basic corto!l p,e extension of conformal mapping to 
been viewed as facts and definitions. 1 f fully developed theory, however, 

. . · t to the eve o h quas1conformal mappmg IS no. h lliptic boundary-value problem fort e 
it is adequate for the formulation Of W®.[_,,shed quasiconformal mapping 

:. deli We 1ave est ult' 1d of purpose of geometric mo e mg. t· al tool in solving a m !titute 0 
. al d mathema ic d n£ al as indispensable geometric an . f th Laplace equation un er co orm 
h : iance O e d · th problems, most important, t e invar» n has stopped short of ad ressmg_ _e 

transformation. Finally, this prsf"®""" a solving the developed elliv 
. 1 d algont m1c . al eriments pertorme numerical methodo ogy an . •tial computat10n exp al . 

boundary-value problem. Howe;,",cal premise of the conforma mapping 
. f the t) eor consistent with the merits O lt 

·cal resu 8• theory, as shown in the numer: 
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