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ABSTRACT

Conformal mapping is extremely important in complex analysis as well as in
many areas of physics and engineering,

Our main goal in this thesis is to present a successful application of conformal
transformations in solving boundary value problems. conformal transformation has
been used to generate orthogonal curvilinear coordinates for solving various problems
in simply connected regions. Consequently, if one is solving an elliptic boundary
value problem, an appropriate conformal mapping could be used simultaneously to fit

the boundary curves with coordinate lines and simplify the original partial differential
equation. '
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Chapter 1

Introduction

Over the span of several decades, many advances have been made in the area
of mathematics known as conformal mapping, a key theoretical tool used by
mathematicians, engineers, and scientists to translate information from complicated
shapes to simpler shapes; so that it is easier to analyze. In general, a conformal
transformation is a map of one region upon another that is one-to-one and continuous
and such that angles are preserved; in particular, maps that preserve the form (or
shape) of small-scale features are also called conformal. Conformal means same form
or same shape and invariance as used in physics means the preservation of some
physically observable characteristic. The most well known conformal relationship is
scale invariance, which relates systems of different scale.

Conformal mappings are an old mathematical topic and they have been a
part of mathematics for centuries. In the 19th century, great strides were made in
conformal mapping theory by using the idea of complex numbers. The culmination
of this work was the Riemann Mapping Theorem, considered by many to be the
greatest accomplishment of 19th century mathematics. In 1851, Georg Friedrich
Bernhard Riemann (1826-1866) proved that any planar region with no holes in it
can be conformally mapped to a disk. Unfortunately, the theorem provided no
way to actually construct the map whose existence was proved. The theorem was
a nonconstructive theorem, i.e., it proved the existence of conformal mapping of a
simply-connected planar region by demonstrating that nonexistence would lead to
a logical contradiction.

A conformal map of a region in the complex plane is an analytic (smooth)
function whose derivative never vanishes within the region. More. precisely,. a
conformal map transforms any pair of curves intersecting at a point in the region
so that the image curves intersect at the same fixlgle. .Conf.ormal maps a.re. both
mathematically interesting and practically useful in applied sciences. Geometrically,




grid in th_e plane results in g, curvilinear orthogonal grid, Traditionally, conformal
mapping is strongly founded in complex analysis with emphasis on the theoretical
?4“3]3’515 and some physical applications. The field of conformal transformation
includes a whole wealth of mappings in mathematical sciences most important to
complex the?ry, the theory of differential geometry, and differential equations. They
na,tu.ra.lly arise in mathematical physics; and, therefore, conformal mapping holds
the importance as an enabling mathematical tool for physicists who, in turn, are
trying to understand the basic forces of nature. Classical references on this topic
include the work of Ahlfors (1], Conway [2], Greene and Krantz [3], and Dettman [4].

Conformal maps are extremely powerful tools for analyzing a wide range of
mathematical and scientific problems. This theoretical tool has a long history of
use in diverse applications in a large number of fields including modeling airflow
patterns over intricate wing shapes in aeronautics. Furthermore, the transformation
by a conformal map of a solution to Laplace’s equation is still a solution in the
image region, so that conformal maps can be used in heat transfer, electrostatics,
steady fluid flows, and other physical applications in which Laplace’s equation
arises. The usefulness of conformal mapping for applied problems stems from the
fact that the Laplacian operator transforms in a simple way under a conformal
map. The literature abounds with methods for constructing conformal mappings,
as in Nahari (8], Cohen [9], and Bieberbach [10]. Conformal mappings have
already stepped beyond the realm of complex analysis with strong manifestation in
differential equations and computational geometries, see Kreyszig [23], Thorpe [24],
and Struik [25].

Recently, conformal mapping methods have attracted researcher in
computational geometry and grid generation fields for the purpose of constructing
domain discretization applied to a multitude computational engineering problems.
Researchers have utilized conformal mappings in grid generation methods a mean
to an end application in computational sciences. As a mater of fact, the successful
elliptic methods applied to computational grid generation were thosz_a borrowed most
heavily from the properties of conformal mappings. The main impetus fo.r the
development of this type of elliptic methods is the inherit geometric properties of
conformal mapping. Experience in the field of computational §1mulat10n l}as sh(m.m
that geometric quality in terms of smoothness and orthogonality of coorf:lmate grid
lines effects the accuracy of numerical solutions. Conforr.na..l transformation possess
a commanding rule in control of the geometric characteristics of the computa.tlonal
model. Details on use of conformal maps to generate orthogonal coordinates
by Khamayseh et al. [29], Ryskin and Leal [30], Ives [31], and Godunov and

Prokopov [32].




Currently, there are new extensions and enchan

: tments made to computational
conformal mappin,

g in areas of image processing and medicine For exampl
: ) - ple,
Stephenson [26] based his computational methodology of circle-packing on conformal

mapping which is currently being used in neuroscience to visualize the complicated
stx:ucture of the human brain imaging. New methods using circle-packing are ideally
suited to unfold and flatten the cortical surface of the brain. Computational methods
in the area of circle-packing are used to create approximations to discrete conformal
maps of the brain. Conformal computational techniques of the brain maps are
becoming more popular in the field of medicine, particularly among neuroscientists
who are interested in depression, schizophrenia, and Alzheimer’s diseases.

The geometric motivation for constructing conformal mappings lies also in their
application to the generation of curvilinear coordinate systems for two-dimensional
regions. Conformal mappings may be used to reduce any second order linear
elliptic partial differential equation to canonical form, i.e., the principal part of
the differential operator reduces to the Laplacian. Consequently, if one is solving
an elliptic boundary value problem, an appropriate conformal mapping could be
used simultaneously to fit the boundary curves with coordinate lines and simplify
the original partial differential equation. The equation, in canonical form, could
possibly be solved more efficiently or by methods which would not be applicable to
the original equation in cartesian coordinates. Examples and study cases are given
in Mathews and Howell [5] and Kwok [6].

In the research, there are three principal themes of this investigation which
are structured as follows: (1) The first chapter is concerned with preliminary study
of the analytic concept and properties of conformal mappings form the theory of
complex analysis. The notion of conformal mapping on Riemannian surfaces will
be presented in conjunction with geometrical representations of such surfaces in the
two-dimensional space. We also shed more light on the strong connection between
holomorphic functions and conformal mappings and establish the fact that one map
leads to the other and visa versa. Furthermore, much of the theory on the necessary
and sufficient conditions is discussed for the map to achieve conformality.

(2) The next chapter is centered around the investigfmt-ion of f:onformal ‘mappings
form a geometric point view with the intention of examining 1.38.81?! geometric features
such as local shape invariance. In addition to the investlgai-;lon of fund-a.rr.lental
analytic properties, the presented research explores geometric characten-si.ucs of
conformal mappings. For practical purposes, we consndex: Fhe proposxtmn' of
classical conformal mappings as geometrical maps b?r examining the under!ylong
geometric properties. We show that confor.mal mappings have the characteristics
know geometrically as circle-to-circle mapping. A class .of conformal maps called
Mé6biuos Transformations is closely examine as geome.tr.lc maps for a wide range
of regions. Conformal characteristics have been exhibited by several numerical

4




examples throughout the course of this study. In particular, the two dominant

1

(3) Finally, chapter three consists of several initi

conformal mapping. Conformal maps often times viewed as rigid and extremely
hard to construct for arbitrary domains. It is a well known fact that conformal
mappings are powerful mathematical tool in computational geometry with quality
control over angles and shapes of geometric elements. However, conformal mappings
lack the necessary feature of control over the spacing between coordinate curves. To
resolve this deficiency, we introduced the concept of quasiconformal mapping which is
considered a generalization to conformal mapping. Since we are interested in the core
geometric properties of conformal mapping, our version of quasiconformal mapping is
mild departure from the relationship of conformality, enough to account for grid lines
spacing. We conclude this chapter with a comprehensive development of geometric
boundary value problem based on conformal mapping and harmonic function theory.
This boundary value problem is best suited for numerical construction in the
retrieval of conformal and/or quasiconformal mappings, while preserving the true
shape of the overall domain.




Chapter 2

Conformal Mapping on
Riemannian Surfaces

In classical differentiable geometry, a Riemannian manifold (M,g) (with
Riemannian metric g) is a real differentiable manifold M in which each tangent
space is equipped with an inner product g in a manner that varies smoothly from
point to point. This allows one to define various metrics such as angles, lengths
of curves, areas of cells, curvature, or differential operators such as gradients of
functions, and divergence of vector fields. Even though Riemann manifold are n-
dimensional, we restrict our attention to the two-dimensional space of R? = C; the
complex plane. In this case, Riemann surfaces can be thought of as deformable
geometric regions in the complex plane C: locally linear at every point, they look
like patches of the complex plane, but the global topology can be quite different.
For example, they can look like a sphere or a torus or a couple of curved sheets
glued together with curvilinear boundaries.

The main emphasis of this study is that one can define and construct conformal
maps between Riemannian surfaces with well-defined coordinate transformation.
These surfaces are referred to as boundary-curved (or curvilinear) surfaces and
nowadays considered the natural setting for studying analytic and computational
geometry. However, the interesting geometric facts about Riemannian surfaces
that are deformable and flexible enough with smooth curvatures, i.e., infinitely
differentiable. Furthermore, they have the benefit of allowing for geometric modeling
of surfaces with varying boundaries and shapes. They often provide the int}ﬁtion
and motivation for the generalizations of higher dimensional curves and ma.tnlfolfls.
In two-dimensional space, examples include planes, I'BgileLS bounded by piecewise
polygons or parametric conics (circles, .ellipsis, etc:), quad.nc surfaces (sphere, torus,
etc.) or general spline surfaces. For this part of Riemannian geometry the books by

Jost [27] and Farkas and Kra (28] are informative references.




2.1 The Concept of Conformality

In mathf:-ma.tics, the word conformal refers to the transformation of a surface
Or a region onto another g

urface in which inherent metric structures remain

cha:ra,cteristics. The most well known conformal relationship is scale invariance,
which relates transformations of different scale.

A conformal mapping, also called a conformal map, conformal transformation,
angle-preserving transformation, or biholomorphic (bijective and holomorphic) map,
is a transformation that preserves local angles. However, the concept of conformality
strongly depends on the metric properties of the base space. In Riemannian
geometry, the concept of conformality we use in our approach deals with the
scale invariance of metrics such as inner products, norms and angles which implies
conformal invariance.

In addition, the concept of conformality has a distinctive relevance to
geometric mappings across domains of interest. Conformal maps have the property
of preserving orientation of boundary and coordinate curves, sometimes called
sense-preserving transformations. Furthermore, one of the most fundamental
characteristic of conformal transformation is the property of local shape
preservation. Indeed, this type of transformation leads to the mapping of tiny
disks in the domain onto another uniformly scaled disks in the image domain. The
primary focus of this study is to closely investigate the characteristics of conformal
mappings and demonstrate their geometric applications.

We next examine basic analytic properties of conformal maps and establish the
close relationship to holomorphic functions. In fact, conformal maps on surfaces are
basically the same as complex-analytic maps. The phrase holomorphic at a point ¢
in the complex plane C means not just differentiable at ¢, but complex-differentiable
everywhere within some open disk centered at ¢ in the complex plane. This is a
much stronger condition than real differentiability and implies that the function is
infinitely differentiable, i.e., C*, and can be described by its Taylor series.




2.2 Analytic Properties of Conformal Maps

Formally, a complex map w = v(z) is called conformal (or angle-preserving) at ¢

in the complex plane C, if it preserves oriented angles between intersecting curves
through ¢, as well as their orientation,

function and the conformality of such mapping. The term analytic function is often
used interchangeably with holomorphic function, although the former term is also
used in the broader sense of a function (real, complex, or of more general type), that
is equal to its Taylor series in a neighborhood of each point in the domain. The fact
that the class of analytic functions coincides with the class of holomorphic functions
is a major theorem in complex analysis. In this study we use the term holomorphic
instead of analytic function.

Definition 2.1. Analyticity- Let U be a non-empty open subset of C and the
function ¢ : U — C, we say that v is holomorphic at ¢ if

i $2) = 9(6)

z==¢ z—(

ezists. This limit is unique and denoted by ¢'(¢) as the derivative of ¥ at . If ¥ is
holomorphic at every point of U, we say it is a holomorphic function on U.

In other words, a complex-valued function v is holomorphic (or analytic) at a
point ( € C if and only if it is differentiable at every point within some open
disk centered at ¢, which can be expanded as a convergent power series. Thus,
holomorphic functions are infinitely differentiable at any point in a domain and that
its Taylor series converges to it in some neighbourhood of this point. This concept
of differentiability shares several properties with real differentiability: it is linear
and obeys the product, quotient and chain rules. On the other hand, the following
noteworthy fact is established in the theory of holomorphic functions: If a function
1 is differentiable in a domain §2, it is holomorphic in this domain (for a single point
this statement is not true: 9(z) = |z|> = 2Z is differentiable at { = 0, but is nowhere
holomorphic). Thus, the concepts of complex diﬂ'ergntiability and hf)lomc':rphy of a
function ¢ in a domain § are identical; together with property satisfaction of the

CauchyRiemann equations.

We now present the notion of mathematical nature of conformality whe‘n
mapping different domains in the complex plane C. Let w = ¥(2) be a .holom(.)rphlc
function that maps a domain ), in the complex 2-plane O_DFO SionTal s e
the complex w-plane that satisfy the following two spiitions S M vary el




fg}fz : ;’(73) (0 mis 1)) that starts at any point zy € §2, and possesses a tangent
ere nas an image curve (C, : w(t) = P(2(t)) (0 < ¢ < 1)) that also possess a
tangex;t at the mage point wy = (2). (2) The angle between any two curves C!
a.rlld CZ possessing tangent at z; is equal to the angle between their image curves
Cy, and C2, where the direction of the an
Figure 2.1. Then the mapping from 2, onto €, is said to be conformal. We will
present a proof that (z) is necessarily a function analytic in ), and ¥ (20) #0.

Figure 2.1: Conformal mapping from the z—plane to the w—plane.

It is worth noting that throughout the course of this study we assume— without loss
of generality— the candidate mapping is homeomorphism; if not otherwise, classified
as holomorphic or conformal.

Definition 2.2. Homeomorphism— A mapping v between two topological spaces 2,
and §b, is called a homeomorphism if the mapping is continuous, bijective, and the
inverse mapping ¢~ is continuous, i.e., Jacobian conditions of ¥ do not vanish.

In mathematical analysis, the notion of homeomorphism is often interchange-
able with diffeomorphism in which the two concepts have the same properties and
intuitions. The definition of diffeomorphism is a differentiable isomorphism between
smooth manifolds and has a differentiable inverse, i.e., ' (z) # 0.

Definition 2.3. Conformality- We say v is conformal at a point ¢ € Q if for each
pair of smooth curves 71 and 7 passing through ¢ , say at an arc-length parameter
t = 7, the angle between their tangent vectors 7y, (7:) and 7%(7_) equals the angle
between their tangent vectors (Y o) (1) and (¥ 0 y2) (1), their images under 3. If
¥ is conformal at every point in Q, we say P is conformal.

In the study of conformal mappings we need to define partial -deriva.tives in
terms of real and complex parts. Let ¢ : @ — g’(ig) be a h(llf;mfphlc map, Wl}ere
¥(z) = u(z) + w(z) and z =z +iy. Thenz = i}— and y = %% and dz = dz + idy.
The total derivative of 1 with respect to z and z is computed as follows.
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du = u,dz + uydy, dv = v, dz + vy dy,

Vo =g +ivg, ¥y = u, +in, (2.1)

1 ; 1
%bz; = §(¢I = Z";by): ‘¢’f = ‘2'(¢3 -+ i@by), d@b = P,dz + Vzdz.

For tl-le mapping carried out by the transformation w = ¥(z) to be conformal on the
.do.mam 1 = QU 89, with boundary 8 being a closed Jordan curve be conformal,
1th1s necessary by definition for the Jacobian of mapping to be positive, i.e., J > 0,
where

J = |1,[J’(2f)|2 3 w)zlz g |,¢5|2 = UgUy — UyUs. (2.2)

This condition essential for the conformality of the mapping to hold on Q. A
continuous mapping which preserves the orientation of a Jordan curve is called sense-
preserving or orientation-preserving. On the other hand, if a mapping reverses the
orientation, it is called sense-reversing. If the mapping is furthermore differentiable
then the above statement is equivalent to saying that the Jacobian is strictly positive
at every point of the domain. In case that the mapping 4 is it still preserves angles,
yet reverses their orientation, then the mapping is no longer conformal and it is
referred to as antiholomorphic, i.e., the conjugate to a holomorphic function.

In our applications, conformal mappings in geometric representation and
boundary value problems are required to have boundary behavior of non-self-
intersecting curves, i.e., simply-closed curves. The conformality condition is required
not only in the domain Q but also extended to the boundary 90Q. It should be
specially mentioned that the demand of the preservation of traversal orientation of
the boundary has been added to the conditions of conformality. If, however, we look
at the simple example shown in Figure 2.2, in this case the image of the boundary is
non-Jordan curve (self-intersecting), the demand can not be excluded. The function
¥(z) = z + 2? is analytic inside the disk D = {z : |z| < 1} maps the circur.nference
|z] = 1 onto a self-intersecting closed curve. Through the discourse of this stgdy,
we only consider domains with boundaries 9Q are Jordan curves, and where it is

analytic closed curve.
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Figure 2.2: Self-intersecting conformal map when extended to boundary.

For a later reference, in this section we define elemental length and area
of a conformal transformation. The property of confomality applies to small
neighborhoods of a point ¢ which is being mapped from the z-plane onto the w-
plane by means of transformation w = P(z). Suppose that w = 9(z) is holomorpic
at ¢ for which 9'(¢) # 0. Since 1 is differentiable at ¢, then at neighboring points
we can express the map in the form of a Taylor expansion,

%(2) =) + ¥ ()= = ) + M) (z - ), (2.3)

where A tends to zero as z tends to (. The transformation of incremental lengths
and areas are given ;
ds = |dw| = [¢ (2)]|dz],

and £a) e su
dwdw = 9 (2)yY'(z)dzdz, (2.4)

or ; g
dA = dudv = |1y (2)|*dzdy.

The relationship between real differentiability and complex differentifzbi}ity is
the following. The complex function ¥(z) = u(z) + iv(z) m.holom.orphlc_ if .and
only if u and v are continuously differentiable, i.e., C*, and their partial derivatives

satisfy the Cauchy-Riemann equations:
Uy = Uy and Uy = —Uz. (2.5)
The Cauchy-Riemann equations have a remarkable significance in the study

i ications. This system of equations ensure the
of complex analysis theory and applica ; : .
Ja,cobiar.)n of the mapping is positive and in turn the mapping sense-preserving and
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none-self il}tersecting. In addition, the equations provide a necessary conditions
for a function to be holomorphji

importance within the realm of applied mathematics in the development, of boundary

ax‘ld initial value problems. For convince and later use, we express the Cauchy-
Riemann equations in compact forms:

.0 %)
Y:=0 or zé-qf = _5‘35 (2.6)

We observe from these equations that if % and v are twice continuously differentiable
then they are harmonic functions since they satisfy Laplace equation V2u =V2y = 0,
where the Laplace operator is defined V2 — ai:g + 5%23 The equations can therefore
be seen as the conditions on a given pair of harmonic functions to become as real
and imaginary parts of a holomorphic function, For a given harmonic function u
a corresponding harmonic function v is called a harmonic conjugate. The converse
is not necessarily true. A simple converse is that if  and v have continuous first
partial derivatives (C'-differentiable) and satisfy the Cauchy-Riemann equations,
then v is holomorphic. A more satisfying converse, if 9 is continuous, % and v have
first partial derivatives, and they satisfy the Cauchy-Riemann equations, then 1 is
holomorphic.

Theorem 2.4. Suppose that ¢ : © — C is a homeomorphism defined by
Y(2) = u(z) + iv(z). Then % is holomorphic onto Q) if and only if the function
components u and v are continuously differentiable and satisfy the Cauchy-Riemann
equations.

Proof. Consider the mapping w = %(z) = u(2) + iv(z) has continuous partial
derivatives in a neighborhood of a point 2 € Q, 1. = u, + iv,, ¥, = y, + v,
and the Jacobian J = w,v, — uyv; > 0. The continuity conditi?n of » and v and
all partial derivatives implies that all directional derivations exist as well. Then,

first-order Taylor expansion of u and v at 2,

u(z) — u(20) = uz(20)(z — Z0) + uy(20) (¥ — %0) + M (2)(z — 20), -
v(z) — v(20) = vz(20)(z — Z0) + vy(20)(y — %0) + A2(2)(z — 20), (2.7)

where A\i(z) — 0, for k = 1,2 as z — 2. We rewrite the system of equations 2.7 in

complex form

¥(z) — P(2) = Pz (20)(2 — 20) + Yy(20)(y — %) (2.8)
+ X2)(2z — 20),
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where )f(z) = A1(2) + z\z_(z). Now suppose r = {z = 2, + rei®} is the ray emanating
from 2;; we seek the derivative of ¥(z) at z along r. When 2 is on pivee hive

¥(2) — () _ Yarcosf+,rsind
=2z rel?

+ A(2), (2.9)

where 9, and %y denote ”L’x(zo) and %(Zo), respectively. By letting r — 0, we obtain

d .
E%'b- = e ®(3), cosf + Yy sinb). (2.10)

If the function ¢ is holomorphic then the above derivative is independent of direction,

then letting 6 = 0 and 9 = 7, we get %’f = % = —ith,, and hence the Cauchy-
Riemann differential equations,

u:: ot vy, uy = _"vz-

Conversely, if the real-valued components « and v of ¢ are continuously
differentiable at the point z, and Cauchy-Riemann equations hold, then from
equation 2.7 we have

P(2) — ¥(z0)

e [ue(z0) + ive(2)] = M2),

where A(z) — 0 as z — z. Hence, we obtain the existence of

oy = i $(2) = (20)
(4 (zﬁ) = zll.rilo zZ— 2 )
the derivative of 1/(2) at 2o which is independent of direction. Nevertheless, for any

z € (1, this complex derivative is expressed as

¥ (2) = ug + vz = vy — iy, (2.11)
0

The previous result asserts the naturall relationship a.x.ld depe'ndex.ley between
holomorphic functions and conformal IAappIngs. An analytic function is CODfOTI{laJ
at any point where it has a nonzero de1:1va.1;1ve. Cor.lversel?r, any co.nforma] mapping
of a complex variable which has continuous partial denvatutm is a:na,lytlc. Tl.1e
conformal property may also be described in tex:ms of the: Jacobian derivative nllatn.x
of a coordinate transformation. If the Jacobian matrix of the ﬁranfformatlon is
everywhere a scalar times a rotation matrix, then the transformation is conformal.
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i Hnigl‘lsaﬁo:hwhisle to clarify this conformal property which falls from the realm
s :.1 Ta. Suppose that ¥Y(z) = u(z) + iv(z) maps an open subset of C
il :chfe rogarced 2s a function from an open subset of R into R?, is
orphic at ¢ for which ' 0. Then t - 5 ;
linear approximation ©# en the transformation w = 4/(z) has the

Uz)=a+p(z-¢), (2.12)

where a = (¢) and g = %'(C). The effect of the linear mapping ! is a rotation of
the pla}ne through the angle § = argy'((), followed by a magnification of a factor
A= [4(¢)], followed by a rigid translation by the vector a - B¢. Consequently, the
Jacobian matrix J = §§:—;;—’% 2= ©f the mapping is structurally given

[ 4
70= ("), (213)
However, the Cauchy-Riemann equations for 1) means exactly that the tangent
matrix in 2.13 has the form 7 = rA, where the matrix A

(i 1)

where @ = uz, b= v,, and r = /a2 + 52. The matrix A is an orthogonal matrix for
which its transpose is the same as its inverse, 7.e., AT = A~1. Notice that the matrix
A constitutes a vector V = (g, b) and its orthogonal rotation V1 = Ve—i% = (=b, a).
The vector V can be uniquely written as the linear combination V = ae;+bey, where
the vectors e; = (1,0) and e, = (0,1) are the standard basis of R2. Indeed, the
right triangle formed by V, ae;, and be, with the angle § € R between the vectors

V and ae, has

- o Ip
ERE A

a
a2+ b2
inf = :

e e

Thus, the Jacobian matrix J = ARy, where Ry is the rotation matrix

Re:(cosﬂ —smﬁ). (2.14)

cosf =

sinf cosé@

Therefore, the product of AR, represents th: same op:era,tion on R? as does
multiplication on C by the complex number Ae®. Geometrically, this expresses tl}e
conformal nature by a combination of rotation and enlargefnent for any holom.orphlc
function at a point where its derivative is not zero. At this end, we summarize the

prior discussion in the following result:
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Corollary 2.5. Let ). Q —, C

a holomorphi ti 9} = |af’ !
Then the Jacobian matriz 7 — Tphic function on Q and let A = |1 (z)| > 0

ARy, where Ry is the rotation matriz.

Wfa now present a main theorem in this chapter which precisely states the
connection between holomorphic functions and angle-preserving maps.

Theorem 2.6, Let 1 : Q) — C pe 4 holomorphic function and that Y'(z) # 0, then

9 is conformal. Conversely, if ¢ : Q — C 4s conformal, then v is holomorphic on
Q.

Proof. Suppose that 9 is holomorphic at ¢, and 1 and 4, are two smooth curves in
{2 passing through ¢ at 7. By the chain rule,

¥ om) (1) =9 (m(r) 7,(7),
and ’ ’ '
(% 072) (1) = ¢ (2(r)) Y(7).
Hence, . i ,
arg (Y o m) (1) = arg ¥ (11(7)) + arg 1 (7),
and similarly, ; r ,
arg (Y o 12) (1) = argy (7a(7)) + arg 7 (7).
Since the curves 7, and 7, pass through ¢ at 7, it follows that

argy (11(r)) = arg 9’ (12(r))-
Therefore,
arg (v o 1) (1) — arg (¢ 0 1) (r) = arg7,(7) — arg ().

This means that the angle between the tangent vectors 7,(7) and ~,(r) equals to

the angle between (o) () and (¢072) (7). Since the two curves are arbitrary, as
is ¢ in Q, implies that map is angle-preserving and so the function 1 is conformal.

Conversely, suppose 3 is conformal on . By definition, the mapping i}S; .I‘mgli
preserving map. Therefore, from the previous dlscu§31on we knowlr the Jam——lir;zj
mapping at ( is a scalar times a proper rota,tlfm matrlljc by angle ¢ J ”i'i JI’:I(ct) '; tha.t,
where Ry and J are the rotation and Jacobian matnces:y;es_}h)ef;%ve y‘-:l i(')clc(:urse ;
since Ry RY = 7 is the identity matrix, then we have 77" = A°T and o

wltul wupt Ugvy )
— 2 :
JJT vaa: + 'u,y‘Uy 'Uz + vy
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Thus, preservation of angles is fulfilled

if and onl if w2 4+ 42 =024+ 92 £ 0 and
Uz Uz +UyUy = 0. We now combine these 4 f S et

two equations to give the complex equation
(uz + iv,)2 + (uy + iv,)? = 0,

This quadratic equation can be solved as
U +00p = +i(uy, + dv,).

For the angles and orientation to be preserved, the sign + needs to be chosen such
that the Jacobian J = UsUy = UyUs > 0. Therefore, by choosing the negative sign
will make J = u2 + 42 = o2 vy > 0. Thus, the Cauchy-Riemann equations are
satisfied at each point in Q: and hence, the map v is holomorphic. (J

We conclude this section by highlighting some the basic properties of conformal
maps. Any conformal map is infinitely differentiable and invertible, i.e., C*® and
J > 0. The inverse map %! of a conformal map is conformal and the composition
¢ o9 of two conformal maps ¥ and ¢ is conformal as well. We now showcase two
examples of conformal maps presented in Figure 2.3 depicting the preservation of
angles between coordinate lines. The family of coordinates lines in the domain
Q2 = [0.1,0.5] x [0.1,0.5] are perpendicular lines and in turn the coordinate curves
in the map image ¢((2) intersect orthogonally.

e
[

T ="

Figure 2.3: Conformal mappings of simply connected domains.




Chapter 3

Geometric Characteristics of
Conformal Transformation

In theoretical and computational geometry, conformal mappings play a fundamental
rule in the study of boundary-curved surfaces and manifolds. In essence, conformal
transformations are viewed as spatial maps from one geometric region to another.
A well-known property pertains to conformal maps is local shape preservation up
to scale-invariance. Generally, this property can not be extended to the overall
shape of the geometric region. However, one can take full advantage of the local
shape matching feature of conformal maps by decomposing the domain into smaller
geometric elements such as triangles, quads, or circles. In this case, a conformal
transformation maps local net of small shapes covering the domain to similar
topological shapes in the range and in turn preserves the global boundary shape
of the domain. Geometric properties of conformal maps have been studies for quite
sometimes from the viewpoint of complex analysis, as it was presented by Krantz [7)
and Wen [18].

Conformal transformations are radial in nature at the local geometric level and
possess shape invariance property of discretized circles between different doma.in.s.
However, local circular shapes are scaled by the Jacobian of mapping as presented in
the previous chapter. In practice, one can exploit this conformal prop.erty thropgh
means of effective computational methods applied to !:he aa:ea.of cxrcle-pac.kmg.
For example, Stephenson [26] employed confo-rmal.ma,ppmgs to his theory c!f circle-
packing of bounded domains. The shape invariance fe-a.ture shares similar key
conformal properties such as scaling, translation, and rotation under affine conformal

transformation.

The aim of this chapter is to present a ccfmprehensive study of geometric
characteristics of conformal transformation '%ncludmg the feature ?f retaining shape
similarity across mapped domains. Defining a useful shape similarity maps is
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shape similarity. We also present a section on the class of bilinear conformal

transformation supported by a closed-form explicit formulation. The affine

conformal properties such as invariance translation, rotation, and scaling, the

mapping uses composition of conformal maps to guarantee translation- and rotation-

inva;riance, and normalizing the arc length of domain boundaries guarantees scale-
invariance.

3.1 Local Shape Invariance

An important merit of conformal geometric maps, including harmonic maps and
conformal maps, is to reduce the shape complexity of the global region into a
simpler canonical domain (auxiliary domain) enabling theoretical or numerical
analysis to be carried out easily. However, for this transformation to be valid
certain inherent geometric structured must be invariant under conformal coordinate
transformation between domains. In fact, the concept of conformal invariants is
of particular importance to the development of certain Riemannian metrics on
underlying surfaces. Conformal maps are often viewed as isotropic (or isometric)
maps; in the sense they preserve infinitesimal shapes (conformality) as well as angles
between level curves, of mapped geometric regions. The premise of this fundamental
property allow for local discretized geometric shapes to preserve basic conformal
structures. For example, conformality of this type of transformation leads to the
mapping of circles to circles, squares to squares, efc., however, preserying the shape
but not necessarily the size the geometric element as illustrated in Figure 3.1.

The motivation for constructing conformal mappings lies also in Fheir
application to the generation of curvilinear coordinate systems for two-dimensional
regions. Indeed, the notion of conformality is key to the deYdopment of conforrflal
geometry and boundary-conformal gird generation. .In practice, 'conforma,l.mappmg
has been widely recognized among the grid generatlor.t comm}lnlty to e'iﬁcmnt tools
to construct smooth orthogonal coordinates for solwfmg various physical problem
in simply connected regions. The potential of this approach was explo;ed by
Ryskin and Leal [30], Godunov and Prokopov [32], and Khamayseh and Mastin [33])‘:
Generally, conformal transformation between manifolds is an important aspe;
in mathe;lmtics and physics because it allows 1_nore complicated structures Fo ef
expressed and understood in terms of the relatively well-understoog Smpe.rtle_s 0
simpler spaces. Indeed, the Riemann theorem of general shapes and domains is a

prime example of this influence.




L. (¢) =0 and ¢'(¢) > 0 (real and positive);
2. 1 is injective (one-to-one);
3. ¥(2) = {2 € C: 2| < 1} (open unit disk D)

The fact that ¢ is biholomorphic implies that it is a conformal map and therefore
angle-preserving. Intuitively, such a map preserves the shape of any sufficiently
small figure, while possibly rotating and stretching (but not reflecting) it. As a
consequence of this theorem, any simply connected region 2 c C is conformally
equivalent to unit disk D. Furthermore, the theorem guarantees that any two simply
connected regions (none of which is C) can be mapped conformally onto each other,
or what is equivalent, onto the unit disk.

A third formulation of the Riemann mapping theorem which extend the
conformal mapping to the boundary of mapped domains,is that, given three
boundary points 2,2s,23 € 0(2), then there exist a unique conformal map
w = 9(2) : @ — D such that w; = ¢(21), we = P(22), and wz = 1(23), where
wy, we, w3 the image boundary points on (D). This assertion is due to. the fact
that any three distinct none-collinear points in space uniquely define a circle, 1_:he
circumscribed circle of a triangle. This particular version of Riemann mapping
theorem has geometric significance that it allows for the constr}lt_:txon o{ conformal
maps in closed-form at the local domain pa,rtitifms. In a,dc'lltlon, this theorem
pertains the geometric notion of mapping .local tnz.mglesl to tnal}gles. Indeed, the
fact that every triangle possesses a unique 01rcu1nscr'1bed cm?le which passes through
its vertices, is therefore also, circles are mapped to circles as illustrated in Figure 3.1.
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Figure 3.1: Isotropic mapping under conformal transformation.

We now begin with a closer look to examine geometric properties of conformal
mappings by assuming the mapping w = ¢(z) = u(2) +14v(z) to be homeomorphism
of class C1(f2). For the general case, from the differentiability equation 2.10, we
have

2

ay = hbz cosf +¢ysin9I2

dz

3.1
= (ug €080 + u, 5in 6)* + (v, cos 0 + v, sin 6)? B

= acos’ § + 2( cosfsinf + ysin? § = &(4),

where the metrics a, 3, and v are defined

a= Id’xlz = ui %+ Ug:

B=1y: ":by = Uy Uy + UgUy, (3.2)
2

y= |¢,by]2 = uf‘, + .

The function () has a maximum value M and a minimum value m on the segment
0 < 6 < 2, and for all values of 6 we have the inequality

|.‘.1;'£ T (3.3)

<
m i

-




VenGEmA) =0 subject to ¢24 72 = 1

with
GE&mN) = o +28en+ 2 — N@ 472 = 1),
where the gradient operator V,, = (Z,2). Then

9 By
(@=XNé+pp=0,
BE+ (Y~ Ap=0, (3.4)
whence,
e ARG e
B y=i|=h (3.5)

the determinant of the eigenvalue matrix of the above system 3.4 simply leads to
solving the quadratic equation A2 — (o + 9)A + ary — §2 = 0. Hence, M and m are
two roots (eigenvalues) of equation 3.5, and solving this equation yields:

2
m = l{a-i-’r— [(a+7)? —4J2]""*’}, (3.6)

M= 1{a+7+ [(a+1)? —4J2]”2},

2
J? = (uzvy — uyv:)? =y — % > 0.

Let D = max |%2|/ min %] = (M/m)"/?, and call it dilation of w = () at
29 € Q). From the system of equations in 3.6, we have

M+m=a+y, mM=J (3.7)
Now, if our transformation w = 9(z) is conformal on 2, then Riemann mapping
theo;'em asserts, the mapping ¢ maps the circle C; = {2 € @ : |z — 2| = r} for
all z = z +re € C, to the circle Cy = {w € Y(Q) : |w — wo| = p} for all
w = wo + pe'? € C,. Therefore, then the minimum and the maximum of 3% on C,

and thus M = m. In this case, the dilation D = 1 which means no stretching in the

mapping, i.e., circle is only mapped to scaled-invariant circle. Furthermore, we know
Mt

from 3.7 that if M = m and thus we have (a + )

hence e ilie =0

2=4J%and (@ —7)* +46* = 0;
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h Thfi's imalfortant- result has two-fold geometric significance: first, we deduce
AAf R TMAPPINgs are orthogonal maps, which mean coordinate level curves

intersect at right angle, Whereas, the Spacings between coordinate curves are

essentially uniform the property of spatial uniformity (or map isotropy). We now
state these conformal geometric features in the following theorem:

‘_I‘heorem 32 Let the ?‘napping YV:Q—>Cleaq homeomorphism. Then Y=u+v
is con:formal if and only if the real and imaginary parts v and v are O ~differentiable
functions and satisfy the following two conditions in Q:

(1) Yz -9y =0 (0 Orthogonality),
(%) ¥z = | (Uniformity).
The second geometric significance we infer from the previous discussion is the

distinctive characteristic of local shape invariance. Consider the principle linear part
of equation 2.8

w = Y(20) + Ya(20)(x — o) + 1, (20)(y — vo), (3.8)
which can also be rewritten as

U — Uy =Ug(T — o) + uy (¥ — ),

(3.9)
v = v =vy(z ~ T0) + vy (y — ).
where ug = u(z) and vy = v(2). The inverse transformation is
"Eiy‘ i - :‘uy* v — 1),
T =20 =" (u — up) 5 EL o) i
Uﬁ T
?}—yo=-7(u—uo)+-}—(u—vg).
The affine transformation 3.9 maps the circle C
(z — z0)® + (y —30)” =7 (3.11)
onto the ellipse £ centered at wo = %(2):
2_ 2.2
a(u — up)? — 20(u — wo)(v — o) +7(v — )" = I, (3.12)

in equation 3.2. In particular, if our mapping
Wh.e ml a.nd};y a,rs dsiﬁrltlsg ;J? ;%eorem 3.2, the coeﬁicien'ts a, ﬂ,' 7 satisfy
¥ is conformal, t enH y the ellipse € represented by equation 3.12 is actually
= ence’This circle-to-circle mapping p-roperty under : conformal
: in the example shown in Figure 3.2. This example

a circle [w — wo| = \/‘_{'r
transformation is highlighted
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illustrates the mapping from the finite strip O = fe

; 10,1
shape domain. As expected 0,10] x [0,1] to a crescent

» the conformal map %(z) = 2 maps the circle packed
he tile of circle. However, the size

Corollary 3.3.

(i) If  : Q@ — () is a conformal map, then v and its inverse Y1 are circle-
preserving maps.

(1) If ¥ : Q — () and ¢ : () — C are conformal maps, then the composed
mapping ¢ o1 is a circle-preserving map.

o

RO AL
of§) o

D& 4
b &

Figure 3.2: Circle-preserving mapping from a finite strip to the crescent.



Now we consi i ;
ider again equation 3.8. From the coordinate maps relation

Az —30) = (z- g (z—2)
{ 2i(y — %) = (z— ZO))T_(E;‘__—“%)), ) (3.13)

consequently, equation 3.8 can be rewritten as

W= wo = ,(2) (2~ 2) + Yz(20) (z - ), (3.14)
where wo = tig + iy, %, = (4, — i), and o, = 3 (e + i),
Again by 3.14, we obtain

(1] = 2|2 = 20] < Jw = ] < (Js,| + [%2])|z — 2. (3.15)

Thus, since jnhe circle |z — 2| = r is mapped circle |w — wy| = p under the conformal
transformation, then ¥(2) has a maximum and a minimum, respectively,

|lw = wo| =(|ab.| + 1)),
lw — wo| =(4bs| — [z])r,
and hence, on the circle [w—wjp| = p, we have satisfied the Cauchy-Riemann equation

¥z = 0 equation. We now summarize the previous discussion in the following
important theorem.

(3.16)

Theorem 3.4. Let the mapping ¥ : @ — C be a homeomorphism. Then 1) = v+ v
is conformal if and only if the real and imaginary parts u,v € C*(Q) and satisfy

Cauchy-Riemann equation 1; = 0.

3.2 Conformal Bilinear Transformation

One of the challenging issues in practical a.p;;.)lications of conform.azl mapping is
the problem of devising such maps on any arbitrary complex domains. Ai:;fhougi
Riemann mapping theorem guarantees the existence of the desired co QrmCh
transformation; it however, provides no dlrec.t mec%la.msm of ({onstrtlzlctlng ;}u

a transformation for complex domains. In this section we C‘On.'slder ]1;\Ie P;fl? 1 o
of devising conformal maps in closed-form on ?Omp}ex‘ ;llon_:lazons;;h foneulztgss,
in certain cases Riemann mapping theorem promdes'. mmgFt in ameleorg::hW ;;1_1
of conformal maps between specific class of dom.ac.;lns. on;heexu ;)erlha.lf—plane
Christoffel transformation is a conformal map which maps the up
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.{z te s Inl]) % > 0} conformally onte Polygonal domain (or visq verse), which
in ulfn canf tzi mapped- onto the unit digk. However, for practical purpose the
core 1ocus of this study is op constructing conforma] maps between finite bounded

mappings between simply con
general form of a Mébius trap

az+b
w =1(2) = = (3.17)
where a, b, c,d are complex numbers satisfying ad — bc # 0. This transformation
can be expressed in a bilinear form Azw+ Bz+Cw+ D = 0, where A,B,C, D
are factors of a,b,c, d, and is sometimes referred to as linear fractional. The set
of all Mébius transformations forms a group of first-order conformal maps under
composition. This group can be given the structure of a complex manifold in such
a way that composition and inversion are also conformal maps. Decomposition and
elementary properties of a Mébius transformation is equivalent to a sequence of
geometric transformations. Let

¥1(2) =2+ - (translation)

o la,

Po(2) = : (inversion and reflection)
2

ad — bc

(3.18)
¥3(2) = —( 2 )z (dilation and rotation)

Ys(z) = 2+ % (translation)

then algebraic composition of Mébius transformations is a Mébius transformation,

o & az+b

paoysorpoth(z)=——y

iti d the
i ition that the composition of two such maps an
leonsloamtrlip = B ul 1i;m«'ertible conformal mapping, so the set of_ suc};
i iti akes many properties o
i oup. This decomposition m fes
Eﬂpﬁ?g?, foigsn;oﬂfggﬁfusgr Frpom this decomposition, we also see that Mdbius
e Mobius .

ivi ies of circle inversion. Namely,
; :es over all non-trivial properties o . :
transformation carthr;es r(;ima;le becomes a circle in the Pos‘tln'mg?ﬁ a;c}) a?lrl eler:(li
Fhat - l'me - remaFi,ns a circle in the postimage. Tkus liézss i lss 8‘yimmion‘
ulll th;dp;elmige form is composed of a sequence of isome p
that Mobius transto

inverse of any such map is again an
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Imz > 0} conformal]
Y onto pgl . . A
in turn can be mapped o .0 Polygonal domain (or visq verse), which

(3.17)

where a, b, c,d are complex numbers satisfying ad — bc # 0. This transformation
can be expressed in a bilinear form Azw+ B2+ Cw+ D = 0, where A,B,C, D
are factors of a,b,c, d, and is sometimes referred to as linear fractional. The set
of all Mobius transformations forms a group of first-order conformal maps under
composition. This group can be given the structure of a complex manifold in such
a way that composition and inversion are also conformal maps. Decomposition and
elementary properties of a M&bius transformation is equivalent to a sequence of
geometric transformations. Let

(translation)

(inversion and reflection)

ad — bc

(3.18)
P3(2z) = —( z )z (dilation and rotation)

Pa(2) = 2+ % (translation)

then algebraic composition of Mobius transformations is a Mobius transformation,

e az+b

Yaotsotrohld) = oy

s osition of two such maps and the
: Misgleds frzm theisd:ﬁs;:gi :ﬁ::rz?tzecgzln?omal mapping, so the set of_ such
inverse of any suc mﬁfp . af group. This decomposition makes many properties of
ma.pplilg:s forms a co Ogvious From this decomposition, we a%so see that Mobnlus
the Mobius .transfor_m o 5 a.li non-trivial properties of cuc}e inversion. Nan'le {,
transforma:tlor{ carries ove e becomes a circle in the postimage, and any circle
Fha;hany i gu; fgia?i":afirde in the postimage. This is justified by the fact
in the preima,

f isometries plus a inversion.
S ; osed of a sequence O
that Mobius transform is comp
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The isometries preserveg distanceg, while the

circles. For example, it ig Hversion does exactly map circles to

€asy to see that the map

3¢ 328(2-—0,
T/J(Z)ﬁ‘—':-a;—-, ¢ € R and la| < 1,

maps the unit circle |2| = 1 ¢, itself and g 10 ()

Furthermore, pomts“ar'e Symmetric with respect to a circle (as in geometric

if two
inversion), then, after 4 Gbius transformation
with respect to the image circle, This fact can ea;;‘
of Mﬁbil.ls tra,r}sformation, and the fact that two geometric inversions over the same
circle will maintain two Symmetric points over the circle. In addition, since a
Moébius transform is composed of a sequence of translation, dilation, reﬁec:ﬁion, and

geometric inversion, and all these preserve angles, therefore a Mébius transform also
preserves angles.

Corollary 3.5. The Jollowing assertions pertaining to Mébius transformation are
equivalent to conformality:

(i) The Mébius transformations are biholomorphic on C.
(i) The Mébius transformations map circles to circles.

(i) The Mdbius transformations preserve angles, together with their orientation.

An important practical application of this transformation is the generation 9f
smooth curvilinear coordinates around an airfoil geometry -in the plane. In this
case, conformal mapping is viewed as mathematical technique 1;0 transform (or
map) one mathematical problem and solution into a.n.other. A typ-lcalhcagf studj:; gf
this application is the mapping represented by curvilinear S the d 1gur:irf;)ﬂ.
The primary mapping is 9¥(z) = z + :? vf’hiCh tragsfom po?ﬁeasﬁ;m e (;)nm&in is
type geometry to points exterior to the disk and ?wa-uersa;d t 2 ~p~0 132 with
prescribed by the parametrization exterior to the disk cent;r & o ¥ (z') =il
radius r = 1.132 and interior of hexagonal pol}fgon. Thent‘i e gz)a:fpﬁe{gd around the
converts the entire flow field around the cylinder into . he plane containin

irfoil—F ing the velocity and pressures in the plan e
airfoil-Figure 3.3. By knowing : ity and pressures around the airfoil
the cylinder, the conformal map gives the velocity

and therefore one can compute the lift.



Figure 3.3: Conformal mapping around an airfoil domain.

However, from another geometric prospective the same map (z) = z + 2 converts
a domain exterior to an inner circle centered at z. = 0 with radius r = 0.25 and
interior to an outer triangle to a completely different configuration—Figure 3.4. this

means that conformal maps in most explicit forms are domain dependant and yet
fully control the image domain.

e

L7
e 7
e

o

&7
e

£l

2258 L2 7
”r),’liff/

7

.

s,

e
oS,
e

Figure 3.4: Conformal mapping of multi-connected domains.
gure 3.4:
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An interesting fact aboyt the
is the case when ¢ = (), Then the m
extends the plane onto itself,
the Mobius transform ag

Mébius transf
8P Y(2) = qz
see Kwok [6]. Th;

nnz?.tion which worth mentioning
+b with a # 0 is the only map that
8 can be observed by decomposing

w=w(z)=ﬂ+bc~—ad 1
C ¢ cz+d’

It becomes apparent that the condition ad — be

#0is necessary in order for 9(z
not to be constant. When ¢ = ( the mapping 1) is a linear transformation. Wh(exz

¢ # 0, w = 9(2) has simple pole at —d/c 50 that ¢(~d/c) = oo. Similarly, the
inverse transformation has a simple pole at a/c and that Y(o0) = a/c. In the’case
¢ =0, then we have 9(00) = 0o and that js the necessary condition for establishing
o0 > 00 under Mobius transformation. A more sophisticated coupling between
conformal maps and Mébius transformation is presented by Greene and Krantz [3].

Corollary 3.6. A map ¢ : C — C is conformal if and only if there are complex
numbers a, b with a # 0 such that (z) = az + b, z€C.

In other words, a map of the extended complex plane C (which is conformally
equivalent to a sphere) onto itself is conformal if and only if it is a Mobius
transformation. The proof of this assertion can be motivated by the facts that

any holomorphic function 1 satisfies
l9(z)| = +o0

|z|=+c0

and + is a polynomial of degree at most 1, that is, ¥(z) = az+b for some @, b € C.

Another geometric characteristic of Mobius transformajcioln is the prese'rvation
and bilinear mapping of triangular patches. This property is inferred by virtue of
the third formulation of Riemann mapping theorem. It states that, there exists a

unique Mébius transform that maps three distinct points 21,2, 25 in thedz;plm
onto three distinct points w,ws,ws in the w-plane. Since z; is mapped to wj,

j=1,2,3, it follows from equation 3.17 that

I w123, L
By CZ; e d
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Also notice that

(ezx + d))(cz; + q) (3.20)
This transformation has algy ¢ :
preservation 0 the following Property known as cross-ratio
(103~ w1) (wp wy) =z~ 2)(z - 23)
(wg — wy)(wy — w;) (22— 21)(za — 23) (3.21)

is invariant under a M&bius transformation that maps from 2-

(2K, zk+1) and (wy, Wg41) are end points of arc-segm
D and © respectively.

to w-planes. Here,
ents of the domain boundaries,

The formula for a general first-order

_ (bilinear) conformal mappings is
conveniently expressed by this implicit formula;

('w m— 'wl)(wg — ?.U3) 1S (Z — ;'51)(22 = 23)
(w2 — wi)(w — wy) (22 — 21)(2 - 2)

(3.22)

Moreover, this expression interpreted such that choosing three specific points in the
domain and their images in the targeted range, the mapping given in 3.22 determines
for all the remaining pots z and w. Making the the substitution of the expression 3.20
in the previous equation yields the explicit form of the transformation w = ¥(2)

w (2 — 23) — pws(z — 1) :
1!’(2) == (z 2§ Z3) ] #(3 R zl) (8 23)

where p1 = (2, — 23)(we — w1)/ (22 — 21) (w2 — wal). This explicit formula Ispres(;ents
a general bilinear conformal transformation which maps three d.lStlllCt oundary
points, namely z;, 29,23 € 8(R) onto three distinct boundary points w;, ws, w3 in

points on §(ID), respectively.
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with sampled boundary curves. Then, the },
make subdivision of triangular pa.tche;s 1?311101

T = {wj,wj+1rwj+2} € Q, such that U'i‘k = e
piecewise mapping v in equatiop 3.23
onto the range Q, maintaining the overall sha

connected domajng Qand O, in C
undary pointg can be connected to
{3j=zj+1,zj+2} € Q and

0, see Figure 3.5. Th
guarantees the bilinegr t .

Pe of the domaing

ransformation of

\ AV
AVAVAVAYAN P vAVAVAVA N
VL yAYAYAYS VAW,
g‘é aag‘mmu RS

7\
BEPRER
N7 stV N

QXS

Figure 3.5: Bilinear conformal transformation of triangulated domains.

We conclude this chapter with the presentation of a numerical result l?ortraying
the overall picture of geometric characteristics of conformal tra,nsformatlons._ The
showcase demonstration in Figure 3.6 exhibits the funda.fnzinta.l pro;::tertles lof
conforma ings. We show three different discretizations of the same rectangular
domaaTQl E TE%II;%EE}]NX [—0.85,0.85] being transformed under the ;au}e confnczzﬁ?i
map 9(z) = 77=7- The decomposition of (?ncapsulatcs the vefg'dl :)SIC aﬁ?locimles
shapes of qua,zdrila.terals elements (right), triangle elements (middle),

(right).
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Chapter 4

Conformal Transformation of
Boundary Represented Domains

mathematics, for example, in the study of computational geometry. The principle
objective of this chapter is to present the theoretical development of a unified
mathematical framework for the construction of conformal transformations between
arbitrary boundary-represented domains in R?. Conformal maps are proven to be
viable mathematical tools in the development of grid generation which is view as a
branch of computational geometry. We shall also consider the challenging problem of
finding conformal maps as solution to elliptic boundary value problems on complex
domains.

Traditionally, conformal transformation has been us?d to generate onhogonal
g . ‘ i blems in simply connected regions.
curvilinear coordinates for solving various pro on & B traction of
One of the prime applications of conformal transformation is le C?;ls. ons in R2
Smooth and orthogonal coordinate curvilinear gr.zds in gle cqm(i :;ftia.lg}ines i Sa};
Such a conformal map may represent the st.reamh-nes an eq:;npt:ics g
a fluid motion. Another area of application is solving ?’?;m;;ditioi . a,ppli::a.ti B
the electrostatic potential lines satisfies .Laplace e%uaécl)w 5 e plane, which may
include heat transfer, irrotational, nonviscous flui lines that also satisfies Laplace
be described in terms of a velocity potential streamlin

€quation,

i lies also in their
: mal mappings : :
The motivation for constructing coé;fg;dinate systems for two-dimensional
inear

applicati ion of curvil nd order elliptic
rfgl;i:rcl:tlonc t(;lfi';he gaineriiggflil gs may be used to r‘?ducf»;h‘; ;ﬁcipal part of the
. Conformal m : » | part
Dartig] differeni?ial equation to its cz'noiucf:nforgc;n:eqhently, if one is Isgllinﬁsidﬂ
' ' he Laplacian. ing cou
Sﬁ?;:fn tbla‘l Oji) erat::;l redur%e&;; tan appropriate conformal mapp
¢ boundary value p )

32
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Silmﬂtaneous_ly to. fit the boundary Curves with
original pal'iilal differentig] €quation, TheWl
caslly invfgstlg&ted for solutjon exi d unj
more eiﬁ?lently by.methods which would yot be aqul?ness’ B o e i
et o = 18] o PPlicable to the original equation

mappings with emphasis on the existence and analysis of such maps. A class of
conformal maps are feasible to be constructed explicitly for a wide range of domains,
However, the drawback of this scenario is that the conformal transformation controls
the shape of image map and may not produce the desired geometric configuration
with the exception of limited cases. A more challenging proposition is, given two
arbitrary bounded domains in R?, is it feasible to construct a conformal map between
them? Indeed, this chapter is intended to answer this question.

In this section we briefly introduce the notion of quasiconformal mapping
and the rationale as to why it needs to be induced in this s'tudy of COﬂfogﬂ}&l
transformation. To further aid our understanding of the topic at hand and its

s it i imi ent. There are three
geometric relevance, we begin with this preliminary argum S ey
fundamental questions in the study of computational geometry and grid g

The first two are as follows:
) Civein brese gions of the same dimension, 1 there

transformation between the regions? , ists. can a practical
(i) More important, if such a transformation exists,

“Onstruction be provided for it?

£208 ( w3
The third question is, (iii) How ¢ one of these questions
the regions (do?nains) be, controlled? Currently 1 Jttracted the attention

have long ional
bfeﬁll answered satisfactorily. The %Zist‘g reasons other tha? 3‘;’5‘1’3}?;0:}16
°f mathematici d applied scien mappings t0
b ;m;ii:;?ﬁfcn a;; vel cf;) I;d the theory of conformal

a one-to-one and onto

an a transformation (or a mapping) between
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answer to (i) and (ii) in tWO—dimensionaJ 8p

o5 conditions, 2 candideye ;(E(ie)ls a;:d c??iOFm&Ihm&pping- Under some
: 1) is g
Conformal mapping techniques haye long

. S .
mean for constructing Smooth transformatic, erved ag Instrumenta) mathematica]

NS between Planar domp;
Mains, T
P between Simply connected domajng g gua.rante};:

: know. g
does not say what this mappmg may 100k like, it : Owe‘{er: the theorem
In this study we are primarily 1Ke, it 18 merely ap existence theorem.

armonic mapping.

of constructing geometric mappings between planar domains, Here again, consider
the conformal mapping of an arbitrary simply connected domain (2 in the 2—plane
onfo a rectangular region 2. in the w-plane. The domain is chosen to be
represented by oriented smooth boundary curves 60 which encircle the interior
of 2. In computational geometry this type of geometric domains are referred to as
boundary-represented or B-rep regions for short. Furthermore, consider the problem
of mapping not only the interior of 0 conformally into the interior of €, but also
mapping boundary curves and vertices of 9 onto the corresponding edges and
corners of 952, as shown in Figure 4.1.

[, P ()
/'\.

I's

i main.
Figure 4.1: Mapping of a curvilinear domain to a rectangular do |
m affirms that a conformal mapping
the mapping is um'quel?r dt?term?led
Suppose we wish to indicate four
es of the rectangle €.

. formal
: -determined and no con:
blem is over-de dimensions of
the : d, then the pro ine one of the .
metning vty mappine m”f}f;ﬁ?h” I this case, the mapping
! L an . : d satisfies
. gﬁctangular By S}, Mth-;-lzzgitshstﬂl a conformal mapping an
'3 — Q. where 9(2) = v

In this case, the Riemann mapping‘_ theore
exists between  and Q,, and it also implies ﬂ?é
by Specifying three points on the boundalgle c;)mer vertic
SPecific points on AN to be mapped to




uchy-Riemann equation 4. = (. ;

g;m ai,m . theorem,% 0. The followmg assertion jg 4 Variation of the
Theorem 4.1. Let Q pe 4 boundeq stmply connected rep;
boundary 9 is a simple closed cyrye. Let »

points ordered by the orientqtiop, on o).

of Q onto a rectangular region Q.. in the w
boundary points of Q. which gls, ordered by the orien

Now consider the following motivationa] sjmy
v:R — Rybea homeomorphjsm with R,
24 prescribed in counterclockwise and edge hight hy and length 1), and also Rs be

a rectangle with corresponding vertices W1, Wy, ws, wy and edge lengths A, and A
such that ¥(2;) = wy for k = 1,4, see Figure 4.9,

ple Problem, let the mapping
be the rectangle with vertices 2y, z,, 23,

iy s

| Q0
1 —_—
|~

Figure 4.2: Quasiconformal Mapping on rectangular domains.

is conformal
P question g9 Atk s Jigiise e v fr(‘)cmc?rlnz;)s?;blf simplicity,
with the caveat that edges map to edges and corners map to
We assume z; = = 0, one can devise the affine map

52:1: "3’2"31)
Ap: @9 =\ 5 5Y) Gt
ratios 1 = 72. Rec
Which maps R, onto Ry, but this is not conformﬁlf I;I;}:SIEI;; from CioC namgly
1 3 3 conio. R, under
; is only one from R; to Ra
om the previous chapter, éherﬁﬁs is the only c0ﬂf°‘.’m"‘lf a;p!s:, In fact, the affine
th(x:lo = cf;.zf b, v;heée aﬁﬂf ha..ve equal aspect ratios, *‘il Zl;; Ior;l:h
ap «Zp ;?latztetczn I(;:lexpressed in the following €xp "
1l _M);
hz)z t3 ( m hI)

1 (i3, =2
Ap(2) =35\, Tk
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Indeed, it can be easily seey that if &

x . =2 .
Cauchy-Riemann equations gy, L then thig 1.

d therefolre is no P does net satisfy the

: ; t
Ay(2) is nearly or quasq; conforma] anq it posse,:sc:ggfglnn:l' However, the affine map
properties. 'Though, there opg €xception that 05t of the standarq conforma]

an ellipse in Ry via the linegy differentia) g Y i c\‘/r%gzin th I8 now mapped o
= a8 showp j i

One may aSk, what is the ma,p from R % i
) 1 to R :

map and does not'reqmre the condition of equ:1 :slggilt lfa;bses&‘ tg a con_formal

referred to as quasiconformal ang satisfies the extended Cay hOS- : his map s now

which are called the Beltarm; €quations. We noy o emann equations

; 3 : introd 5
quasiconformal mapping op Simply connected domain:_ uce the formal definitiop of

Definition 4.2. The function, Y(2) = 4+ 4y 4 . :

. . . quasiconformal mappi
region ) contained in t{he extended compler plane Cy, ify) ma;: ol app;ﬁiﬁﬂiﬁ;
onto a rectangular region Q. and Y is a solution to Beltrams differential equation

Yz =v(2), (4.1)

where the complex dilation v(2) is a measurgble Junction in Q that satisfies the
condition ||v||« < 1.

Quasiconformal mappings have been studied extensively by complex analysts
and even generalized to higher dimensions. However, very little work has been done
on the numerical construction of quasiconformal mappings and their applications.
In recent years a finite difference methods for constructing quasiconformal mappings
developed by Mastin and Thompson [36] and Khamayseh and Hansen [34] w}}ich
have been used in the construction of orthogonal coordinate systems. Classical
references on quasiconformal mapping include the work of Ah’lfors [12], Krushkal [13_],
and Lehto and Virtanen [14]. A modern outlook on quaswonfongllall;n&ppmgs G
Presented recently by Fletcher and Markovic [15], Fletcher [16], Lebl [17].

The stand alone existence of quasiconformal mapping was established by
Mastin and Thompson [37] in the following result:

; ted region in the z—plane whose
Theorem 4.3, Let Q be a bounded simply con:ec . fﬁ ey
bou”dm?} OQ is a simple closed curve. Let z%;z z;, e;;s i fmil
s atderal by the arientstlomion oty ‘e‘rh w-plane such that the points
Mapping of Q onto a rectangular region Q. n the WP
% Map to the vertices of the rectangle (. L e oo

ings determine

Thus far, we have established that coﬁ?rﬁgjhtﬁgﬂgﬁi. Rather than allow c;
fatio ’ ion. i.e., the ratio 0 . ce the parameter j su
o asf}i;he .ﬁft&nglﬁ? ;fi%l:}?,me’can equiva.len.tly }ﬁ;ﬁf?ﬂmt be some conformal
that tfe V?irtl:lth Vc?;: lgleerwtmg,le is; 89 0 umty;;}f;‘mzl module of S
inva‘ri&nt qQuantity s, which is referred to as 0




10, for several practical reasons: (1) Square

: » thus facilitating the numerical
solution procedure for the governing equations. (2) Any simply connected domain

can be I:flapped quite easily to the unit Square under arc-length transformation.
(g)_ The _mterior d_iscretization of the domain can be constructed by straitforward
bilinear interpolation from the edges. (4) Last but not least. what is sought after
here is to adopt a unified framework for coordinate mapping from arbitrary domains
to one type domain and that chosen to be the square. ]

Since we are primarily focused on mapping {2 onto a square ,, This process
is carried in two steps: F irst, and without loss of generality, let z;, 2,, z3, and z, be
distinct points on 82, in counterclockwise order, which will map conformally to the
vertices of the rectangle 0, 1, 1 + i, and iy, respectively. The invariant quantity
{1 is to be determined by the conformal mapping ¢ : Q — €, which satisfies the
Cauchy-Riemann equations:

=ty (4.2)

—Uty = V.
Second, we follow the first step by a bijective transformation from the rectangle to
the unit square. Any rectangular domain €2, can be mapped onto a unit square region
QQ, if an additional stretching transformation is introduced. This transformation is
can be given by the quasiconformal map ¢ : Q. — Q,, where { = £ + in with the
following change of variables;

e (4.3)
=

We observe that the composite of a conformal and quasiconformal maps yields a

quasiconformal map. Thus, we assert that the composti)te mapr;ii-lﬂg ¢ t le? a;!é
: : rmal map between the rectan -
i n(z) is no longer confo POCHE .
v;lhere <(z) —I .51(2) P Zﬂigfg) corresponding corners to COrners smoe-the aspect rat:i?s
Sesmmae, W o However, the conformal mapping can be easily

of the two regions do not match A it square, usin
retrie{:red (I)); sg;::lnply multiplyinté theh?lr ;ﬁﬁt;ﬁg{;ﬁi,;ﬁhﬁmﬁj&iom ¢ ang
i 4.3 in Cauchy- : s hich
vt?hsfc?h&nﬁ;;;gg: }::lzfpping satisfy the following first-order elliptic system, w
€
t
now include the module of {2, as a parameter
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& +n2
)= \/‘é‘?‘{g (4.5)

where as the modulo of the domain K= pu(Q) can be evaluated as

ue)= [ [ edaeay (46)

The quasiconformal mapping of the region 0 onto a rectangular region can
be obtained by constructing a homeomorphic mapping which satisfies Beltrami
system 4.4. This class of quasiconformal mapping is classified as y—quasiconformal
which allows for the mapping of arbitrary regions onto the unit quare 2, with
corners being mapped to corners and edges to edges. Quasiconformal mappings
and conformal mappings are closely related and quasiconformal mappings are
considered as a generalization of conformal mappings. In contracts to conformal
transformations which map circle-to-circle, quasiconformal maps transform circle-
to-ellipse due to the induced stretching (dilation) factc?r 4 in the linear differential
d¢ = v/Jdz. Moreover, setting p = 1, then the Beltrami equations in 4.4 are reduces
to Cauchy-Riemann equations and the mapping is called 1—quasiconformal. In this
particular case the mapping ¢ = £ + 47 from the region 2 to Ui recimugle {1, s
conformal. The close relationship between quasiconformal mappings and conformal

mappings can be observed in the next result, see Ahlfors [12].
Corollary 4.4. The following assertions pertain to quasiconformality.

. ; if it is 1-quasiconformal.
(t) A C* homeomorphism is conformal if and only if it is 1-qu

] ‘conformal.
(i4) The inverse of a quasiconformal map is quasiconf l
1 rmal i iconformal map.
(i) Composition of a conformal map and a quasiconformal is quasiconf

i lude in this special
i heorem 3.2 which we conc :
Fonempienl S 2 T;;ﬂl orthogonal map. Whereas, the spacing

Case of quasiconformal mapping ar¢ 8




Theorem 4.5, Let the mappin .

B 1 9¢'-Q“’Qrbeahomeomo his 1
;’fm:‘f’mg g “C"f;“‘”' Then Y = £+ is quasiconformal f sy ouly 1 the f‘teﬁli}(:;zi:d
netons § and n are C ~differentiable qnq satisfy the following two conditions:

(i) VE-Vnp=0 Orthogonality),

(i) |V€| = p|Vn| (Anisotropy),

is to eliminate any complications required for further coordinate transformations,
Furthermore, the choice of this special case of quasiconformal mapping produces
desired geometric characteristics in terms of exerting control over the spacing
and angles between intersecting coordinate lines. As a matter of fact, under
quasiconformal transformation the coordinate lines intersect orthogonally and the
modulo of the domain y controls the spacing. In conclusion, the knowledge and tools
developed for the theoretical quasiconformal mapping can and should be applied to
elliptic systems required for solving boundary value problenis. It i_s worthwhile
mentioning that much of the discussion on conformal maps in previous chapters
can be extended to study the analytic and geometric properties of quasiconformal

mapping.

4.2 Boundary Value Problem for Harmonic Maps

It had been shown over the years, there is an intimate connection between partial

: i s. Note that the
differential equations, conformal mappings, and hmmqnlt;hflflsagapte:: tEi) t}?ere is
word harmonic is used in two different but relat?dt?vayzfu;he homogeneous Laplace

. ion as a solution
the classical notion of harmonic function

i " to R", in our
; : as a transformation of R L
€quation, and (2) the notion of harmomchfrﬁ)onic- The theory of harmonic maps can

‘ tis :
I(;ase T:; :dz ,df C;;r e xshg?ﬁiz?fi?ds of equal dimensions; the components of such
e extended to mapp
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maps satisfy the Laplace-Beltrami equat;

: Quation. The ¢ ;
use.d in the study of Computations] geometric ma,pzoirg :}f ha.rl'momc maps has been
Dvinsky [39)], Sritharan [40]. © Plane, see Mastin [38],

mapping of a simply connected region ) onto the square (2, as a solution to the
Beltrami equations in 4.4, However, the difficulty with approach is that the first-
order elliptic systems given by the Beltrami equations is tightly-coupled and the
quantity u is not known a priors since it is domain dependent. We shall show how to
overcome this difficulty and derive an alternative way of obtaining quasiconformal
mapping by solving a decoupled boundary-value problem. The relation between
quasiconformal transformation and elliptic systems can be seen by utilizing the
Beltrami equations in 4.4. We easily see that the function ¢(z,y) = ¢ (z,y)+in(z,y)
is harmonic and therefore satisfy Laplace equation

V2C =0, (4'?)

where V2 = 2 4 2% ig the Laplace operator. It is interesting to note that the
i et i i h the Cauchy-Riemann
coordinate functions ¢ and 5 are still harmonic even thoug‘ e y :
equations are not satisfied. This is an important observation that thfe ha.x:momc
mapping theory can still be applied in the case of quasiconformal mapping, i.e.,

§oz + &y =0, (4.8)
Nzz + My = 0.

To determine completely the solution of the elliptic SYSteI:;lh4.8;; ifad is Efecezlsta;g
to specify boundary conditions on the solution along 69}1 I: b: :.dltlirissedi.) The
differential equations, there are three essential issues nee 0(; e i
basic problems are the solution eX.iSf:eflce a_n% ;ﬁl{glﬁistical Seit Ein ah

i i boundary conditions. f analytic or
:ﬁﬁt .to p?:sc?ﬁiblgm isage solvability of the system by means of analy
y importan

Computational methods.

we now begin by describi
simply connected domain € and

rall geometric boundary representation of a

ng the ove eeded for solving system 4.8.

boundary conditions n




Assume the boundary of is i

from 2; to z3, I's from 230 24, and T4 from
conditions of the solutiop Eof 4,
the boundary arc I'; and Iy, wher
and I'; of 99, Furthermore to sp
I's, we introduce a neyw coordinate

tangent vectors. of a smooth curve. We denote these perpendicylar directions by n

eter. In the new (n, 5) coordinate system we
shall assume that the relative orientation of the n- and s—direction are :{ike t},IOSE

of the - and y—aa_cis, reSpect%vely (see Nehari [8]). This is in agreement with our
conventions regarding the positive direction of the normal and the positive sense in
which the boundary of the region 9} is described below.

8 8 : ol :
i and = der-lote the differentiations with respect to the positive n—direction
and the positive s—direction, respectively, we have

& = V¢ - (@5, Ys),
n = V§ f (ym —11?3),
Ns = V- (‘33: Ys),
M=V (ys, =),

(4.9)

where V is the gradient operator and s = (2s,ys) is the unit tangent vector. The
outer unit normal vector n = (y,, —z,) is obtained by rotating the tangent clockwise
by %, i.e., n = (z,+4y,)e"% = y, —iz,. Since the derivative of 1) with respect to the
arc-length parameter s must vanish on the arcs I'1 and Ty, i.e., 5, = 0, we obtain

NzTs + MyYs = 0. &)
Substitution of 7, and 7, in Beltrami system 4.4 into equation 4.10 yields

Yoz — Toly = 0. (4.11)
Let us now rewrite the first twe equations of the system 4.9as follows

Tobz + Ysby = €o» (4.12)

—Ysbz + ms&y = n.
i i tion 4.11
d then substitute into equation 4.11,
| texs g SRy B impli normal derivative
:Oslzmogghi}fl'e abogeczlisulation wifl show that 7, = 0 implies the
rai orwar
e O =0 (4.13)

on
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ent based op the constraints
s =~y being specified on the

In summary, the functions € and 7 of the complex m

1 a = 1
solutions of the self-adjoint Laplace equation P ¢ = ¢+ in must be a

V¥ = Coo + ¢ =0, (4.14)

where the coordinate function § satisfies the following mixed (Dirichlet-to-N uemann)
boundary conditions

5 =0 on F4,

f =1 on Fg,
gg‘ = 0 on Flr P3, (415)
—g-g =—un, on Iy, T

Similarly, the function n satisfies the following boundary conditions
7=0 on Iy,
n=1 on Tj
4.16

-?E f— 0 on P2j F4? ( )
on
il =& on I Ty
ds

s . an
In general, the formulation of the bo(;md:?ryezc;:sdgflc;lll; ﬁ?lazgzzgtion.
- ’ tion existence and uniqu :
Iessentia.;l ellemtii;lftilf - :(ﬁitif:: exits, we shall show that the soi)ut:lixé ::y tilsnt:i(i)tuigssarijsf
VI;IE:?)E‘;);II; 4 14ewith associated Dirichlet and Neumann bo

um i e solution
-llliqu The N boundary condition is considered necessary for th
€. eumann

a harmonic function to exist, namely,

g ; (4.17)
fuir




derivative is prescribed to be % ~ 1 op gy Th
satisfying this condition, since the integral in 4.17 has the valu

In the case a.!; ha.nd, we- c.an also prove the solution ¢ of the boundary-value
problem 4.14, if it exists, it is unique. This argument uses Green's Theorem which
gives | VE[? = 0 everywhere in Q,

//Q Veldds f;m 6%2(13 =)

Later in the section, we prove that Neumann boundary conditions are the necessary
conditions for the the solution of the boundary-value problem 4.14 to coincide with
the quasiconformal, or conformal in the case £ =1. One observation worth noting,
from 4.4 and equation 4.10, the Neumann boundary conditions identified by normal
derivative

e 27, not (.

o on
— — L [},
5 0 and o
are equivalent to coordinate boundary orthogonality condition
V¢ - V=0, (4.18)
Whereas, the boundary tangential derivative conditions
an 1
86 = = isni
Ee. = — Ul and 35 ﬂtf

are equivalent to boundary spacing condition
[VE| = plVal-

: s
important mathematical tool in the study of elliptic
Next, we present an

: derivatives of the
ions since the second .
o : 3 _order equations 8 f the maximum
Principle is restm;tfed to t?iiozj 9 ction’s extrema. Also the effect o
ction provide informa fun

(4.19)
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its use to prove
5 . the Uniqy, .
eﬂlptLC equattzlzons-h.A Com;?rehensive reference 01(11 f}?ees:hizf the- it i
Weinberger [22] which also include the proof of this next UEOplc o Brotier and
result,
Theorem 4.6. Mazimuym, Prine;
ple - I,
and the real-valued function QSR :: ?oﬁz, ?:Iugfoscd and bounded region in R2

has the following two properties: usonQUQ . Suppose that )
(1) ¢= and ¢, are ¢! ~differentiable o every point
(2) Pzx and oy, exist ot every point (z,y) e .

If v is a non-constant solution of the Laplace equation, V2
its mazimum (and minimum,) values on 99,

(:L', y) € Q,’

©=01inQ, then ¢ assumes

in 4.14, if it exists, then it is unique, For further details on the use of maximum
principle in partial differential equations the book of Myint and Debnath [21] is
indispensable reference.

Now we turn our attention to the retrieval process of quasicoformal map
¢ = £ + i as the solution to the elliptic equations system of partial equations given
by 4.14. To put thing in prospective, let  be a simply connected region in R?
bounded by a smooth closed curve Q. Again, we decompose 99 into four arcs Iy,
I3, '3, and Ty having only endpoints in common. The ordering and orientation of
the arcs are in a counterclockwise fashion around 8 and each mapped to a side of

the square §2,. Let ¢;, ¢; € R with ¢; < c,.

Theorem 4.7. Let Q be a simply connected region and € : @ — R bel,a hm';ngnf“{c
function such that & = ¢ on Ty, € = ¢z on Ty, & is increasing on Ty, and & is

decreasing on I's, then gradient VE # 0 on S2.

; hat the gradient V&(2o) = 0. Since
Proof. Suppose there is 2 = (%o, o) € { such tha 0, thg;n there exists a harmonic

(2 is simply connected region and ¢ is h&rll}oflc o holomorphic on Q. It is easy to

conjugate £* of £ such that ¢(2) Z § (;2 +) zsn(ig 1:hen S0 il L

see that ¢’ = 0. Define ¢ = ¢ — ¢(% : inciple, the change in the

mle:ip?i;c?t;z;g least two at z = 20- Bj{ t};]e glﬁ;naflrll:’ Iélrf;?ﬂeag in case ¢ has a

:«1‘ gumen;gtz))f . 3.1;:0111)11(1 f slzaagjtr 4awcu';vh§slr;0ntradicts the boundary values of £ since
€ro on must be a .

i 0. O
2)-¢ (2) assumes the value zero only twice on 0
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n are harmonic functiopg, Mo
I3, and Ty to the edges of Q,
nonzero on 2 by the Previous

On € =€+ in where € and
undary components [y, Ty,
en both V¢ and Vn will be

Ieover, if ¢ maps the bg

m a one-ope manner th
theorem. ?

Jacobian of transformation J — 3

- : My = &Mz > 0 on 9 . A
T8 1 e s € end ' 7 5 >0 e i
ey are orﬂ.zo_qonal “ 0. (iii) Assume () and (i) hold ang if confon:nai 1rnoduleezﬂ1
of the mapping ¢ salisfies |V¢| = ul V| on 80 then it is satisfied in ).

Proof. (i) and (ii)— Let ¥ be the mapping defined by

) = Nz — (U
w( ) Ez i ify
We see that &, &, ., and 7y are harmonic functions, since € and 7 are harmonic.
It follows that 7, — i)y and &, — i¢, are holomorphic functions, i.e., the real and the
imaginary parts of both functions satisfy Cauchy-Riemann equations. By the virtue
of Theorem 4.7, we have V£ # 0 on Q. Therefore, the mapping 1(z) is holomorphic.
We rewrite the function v as

(§znz + Eymy) — i(my — &72)

e g+g
since 1 is holomorphic, we have
J = Ezny = Eﬂnﬁ
(Ve (4.20)

VE-Vn _ &t
vep — €+§
mum principle to the above equations

are harmonic functions. Applying the maxi 0, and V£ - Vi = 0 in the interior
)

in 4.20, we conclude that the metric tensors J>
of Q.

(i) — Let % be the mapping defined by 2
(€ + pine) — &G T )
¥(z) = - Te) = 06— y)

f th
he components O 7y
By the same argument above we ¢ t — i€, + #'m) and (& = e

2
fuﬂctions, since and that (§ + # )

e function 7 are harmonic
) = 3(69' = 7?5-') are
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holomorphic functions, Moreovey

fr
on 2 and the mapping ) 2) is holomom Theorer, 4.7 we ha

orphic Ve V€ £ 0 and vy + g

- We rewrite the function Y as
() = VL~ vy 2J
‘ Ve +Tomp Ve
since 9 is holomorphic, therefore the Maximym principle yields
IVE] = pjwy)
in the interior of Q. [J

Theorem 4.9. Let the mapping ¢ : Q — Qs be q homeomorphism with non-

vancing Jacobzla n. Then ¢ = ¢+ ) 18 quasiconformal map if and only if the
real-valued functions £,y € C1 () and solution to the Laplace equation

V% =0
with boundary conditions

VE-Vnp=0 and V€l = u|Vn on 69

4.3 Curvilinear Coordinate Transformations

The motivation for the use of quasiconformal ma.pping in computatl?nall geome:cr{elds
the ease of expressing orthogonal curvilinear coordinate systems on simp t{) cz::; e
two-dimensional regions. The primary concern of this sect.lc:ll tl:ds i
conformal and quasiconformal maps as an ena.bhng ma?then?atlceometﬂc ]
Practical problems in geometry. In real-world applications in g

p i i the
' i er, the maap fr m h :

: 08
Physical domain 2 is foremost important. For t}:; Ezltrjl()m e
theoretica] analysis is performed in the forward s;rwhat TR e
hand, it is the inverse mapping process from (),

: dinate transformation
. r the inverse coor
We now begin by setting the staggefc; hysical region €. In most of the two-

from the computational region {25 t0 t 4 using a numerical transformation

dimensional blems which have been solved US al region 2 to the square region

method, it 1 - the transformation from ety 1 from the region (2, to the

2, that’ ils lcsolxllzzrucieg but rather the transformatio
')



the dependent variabes, Define the inv

x(im) = 2(Em) + ey Apa oo BIVCE q, g gt o

. ction e —1 . .
mapping from a square region to g simply cojrfnected doif:,ic;l i

,¥) become

X: 0, 0,
whose gradient
F=V.x, (4.21)
has nonzero determinant for eévery point ¢ of (), that is, the Jacobian
J=detF #0, V¢ e, (4.22)

We now proceed with the coordinate inverse transformation by assuming that
the physical variables z and y are C'—differentiable and the Jacobian of the inverse
transformation J = gy, — ZyY¢ is nonvanishing in the region under consideration,
The metrics (“¢,, &,, 7., 7y") appear in previous differential equations in this chapter
can be determined uniquely in the following manner. Using the chain rule of partial
differentiation, the partial derivatives become

0 d ad

— =g;—+1ye— and
23 $£6$+yeay i
) )

o~ "os " oy

We first write the differential expressions
du = zd¢ + z,dn and
dv = yed€ + Yodn,

which in matrix form become
du __(:cg %)(f)
( dv ) \% W !
In a like manner we can write )

£z EV)(dx
(5)-(££)(5



Therefore, &
& €y T -1
Nw n = § Zy
¥ Ye u,
= .:.l.. ( Yn Iy
_ J ~Ye Ze ;
Thus, the metrics are
1
£ ]
xZ Jyﬂ'-‘ Ey = ""j':cn’ and
1 1 (4.23)

1733 = “'jyf; T}b" — jmf‘

?Se ;Ift_l. the ; acobiail of the transformation
? J? where J = 'Sz"?y = gy?h:

By combining the transformat; i
. rmational relations above and fr i
| : om th i
qua3100nfqrmal ma.ppmg, we observe that the function X maps ) homsoiff:l EIJ‘O];HOf
onto a region £2, and x is a solution to Beltrami equation . i

X¢= Mo (4.24)

where ¢ = §—inand ¢ = ¢+ By definition, the real and imaginary parts of
are solutions to the expanded Beltrami equations

e (4.25)
Ty = — LY.

We now establish the mapping ¢ = £ + in in which £ and 7 are solutions to the
linear elliptic system

baz + &y =0, (4.26)
Nez + My = 0,

s equivalent to argument that x = + 4y in which z and y are solutions to the
Quasi-linear elliptic system

=0 (4.27)
=0.

of the boundary value pr.o!)lem
address the boundary conditions.
stem depends on boundary

ﬂz-*""éf + T
12yee + Y
% complete the mathematical speciﬁcatio;)

Tepresented by system 4.27, it is necessa-'flllf' elliptic sy
he solution existence and uniqueness 2k
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conditions expressed in terms of ortho

coordinate transformatig, 8onalit

b Y and Spacing Constraintg, i

ginal houndary conditions fo; thessyiizné ‘;;der
VE-Vn=0 ang |Ve| (
4.28)

Xe Xy =0 and |y =ulx| on g, (4.29)
It is the boundary-valye pr
boundary conditions 4.29 wh

The physical boundary

; : al implementation view
point. Looking back at Theorem 4.8, we make the case that knowing J > 0 on 60

implies J > 0 in © since J = i In addition, the orthogonality conditions on
and (), are related by V¢V = -—_,—%xf * Xy Where x, - x, = Tey + Yeyy is the
orthogonality condition of the grid on Q. Therefore, imposed orthogonality on the
boundaries results in orthogonal network of coordinate (or grid) lines throughout
the domain. In the course of generating grids, as a result of the maximum principle,
the mapping defined as a solution to the elliptic system 4.27 with corresponding
boundary conditions satisfies the following fundamental geometric property: All
points of (0, map into €, that is, there is no grid folding or spill-over. For the
computational treatment of the geometric boundary-value problem 4.27, we refer
the reader to Khamaysch et al. [29] and Khamayseh and Hansen [34].

We conclude this chapter with the demonstration of geometric comparison

between conformal and quasiconformal mappings. The numerical result exhibited

. i d contrast between the tw9 mapping.
Wil e onsistent orthogonal/quasi-orthogonal

Fundament he mappings produced c¢ : 5 s
£ o crvint gy o, e, et gy
b, ol Eh(;tl))f;gt‘:?tjségl;;ktof congtrol over the grid spacing.
omain, while the conformal il i bsence of the domain module

i i ic property is due to & ; g
: }5_111115 ;llildesu;e .y CO;IE Ormalvgvﬁ:}llegeﬁs strong control over thzo ?va:;nbgozzdvﬁes il‘n 5
lines, 11(;3 i(&:'.ﬂar,l Ifrz)nwn Ifnazli?’that conformal mapzltm:fewse: ;T lines repulsed from the
Strong near concave boundaries, and :;er;in the vicinity of the concave boundary

: ial mobili
convex boundary segments while attr " formal mapping acts a5 & spatial mobility

A . i : user-specified.
Segments. The quantity p 1n the quasiC v ihe whole domain or

¢ in advanc
function which can be computed in & /———:;
L3

| Licia {ePU}
A
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‘Figure 4.3: Comparison between conformal and quasiconformal mappings.

The elliptic approach to computational geometry is widely used because of
its novelty in producing smooth-orthogonal coordinate lines suitable for scientific
computations. The method can be incorporate consistently into the computational
frame work using most of the standard methods, e.g., finite-difference methods,
finite-element methods, or finite-volume methods. Furthermore, what the method
appears to produce satisfactory results in a wide range of complicated geometric
designs. The multiple grid geometries presented in anU{e 4.3 were constructed using
finite-difference methods to solve the associated elliptic system 4.27. Boundary
conditions 4.2 were imposed on the internal and external boundaries of;ﬁl;l‘lnhnfear
geometries. The end result is high quality spatial dnscretlzatﬁon cg ; telllg;;l tg
geometries fully controlled by rigorous mzfthema.tlca.l methods. thalet stlilll ;11:5 nemd;
robust methods of solution are often reqm-l'ed, g o mef ;athematics and
to be developed and profit from as applied to other areas o

computational sciences.
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Figure 4.4: Quasiconformal mappings on curvilinear geometries.

Tt must be noted here, even though the theory develqped and pre.fsented in this
chapter is focused on the study of quasiconformal fnapymg, harmonic Taps',’ a;[;i
boundary-value problem on simply connecte{% domains, it has also &tIL :’;;i’lsﬁldt
multi-connected domains. Needless to say, a simple way to OVZTCOHI:IB G thepmult i
of boundary-value problems on multi-connected domains is to e(;:cl)1 : £ever o
connected domain into multi-simply connected sub-domains, an

and analysis presented here hold.




Chapter 5

Conclusion

We have presented a thorough study of conformal mappings with applications to
boum%ary value problemfg, computational geometry, and grid generation. Conformal
mappings have become increasingly prevalent in today’s scientific computing field.
Fundamental methods of conformal mapping are emerging with many applications
ranging from computational fluid dynamics, climate modeling, to astrophysics.
We analyzed a family of conformal geometric maps including harmonic maps and
quasiconformal maps with an eye toward solving challenging problem in geometry.
As a result, we developed a theoretically novel framework that allows for the
transformation of complicated geometries to simplified domains, in which the
resulting conformal mapping method easily studied. Nevertheless, highly accurate
and efficient numerical algorithms can be achieved by using conformal geometric
maps in the discipline grid generation. The grid generation field is deeply rooted in
the theory of conformal mapping and differential equations.

s study is the combining of several theoretical
aining to conformal geometry in a unified and

well-integrated presentation. Another distinctive aspect of this work is aimed at

- i ies that otherwise have
i ' nformal geometric properties :
rigorously addressing basic co. b extension of conformal mapping to

been viewed as facts and definitions.
quasiconformal mapping is not to the levelo of fully develo;;ige thf:éﬁrfc;::ﬁré
it is adequate for the formulation of the elliptic b‘ounejm-:sico nflz} Sl
Pupoe oF Ll mdl e llllﬂ‘fe t?cszibtlfcl:l inq:olving a multitude of
indi ical and mathematl : o ol
iﬁoﬁ;ﬂ:nsg enmsgslz:linr:gggr?aertzmthe invariance of the Laplace equation under conform
E] 7

addressing the
: ion has stopped short of e
transformation. Finally, this presentatw;su:ss in solving the developed elliptic

One prominent feature of thi
and applied mathematical ideas pert

humerical methodology att a‘lt‘gc’rithﬁi‘:zial computational experiments perfor“}ed
boundary-value problem. H(;ngert’;heoretical premise of the conformal mapping
e

consistent with the merits O

i ts.
theory, as shown in the numerical resul
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