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1. Introduction

Matrix analysis methods have been successfully used by several mathematicians to obtain new
proofs of classical bounds for the zeros of polynomials and to derive new bounds and geometric
relations between the zeros and critical points of polynomials. These methods include eigenvalue
locations, matrix norms computations, eigenvalue-singular value majorization relations, numerical
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radius and spectral radius compression inequalities, differentiators, and D-companion matrices. See,
e.g., [2-9,12-14], and the references therein.

Let f be a polynomial of degree n > 3, with complex coefficients, and let z1, z3, . . ., z, be the zeros
of f.
[z70... 0 ]
0z ... 0
Let D = T " |, I, and J be the identity matrix of order (n — 1) and the
L 00... Zn—1 |

(n — 1) x (n — 1) matrix with all entries equal to 1, respectively. Then the (n — 1) x (n — 1)
derivative companion matrix of fis given by

, 1 Zn
ceh=o(1- 1)+, (1)
n n
which is called a D-companion matrix of f. See [2].
It has been shown in [2] that the critical points of f, i.e., the zeros of f/, are exactly the eigenvalues
of C(f").
In this paper, we apply several matrix inequalities to C(f’) to obtain bounds for the critical points

of f in terms of its zeros. In particular, we apply eigenvalue inequalities to the real part of C(f') to
establish new bounds and majorization relations for the real parts of the critical points of f.

2. Preliminary results

Let w1, wa, ..., Wy_1 be the critical points of f (or the eigenvalues of C(f")), and letz1, z, .. . , Zn
be the zeros of f. To obtain our new bounds and majorization relations for Re wy, Rews, ..., Rew,_1,
we need several lemmas involving inequalities and majorization relations for eigenvalues, together
with basic facts about the Schatten p-norms of matrices.

Let M, (C) denote the algebra of all n x n complex matrices. For A € M, (C), the eigenvalues of A
are denoted by A1(A), A2(A), ..., Ay(A). If A is Hermitian, then the eigenvalues of A are arranged in
such a way that A1(A) = A2(A) = - -+ = An(A).

For two sequences of real numbers arranged in decreasing order,

X=(x1,X2,...,%) and y = (¥y1,¥2,---,¥n)s
we say that x is weakly majorized by y if
k k
D xi <Dy, fork=1,2,....,n—1.
i=1 i=1
If, in addition,

n n
in = z}/i,
i=1 i=1

then x is said to be majorized by y. For the theory of majorization, we refer to [1,10,15].

Lemma 1. Let A € M, (C) with real part Re A = A+TA*. Then
An(ReA) < ReAj(A) < Aj(ReA) forj=1,2,...,n. 2)

Lemma 2. LetAq, Ay, ..., An € M,(C) be Hermitian. Then

Ai(AD) 4+ D An(A) < A (ZAi) <AAD) + D M(A) forj=1,2,...,n. (3)
i=1

i=2 i=2
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In particular,

1 <2Ai) <D M@AY) (4)
i=1 i=1
and

i)\n(Ai) < An (i/‘h) . (5)
i=1 i=1

Lemma 3. Let A € M, (C) with eigenvalues arranged in such a way that Re L.1(A) = Re Ay (A) = --- >
Re 1, (A). Then

k k
> Rekj(A) < D Aj(ReA), fork=1,2,...,n—1 (6)
j=1 j=1
and
n n
> ReAj(A) = D Aj(ReA). (7)
j=1 j=1

Lemmad4. LetAq, Ay, ..., An € M,(C) be Hermitian. Then

k m k m
ij (Z/‘h‘) Z<ZA(A)> fork=1,2,...,n—1 (8)
j=1 i=1

j=1
and

ékj @A) > (Zk (A >> (9)

j=1

For A € M;(C), let s1(A), s2(A), ..., sp(A) be the singular values of A, i.e., the eigenvalues of
1
|A| = (A*A)2.Then for p > 1, the Schatten p-norm of A is defined by

IAll, = (Zs"(A)) : (10)

One of the basic facts about the Schatten p-norms that will be used in this paper is a submultiplica-
tivity property, which says that if A, B, C € M,(C), then
IABCIl, < [IAILIBII, IC] - (11)
See, e.g., [1, p. 94].

Lemma 5. Let A = [a;] € My(C). If0 < p < 2, then

Zsj’w < Z Jag|”. (12)
j=1 ij=1
Lemma 6. Let A = [a;;] € My(C). Then forp > 0,

D@ <D s (A). (13)
j=1

j=1
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Lemma 7. Let A = [a;] € My(C). Then

n 9 n n 9 % n 5 %
2 @< 2 2 lal” ) | 2 Nl
j=1 i=1 \j=1 =1
The inequality (14) represents an improvement of the classical Schur’s inequality

n n
S I@PE < Y ol
=1

ij=1

Except for Lemma 7, which can be found in [11], Lemmas 1-6 can be found in [1,15].

3. Main results

Our new bounds for the real parts of the critical points of f can be stated as follows.

Theorem 1. Letz, z5, ..., z, be the zeros ofa polynomial f of degreen > 3 and wy, wy, .
the critical points of f. Then for j=1,2,. — 1, we have
n—1 Jn—2"1d
mm Rezj} — zil < Rew;
n o o1<j<n—1 { ]} m Eg; | l| X j

n—1 «/ —27%
max {Rez]} +
n 1<

< Rezn, ifRez, > 0

Z|l|+

and

n—1 «/ —2nl

mm Rez Z Rez
n 1ge { ] Z| il + n
n—1 —2 - .
< Rew;j < max {Rez]} + Z |zil, ifRez, < 0.

n 1<

Proof. It follows from (1) that

_Rez1 0o ... o i 2Re 74 21 +25 ...zl+zn_1_
0 Rez ... 0 Z2+7z1 2Rezn ...Zz2p4+7Z;
, . .o . 1
L O 0 ...Rez;—1 | | Zn—1+21 Zn—1 +22 . . . 2Rezy_q |
[11...1]
11...1
Re z,
n
[11...1]

Thus, Re C(f') = A; + Ay + A3, where

2497

(14)

(15)

., Wn_1 be

(16)
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[Rez; 0 ... 0 |
0 Rezy ... 0
n—1
A = ,
n
L O 0 . Rezy—1 |
[ 0 71+ 21 +Znq |
2 +7z 0 .2 +2Zp—
A —1
2 n )
| Zn—1+7Z1 Zn—1+22 . .. 0 |
Re z,
Az = 1,
n
and these matrices are Hermitian.
Now, A, can be written as A = By + By + - - - + B,—1, where
B -Z1 —Z —z1 ] -2 T
02—;2—;2—”1 02—,120...0
=71 - g 2 =2
2n 2n 2n " 2n
- -
Tnl 0O 0 ... 0 0 2—112 o ... 0
Bl = 5 BZ = s
—Z -7
_Z—n‘OO O_ _02—,120...0_
B —Zn—1
0 0 o
7
0 0 3
—Zn—1
0 0 - on
Bn—l = )
—Zn—1 —Zn—1 —Zp—1
o 2n w0

and all of these matrices are Hermitian.
After some simple computations, we have

-1 n—1
Re zq,

Rezz,...,

“_|z,|]

n
o (Ar) :[
o () = [ =20

Rezn—l} s

forj=1,2,...,n
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where 0 is of multiplicity n — 3, and

n—1
o(A3) = | Re z, 0}’
where 0 is of multiplicity n — 2. Here o (A) denotes the spectrum (or the set of all eigenvalues) of A.
Applying Lemmas 1 and 2 to C(f")and to the Hermitian matrices A, By, Ba, ..., Bu_1, Az,
we obtain

An(A1) + An(B1) + An(B2) + -+ - + An(Ba—1) + An(A3)
< An(ReC(p")) < Rewj < Aq(ReC(p))
< A(A1) +A1(B1) + A1(B2) + - - + A1 (Byp—1) + A1(A3)

forj=1,2,...,n— 1. Hence our desired result follows. [

In the following theorem, we give a majorization relation for the critical points of a polynomial.

Theorem 2. Letzy, z, ..., z, be the zeros of a polynomial f ofdegree n > 3and wy,wsy, ...,Wy_1 be
the critical points of f arranged in such a way that Rezy > Rezy > > Rez, and Rew; = Rew, >
- > Rewp_q.Thenfork =1,2,...,n— 2, we have
k k
n—1 ,
> Rewj < —— > Rezj+ Rezn, ifRez, >0 (18)
=1 nj=
and
k n—1
n J/n—2
ZRewj < + Z|zj}, ifRez, < 0. (19)
& 2~
j=1 j=1
Proof. Applying Lemmas 3 and 4 to C(f’) and the Hermitian matrices A, B1, B, . .., By_1, A3, we
obtain, in view of our analysis in the proof of Theorem 1, that
k k k
> Rewj =D ReA;j(C(f)) < D Aj(Re C(f))
j= j=1 j=1

k k k k
<D NAD + DA B1) 4 -+ D Aj(Bao1) + D Aj(As)
j=1 j=1

j=1 j=1
B 121" ]Rez]—i—‘/i {z]|+uRezn, ifRez, >0
S =k Reg + VIR 3 g, ifRezy < 0
fork =1, 2,...,n— 2. This completes the proof of the theorem.

It should be mentioned here that it follows from (1), in view of the fact that the trace of a matrix is
the sum of its eigenvalues, that

n—1 _
S =" sz (20)
j=1

Using the theory of majorlzation, many well-known geometric problems for polynomials have been
recently solved. In fact, among other majorization relations, it has been shown by Schmeisser [14] (see
also [2,12,13]) that if z1, 23, . . ., z; and wq, Wy, ..., Wy are the zeros and critical points of a poly-
nomial f arranged in such a way that |z1| > |z2| = -+ = |zq| and |wq| = [Wa| = -+ = |wp—1],
then (Jwq|, |wal, ..., |wn_1|,0) is weakly majorized by (|z1], |z2], ..., |zs|). This majorization

n
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relation is stronger than the classical Gauss-Lucas theorem, which says that all the critical points
of a polynomial f lie inside the closed convex hull of the zeros of f.
Matrix analysis methods, together with majorization tools, have been employed in [2,8,12,13] to
bound 2?2—11 |wi|? by a suitable combination of the terms >, z,<|2 and >, |zi]?, and to bound
2
Z?z_ll |w;|* by a suitable combination of the terms >y |zi|*and ( H |zi|2) , under the condition
that > ; z; = 0.These bounds lead to proofs of the Schoenberg conjecture and the de Bruijn-Sharma

conjecture. In what follows, we obtain related bounds for Z?:_f |w;|P for general p > 0.
Estimating the Schatten p-norm of C(f’), we have the following inequalities relating the zeros and
critical points of f. O

Theorem 3. Letzq, zo, ..., z, be the zeros of a polynomial f of degree n > 3 and wy, wa, ... ,wy—_1 be
the critical points of f. Then for p > 1, we have

n—1 % n—1 % n—1
.|P P —_—
(,2:1 |w;l ) < (El |z ) +( n )|Zn| s (21)

(f de") < ((n —2)+ nl,,) max {|z1]} + (%) lzal (22)

i=1 1<i§n—]

and

n—1 1]7 n—1 1]7 n—1 n—1
SwilP | <D lalP ) + — > |z — zil%. (23)
=1 = =1

n

Proof. It follows from (1), together with basic properties of the Schatten p-norms, that

, 1 Zn 1 Zn 1 Zn
e, =[p (1= 1)+ 2] <lp(1- )| +[2] <won, - o]+ |2
p n n lp n p n lp n n lp
n—1 ) Ilj n—1
=(Zwer) + () .
i=1 n
This proves (21).
For (22), we have
, 1 Zn 1 Zn 1 Zn
leer|, =[o (1= 1)+ 2 <lp(i-)| +]2] <]i- g non+ ]2
p n n lp n p p n lp n lp
1\7 n—1
= (@-2+ ) maxtian+ (") .
nP 1<i<n—1 n
This proves (22).
Now for (23), we have
_Zn—Z1 Zn—21 ... Zn—21 T
in — 2o Zn—22 ... Zn—2
, 1 1 . . . . 1
Cf)=D+-(zJ —D)) =D+ - =D+ —E,
n n . . . . n
LZn —Zn—-1 Zn —Zn—1 - - - Zn — Zn—1 |




M. Adm, E. Kittaneh / Linear Algebra and its Applications 436 (2012) 2494-2503 2501

where
Zn — 21 Zn—21 ... Zn—21
Zn — 22 n—22 ... Zn—2
E =
LZn —2Zn—-1 Zn — Zp—1 - - - Zn — Zn—1 |

Note that rank(E) < 1 and

Zn—212Zn—22 - . - Zn — Zn—1 In—21 Zn—21 ... Zn—21
Zn—21 2Zn —22 . . . Zn —Zn— in —2p Zn—22 ... Zn—2
E'E =
1 Zn —21 Zn —22 - - - Zn —Zn—1 ] LZn —Zn—1 Zn — Zn—1 - - - Zn — Zn—1 |
B —1 1 —1 n
2?21 |zn _Zi|2 Zn |z, _Zz|2 e Z?:] |zn _Zi|2
—1 2 1 -1 2
Z?=1 |zn — zil Zn |Zn _Zl| ce ZL |zn — zil
n—1
. . . . 5
= =D lz—al®)J.
. . . . i=1
1
Z |Zn - Zl|2 Zn lzn — Z;| . Z |Zn - Zl|2 i
Hence, 0 (E*E) = {(n — 1) 2?2—11 lzn — zil?, 0} , where 0 is of multiplicity n — 2.
1 1 .
5051( ) \/ 1|zn—zi|2,sj(EE):Ofor]:2,3,...,n—2.
Now,

n—1 % 1 1
!
S| <fer], = HD + EEHP < IDll, + HEEHP

i=1
1
n—1 P
= <Z |Zj|p) +
i=1

This proves (23) and competes the proof of theorem. [

2
-z

Related to the inequalities (21)-(23), it follows from the verified de Bruijn-Springer conjecture that,
forp > 1,

n—1 % n 1 n 113
(Z |wi|p) << Z|z,-|P) . (24)
i=1 i=1

See, e.g., [8,12]. We remark here that for p = 1, the inequality (24) is better than the inequalities
(21)-(23). However, for p > 1, non of these inequalities is uniformly better than the others.
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For p = 2, another inequality can be obtained by using the improvement of Schur’s inequality given
in Lemma 7.

Theorem 4. Let zq, z3, . . ., z, be the zeros of a polynomial f of degreen > 3 and wy, wa, ... ,w,_1 be
the critical points of f. Then

n—

n—1 1
> il < J =2 |20 — 22 + (0 = Dz + 202
i=1

1
i=1

n—1

X [ D |zw =z + [(n — 1)z + 2y (25)
j=1
J#

Proof. It follows from (1) that

, 1 Zn 1 Zn
c¢)=p(1- )+ 2y =p-pj+ 7,
n n n n

and so
r (n—=1)z1+zn Zn—2 Zn—21 7
n 0 e 0
n—22 (n—1)z242z, Zn—22
e e R
, 1
C(f):D‘i‘E(ZrJ_DJ):

Zn—Zn—1 Zn—Zn—1 (n—1)zp—1+2zn

L -

Then by the improvement of Schur’s inequality given in Lemma 7, we have

n—1 1 n—1

2
> Iwil* < =y

i=1 i=1

J1=2) 20— 2P + (0 = D)z + za]?

n—1
X Z |zn —zj\z +(n = Dz + z)?
7
This completes the proof of the theorem. [

We conclude this section with the following inequality, which is based on Lemmas 5 and 6.

Theorem 5. Letzq, 2o, ..., z, be the zeros of a polynomial f of degree n > 3 and wy, wa, ... ,w,_1 be
the critical points of f. Then for 0 < p < 2, we have

i=1

n—1 1 n—1
> wilP < - [Z (I =Dz + 25’ + (n = 2) |2y — zilp)} . (26)
i=1

Proof. It follows from (1) that

/ 1 Zn 1 Zn
CU)=D(1—E])+;]=D—;D]+;],



M. Adm, E. Kittaneh / Linear Algebra and its Applications 436 (2012) 2494-2503 2503

and so
r (n—1)zi4z, n—21 Zn—2z1 7
— = m
Zn—2y (n—1)z+2zy Zn—2
I .
, 1
C(f)ZD'i'E(ZrJ_D]) =
Zn—2Zn—1 Zn—Zn—1 (n—1)zn—1+2n
L = = ...
Now, using Lemma 5 and 6, we have
n—1 n—1 P 1 n—1
> il < 3 el = | X (0= Dz +zal + (1= 2) |~ zP)
i=1 i,j=1 i=1

This completes the proof of the theorem. O
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