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Abstract

The zero forcing game on a simple, undirected graph G is based on the so-called color

change rule which can be stated as if some vertices on G are colored black while others

are white and vertex v is a black vertex with exactly one white neighbor u, then change

the color of vertex u to be black vertex. A zero forcing set is a subset of black vertices

such that if we apply the color change rule, we have all vertices on G are black vertices.

A new parameter so-called zero forcing number Z(G) which is the minimum size of a

zero forcing set among all zero forcing sets of G. The maximum nullity M(G) of a graph

G is to determine the largest nullity over all symmetric matrices whose (i, j)th entry,

i 6= j, is nonzero when {i, j} are connected with an edge in G and is zero otherwise. The

zero forcing number Z(G) is helpful to study the M(G). Indeed, it is shown that Z(G)

is upper bound on M(G). We conclude this thesis by studying the maximum nullity of

symmetric matrices that represent of trees with a fixed number of negative eigenvalues.
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Chapter 1

Introduction

1.1 Preliminary

In this section, we will review some basic linear algebra. We start with the definition of

vector space.

Definition 1.1.1. [23] A set of elements V is said to be a vector space over a scalar

field F if an addition operation is defined between any two elements of V and a scalar

multiplication operation is defined between any element of F and any vector in V. More-

over, if u, v, and w are vectors in V, and if a and b are any two scalars in F, then these

ten axioms must hold.

Closure properties:

(c1) u+ v is a vector in V.

(c2) av is a vector in V.

Properties of addition:

(a1) u+ v = v + u.

(a2) u+ (v + w) = (u+ v) + w.

(a3) There is a vector 0 in V such that v + 0 = v for all v in V.

(a4) Given a vector v in V, there is a vector −v in V such that v + (−v) = 0.

Properties of scalar multiplication:

(m1) a(bv) = (ab)v.

(m2) a(u+ v) = au+ av.

(m3) (a+ b)v = av + bv.

(m4) 1v = v for all v in V.

Next, we give the definition of linearly dependent and linearly independent.
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1.1. PRELIMINARY

Definition 1.1.2. Let V be a vector space, and let {v1, v2, · · · , vp} be a set of vectors in

V. This set is linearly dependent if there are scalars a1, a2, · · · , ap, not all of which are

zeros, such that

a1v1 + a2v2 + · · ·+ apvp = 0. (1.1)

The set {v1, v2, · · · , vp} is linearly independent if it is not linearly dependent; that is,

the only scalars for which (1.1) holds are the scalars a1 = a2 = · · · = ap = 0.

To define a dimension of a vector space we need the two following definitions.

Definition 1.1.3. If S is a nonempty subset of the vector space V , then sp(S), the

linear span of S, is the set of all linear combinations of finite sets of elements of S.

Definition 1.1.4. Let V be a vector space, and let B = {v1, v2, · · · , vp} be a spanning

set for V. If B is linearly independent, then B is a basis for V.

In the following we present the definition of the dimension of a give vector space.

Definition 1.1.5. Let V be a vector space. If V has a basis B = {v1, v2, · · · , vn}, then

V has dimension n, and we write dim(V ) = n.

A nullspace or kernal and rank of a matrix is defined in the following definition.

Definition 1.1.6. The nullspace (kernal) of the matrix A, denoted N(A) (ker(A)), is

the set of all n-dimensional vectors x such that Ax = 0. The dimension of the ker(A) is

called the nullity (corank) of A.

Definition 1.1.7. The row space of an m× n matrix A is the subspace of Rn spanned

by rows of A. The dimension of the row space is called the rank of the matrix A.

Next, we give the definition of eigenvalue and eigenvector.

Definition 1.1.8. An element λ ∈ C is an eigenvalue of a matrix A ∈ Rn×n if there

exists a nonzero vector x ∈ Cn such that Ax = λx. The vector x is said to be an

eigenvector of A corresponding to the eigenvalue λ.

A symmetric matrix is defined in the following definition.

Definition 1.1.9. A square matrix A is called symmetric if aij = aji for all i and j, or

if A = AT .

For a square matrix A, σ(A) denotes the spectrum of A i.e., the set of all its eigenvalue

λ. For λ ∈ σ(A), multA(λ) denotes the multiplicity of the eigenvalue λ in σ(A). If A is

symmetric, then ker(A) is the multiplicity of the zero eigenvalues of A and rank(A) is

the number of nonzero eigenvalues of A.

2



1.1. PRELIMINARY

Definition 1.1.10. A square matrix is called lower triangular if all the entries above

the main diagonal are zero.

Now we give the definition of positive semidefinite and positive definite.

Definition 1.1.11. A square symmetric matrix H is said to be positive semidefinite (psd)

if vTHv ≥ 0,∀v ∈ Rn, or all eigenvalue are zeros or positive. The positive definite (pd)

if the inequality holds with equality only for vectors v = 0, or all eigenvalues are positive.

A square matrix D is said to be an invertible matrix if and only if there exists another

square matrix D−1 such that DD−1 = D−1D = I, where I is an identity matrix. For two

square real matrices A and B are said to be congruent if there exists an invertible square

matrix C such that B = CACT . The following theorem is Sylvester’s law of inertia.

Theorem 1.1.12. [20] (Sylvester’s law of inertia) The two symmetric matrices A and

B are congruent if and only if they have the same inertia, i.e., the number of positive,

negative, and zero eigenvalues.

Definition 1.1.13. An n × n matrix A is called nonsingular if there exists an n × n

matrix B such that

AB = BA = I

A singular matrix is a square matrix which is not invertible.

For n×m matrix A,α ⊆ {1, 2, · · · , n}, and β ⊆ {1, 2, · · · ,m}, A[α|β] is the subma-

trix of A lying in the rows indexed by α and the columns indexed by β. And A(α|β) is

the submatrix obtained from A by deleting the rows indexed by α and columns indexed

by β. If A is square matrix (which means that α = β), then the principal submatrix

A[α|α] is also can be written as A[α], and the complementary principal submatrix to

A(α). If α = {i}, then A(α) we can abbreviate it by A(i), or Aii. In the special case

when α or β is a contiguous index set, say for example, α = {3, 4, 5, 6, 7}, we abbreviate

the notation A[{3, 4, 5, 6, 7}|β] by A[2, 3, 4, 5, 6|β]. If rank and nullity of matrix A equal

0 is denoted by A[∅] and we define A[∅] to be a positive definite matrix.

Example 1.1.14. Let A be the following matrix

A =


4 1 6 0 3 3

1 0 5 0 5 7

9 1 8 1 1 10

2 4 1 5 11 3

6 7 2 1 10 5

 .
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1.1. PRELIMINARY

Assume α = {1, 2, 3}, and β = {2, 5}, then we have

A[α|β] =

1 3

0 5

1 1

 ,
and

A(α|β) = A[αc|βc] =

[
2 1 5 3

6 2 1 5

]
.

The following theorem states that the eigenvalues of a real symmetric matrix interlace

with those of any principal submatrix.

Theorem 1.1.15. [21] (Cauchy Interlace Theorem). Let A be a symmetric matrix of

order n, and let B be a principal submatrix of A of order n − q. If λ1 ≤ λ2 ≤ · · · ≤
λn−1 ≤ λn lists the eigenvalues of A and µ1 ≤ µ2 ≤ · · · ≤ µn−q the eigenvalues of B,

then λi ≤ µi ≤ λi+q for i = 1, 2, · · · , n− q.

A direct sum of matrices is defined in the following definition.

Definition 1.1.16. For matrices of any dimension, say H1, H2, · · · , Hn the direct sum

of H1, · · · , Hn, denoted by H1 ⊕ · · · ⊕Hn, is given by

= H1 ⊕H2 ⊕ · · · ⊕Hn =


H1 0 · · · 0

0 H2 · · · 0
...

...
. . .

...

0 0 · · · Hn


Definition 1.1.17. A J is an m× n matrix where all entries equal one’s (1).

A partition of a set is defined in the following definition.

Definition 1.1.18. A collection of nonempty sets {U1, · · · , Un} is a partition of a set

X if:

1. X = U1 ∪ U2 ∪ · · · ∪ Un.

2. X is pairwise disjoint: Ui, Uj ∈ X : Ui ∩ Uj = φ when i 6= j.

4



1.2. GRAPH THEORY

1.2 Graph Theory

A graph is a pair G = (V,E), where:

• V is a set of vertices (usually { v1, v2, · · · , vn }).

• E is a set of edges (an edge is a two-element subset of vertices).

The order of a graph G is the number of vertices in V (G) and is denoted by |G|. A

simple undirected graph is a graph without loops or multiple edge. In this thesis each

graph is finite, simple, undirected and has nonempty vertex set. The number of edges

incident with a vertex v ∈ V (G) is called the degree of that vertex. It is denoted as

deg (v). We define, ∆(G) = maxv deg(v). A leaf, or pendant, is a vertex with degree

1. A vertex with degree 0 is called an isolated vertex. An empty graph on n vertices

consists of an n vertices with no edges i.e., is a graph with n isolated vertices. Let v, u

are distinct vertices on a graph G, if {u, v} ∈ E (or {v, u} ∈ E), then u and v are

said to be adjacent or neighbors and is denoted by u ∼ v (or v ∼ u). Write u � v (or

v � u) if {u, v} /∈ E (or {v, u} /∈ E), then u and v are nonadjacent or non neighbors.

The set of all adjacent (or neighbors) of v is denoted by N(v). Let G1 = (V1, E1) and

G2 = (V2, E2). Then G1 and G2 are called isomorphic if there is a bijective function

f from V1 to V2 with the property that a and b are adjacent in G1 if and only if f(a)

and f(b) are adjacent in G2,∀ a, b ∈ V1. A graph G′ = (V ′, E ′) is a subgraph of graph

G = (V,E) if

• V ′ ⊆ V , and

• E ′ ⊆ E.

If H is a subgraph of G we write H ⊆ G. The subgraph G′ is called an induced

subgraph of G if all the edges between the vertices in V ′ from E are in E ′ and is

denoted by G[V ′]. An independent set is a set S of vertices such that any two ver-

tices in S are nonadjacent. A path is a graph Pn = (V,E), where V = {v1, · · · , vn}
and E = {{vi, vi+1} : i = 1, · · · , n − 1}. A connected graph is a graph that has

a path from any vertex to any other vertex. A graph that is not connected is said

to be disconnected. A cycle is a graph Cn = (V,E) where V = {v1, · · · , vn} and

E = {{vi, vi+1} : i = 1, · · · , n − 1 ∪ {{vn, v1}}, or in other words, some of vertices

(at least 3) connected in a closed path. The graph obtained from Cn−1 by joining each

vertex to a new vertex v is the wheel on n vertices and is denoted by Wn. The com-

ponents of a graph G are its maximal connected subgraphs. A tree is connected graph

5



1.2. GRAPH THEORY

that has no cycles and is denoted by T . A graph without cycles is also called a forest.

The components of a forest are trees. The length of a path or a cycle is the number of

edges. A graph is said to be complete if and only if any pair of vertices are connected

by an edge. The complete graph on n vertices is denoted by Kn or Kn = (V,E), where

V = {v1, · · · , vn} and E = {{vi, vj} : 1 ≤ i < j ≤ n}.

We denoted by P (G) the path cover number, namly, the minimum number of vertex

disjoint paths, occurring as induced subgraphs of G, that cover all the vertices of G.

Γ(G) is the maximum of p − q such that the deletion of q vertices from G results in p

paths, when q vertices achieve this maximum we say that q is an optimal.

The following graph operations are used to construct families of graphs:

1. Let G = (V,E) be a graph of order n. Then the complement graph G is the graph

with V (G) = V (G) such that there will be an edge between two vertices a, b in G,

if and only if there is no edge between a, b in G.

2. SupposeG andH are graphs with V (G) = {v1, v2, · · · , vn} and V (H) = {u1, u2, · · · , um}.
We define the cartesian product G�H to be the graph with vertex set V (G�H) =

V (G) × V (H) = {(vi, uj) | vi ∈ V (G), uj ∈ V (H)}, and e = {vi, uj}{vk, ul} is an

edge of G�H if and only if either:

(a) i = k and {uj, ul} ∈ E(H), or

(b) j = l and {vi, vk} ∈ E(G).

It can also be defined as drawing copies of graph G vertically as much as the

order of H and horizontally connect the vertices so that the graph H appears

according to the order of G. The following example illustrates the definition on

P3�K2.

Example 1.2.1. The following graph represents P3.

6



1.2. GRAPH THEORY

And the following graph represents K2.

To draw P3�K2. First, we draw vertically two copies of P3 (according the order

of K2) as the following figure shown.

Then horizontally we connected the vertices of two copies of P3 as its connected in

K2 (note that we have three copies of K2 according to the order of P3) as shown

in the following figure.

3. The Strong product G � H of graphs G and H has the vertex set V (G � H) =

V (G)× V (H) and e = {vi, uj}{vk, ul} is an edge of G�H if and only if

(a) i = k and {uj, ul} ∈ E(H), or

(b) j = l and {vi, vk} ∈ E(G), or

(c) {vi, vk} ∈ E(G) and {uj, ul} ∈ E(H).

4. The corona G ◦H of two graphs G (with n vertices and s edges) and H ( with m

vertices and t edges), is defined as the graph obtained by taking one copy of G and

n copies of H, and joining all the vertices in the ith copy of H to the ith vertex

7



1.2. GRAPH THEORY

of G where i = {1, · · · , n}. It follows from definition of the corona that G ◦H has

nm+ n vertices and s+ nt+ nm edges.

The nth hypercube Qn is defined inductively by Q1 := K2 and Qn := Qn−1�K2. Hy-

percube graph of order n has 2n vertices. The nth supertriangle Tn is an equilaternal

triangular grid with n vertices on each side. The order of Tn is 1
2
n(n+ 1). The following

example illustrates the definition on T3.

Example 1.2.2. To draw T3. First, we need to draw six vertices in three rows because

n = 3 and they are drawn descendingly, that means the first row consist of three vertices

(n = 3). In the second row draw two vertices (3 − 1 = 2). In the last row draw one

vertex (3− 2 = 1) as follows in the following figure.

Third row ←

Second row ←

First row ←

Then connected between the vertices as follows in the following figure and we will get

T3.

When deleting a vertex from a graph, you must also delete all edges adjacent to

that vertex. The result G[V \{v}] of deleting a vertex v is also denoted by G − v. We

denote by G − e the subgraph of G obtained by deleting edge e, we do not delete the

endpoints of that edge. A cut vertex is a vertex whose removal increases the number of

components. Clearly if v is a cut vertex of a connected graph, G − v is disconnected.

A cut edge is a edge whose removal either disconnects the connected graph or increases

the number of components.

An induced subgraph G′ of a graph G is a clique if G′ has an edge between every

pair of vertices of G′. A set of subgraphs of G, each of which is a clique and such that

every edge of G is contained in at least one of these clique, is called a clique covering of

8



1.3. GRAPHS AND MATRICES

G. The clique covering number of G, denoted by cc(G) is the smallest number of cliques

in a clique covering of G.

1.3 Graphs and Matrices

The simple graphs and matrices are used interchangeably. For example, graphs are used

to describe the zero and non-zero pattern of a matrix and matrices are used to describe

the edge and non-edge of the graph.

Definition 1.3.1. Let G = (V,E) be a graph and assume that V = {v1, · · · , vn}. The

adjacency matrix of G is an n× n matrix A(G) defined as:

aij =

{
1 if {vi, vj} ∈ E
0 otherwise.

For example let G be the graph in the following figure.

4

3 1

2

The following adjacency symmetric matrix A that associated to the graph G is

A =


0 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0

 .

For the following symmetric matrix B.

B =


2 4 0 0

4 1 6 3

0 6 3 9

0 3 9 0

 .

9



1.3. GRAPHS AND MATRICES

The graph that is corresponding to B is

2
4

3

1

Define Sn(R) to be the set of all real symmetric n×n matrices. The graph of A ∈ Sn(R),

denoted G(A), is the graph G with vertices { 1, · · · , n } and edges {{ i, j} : aij 6= 0, 1 ≤
i < j ≤ n }. The diagonal entries of A are ignored in determining G(A).

The set of symmetric matrices of graph G (over R) is defined to be

S(G) = {A ∈ Sn(R) : G(A) = G}.

Define the minimum rank of G over R as

mr(G) := min{rank(A)| A ∈ S(G)}.

Whereas the positive semidefinite minimum rank of G is defined by

mr+(G) := min{rank(A) : A ∈ S(G), A positive semidefinite}.

Since positive semidefinite minimum rank related of a square matrix A and A is

positive semidefinite whereas the minimum rank related of any square matrix that im-

plies to positive semidefinite minimum rank is subset from minimum rank, the following

inequality

mr(G) ≤ mr+(G).

’is true.’

The following observation states that the positive semidefinite minimum rank of G is

upper bound of minimum rank and lower bound of clique covering number.

Observation 1.3.2. [1], [15] Since a matrix obtained from a clique covering as a sum

of rank 1 matrices is positive semidefinite,

mr(G) ≤ mr+(G) ≤ cc(G).

The following are important observations related to minimum rank for the complete

graph and path graph.

Observation 1.3.3. [6] mr(G) = 1 if and only if G = Kn.

Observation 1.3.4. [16] mr(G) = n− 1 if and only if G = Pn.

10



1.4. ORGANIZATION OF THE THESIS

1.4 Organization Of The Thesis

The organization of this thesis is as follows:

Chapter 1 is an introduction chapter. It consists of some basic definitions of lin-

ear algebra. In addition, we introduce basic concepts of graph theory. We conclude this

chapter by presenting the relationship between the symmetric matrices and graphs.

In Chapter 2, the zero forcing number through color change rule is defined. Then

the zero forcing number of some interesting families of graphs and some graph opera-

tions are studied. After that, the effects on zero forcing number when deleting a vertex

or an edge from a graph are presented.

Chapter 3 consists of illustration that the zero forcing number Z(G) is an upper bound

of the maximum nullity M(G). Then, the maximum nullity of some interesting families

of graphs is presented. We conclude this chapter by studying the maximum nullity of

symmetric matrices that represents the trees with a fixed q negative eigenvalue.

11



Chapter 2

Zero Forcing

In this chapter, a type of graph coloring which defines a graph parameter called the

zero forcing number, denoted by Z(G), which is the minimum size of a zero forcing

set is presented. Then, the zero forcing number for some interesting families of graphs

is determined. After that, the zero forcing parameter with some graph operations is

studied. In addition, the effects on zero forcing number when a vertex from a graph G is

deleted is introduced. We conclude this chapter by presenting the effects on zero forcing

number when an edge from a graph G is deleted.

2.1 Zero Forcing Parameter

In this section, the zero forcing game which is based on the so-called color change rule

is defined. From this game we get the so-called zero forcing set and zero forcing number

where the later has an interesting application in bounding the maximum nullity of graph

as we will see in Chapter 3.

For a given graph G we start with a coloring of G, i.e., a set of vertices colored black

while the remaining are colored white. There are certain moves by the color change rule

which allow white vertices to be changed to black. The zero forcing number Z(G) is

the minimum size of a black set that eventually allows all vertices to become black [1].

In the following definition it was presented the so-called the color change rule, derived

coloring, zero forcing sets, and zero forcing number.

Definition 2.1.1. [1], [5], [8],[22] For a given graph G and a coloring of G where u, v ∈
V (G). Some vertices are colored black and the remaining vertices are colored white,

the color change rule is: If v is a black vertex and has exactly one white neighbor, say

12



2.1. ZERO FORCING PARAMETER

u, then change the color of u to be black. In this case, we say v forces u to become

black and denoted by v → u. Given a coloring of G, the derived coloring is the result of

applying the color change rule until no more changes are possible. A zero forcing set is

a subset Z of V (G) such that if we start from a coloring of G such that the vertices in

Z are colored black and the others are white, the derived coloring of G is all black. A

zero forcing set with the minimum number of vertices is called an optimal zero forcing

set and the zero forcing number Z(G) is the minimum order of zero forcing sets (|Z|)
over all zero forcing sets Z ⊆ V (G), i.e., is the order of an optimal zero forcing set.

In the following examples we illustrate the definition of zero forcing set.

Example 2.1.2. For the following tree T ,

1

2
3

4 5
6

7

8

We color the vertices 1 and 4 black. The vertex 1 has one white neighbor so by the color

change rule 1 → 2, the vertex 4 also has one white neighbor so 4 → 5, then vertex 2

can force vertex 3 to become black and 5 → 6. Now vertex 6 has two white neighbors

therefore, 6 can not forces any vertex. Hence the set of vertices {1, 4} can not be a zero

forcing set as shown in the following figures.

1
$

2
3

4
$

5
6

7

8

1
$

2
3

4
$

5
6

7

8

↓

1
$

2
3

4
$

5
6

7

8

→
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1
$

2
3

4
$

5
6

7

8

←

1
$

2
3

4
$

5
6

7

8

→

We need to color one more vertex from the neighbors of vertex 6 so that vertex 6 will

be able to force the other neighbor. Thus {1, 4, 7} is a zero forcing set as shown in the

following figures.

1
$

2
3

4
$

5
6

7
$

8

1
$

2
3

4
$

5
6

7
$

8

↓

1
$

2
3

4
$

5
6

7
$

8

→

1
$

2
3

4
$

5
6

7
$

8

←

1
$

2
3

4
$

5
6

7
$

8

→

1
$

2
3

4
$

5
6

7
$

8

↓

Since we can not color the vertices of T starting from coloring only two vertices. There-

fore, Z(G) = 3.

Example 2.1.3. For the following graph G,

2

3 4

5

1
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2.1. ZERO FORCING PARAMETER

the set of vertices {1, 5} is a zero forcing set. Indeed,

2

3 4

5
$

1
$

2

3 4

5
$

1
$↙

2

3 4

5
$

1
$↑

2

3 4

5
$

1
$

→

Since we can not color the vertices of G starting from coloring only one vertex because if

Z(G) were 1, then applying the color change rule starting from coloring only one vertex,

we would reach a vertex with two white neighbors. Therefore, Z(G) = 2.

Given an initial coloring of G, the derived set is the set of vertices colored black after

the color change rule is applied until no more changes are possible. For a given zero

forcing set Z, a chronological list of forces is a listing of the forces used to construct the

derived set in the order they are performed. A forcing chain for a chronological list of

forces is a sequence of vertices (v1, v2, · · · , vk) such that for i = 1, 2, · · · , k−1, vi → vi+1,

and a maximal forcing chain is a forcing chain that is not a proper subsequence of any

other forcing chain. The collection of maximal forcing chains for a chronological list of

forces is called the chain set of the chronological list of forces, and an optimal chain set

is a chain set from a chronological list of forces of an optimal zero forcing set. When a

chain set contains a chain consisting of a single vertex, we say that the chain set contains

the vertex as a singleton. Let Z be a zero forcing set of a graph G. A reversal of Z is

the set of last vertices of the maximal zero forcing chains of a chronological list of forces

[27].

Theorem 2.1.4. [5] If Z is a zero forcing set of G, then so is any reversal of Z.

Proof. Let W be the reversal of Z for the list. Write the chronological list of forces in

reverse order, reversing each force and call this the reverse chronological list of forces.

Now we want to prove the reverse chronological list of forces is a valid list of forces for

W . Assume the first force v → u on the reverse chronological list. Since the last force

u→ v of Z was done, so that all neighbors of v except u must be in W and each of them

had the white neighbor u and hence did not force any vertex previously in the original

chronological list of forces. Therefore, v → u is a valid force for W. Continue in this

manner, we can show the reverse chronological list of forces is a valid list of forces for

W .

Example 2.1.5. The following figure represents the graph G.
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2.2. ZERO FORCING NUMBER FOR SOME INTERESTING FAMILIES OF
GRAPHS

12

34

56

7

A zero forcing set for G is Z = {1, 7} as shown in the following figures.

$

12

34

56

$
7

←

↓

←

←

↖

The vertices W = {4, 6} is the reversal of Z and also zero forcing set of G. Indeed,

12

3
$

4

5
$

6

7

→

↑

→

→

↘

2.2 Zero Forcing Number For Some Interesting Fam-

ilies Of Graphs

In this section, the zero forcing number for some interesting families of graphs is studied.

We start with the paths.

Observation 2.2.1. An optimal zero forcing set for a path graph Pn is one of its pendent

vertices, and therefore, Z(Pn) = 1.

Proof. Label the vertices of Pn such that its edges are {1, 2}, {2, 3}, . . . , {n−1, n}. Color

one of the pendent vertices, say vertex 1. The vertex 2 is a unique white neighbor of

vertex 1. Hence vertex 1 forces vertex 2. Next vertex 3 is a unique white neighbor of

16
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GRAPHS

vertex 2, which will force vertex 3. Continue in this manner, we can color all vertices of

Pn. Since there is no smaller zero forcing set we have Z(Pn) = 1.

For an illustration of Observation 2.2.1, we present the following example.

Example 2.2.2. For the following path graph P7,

1 2 3 4 5 6 7

the vertex set {1} is a zero forcing set. Hence Z(P7) = 1. Indeed,

1

$

2 3 4 5 6 7 1

$

2 3 4 5 6 7

→

1

$

2 3 4 5 6 7

→
1

$

2 3 4 5 6 7

→

1

$

2 3 4 5 6 7

→
1

$

2 3 4 5 6 7

→

1

$

2 3 4 5 6 7

→

Figure 2.1: Zero forcing set for P7

Observation 2.2.3. For the graph Cn, an optimal zero forcing set is any two adjacent

vertices and therefore, Z(Cn) = 2.

Proof. Label the vertices of Cn such that its edges are {1, 2}, {2, 3}, . . . , {n−1, n}, {n, 1}.
Color two adjacent vertices, say 1 and 2. The vertex 3 is a unique white neighbor of

vertex 2. Hence vertex 2 force vertex 3. Next vertex 4 is a unique white neighbor of

vertex 3. Which will force vertex 4. Continue in this manner, we can color all the vertices

of Cn. Since we can not color the vertices of Cn starting from coloring one vertex we get

Z(Cn) = 2.

For an illustration of Observation 2.2.3, we introduce the following example.

Example 2.2.4. For the following cycle graph C5,

17



2.2. ZERO FORCING NUMBER FOR SOME INTERESTING FAMILIES OF
GRAPHS

45

1

2

3

the set of vertices {1, 2} is a zero forcing set. Indeed,

45

1
$

2
$

3

45

1
$

2
$

3↘

45

1
$

2
$

3

↙

45

1
$

2
$

3

←

Figure 2.2: Zero forcing set for C5

Since we can not color the vertices of C5 starting from coloring only one vertex

because after coloring only one vertex, we will have two white neighbors and thus we can

not apply the color change rule. Therefore, Z(C5) = 2.

Observation 2.2.5. [14] For n > 3, an optimal zero forcing set for the wheel graph Wn

is the vertex that has degree n−1 together with two other adjacent vertices and therefore,

Z(Wn) = 3.
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2.2. ZERO FORCING NUMBER FOR SOME INTERESTING FAMILIES OF
GRAPHS

Proof. Label the vertices of Wn such that the vertex 1 has degree n− 1 and 2 ∼ 3, 3 ∼
4, . . . , n− 1 ∼ n, n ∼ 2. Color the vertex 1 and two adjacent vertices, say 2 and 3. The

vertex 4 is a unique white neighbor of vertex 3. Hence vertex 3 forces vertex 4. Next

vertex 5 is a unique white neighbor of vertex 4 which will force vertex 5. Continue in

this manner, we can color all vertices of Wn. Since we can not color the vertices of

Wn starting from coloring only two vertices because every vertex has degree ≥ 3, we

conclude that Z(Wn) = 3.

For an illustration of Observation 2.2.5, we present the following example.

Example 2.2.6. For the following wheel graph W5,

52

3 4

1

the set of vertices {1, 2, 3} is a zero forcing set. Indeed,

52
$

3
$

4

1

$

52
$

3
$

4

1

$

→

52
$

3
$

4

1

$
↓

Figure 2.3: Zero forcing set for W5

Thus Z(W5) ≤ 3. We can not color all vertices of W5 starting from coloring only two

vertices in W5 because any vertex in W5 has degree at least 3. Therefore, Z(W5) = 3.

Observation 2.2.7. For n > 2, an optimal zero forcing set for the complete graph is a

set of all vertices except one and therefore, Z(Kn) = n− 1.

Proof. Color all vertices except one say 1, 2, · · · , n − 1. The vertex n is a unique white

neighbor of vertex n− 1. Hence vertex n− 1 forces vertex n. Since we can not color the

vertices of Kn starting from coloring only n− 2 vertices because every vertex has degree

= n− 1. Thus Z(Kn) = n− 1.
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GRAPHS

For an illustration of Observation 2.2.7, we present the following example.

Example 2.2.8. For the following complete graph K4,

12

3 4

the set of vertices {1, 2, 3} is a zero forcing set. Indeed,

1
$

2
$

3
$

4

1
$

2
$

3
$

4→

Figure 2.4: Zero forcing set for K4

Thus Z(K4) ≤ 3. Since any vertex in K4 has degree 3 we conclude that Z(K4) ≥ 3.

Therefore, Z(K4) = 3.

Observation 2.2.9. [1] The n vertices on one edge of Tn are a zero forcing set for the

supertriangle Tn and thus Z(Tn) 6 n.

Example 2.2.10. The following figure represent T4.

A zero forcing set for T4 is the four vertices, which are shown in the following figures.

Indeed,
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$

$

$

$

$

$

$

$

↘

$

$

$

$

↘

$

$

$

$

↘

$

$

$

$

↘

$

$

$

$

↘

$

$

$

$

↘

Figure 2.5: Zero forcing set for T4

Thus Z(T4) ≤ 4. If there were a zero forcing set with only three vertices, then such

a set can not be a subset of the zero forcing set presented in Figure 2.5. By symmetry

such a set can not be a subset of the external vertices of the ’largest triangle’. Moreover,

not all of the vertices are adjacent since we can not color all of the vertices starting from
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2.3. ZERO FORCING PARAMETER AND SOME GRAPH OPERATIONS

them by only applying the color change rule. Taking all of the possibilities we conclude

that Z(T4) ≥ 4. Therefore, Z(T4) = 4.

2.3 Zero Forcing Parameter And Some Graph Op-

erations

In this section, the interaction between the zero forcing number and some basic graph

operations is studied. We start with the cartesian product of two graphs.

Theorem 2.3.1. [1] For both graphs G and H,Z(G�H) 6 min{Z(G)|H|, Z(H)|G|}.

Proof. Since G�H is isomorphic to H�G, Z(G�H) = Z(H�G). The zero forcing set

of (G�H) is set of vertices that associated with zero forcing set in each copy of G. Hence

Z(G�H) 6 Z(G)|H|. Similarly, Z(G�H) 6 Z(H)|G|. Thus

Z(G�H) 6 min{Z(G)|H|, Z(H)|G|}.

By Observation 2.2.1, we know that Z(Pn) = 1. Hence By Theorem 2.3.1, we have

Z(G�Pn) 6 min{|G|, Z(G)n}. (2.1)

Another application to Theorem 2.3.1 and since Qn = Qn−1�P2 and Z(P2) = 1. We

conclude that

Z(Qn) 6 2n−1. (2.2)

Example 2.3.2. The following figure represents Q3.

1

2 3

4

5

6 7

8

A zero forcing set for Q3 is {1, 2, 5, 6}, as shown in the following figures. Indeed,
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1
$

2
$

3

4

5
$

6
$

7

8

1
$

2
$

3

4

5
$

6
$

7

8

→

1
$

2
$

3

4

5
$

6
$

7

8

→

1
$

2
$

3

4

5
$

6
$

7

8

→

1
$

2
$

3

4

5
$

6
$

7

8
↘

Figure 2.6: Zero forcing set for Q3

Since we can not color the vertices of Q3 starting from coloring three vertices because

if Z(Q3) were 3, then applying the color change rule starting from coloring three vertices,

we would reach a vertex with two white neighbors. Therefore, Z(Q3) = 4.

Proceeding as above, using Observation 2.2.3, Observation 2.2.7, and Theorem 2.3.1,

we have

Z(G�Ct) 6 min{Z(G)t, 2|G|}.

Z(G�Kt) 6 min{Z(G)t, |G|(t− 1)}. (2.3)

In the following proposition, we present an upper bound on the zero forcing number of

Ks�Kt which is better bound than that in (2.3) when s, t ≥ 2.

Proposition 2.3.3. [1] Z(Ks�Kt) 6 st− s− t+ 2.

Proof. We color all vertices of the first copy of Ks, in the next (t− 2) copies of Ks color

an optimal zero forcing sets in Ks i.e., color s− 1 vertices in each copy. Hence we color

in total

s+ (t− 2)(s− 1) = s+ st− t− 2s+ 2 = st− t− s+ 2 vertices.
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2.3. ZERO FORCING PARAMETER AND SOME GRAPH OPERATIONS

Apply the color change rule so that the copy of Ks which all of its vertices are black

forces the vertices in the copy of Ks which all of its vertices are white and color the

vertices in the this copy to the black according to the zero forcing number of Ks which

is equal s − 1. After that we have all copies of Ks have s − 1 black vertices. Then we

return to the second copy of Ks. The black vertices in this copy can force the white

vertices in the same copy to become black. Continue in this manner we can color all

vertices of Ks�Kt.

Example 2.3.4. [1] The following figure represents K4�K3.

1

2

3

4

5

6

7

8

9

10

11

12

We color all vertices in the first copy of K4 and in the second copy of K4 color an

optimal zero forcing sets in K4 which is equal to 3 vertices. Therefore, a zero forcing set

for K4�K3 is {1, 2, 3, 4, 5, 6, 7} as the following figure shows.
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1

$

1

2

$

2

3

$

3

4

$

4

5

$
5

6

$
6

7

$ 7

8

9

10

11

12

Applying the color change rule where 1→ 9, 2→ 10 and 3→ 11 we have in the last

copy Z(K4) = 3 vertices are black and shown in the following figure.

1

$

1

2

$

2

3

$

3

4

$

4

5

$
5

6

$
6

7

$ 7

8

9

9

10

10

11

11

12

−→

−→

−→
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Now we return in the second copy of K4 where 5→ 8 and in the last copy 9→ 12 as

shown following figure.

1

$

1

2

$

2

3

$

3

4

$

4

5

$
5

6

$
6

7

$ 7

8

8

9

9

10

10

11

11

12

12

↗ ↗

Since we can not color the vertices of K4�K3 starting from coloring 6 vertices because

if Z(K4�K3) were 6, then applying the color change rule starting from coloring six

vertices, we would reach a vertex with two white neighbors. Hence Z(K4�K3) = 7.

In particular, from Proposition 2.3.3 we have:

Z(Ks�K2) 6 s.

Example 2.3.5. The following figure represent K3�K2.

1

2

3

4

5

6
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A zero forcing set for K3�K2 is {1, 2, 3} as shown in the following figures.

1
$

2
$

3
$

4

5

6

1
$

2
$

3
$

4

5

6

↑

1
$

2
$

3
$

4

5

6
↑

1
$

2
$

3
$

4

5

6

↑

Figure 2.7: Zero forcing set for K3�K2

Since we can not color the vertices of K3�K2 starting from coloring 2 vertices because

every vertex has degree = 3. Hence Z(K3�K2) = 3.

In the following proposition, it was introduced an upper bound on the zero forcing

number for the corona graph.

Proposition 2.3.6. [1] Z(G ◦H) 6 Z(H)|G| + Z(G)|H| − Z(G)Z(H). In particular,

for t ≥ 2, Z(Kt ◦Ks) 6 st− 1.

Proof. Choose an optimal zero forcing set ZG for G. Construct a zero forcing set Z for

G ◦H as follows: Color Z(G) copies of H that are corresponding to the vertices in ZG,

and in each of the |G| − ZG remaining copies of H color an optimal zero forcing set of

H. Clearly the order of Z is Z(H)(|G| − Z(G)) + Z(G)|H| = Z(H)|G| + Z(G)|H| −
Z(G)Z(H). Apply the color change rule focusing on G where we can color the vertices

in ZG black using any vertex in H that is adjacent to the vertex in G. This zero forcing

set then turns one more vertex v in G black. Then apply the color change rule in G

where each new vertex in G becomes black we apply directly the color change rule in

the corresponding copy of H. Repeat in this manner until all vertices become black.
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Therefore,

Z(G ◦H) ≤ Z(H)|G|+ Z(G)|H| − Z(G)Z(H).

Example 2.3.7. The following figure illustrates the procedure in C4 ◦K2 that was pre-

sented in the proof of Proposition 2.3.6.

We color Z(C4) = 2 copies of K2 and color all vertices in that copies because corre-

sponding an optimal zero forcing set of C4 which is equal 2 vertices. The remaining two

copies of K2 color an optimal zero forcing set of K2 which is equal 1 vertex. Therefore,

a zero forcing set for C4 ◦K2 consists of six vertices, as shown in the following figures.

$$

$

$ $

$

Applying the color change rule where the first two copies of K2 forces two vertices in

C4 as shown in the following figures.

$$

$

$ $

$↓

$$

$

$ $

$↓
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Applying the color change rule to the remaining vertices as shown in the following

figures.

$$

$

$ $

$

↓ $$

$

$ $

$

↙

$$

$

$ $

$

←

$$

$

$ $

$

↘

Since we can not color the vertices of C4◦K2 starting from coloring 5 vertices because

if Z(C4 ◦ K2) were 5, then applying the color change rule starting from coloring five

vertices, we would reach a vertex with two white neighbors. Thus Z(C4 ◦K2) = 6.

Example 2.3.8. The following figure represents P4 � P3.

(4, 1)

(3, 1)

(2, 1)

(1, 1)

(4, 2)

(3, 2)

(2, 2)

(1, 2)

(4, 3)

(3, 3)

(2, 3)

(1, 3)

A zero forcing set for P4�P3 consist of six vertices which are {(1, 1), (1, 2), (1, 3), (2, 1),

(3, 1), (4, 1)} as shown in the following figures.
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$

$

$

$
$ $

$

$

$

$
$ $

↘

$

$

$

$
$ $

↓

$

$

$

$
$ $

↘

$

$

$

$
$ $

↓

$

$

$

$
$ $

↘

$

$

$

$
$ $

↓

Figure 2.8: Zero forcing set for P4 � P3

Since we can not color the vertices of P4�P3 starting from coloring 5 vertices because

if Z(P4 � P3) were 5, then applying the color change rule starting from coloring five

vertices, we would reach a vertex with two white neighbors. Thus Z(P4 � P3) = 6.

In general, Z = {(1, j) : 1 6 j 6 t} ∪ {(i, 1) : 1 6 i 6 s} is a zero forcing set for the

graph Ps � Pt. Hence [1]

Z(Ps � Pt) 6 s+ t− 1.

In the following theorem, it was presented the upper bound on Z(G).

Theorem 2.3.9. [3] Let G be a connected graph with n > 1 vertices and ∆ ≥ 2. Then,

Z(G) ≤ (∆− 2)n+ 2

∆− 1
. (2.4)
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Proposition 2.3.10. [17] If G is a connected graph of order n and maximum degree

∆ ≥ 3 that is distinct from K∆+1, then

Z(G) ≤ (∆− 1)

∆
n.

Proof. We distinguish between the following two cases:

Case 1: 2∆ ≤ n.

By Theorem 2.3.9, we have

Z(G) ≤ (∆− 2)n+ 2

∆− 1
.

We want to prove (∆−2)n+2
∆−1

≤ (∆−1)
∆

n.

2∆ ≤ n

∆2n− 2∆n+ 2∆ ≤ ∆2n− 2∆n+ n

∆[(∆− 2)n+ 2] ≤ (∆− 1)(∆− 1)n

(∆− 2)n+ 2

∆− 1
≤ (∆− 1)

∆
n.

Hence

Z(G) ≤ (∆− 1)

∆
n.

Case 2: 2∆ > n.

Since G is not complete, it contains an induced path vuw of order 3. Hence it is easy to

note that the set V (G)\{uw} is a zero forcing set. Hence

Z(G) ≤ n− 2

We want to proof that n− 2 < (∆−1)
∆

n in the case 2∆ > n.

2∆ > n

∆n− 2∆ < ∆n− n
∆(n− 2) < (∆− 1)n

n− 2 <
(∆− 1)

∆
n.

Thus

Z(G) ≤ (∆− 1)

∆
n.
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2.4. VERTEX SPREAD

2.4 Vertex Spread

This section explores the effect of various vertex operations on the zero forcing number.

Definition 2.4.1. Let G be a graph and v be a vertex in G. The zero spread of G at v

is defined as zv(G) = Z(G)− Z(G− v).

The following theorem presents a bound on zero spread.

Theorem 2.4.2. [13] For every graph G and vertex v ∈ V (G), |zv(G)| ≤ 1 or

−1 ≤ zv(G) ≤ 1.

Proof. If Z ′ is an optimal zero forcing set for G− v, then Z ′ ∪ {v} is a zero forcing set

of G but it is not necessary to be optimal. Hence

Z(G) ≤ Z(G− v) + 1,

or

zv(G) ≤ 1.

To prove zv(G) ≥ −1, let Z be an optimal zero forcing set for G. Construct a particular

chronological list of forces F. If a force v → u appears in F for some vertex u, then

Z ∪ {u} is a zero forcing set of G − v with chronological list of forces obtained from F
by deleting v → u; otherwise, Z is a zero forcing set of G− v but it is not necessary to

be optimal. Thus

Z(G− v) ≤ Z(G) + 1,

or

zv(G) ≥ −1.

The following are examples of all three possible cases in proof of Theorem 2.4.2.

Example 2.4.3. An example of a graph for which removing a vertex decreases the zero

forcing number. Let K3 be the following complete graph which has Z(G) = 2.

$

$
v

$

$
v

↘
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If we remove v, the following graph K3 − v has Z(K3 − v) = 1. Indeed,

$ $ →

Example 2.4.4. The following tree T has Z(T ) = 2, as shown in the following figures.

$

v2

v1

$

$

v2

v1

$

→
$

v2

v1

$
↓

$

v2

v1

$

←

$

v2

v1

$
↑

$

v2

v1

$
↑

If we remove v1, clearly v1 in chronological list of forces F. Thus Z(T−v1) = 3, as shown

in the following figures.

$

v2 $
$

$

v2 $
$

→
$

v2 $
$

↑

$

v2 $
$
↓

Now if we remove v2, clearly v2 is not in chronological list of forces F. Thus Z(T −v2) =

Z(T ) = 2, as shown in the following figures.

$ v1

$

$ v1

$

→
$ v1

$
↓

$ v1

$

←

$ v1

$
↑

In the following theorem the zero spread is extended to size greater than one and

bounds are proved. First we need to define zW (G) = Z(G) − Z(G − W ) is the zero

spread of W ⊆ V (G).
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Theorem 2.4.5. [28] For every graph G and every subset W ⊆ V (G),

−|W | ≤ zW (G) ≤ |W |.

Proof. Without loss of generality let W = {v1, · · · , vk}. Define G0 := G and Gi :=

Gi−1 − vi, i = 1, · · · , k. That implies Gk = G −W . For any graph H and any vertex

v ∈ V (H) we have by Theorem 2.4.2,

|Z(H)− Z(H − v)| ≤ 1.

Hence

|zW (G)| = |Z(G)− Z(G−W )| = |
k−1∑
i=0

(Z(Gi)− Z(Gi+1))|

≤
k−1∑
i=0

|Z(Gi)− Z(Gi+1)|

≤
k−1∑
i=0

1 = k = |W |.

Thus |zW (G)| ≤ |W | which is equivalent to

−|W | ≤ zW (G) ≤ |W |.

The following lemma shows that the zero forcing number of a graph G with a cut ver-

tex v can be calculated by finding the zero forcing numbers of the connected components

of G− v.

Lemma 2.4.6. [28] Let G be a graph with cut vertex v ∈ V (G). Let W1, · · · ,Wk be

the vertex sets for the connected components of G − v, and for 1 ≤ i ≤ k, let Gi :=

G[Wi ∪ {v}]. Then

Z(G) ≥
k∑
i=1

Z(Gi)− k + 1.

Proof. Suppose Z is an optimal zero forcing set of G. We distinguish between the

following two cases:

Case 1: v /∈ Z.

This means that there is a vertex forced v to become black that we assume it u. Without

loss of generality, let u ∈ G1. A zero forcing set of G1 is Z ∩ V (G1). Hence Z(G1) ≤
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|Z ∩ V (G1)|. Also, a zero forcing set of Gi is (Z ∩ V (Gi)) ∪ {v}, i = 2, · · · , k. Hence

Z(Gi) ≤ |Z ∩ V (Gi)|+ 1. Thus

k∑
i=1

Z(Gi) ≤ |Z ∩ V (G1)|+
k∑
i=2

(|Z ∩ V (Gi)|+ 1) =
k∑
i=1

|Z ∩ V (Gi)|+ k − 1

= Z(G) + k − 1.

Therefore,

Z(G) ≥
k∑
i=1

Z(Gi)− k + 1.

Case 2: v ∈ Z.

This means that there is a vertex u such that v → u. Without loss of generality, let

u ∈ G1. Now a zero forcing set of G1 is Z ∩V (G1). Hence Z(G1) ≤ |Z ∩V (G1)|. Also, a

zero forcing set of Gi is (Z∩V (Gi)), i = 2, · · · , k. Hence Z(Gi) ≤ |Z∩V (Gi)|. Therefore,

k∑
i=1

Z(Gi) ≤
k∑
i=1

(|Z ∩ V (Gi)|) = Z(G).

Hence

Z(G) ≥
k∑
i=1

Z(Gi).

In either case we have

Z(G) ≥
k∑
i=1

Z(Gi)− k + 1.

The following theorem shows that if a graph G with an optimal chain set that contain

a singleton vertex, the zero spread = 1.

Theorem 2.4.7. [13] Let G be a graph and v ∈ V (G). Then there exists an optimal

chain set of G that contains v as a singleton if and only if zv(G) = 1.

Proof. Let G be a graph, v be a vertex in G, and Z be an optimal zero forcing set of

G where there exists an optimal chain set of Z with a singleton containing v. Clearly

Z\{v} is a zero forcing set for G− v. Hence

Z(G− v) ≤ Z(G)− 1,
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2.4. VERTEX SPREAD

or

zv(G) ≥ 1 (2.5)

Thus by Theorem 2.4.2 and (2.5) we conclude

zv(G) = 1.

Let G be a graph and v be a vertex in G such that zv(G) = 1. Let Z be an optimal zero

forcing set for G− v and define Z ′ = Z ∪{v}. Clearly Z ′ is a zero forcing set for G with

the same chronological list of forces F as for Z in G− v. Since zv(G) = 1, which implies

that

Z(G) = Z(G− v) + 1

= |Z|+ 1

= |Z ′|.

Therefore, Z ′ is an optimal zero forcing set for G with v is a singleton in the chain

set.

In the following theorem, it was studied the case when v in an optimal zero forcing

set which implies that the zero spread is greater than or equal zero.

Theorem 2.4.8. [13] Let G be a graph and v ∈ V (G). If zv(G) = −1, then v /∈ Z for

all optimal zero forcing sets Z of G. Equivalently, if v ∈ Z for some optimal zero forcing

set Z of G, then zv(G) ≥ 0.

Proof. We prove the second statement. Let Z be an optimal zero forcing set of G where

v ∈ Z. Construct a chronological list of forces F. If v → w appears in F, then define

Z ′ := Z\{v} ∪ {w}; if not, define Z ′ := Z\{v}. Clearly Z ′ is a zero forcing set for G− v
and |Z ′| ≤ |Z|, so zv(G) ≥ 0.

Example 2.4.9. The following graph G has Z(G) = 2 with Z = {v, u}, as shown in the

following figures.

$

v

$
u

$

v

$
u

→

$

v

$
u
↑
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$

v

$
u

↑

$

v

$
u

→

$

v

$
u

→

If we remove v ∈ Z, then Z(G − v) = 2 (shown in the following figures). Notice that

zv(G) = 0 ≥ 0.

$

$
u

$

$
u
↑ $

$
u

↑

$

$
u

→

$

$
u

→

Now a question arises: Is the converse of Theorem 2.4.8, also true. The following

example shows a negative answer.

Example 2.4.10. [13] The following graph G has Z(G) = 2, as shown in the following

figures.
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v

$

$ v

$

$

↙

v

$

$

↖

v

$

$

↖

v

$

$

←

v

$

$

↙
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v

$

$

↖

v

$

$

↙

If we remove v, then Z(G − v) = 2 (shown in the following figures). Notice that

zv(G) = 0 6= −1. Moreover, it is easy to see that v is not in any optimal zero forcing set

of G. Therefore, the converse of Theorem 2.4.8 is not true.

$ $ $ $

↙

$ $

↘

$ $

↙
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$ $

↘

$ $

↘

$ $

↙

2.5 Edge Spread

This section explores the effect of various edge operation on the zero forcing number.

Definition 2.5.1. [12],[13] Let G be a graph and e be an edge in G. The zero edge

spread of e is ze(G) = Z(G)− Z(G− e).

Theorem 2.5.2. [13] For every graph G and edge e of G,

−1 ≤ ze(G) ≤ 1.

Proof. Let G be a graph and e = {v, w} be an edge in G. Firstly, let Z be an optimal

zero forcing set of G − e. If both v and w are in Z, then Z is a zero forcing set for G.

Otherwise, without loss of generality let w be black when v is forced. Then Z ∪ {v} is

a zero forcing set of G. In both cases we have

Z(G) ≤ Z(G− e) + 1,
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or

ze(G) ≤ 1.

Secondly, let Z be an optimal zero forcing set for G and e = {v, w}. Write a particular

chronological list of forces F. Without loss of generality, assume w ∈ Z or w is forced

before v is forced. If the force w → v appears in F, then Z ′ = Z ∪ {v} is a zero forcing

set of G− e. Now if the force w → v does not appear in F, then Z ′ = Z is a zero forcing

set of G− e. Hence

Z(G− e) ≤ Z(G) + 1,

or

ze(G) ≥ −1.

The following are examples of all three possible cases in the proof of Theorem 2.5.2.

Example 2.5.3. [29] An example of a graph for which removing an edge decreases the

zero forcing number. Let K3 be the following graph which has Z(G) = 2.

$

$

e

If we delete e, the following graph K3 − e has Z(K3 − e) = 1.

$

Example 2.5.4. [29] An example of a graph for which removing an edge does not change

the zero forcing number. The following graph G has Z(G) = 2.

$

$

e
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If we remove e, the following graph G− e has Z(G− e) = 2.

$

$

Example 2.5.5. [29] An example of a graph for which removing an edge increases the

zero forcing number. The following graph G has Z(G) = 2.

$

$ e

If we remove e, the following graph G− e has Z(G− e) = 3.

$

$

$

The following theorem states that the zero spread is equal −1 then e is an edge in

an optimal zero forcing chain.

Theorem 2.5.6. [13] Let G be a graph and e be an edge in G. If ze(G) = −1, then for

every optimal zero forcing chain set of G, e is an edge in a chain. Equivalently, if there

is an optimal zero forcing chain set of G such that e is not an edge in any chain, then

ze(G) ≥ 0.

Proof. We prove the second statement. Let Z be an optimal zero forcing set such that

for some chronological list of forces, e is not an edge in the optimal chain. Then Z is a
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zero forcing set for G−e with the same chronological list of forces but it is not necessary

to be optimal. Hence

Z(G− e) ≤ Z(G),

or

ze(G) ≥ 0.

Now a question arises: is the converse of the previous theorem also true. The question

is answered in [12]. Example 2.5.7 shows the answer is negative.

Example 2.5.7. [12] The following figure represents a robot graph G with n = 2.

Figure 2.9: Robot graph

In [12] it was shown that Z(G) = 5 and every optimal zero forcing process uses the

edge p0,1q0,1 to perform a force. Also, the zero forcing number remains 5 when the edge

p0,1q0,1 is deleted.

The following theorem discusses the zero spread when e is a cut edge of a connected

graph G.
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Theorem 2.5.8. [27] Let e = {v1, v2} be a cut edge of a connected graph G. Let G1 and

G2 be the connected components of G− e with v1 ∈ G1 and v2 ∈ G2. Then

ze(G) =

{
−1 if vi is in an optimal zero forcing set in Gi for i = 1, 2,

0 otherwise.
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Chapter 3

Maximum Nullity Of Graphs

In this chapter, we introduce the maximum nullity of a graph which is denoted by M(G).

Abound on the maximum nullity which is the zero forcing number is presented. Then,

the maximum nullity of some interesting families of graphs is introduced. After that, the

maximum nullity of trees is studied. In addition, a formula for minimum rank of vertex-

sums of graphs is presented. We conclude this chapter by studying the matrices in S(T )

with a fixed number of negative eigenvalues, say q, denoted by Sq(T ) and presenting

formula that calculate the maximum nullity of matrices in Sq(T ), where T is a tree.

3.1 Upper Bound On M(G)

For a graph G of order n, the maximum nullity (or maxmum corank ) of G over R is

defined by

M(G) := max{nullity(A) : A ∈ S(G)},

and the minimum rank of G over R is defined by

mr(G) := min{rank(A)| A ∈ S(G)}.

In this section, the zero forcing number Z(G) provides an upper bound for the maximum

nullity of a graph is shown. Clearly [15],

|G| = mr(G) +M(G).

The following proposition will be used in proving the maximum nullity of a graph is

bounded above by the cardinality of any zero forcing set.

Proposition 3.1.1. [1] If A ∈ Rn×n, and corank(A) > k, then there is a nonzero vector

x ∈ ker(A) vanishing at any k specified positions. In other words, if W is a set of k
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indices, then there is a nonzero vector x ∈ ker(A) such that supp(x) ∩W = ∅, where

supp(x) = {i | xi 6= 0}.

Proof. Let 1 ≤ i1 < · · · < ik ≤ n and let

Vk = {x =


x1

x2

...

xn

 ∈ Rn : xi1 = xi2 = · · · = xik = 0}.

Then dimVk = n − k. Let X := ker(A), so dim X = corank(A) > k. Since Vk + X is a

subspace of Rn, we have dim (Vk +X) ≤ n and −dim (Vk +X) ≥ −n. Hence

dim(Vk ∩X) = dim(Vk) + dim(X)− dim(Vk +X) > n− k + k − n = 0.

Therefore, Vk ∩X 6= {0}. Hence there exists 0 6= y ∈ Vk ∩X i.e., y ∈ ker(A) such that

supp(y) ∩ {i1, . . . , ik} = ∅.

In the following, a clarification that we need in the proof of Proposition 3.1.2. If

A ∈ S(G) and x ∈ Rn, then

Ax =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann



x1

x2

...

xn

 =



(Ax)1

(Ax)2

...

(Ax)u
...

(Ax)n


,

where

(Ax)u =
n∑
v=1

au,vxv

= au,uxu +
∑
u∼v

au,vxv +
∑
u�v

au,vxv

= au,uxu +
∑
u∼v

au,vxv, (3.1)

the summand
∑
u�v

au,vxv = 0 since au,v = 0 for all v such that u � v.

Proposition 3.1.2. [1] Let Z be a zero forcing set of G and A ∈ S(G). If x ∈ ker(A)

and supp(x) ∩ Z = ∅, then x = 0.
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Proof. We distinguish between the following two cases:

Case 1: Z = V (G).

In this case supp(x) ∩ Z = ∅. Hence supp(x) = ∅ which implies that x = 0.

Case 2: Z 6= V (G).

Let N(u) = {v1, v2, · · · , vh} and u be colored black (xu is required to be 0 because

supp(x) ∩ Z = ∅) with exactly one neighbor v1 colored white (so xv1 is not yet required

to be 0 while xvi = 0, i = 2, · · · , h). Hence by (3.1) we have

(Ax)u = au,uxu +
∑
u∼v

au,vxv = 0

=
∑
u∼v

au,vxv

= au,v1xv1 + au,v2xv2 + · · ·+ au,vhxvh

= au,v1xv1 = 0.

Because au,v1 6= 0 we have xv1 = 0. Similarly each color change step corresponds to

requiring another entry in x to be zero. Thus x = 0.

The following examples illustrate the two cases in the proof of Proposition 3.1.2.

Example 3.1.3. The following graph G has Z(G) = 2.

$

v1

$

v2

Clearly v1 and v2 ∈ Z. Hence we have x1 = 0 and x2 = 0. That implies x = 0.

Example 3.1.4. The following graph G has Z(G) = 2.
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v1

$v2

v3

v4 v5 v6

$

v1

$v2

v3

v4 v5 v6

$

↙

v1

$v2

v3

v4 v5 v6

$

←

v1

$v2

v3

v4 v5 v6

$

←

v1

$v2

v3

v4 v5 v6

$

↖

For a matrix A ∈ S(G), A has the following form:

A =



a11 a12 0 0 0 0

a12 a22 a23 a24 a25 0

0 a23 a33 0 0 0

0 a24 0 a44 a45 0

0 a25 0 a45 a55 a56

0 0 0 0 a56 a66


.

Clearly Z = {v1, v6} forms a zero forcing set of the graph G. Let x ∈ ker(A) be such
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that supp(x) ∩ Z = ∅. Hence x1 = x6 = 0. Thus

Ax =



a11 a12 0 0 0 0

a12 a22 a23 a24 a25 0

0 a23 a33 0 0 0

0 a24 0 a44 a45 0

0 a25 0 a45 a55 a56

0 0 0 0 a56 a66





0

x2

x3

x4

x5

0


= 0.

Note that vertex v1 forces vertex v2. By direct calculations we have (Ax)1 = 0 + a12x2 +

0 + 0 + 0 + 0 = 0, since a12 6= 0 we conclude that x2 = 0. Vertex v6 forces vertex v5.

Hence (Ax)6 = 0 + 0 + 0 + 0 + a56x5 + 0 = 0, since a56 6= 0. Hence x5 = 0. Vertex v5

forces vertex v4 and so (Ax)4 = 0+0+0+a45x4 +0+0 = 0, since a45 6= 0. Thus x4 = 0.

Vertex v2 forces vertex v3 which implies that (Ax)2 = 0 + 0 +a23x3 + 0 + 0 + 0 = 0, since

a23 6= 0. Hence x3 = 0. Therefore, x = 0.

In the following proposition, it was proved that the maximum nullity of a graph is

bounded above by the cardinality of any zero forcing set. In particular, it is bounded

above by the zero forcing number.

Proposition 3.1.5. [1],[5] Let G be a graph and let Z ⊆ V (G) be a zero forcing set.

Then M(G) ≤ |Z|, and thus M(G) ≤ Z(G).

Proof. Let k := |Z| and suppose on the contrary that M(G) > k and let A ∈ S(G) be

such that corank(A) = M(G). Hence corank(A) > k. By Proposition 3.1.1, we can find

0 6= x ∈ ker(A) such that x vanishing at these k positions that are corresponding to

Z. Hence supp(x) ∩ Z = ∅. By Proposition 3.1.2, x = 0. A contradiction. Therefore,

M(G) ≤ |Z| and thus M(G) ≤ Z(G).

In the following example we show in details that M(C5 ◦K1) < Z(C5 ◦K1).

Example 3.1.6. [1] Consider the corona C5 ◦ K1 shown in Figure 3.1. The set of

vertices {3, 4, 5} (shown) is a zero forcing set, but there is no smaller zero forcing set.

Thus Z(C5 ◦K1) = 3.
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1

6

2

7

3
$
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4
$

9

5
$

10

1
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7
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$
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4
$

9

5
$

10 ↙

1

6

2

7

3
$

8

4
$

9

5
$

10

↖

1

6

2

7

3
$

8

4
$

9

5
$

10

↗

1

6

2

7

3
$

8

4
$

9

5
$

10

↖

1

6

2

7

3
$

8

4
$

9

5
$

10↖

50



3.1. UPPER BOUND ON M(G)

1

6

2

7

3
$

8

4
$

9

5
$

10

↑

1

6

2

7

3
$

8

4
$

9

5$

10↖

Figure 3.1: Zero forcing set for the corona C5 ◦K1

In the following we show that M(C5 ◦K1) = 2. Let A = (aij) ∈ S(C5 ◦K1) be such

that null(A) = M(C5 ◦K1). Then we distinguish between the following two cases:

Case 1: For all i = 1, 2, 3, 4, 5, aii 6= 0.

We label the vertices in C5 ◦K1 as shown in Figure 3.1. Hence

A =



a11 0 0 0 0 a16 0 0 0 0

0 a22 0 0 0 0 a27 0 0 0

0 0 a33 0 0 0 0 a38 0 0

0 0 0 a44 0 0 0 0 a49 0

0 0 0 0 a55 0 0 0 0 a5,10

a16 0 0 0 0 a66 a67 0 0 a6,10

0 a27 0 0 0 a67 a77 a78 0 0

0 0 a38 0 0 0 a78 a88 a89 0

0 0 0 a49 0 0 0 a89 a99 a9,10

0 0 0 0 a5,10 a6,10 0 0 a9,10 a10,10



.

We apply elementary row operations to make the entry a16 zero. We multiple the first

row by −a16
a11

and add the result to row 6. Then apply the same to column 1 and column

6. Hence we get

B :=

[
a11 0

0 B1

]
,

where B1 ∈ S(G1) and G1 is given in the following graph:
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Figure 3.2: The graph G1

It is easy to note that A and B are congruent. Hence by Theorem 1.1.12

null(A) = null(B) = null(a11) + null(B1) = null(B1),

since null(a11) = 0.

We can continue the same steps to get matrices B2, B3, B4, and B5 and G2, G3, G4 and

G5 := C5 where in each step we eliminate the entries a27, a38, a49 and a5,10. Hence

M(C5 ◦K1) = null(A) = null(B) = null(B1) = · · · = null(B5) ≤M(C5) ≤ Z(C5) = 2

Hence M(C5 ◦ K1) ≤ 2, since C5 ◦ K1 is not the empty graph or the path graph, by

Observation 1.3.4 we have M(C5 ◦K1) = 2.

Case 2: For some i ∈ {1, 2, 3, 4, 5}, aii = 0

Without loss of generality, assume a11 = 0 and relabel the vertices of C5 ◦K1 as follows:

1

2

5

4

6

9

7

10

8
3
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3.1. UPPER BOUND ON M(G)

Hence for A ∈ S(C5 ◦K1) such that null(A) = M(C5 ◦K1) looks like

A =



0 a12 0 0 0 0 0 0 0 0

a12 a22 a23 a24 0 0 0 0 0 0

0 a23 a33 0 0 0 0 a38 0 a3,10

0 a24 0 a44 a45 0 0 0 a49 0

0 0 0 a45 a55 0 0 0 0 0

0 0 0 0 0 a66 0 0 a69 0

0 0 0 0 0 0 a77 0 0 a7,10

0 0 a38 0 0 0 0 a88 0 0

0 0 0 a49 0 a69 0 0 a99 a9,10

0 0 a3,10 0 0 0 a7,10 0 a9,10 a10,10



We apply elementary row operations to row 3 and row 4 then apply the same column 3

and column 4 to eliminate the entries a23 and a24 by using row 1 and column 1. Hence

A is congruent to D, where

D :=

[
C 0

0 R

]
, C :=

[
0 a12

a12 a22

]
, and R := [3, · · · , 10].

It is easy to see that R ∈ S(T ) and T is given in the following graph

Figure 3.3: The graph T

Hence null(D) = null(R) since null(C) = 0 because det(C) 6= 0. Z(T ) = 2 as shown

in following figure
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$ $ $ $

↑

$ $

←

$ $

↑

$ $

→

$ $

↓

$ $

↓

Therefore, by Theorem 1.1.12 and Proposition 3.1.5, we have

null(A) = null(D) = null(R) ≤M(T ) ≤ Z(T ) = 2.

Since C5 ◦K1 is not the empty graph or the path graph, by Observation 1.3.4 we have

null(A) = 2.

Therefore, In either case we have M(C5 ◦K1) = 2 and M(C5 ◦K1) < Z(C5 ◦K1).

3.2 Maximum Nullity of Some Interesting families

Of Graphs

In this section, the maximum nullity of some interesting families of graphs are deter-

mined. We start with the hypercube Qn.

Theorem 3.2.1. [1],[22] For the hypercube Qn, M(Qn) = 2n−1 = Z(Qn).

Proof. By Proposition 3.1.5 and (2.2) we have

M(Qn) ≤ Z(Qn) ≤ 2n−1. (3.2)

To show M(Qn) ≥ 2n−1, define two symmetric matrices H1 and L1 as follows

H1 :=

[
1 1

1 1

]
and L1 :=

[
0 1

1 0

]
.

Given Hn−1 and Ln−1, define

Hn :=

[
Ln−1 I

I Ln−1

]
and Ln :=

1√
2

[
Ln−1 I

I −Ln−1

]
.
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Then Hn, Ln ∈ S(Qn). Indeed, we use mathematical induction on n. If n = 1, then

clearly the graph that corresponding to H1 and L1 is K2 = Q1. Thus H1, L1 ∈ S(K2) =

S(Q1). Assume it is true for Hn−1 and Ln−1. Since Ln−1 ∈ S(Qn−1), so that the graph

that is corresponding to Hn and Ln is two copies of Qn−1 and connected the vertices of

the interviews to each other in the two copies. Hence Hn, Ln ∈ S(Qn−1�K2) = S(Qn).

By direct calculation and mathematical induction we can show that L2
n = I. Define

BnHn :=

[
I 0

−Ln−1 I

][
Ln−1 I

I Ln−1

]
=

[
Ln−1 I

0 0

]
=: An.

Hence

BnHnB
T
n = An

[
I −Ln−1

0 I

]
=

[
Ln−1 0

0 0

]
=: Dn

By Theorem 1.1.12 and L2
n = I we have rank(Dn) = rank(Hn) = 2n−1. Which implies

mr(Qn) 6 rank(Hn) = 2n−1. Since mr(Qn) +M(Qn) = 2n, we have

M(Qn) ≥ 2n−1. (3.3)

By (3.2) and (3.3), we have

2n−1 ≤M(Qn) ≤ Z(Qn) ≤ 2n−1.

Therefore,

M(Qn) = Z(Qn) = 2n−1.

The following theorem, it was proved that the maximum nullity is equal to the zero

forcing number for supertriangle graph Tn.

Proposition 3.2.2. [1] For the supertriangle Tn, M(Tn) = n = Z(Tn).

Proof. We can cover Tn by 1
2
n(n − 1) copies of K3, so by Observation 1.3.2, mr(Tn) ≤

cc(Tn) ≤ 1
2
n(n− 1). Since M(Tn) + mr(Tn) = 1

2
n(n+ 1). We have

mr(Tn) ≤ 1

2
n(n− 1)

1

2
n(n+ 1)−M(Tn) ≤ 1

2
n(n− 1)

1

2
n(n+ 1)− 1

2
n(n− 1) ≤M(Tn)
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n ≤M(Tn). (3.4)

Hence By Proposition 3.1.5 and Observation 2.2.9 we conclude that

M(Tn) ≤ Z(Tn) ≤ n. (3.5)

By (3.4) and (3.5), we have

n ≤M(Tn) ≤ Z(Tn) ≤ n.

Therefore, M(Tn) = Z(Tn) = n.

A Kronecker product that can be defined as follows. If A is an n× n matrix and B

is a m×m matrix, then A⊗B is the nm× nm block matrix:

A⊗B =

a11B · · · a1nB
...

. . .
...

an1B · · · annB

 .
In the following we present some facts on the eigenvalues and eigenvectors of the Kro-

necker product of two matrices that will be used in Theorem 3.2.4, Theorem 3.2.6, and

Theorem 3.2.7. Let G be a graph on s vertices, let H be a graph on t vertices, let

A ∈ S(G), and B ∈ S(H). Then A⊗ It + Is ⊗B ∈ S(G�H) [1]. Indeed,

A⊗ It + Is ⊗B =



a1,1I a1,2I a1,3I · · · a1,nI

a1,2I a2,2I a2,3I · · · a2,nI

a1,3I a2,3I a3,3I · · · a3,nI
...

...
...

. . .
...

a1,nI a2,nI a3,nI · · · an,nI


+



B 0 0 · · · 0

0 B 0 · · · 0

0 0 B · · · 0
...

...
...

. . .
...

0 0 0 · · · B



=



a1,1I +B a1,2I a1,3I · · · a1,nI

a1,2I a2,2I +B a2,3I · · · a2,nI

a1,3I a2,3I a3,3I +B · · · a3,nI
...

...
...

. . .
...

a1,nI a2,nI a3,nI · · · an,nI +B


∈ S(G�H).

If x is an eigenvector of A for eigenvalue λ (Ax = λx) and y is an eigenvector of B

for eigenvalue µ (By = µy), then x⊗y is an eigenvector of A⊗Im+In⊗B for eigenvalue
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λ+ µ. Indeed,

(A⊗ Im + In ⊗B)(x⊗ y) = (A⊗ Im)(x⊗ y) + (In ⊗B)(x⊗ y)

= (Ax⊗ Imy) + (Inx⊗By)

= (λx⊗ y) + (x⊗ µy)

= λ(x⊗ y) + µ(x⊗ y)

= (λ+ µ)(x⊗ y).

The following theorem states that for any connected graph G on n vertices and any

distinct real numbers say λ1, · · · , λn there exist a matrix A ∈ S(G) with λ1, · · · , λn as

its eigenvalues which will be helpful in the next theorems.

Theorem 3.2.3. [25] Let G be a connected graph on n vertices and let λ1, · · · , λn be

distinct real numbers. Then there exists a matrix A ∈ S(G) whose spectrum is λ1, · · · , λn.

The following theorem, it was proved that the maximum nullity is equal to the zero

forcing number for cartesian product of Pt and any garph G with |G| ≤ t.

Theorem 3.2.4. [1] If |G| ≤ t, then M(G�Pt) = |G| = Z(G�Pt).

Proof. Let |G| = h and let λ1, · · · , λh be distinct real numbers. By Theorem 3.2.3, we

can choose A ∈ S(G) with λ1, · · · , λh eigenvalues and associated eigenvectors x1, · · · , xh.
Moreover, there exists B ∈ S(Pt) having eignvalues −λ1, · · · ,−λh, µh+1, · · · , µt with

associated eigenvectors y1, · · · , yt where the later set of real numbers are distinct. Then

A⊗ It + Ih ⊗B has at least h eigenvectors, namely xi ⊗ yi, i = 1, · · · , h, for eigenvalues

λi − λi = 0. Thus

null(A⊗ It + Ih ⊗B) ≥ h. (3.6)

Since (A⊗ It + Ih ⊗B) ∈ S(G�Pt), we conclude by Proposition 3.1.5 and (2.1) that

null(A⊗ It + Ih ⊗B) ≤M(G�Pt) ≤ Z(G�Pt) ≤ h. (3.7)

By (3.6) and (3.7), we have

h ≤ null(A⊗ It + Ih ⊗B) ≤M(G�Pt) ≤ Z(G�Pt) ≤ h.

Therefore,

M(G�Pt) = Z(G�Pt) = |G|.
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Since Ps�Pt is isomorphic to Pt�Ps, as a simple result of Theorem 3.2.4, we have

M(Ps�Pt) = min{s, t} = Z(Ps�Pt). The following theorem shows that the maximum

nullity is equal to the zero forcing number for cartesian product of Pt and Cs.

Theorem 3.2.5. [10] If G is a cycle graph on n vertices, then the eigenvalues of A(Cn)

are

λi = 2 cos
2πi

n
, i = 1, . . . , n− 1.

Theorem 3.2.6. [1] M(Cs�Pt) = min{s, 2t} = Z(Cs�Pt).

Proof. By Proposition 3.1.5 and (2.1) we have

M(Cs�Pt) ≤ Z(Cs�Pt) ≤ min{s, 2t}. (3.8)

Let k = d s
2
e and A be the adjacency matrix of Cs by changing the sign on two

symmetrically placed ones. Then by Theorem 3.2.5, A has distinct eigenvalues λi =

2 cos π(2i−1)
s

, i = 1, . . . , k, each with multiplicity 2, except that if s is odd, we have

λk = 2 cos
π(2( s+1

2 )−1)

s
= −2 has multiplicity 1. While A is a real symmetric matrix, each

eigenvalue of multiplicity 2 has 2 independent eigenvectors, for eigenvalue λi, assume

these vectors are xi, zi, note that if s is odd there is no zk. By Theorem 3.2.3, for any

distinct real numbers µ1, · · · , µt, we can choose B ∈ S(Pt) with spectrum µ1, · · · , µt.
Assume r = min{k, t}, and choose B ∈ S(Pt) having eigenvalues µi = −λi, i = 1, · · · , r
with eigenvectors yi. Then when s ≤ 2t we have

M(Cs�Pt) ≥ null(A⊗ It + Is ⊗B) ≥ s = min{s, 2t},

and when 2t ≤ s we have

M(Cs�Pt) ≥ null(A⊗ It + Is ⊗B) ≥ 2t = min{s, 2t}.

Therefore,

M(Cs�Pt) ≥ min{s, 2t}. (3.9)

By (3.8) and (3.9) we have

min{s, 2t} ≤M(Cs�Pt) ≤ Z(Cs�Pt) ≤ min{s, 2t}.

Thus M(Cs�Pt) = Z(Cs�Pt) = min{s, 2t}.

The following theorem, it was presented a lower bound on the maximum nullity of

cartesian product of G and Kt.
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Theorem 3.2.7. [1] For any graph G with at least one edge and any integer t ≥ 2,

M(G�Kt) ≥M(G)(t− 1) + ζ,

where ζ is the maximum multiplicity of a nonzero eigenvalue in a matrix A ∈ S(G) such

that rank(A) = mr(G).

Proof. Choose A ∈ S(G) such that null(A) = M(G). Hence A has eigenvalue 0 of

multiplicity M(G) and λ 6= 0 of multiplicity ζ. Since A is a real symmetric matrix,

eigenvalue 0 has M(G) independent eigenvectors xi, i = 1, · · · ,M(G), and eigenvalue

λ has ζ independent eigenvectors zj, j = 1, · · · , ζ. By Theorem 3.2.3, we choose B ∈
S(Kt) having eigenvalues 0 with multiplicity t − 1 and t − 1 independent eigenvectors

yk, k = 1, · · · , t−1 and −λ of multiplicity 1 with eigenvector w (indeed take B := −λ
n
J).

Then A⊗ It+ I|G|⊗B has at least M(G)(t−1)+ ζ eigenvectors for eigenvalue 0, namely

xi ⊗ yk, i = 1, · · · ,M(G); k = 1, · · · , t− 1, and zj ⊗ w, j = 1, · · · , ζ, thus

M(G�Kt) ≥ null(A⊗ It + Is ⊗B) ≥M(G)(t− 1) + ζ.

Proceeding as above, using Proposition 3.1.5, Proposition 2.3.3, (2.3), and Theorem

3.2.7 we have

M(Ks�Kt) = st− s− t+ 2 = Z(Ks�Kt), s, t ≥ 2. (3.10)

M(Cs�Kt) = 2t = Z(Cs�Kt), s ≥ 4.

In the following example, we show that C5 and C5 have P4 as induced subgraph.

Example 3.2.8. The following figures represent C5 and C5 respectively.

1

2

3 4

5

1

2

3 4

5

Notice that C5 and C5 have P4 as an induced subgraph as shown in the following

figures.
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1

2

3 4

5

1

2

3 4

5

In general, it is easy to note that in every Cn, n ≥ 5, Cn and Cn have P4 as an induced

subgraph.

In the following proposition we show that the complement of a cycle has minimum

rank equal three.

Proposition 3.2.9. [1] If n ≥ 5, then mr(Cn) = 3 and thus M(Cn) = n− 3.

Proof. If n ≥ 5, then Cn contains an induced P4, therefore Cn does, too. In this case,

we can find lower triangle submatrix with size 3× 3 and its determinate not equal zero.

Hence

mr(Cn) ≥ 3. (3.11)

Embed Cn as a regular polygon on the unit circle in R2 and let u1, · · · , un be the vectors

representing the vertices as shown in the following figure (i.e., ui = cos θiî+sin θiĵ where

θi = 0, 2π
n
, 4π
n
, . . . , 2π(n−1)

n
or −2π

n
, i = 1, 2, 3, . . . , n).
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x

y

−1 −1
2

1

−1

−1
2

1
2

1

θ

sin θ

cos θ

Let B be the Gram matrix of these vectors, i.e.,

B :=

u
T
1
...

uTn


n×2

[
u1 · · · un

]
2×n

,

=


1 cos(θ1 − θ2) cos(θ1 − θ3) cos(θ1 − θ4) · · · cos(θ1 − θn)

cos(θ1 − θ2) 1 cos(θ2 − θ3) cos(θ2 − θ4) · · · cos(θ2 − θn)
...

...
. . .

...
...

...

cos(θ1 − θn) cos(θ2 − θn) cos(θ3 − θn) cos(θ4 − θn) · · · 1

 .

Then bi,i+1 = cos(2π/n) and if 1 < |i − j| < n − 1 then bi,j < bi,i+1 (indeed, when θ

becomes bigger the cosine function becomes smaller). Thus rank(B) = 2. Now, define

D := B − cos(2π/n)J. Hence

rank(D) ≤ rank(B) + rank(− cos(2π/n)J)

= 2 + 1 = 3,

61



3.2. MAXIMUM NULLITY OF SOME INTERESTING FAMILIES OF GRAPHS

and D ∈ S(Cn). Indeed,

D =


1 cos(θ1 − θ2) cos(θ1 − θ3) · · · cos(θ1 − θn)

cos(θ1 − θ2) 1 cos(θ2 − θ3) · · · cos(θ2 − θn)
...

...
. . .

...
...

cos(θ1 − θn) cos(θ2 − θn) cos(θ3 − θn) · · · 1

−
cos(2π/n) · · · cos(2π/n)

...
. . .

...

cos(2π/n) · · · cos(2π/n)



=


d1,1 0 d1,3 d1,4 · · · d1,n−1 0

0 d2,2 0 d2,4 · · · d2,n−1 d2,n

...
...

. . .
...

...
...

...

0 d2,n d3,n d4,n · · · 0 dn,n

 ∈ S(Cn),

where di,i = 1− cos(2π/n) and di,j = cos(θi − θj)− cos(2π/n). So

mr(Cn) ≤ 3. (3.12)

By (3.11) and (3.12), mr(Cn) = 3.

The following theorem states that the complement of a tree has positive semidefinite

minimum rank at most 3.

Theorem 3.2.10. [1] For any tree T , mr+(T ) ≤ 3.

The following theorem gives the minimum rank of T .

Theorem 3.2.11. [1] Let T be a tree of order n ≥ 3. Then

mr(T ) =

{
3 if P4 is an induced subgraph of T ;

1 otherwise.

Proof. By Theorem 3.2.10, we have mr(T ) ≤ 3 since mr(T ) ≤ mr+(T ). Let |T | = n. If

T contains an induced P4, T does too. Hence

mr(T ) ≥ 3.

Therefore,

mr(T ) = 3.

If P4 is not an induced subgraph in T, any two vertices are connected by a path of length

at most two, so T = K1,n−1. Since K1,n−1 = Kn−1∪K1 we conclude that mr(K1,n−1) ≤ 1

(indeed take Jn−1 ⊕ 0). Since (K1,n−1) is not the empty graph we have mr(K1,n−1) =

1.
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Definition 3.2.12. [11] The graph G on n vertices is called strongly regular with pa-

rameters (n, k, α, β) (denoted srg(n, k, α, β)) if

1. G is k-regular i.e., every vertex in V has k neighbors

2. Each pair of adjacent vertices has exactly α common neighbors

3. Each pair of non-adjacent vertices has exactly β common neighbors.

Example 3.2.13. The graph shown in Figure 3.4 is C5 = srg(5, 2, 0, 1).

Figure 3.4: The strongly regular graph srg(5, 2, 0, 1).

Example 3.2.14. The graph shown in Figure 3.5 is srg(6, 4, 2, 4).

Figure 3.5: The strongly regular graph srg(6, 4, 2, 4).

A strongly regular graph G is primitive if both G and its complement are connected.

The following theorem shows that the primitive strongly regular graph has exactly three

distinct eigenvalues.

Theorem 3.2.15. [18] If G is a primitive strongly regular graph with parameters (n, k, α, β)

and define

Υ :=
√

(α− β)2 + 4(k − β),
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then the three eigenvalues of A(G) are

k, θ =
1

2
(α− β + Υ), τ =

1

2
(α− β −Υ),

with respective multiplicities

mk = 1, mθ = −(n− 1)τ + k

θ − τ
, mτ =

(n− 1)θ + k

θ − τ
.

In the following proposition, it was determined a lower bound on the maximum

nullity of strongly regular graphs.

Proposition 3.2.16. [1] Let G = srg(n, k, α, β) be a primitive strongly regular graph.

Then M(G) ≥ bn
2
c.

Proof. By Theorem 3.2.15, the adjacency matrix A(G) of a strongly regular graph G

has exactly three eigenvalues, one of which is k and has multiplicity 1. For the remaining

eigenvalues θ (positive eigenvalues) and τ (negative eigenvalues) have in total multiplicity

n − 1. Without loss of generality, assume the multiplicity of θ is mθ and mθ is greater

than or equal to the multiplicity of τ. Therefore, mθ ≥ dn−1
2
e, A(G)−θI has 0 eigenvalue

with multiplicity mθ. Clearly M(G) ≥ mθ ≥ dn−1
2
e = bn

2
c. Thus,

M(G) ≥ bn
2
c.

Example 3.2.17. The graph shown in Figure 3.6 is K2�K2 = srg(4, 2, 0, 2). By (3.10),

M(K2�K2) = 2, achieves equality of the bound in Proposition 3.2.16, which implies that

a translation of the adjacency matrix realizes maximum nullity.

Figure 3.6: The strongly regular graph srg(4, 2, 0, 2).

Example 3.2.18. The graph shown in Figure 3.7 is K3�K3 = srg(9, 4, 1, 2). By (3.10),

M(K3�K3) = 5 > b9
2
c = 4, not achieves equality of the bound in Proposition 3.2.16.
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Figure 3.7: The strongly regular graph srg(9, 4, 1, 2).

In the next proposition shows that the so-called Petersen graph satisfies M(P ) =

Z(P ).

Proposition 3.2.19. [1] Let P denote the Petersen graph shown in Figure 3.8. Then

M(P ) = 5 = Z(P ) and so mr(P ) = 5.

Proof. A zero forcing set is the set of five vertices on the outer cycle shown in Figure

3.8. Hence

M(P ) ≤ Z(P ) ≤ 5. (3.13)

The Petersen graph is strongly regular with parameters srg(10, 3, 0, 1), so by Proposition

3.2.16,

M(P ) ≥ b10

2
c = 5. (3.14)

By (3.13) and (3.14) we have

M(P ) = Z(P ) = 5.

Therefore,

mr(P ) = 5.
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$$

$

$

$

Figure 3.8: Zero forcing set for the Petersen graph

Proposition 3.2.20. [1] If |G| ≤ 6, then Z(G) = M(G).

In the following proposition we show the maximum nullity equal zero forcing number

for any path, complete, and cycle graphs.

Proposition 3.2.21. For any path Pn,M(Pn) = 1 = Z(Pn).

Proof. By Observation 2.2.1, Z(Pn) = 1. Hence by Proposition 3.1.5, M(Pn) ≤ Z(Pn) =

1. Hence M(Pn) = 0 or 1. Since Pn is not the empty graph and for any matrix

A ∈ S(Pn), A− λI ∈ S(Pn) for any λ ∈ σ(A). Therefore, M(Pn) = 1.

Proposition 3.2.22. For n ≥ 2, any complete Kn,M(Kn) = n− 1 = Z(Kn).

Proof. By Observation 2.2.7, Z(Kn) = n − 1. To show M(Kn) = n − 1, let A := Jn.

Hence A ∈ S(Kn) and null(A) = n− 1. Therefore,

n− 1 = null(A) ≤M(Kn) ≤ Z(Kn) = n− 1.

Thus M(Kn) = n− 1.

Proposition 3.2.23. For n ≥ 3, any cycle Cn,M(Cn) = 2 = Z(Cn).

Proof. By Observation 2.2.3, Z(Cn) = 2. Hence by Proposition 3.1.5, M(Cn) ≤ Z(Cn) =

2. HenceM(Cn) = 0 or 1 or 2. Since Cn is not empty graph or the path graph. Therefore,

M(Cn) = 2.

The following theorem includes some families of graphs for which Z(G) = M(G).
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Theorem 3.2.24. [1],[13] For each of the following families of graphs, Z(G) = M(G).

Graph Z(G) = M(G)

Pn 1

Kn, n ≥ 3 n− 1

Cn 2

Tn n

Qn 2n−1

Cn, n ≥ 5 n− 3

Ks�Pt s

Ps�Pt min{s, t}
Ps � Pt s+ t− 1

Cs�Pt min{s, 2t}
Ks�Kt st− s− t+ 2

Cs�Kt, s ≥ 4 2t

Kt ◦Ks, t ≥ 2 st− 1

Petersen 5

3.3 Minimum Rank And Vertex-Sums Of Graphs

This section presents some interesting result on the minimum rank and vertex-sums of

graphs. We start by introducing the definition of rank-spread.

Definition 3.3.1. [4],[13] Let v be a vertex in a graph G. The rank-spread of G at v is

defined as rv(G) = mr(G)−mr(G− v).

The following proposition states that the minimum rank for the principal matrix Ap

is equal the same rank of a real symmetric matrix A or less than the rank of matrix A

by two which will helpful in the next lemma.

Proposition 3.3.2. [26] Let G be a graph on n vertices and let A ∈ S(G) be such that

rank A = mr(G) = k. Let p = {1, . . . , n} and Ap, denote the principal matrix obtained

by deleting the pth row and column from A. Then rank Ap = k or rank Ap = k− 2 i.e.,

rank Ap = k − 1 is not possible.

In [4], it was noticed that 0 ≤ rv(G) ≤ 2. In the next lemma we are interested in the

matrices A such that satisfy the conditions as follows:

A =

[
a bT

b A′

]
, A ∈ S(G), and b ∈ R(A′), (3.15)
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where R(A′) is the range of A′, i.e., is the span (set of all possible linear combinations)

of its column vectors.

Lemma 3.3.3. [4] Let G be a graph, v ∈ V (G), and assume v = 1. Then

1. rv(G) = 0 if and only if min{rank A′ : A satisfies (3.15)} = mr(G− v);

2. rv(G) = 1 if and only if min{rank A′ : A satisfies (3.15)} = mr(G− v) + 1;

3. rv(G) = 2 otherwise.

Proof. 1. Let A satisfy (3.15) with rank A′ = mr(G− v). Then we can choose

Ã :=

[
α bT

b A′

]

such that Ã satisfies (3.15) as well and α is chosen such that Ã and 0 ⊕ A′ are

congruent. Hence by Theorem 1.1.12, we have

mr(G) ≤ rank Ã = rank A′ = mr(G− v)

Hence

mr(G) ≤ mr(G− v),

which implies

rv(G) ≤ 0,

but

rv(G) ≥ 0.

Therefore, rv(G) = 0. Conversely, if rv(G) = 0, then for any matrix A ∈ S(G)

such that rank A = mr(G) = mr(G− v) will satisfy (3.15)

A =

[
a cT

c A′

]
.

Since A′ is a submatrix of A and

mr(G− v) = rank A ≥ rank A′ ≥ mr(G− v).

Therefore,

rank A′ = mr(G− v).
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2. Let A satisfy (3.15) with rank A′ = mr(G− v) + 1. With regard to the matrix Ã

defined in the proof of 1., we have

mr(G) ≤ rank Ã = rank A′ = mr(G− v) + 1

Therefore,

mr(G)−mr(G− v) ≤ 1.

Hence

rv(G) ≤ 1.

Since 0 is excluded by 1., we have rv(G) = 1. Conversely, suppose that rv(G) = 1.

For any A ∈ S(G) with rank A = mr(G), A can be written as

A =

[
a bT

b A′

]
.

By Proposition 3.3.2, one of the following two cases may occur:

Case 1: rank A = rank A′.

In this case A satisfies (3.15). Moreover, A can be chosen such that A and 0⊕A′

are congruent. Hence

mr(G) = rank A = rank A′.

Therefore,

rv(G) = mr(G)−mr(G− v)

1 = rank A′ −mr(G− v)

Hence

rank A′ = mr(G− v) + 1.

Case 2: rank A = rank A′ + 2.

In this case A can not satisfy the condition (3.15), so

mr(G) = rank A′ + 2 ≥ mr(G− v) + 2

rv(G) ≥ 2.

A contradiction. Hence this case is rejected.
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3. Since rv(G) ≤ 2, the claim follows from 1. and 2..

For disjoint graphs G1, . . . , Gt. We select a vertex vi ∈ V (Gi), i = 1, · · · , t and join

all Gi’s by identifying all vi’s as a unique vertex v. The resulting graph G is called the

vertex-sum of the graphs G1, . . . , Gt at v.

Example 3.3.4. For the following three graphs, we select v1 ∈ V (G1), v2 ∈ V (G2), and

v3 ∈ V (G3), respectively

v1

v2

v3

The vertex-sum of G1, G2, and G3 at v is

v

Theorem 3.3.5. [4] Let G be the vertex-sum of G1, . . . , Gh at v. Then

rv(G) = min

{
h∑
i=1

rv(Gi), 2

}
, (3.16)

that is, mr(G) =
h∑
i=1

mr(Gi − v) + min

{
h∑
i=1

rv(Gi), 2

}
.

Proof. Let v = 1 and let A ∈ S(G). Hence A can be written as follows:

A =

[
a bT

b A′

]
=


a bT1 · · · bTn
b1 A′1 · · · 0
...

...
. . .

...

bh 0 · · · A′h

 , (3.17)

where A′i ∈ S(Gi−v), i = 1, · · · , h. It is known that rv(G) ≤ 2, in the following we prove

(1) rv(G) = 0 if and only if
h∑
i=1

rv(Gi) = 0.
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Let rv(G) = 0. By Lemma 3.3.3, there exists a matrix A of the form (3.17) such that

b ∈ R(A′) and rank A′ = mr(G − v) =
h∑
i=1

mr(Gi − v) =
h∑
i=1

rank(A′i). Therefore,

bi ∈ R(A′i) and rank A′i = mr(Gi − v), i = 1, 2, · · · , h. Hence by applying Lemma 3.3.3,

we have rv(Gi) = 0, i = 1, 2, · · · , h. Thus,
h∑
i=1

rv(Gi) = 0. Conversely, if
h∑
i=1

rv(Gi) = 0,

we have rv(Gi) = 0, i = 1, 2, · · · , h. We can find matrices Ai =

[
ai bTi
bi A′i

]
satisfying (3.15)

and rank A′i = mr(Gi−v). We can then define a matrix A as in (3.17), where a can be any

real number. Clearly b ∈ R(A′) and rank A′ =
h∑
i=1

rank A′i =
h∑
i=1

mr(Gi−v) = mr(G−v).

Therefore, by Lemma 3.3.3, we conclude rv(G) = 0.

(2) rv(G) = 1 if and only if
h∑
i=1

rv(Gi) = 1.

Let rv(G) = 1. By (1), we then have
h∑
i=1

rv(Gi) ≥ 1. We now prove
h∑
i=1

rv(Gi) ≤ 1.

Using Lemma 3.3.3, we can derive a matrix A in the form (3.17) with b ∈ R(A′) and

rank A′ =
h∑
i=1

rank A′i =
h∑
i=1

mr(Gi− v) + 1. Therefore, there exists j ∈ {1, · · · , h} such

that rank A′j = mr(Gj−v)+1 and rank A′i = mr(Gi−v) for i 6= j. Thus,
h∑
i=1

rv(Gi) ≤ 1.

Hence
h∑
i=1

rv(Gi) = 1. Conversely, if
h∑
i=1

rv(Gi) = 1, then without loss of generality let

rv(G1) = 1 and rv(Gi) = 0, i ≥ 2. By Lemma 3.3.3, we can find matrices

Ai :=

[
ai bTi
bi A′i

]
, i = 1, 2, · · · , h

satisfying (3.15) and rank A′i = mr(Gi − v), i = 1, · · · , h. Since b ∈ R(A′i) we can apply

simple Gaussian elimination to the matrix A to get

C =


a1 bT1 0 · · · 0

b1 A′1 0 · · · 0

0 0 A′2 · · · 0
...

...
...

. . .
...

0 0 0 · · · A′h

 .

Let B :=

[
a1 bT1
b1 A′1

]
. Note that rank B = rank A′1 + 1 because rv(G1) = 1. Then by
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Theorem 1.1.12, we have

mr(A) = rank A = rank C = rank B + rank A′2 + · · ·+ rank A′h

= rank A′1 + 1 +
h∑
i=2

mr(Gi − v)

= mr(G1 − v) + 1 +
h∑
i=2

mr(Gi − v)

=
h∑
i=1

mr(Gi − v) + 1

= mr(G− v) + 1.

Hence by Lemma 3.3.3, we have rv(G) = 1. Since rv(G) ≤ 2, we conclude that rv(G) =

min

{
h∑
i=1

rv(Gi), 2

}
.

As a simple consequence of the above theorem

mr(G1) + mr(G2) ≤ mr(G) ≤ mr(G1) + mr(G2) + 2,

where G is a vertex-sum of graphs G1 and G2 at v.

Let G1 be a graph and select v ∈ V (G1). A graph G that is obtained by appending

l leaves on a fixed vertex v of G1. It is easy to note that G is the vertex-sum of graphs

G1, K
(2)
2 , K

(3)
2 , · · · , K(l+1)

2 .

Example 3.3.6. Let G1 be the following graph.

v

The graph G obtained by appending three leaves on a vertex v is the following graph.

v
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It is easy to note that the graph G is equivalent to the vertex-sum of G1, K
(2)
2 , K

(3)
2

and K
(4)
2 at v.

Lemma 3.3.7. [4] Let G1 be a graph and consider the graph G obtained by appending l

leaves on a vertex v of G1. Then

1. if l = 1 and rv(G1) = 0, then rv(G) = 1 and mr(G) = mr(G1) + 1;

2. otherwise, rv(G) = 2 and mr(G) = mr(G1) + 2− rv(G1).

Proof. Let each G2, · · · , Gl+1 denote the graph K2. For each i = 2, · · · , l+1,mr(Gi) = 1,

while mr(Gi−v) = 0 which implies rv(Gi) = 1. If l = 1 and rv(G1) = 0, then
2∑
i=1

rv(Gi) =

rv(G1) + rv(G2) = 0 + 1 = 1. Therefore, by Theorem 3.3.5 we have rv(G) = 1 and

mr(G) =
2∑
i=1

mr(Gi − v) + rv(G) = mr(G1 − v) + mr(G2 − v) + 1 = mr(G1) + 1,

since mr(G2 − v) = 0 and rv(G1) = 0.

On the other hand, if either l > 1 or rv(G1) > 0, then we have by Theorem 3.3.5,

rv(G) = min

{
l+1∑
i=1

rv(Gi), 2

}
= min

rv(G1) + 1 + · · ·+ 1︸ ︷︷ ︸
l−times

, 2

 = 2, that is,

rv(G) = mr(G)−mr(G− v)

2 = mr(G)−
l+1∑
i=1

mr(Gi − v).

Since
l+1∑
i=2

mr(Gi − v) = 0 and mr(G1 − v) = mr(G1)− rv(G1) we have

mr(G) = mr(G1 − v) + 2

= mr(G1) + 2− rv(G1).

3.4 Maximum Nullity Of Trees

In this section, we discuss the maximum nullity of trees. The M(T ) = Γ(T ) = P (T ) is

proved. In addition, M(T ) = Z(T ) is shown.
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We start with an illustration of a path tree which will be helpful in proving Theo-

rem 3.4.5. A path tree is defined as a collection of P = P (T ) paths, together with P − 1

edges (that connect the paths) such that at least one vertex of each path is a vertex

of each of the additional P - 1 edges (and each of the P - 1 edges has vertices of two

different paths). So, we realize that due to the minimality of P (T ) we have: The two

vertices of an extra edge (the edges that connect the paths) cannot be both endpoints

of paths in the path tree, as the following figure shown.

vu
extra edge

Figure 3.9: The graph T has P (T ) = 2.

If two extra edges have adjacent vertices, then the other two vertices of these edges

cannot both be endpoints of paths in the path tree, as the following figure shows.

extra edge

extra edge

Figure 3.10: The graph T has P (T ) = 3.

For an illustration of path tree, we present the following example.

Example 3.4.1. The following figure represents a tree T .
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8

9 10

7

65
4

1

2

3

11

12 13

Figure 3.11: The graph T

T has P (T ) = 5 with 4 extra edge as shown in the following figure.

extra edgeextra edge

extra edge

ex
tra

ed
ge

A path tree of T shown in the following figure.
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Delete from T of the vertices from each of the extra edges that is interior to the path

tree. In this graph T we deleted 4 = q vertices. Hence we have P (T ′) = P (T ) + q =

5 + 4 = 9 paths as shown in the following figure. Thus Γ(T ) ≥ (P (T ) + q) − q =

(5 + 4)− 4 = 5 = P (T ).

8

10

7

5 4

1 3

11

13

Figure 3.12: The graph T ′ has P (T ′) = 9.

The following examples illustrate the third inequality in the next theorem’s proof.

Example 3.4.2. The following figure represents a tree T .
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1 2 3 4 5

Figure 3.13: The graph T

T has P (T ) = 1 as shown in the following figure.

Let A an adjacency matrix that associated to the graph T .

A :=


0 1 0 0 0

1 0 1 0 0

0 1 0 1 0

0 0 1 0 1

0 0 0 1 0

 ,

delete from A the columns whose indices are the first vertex of each path which is column

1 and the rows whose indices are the last vertices of each path which is row 5. Assume

B the resulting matrix

B :=


1 0 0 0

0 1 0 0

1 0 1 0

0 1 0 1

 .
Note that B is full rank. Hence

mr(T ) ≥ rank(A),

≥ rank(B) = 4 = 5− 1 = n− P (T ).

Example 3.4.3. The following figure represents a tree T .
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8

9 10

7

65
4

1

2

3

Figure 3.14: The graph T

T has P (T ) = 4 as shown in the following figure.

The following adjacency matrix A that associated to the graph T .

A :=



0 1 0

1 0 1

0 1 0

0

1

0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 1 0 0 0 1 0 0 1 0

0 0 0

0 0 0

0 0 0

0

1

0

0 1 0

1 0 1

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0

1

0

0 0 0

0 0 0

0 0 0

0 1 0

1 0 1

0 1 0



,

delete from A the columns whose indices are the first vertex of each path which are

column 1, column 4, column 5, and column 8 and the rows whose indices are the last
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vertices of each path which are row 3, row 4, row 7, and row 10. Assume B the resulting

matrix

B :=



1 0

0 1

0 0

0 0

0 0

0 0

0 0

0 0

1 0

0 1

0 0

0 0

0 0

0 0

0 0

0 0

1 0

0 1


,

let

W :=

[
1 0

0 1

]
, D :=

[
1 0

0 1

]
, and X :=

[
1 0

0 1

]
.

Note that X is a direct sum and the submatrices W,D and X are nonsingular. Thus

mr(T ) ≥ rank(A),

≥ rank(B) = rank(W ) + rank(D) + rank(X) = 2 + 2 + 2 = 6 = 10− 4 = n− P (T ).

Example 3.4.4. The following figure represents a tree T ′.

1 2 3

4 5

6

7

8

9

10

11

Figure 3.15: The graph T ′

T ′ has P (T ) = 3 as shown in the following figure.
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Let A an adjacency matrix that associated to the graph T ′.

A :=



0 1 0 0 0

1 0 1 0 0

0 1 0 1 0

0 0 1 0 1

0 0 0 1 0

0 0 0

0 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 1 0

0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 0

0 1 0

1 0 1

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0

0 0 0

0 0 0

0 1 0

1 0 1

0 1 0



,

delete from A the columns whose indices are the first vertex of each path which are

column 1, column 6, and column 9 and the rows whose indices are the last vertices of

each path which are row 5, row 8, and row 11. Assume B the resulting matrix

B :=



1 0 0 0

0 1 0 0

1 0 1 0

0 1 0 1

0 0

0 0

1 0

0 0

0 0

0 0

0 0

1 0

0 0 0 0

0 1 0 0

1 0

0 1

0 0

0 0

0 0 0 0

0 0 1 0

0 0

0 0

1 0

0 1


.

Note that X is not direct sum. So we use elementary row and column operations to

80



3.4. MAXIMUM NULLITY OF TREES

make X a direct summand as the follows

B′ :=



1 0 0 0

0 1 0 0

1 0 1 0

0 1 0 1

0 0

0 0

1 0

0 0

0 0

0 0

0 0

0 0

0 0 0 0

0 0 0 0

1 0

0 1

0 0

0 0

0 0 0 0

0 0 0 0

0 0

0 0

1 0

0 1


,

let

W :=


1 0 0 0

0 1 0 0

1 0 1 0

0 1 0 1

 , D :=

[
1 0

0 1

]
, and X :=

[
1 0

0 1

]
.

Note that B and B′ are congruent. Thus by Theorem 1.1.12, we have rank(A) =

rank(B′). Hence

mr(T ) ≥ rank(A),

≥ rank(B) = rank(B′) = rank(W ) + rank(D) + rank(X) = 4 + 2 + 2 = 8 = 11− 3 = n− P (T ).

The next theorem indicates the fact that the quantities M(T ),Γ(T ), and P (T ) are

equal for any tree.

Theorem 3.4.5. [24] For any tree T we have

M(T ) = Γ(T ) = P (T ).

Proof. The proof consists of observing the four inequalities:

M(T ) ≥ Γ(T ) ≥ P (T ) ≥M(T ).

If T is a path of at least one vertex, then all inequalities are equals, since M(T ) =

Γ(T ) = P (T ) = 1. Now if T is not a path. To prove the first inequality, suppose that

P (1), · · · , P (Γ(T )+q) be the paths remaining after deletion of an optimal q vertices from

T. By Theorem 3.2.3, for any µ ∈ R there exist Ai ∈ S(P (i)), i = 1, · · · ,Γ(T ) + q such

that µ ∈ σ(Ai). Define D := A1⊕A2 · · ·⊕AΓ(T )+q to be an (n−q)−by−(n−q) principal

submatrix of some A ∈ S(T ). It is know that σ(D) = σ(A1) ∪ · · · ∪ σ(AΓ(T )+q). Hence

µ has multiplicity of Γ(T ) + q. Without loss of generality assume that µ is the smallest,
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let µ1 = · · · = µΓ(T )+q = µ. Hence by Theorem 1.1.15, we have

µ1 ≤ λ1+q ≤ µ1+q,

µ2 ≤ λ2+q ≤ µ2+q,
...

µΓ(T ) ≤ λΓ(T )+q ≤ µΓ(T )+q,

therefore, λ1+q = λ2+q = · · · = λΓ(T )+q = µ. Thus A has at least (Γ(T ) + q)− q = Γ(T )

eigenvalues equal to µ and σ(A − µI) = {λi − µ | λi ∈ σ(A)}, so we have 0 eigenvalue

with multiplicity Γ(T ). Hence

M(T ) ≥ Γ(T ).

To show the second inequality Γ(T ) ≥ P (T ). Let Q1, · · · , QP (T ) be the paths remaining

when we deleting an optimal q vertices from T . Delete from T one of the vertices of each

of an extra edge that is interior to the path tree in this way that no pairs of adjacent

vertices in the same path are deleted. If q vertices were deleted, there P (T ) + q paths

will result. Hence

Γ(T ) ≥ P (T ) + q − q = P (T ).

Finally, P (T ) ≥M(T ) which is equivalent to mr(A) ≥ n−P (T ) sinceM(T )+mr(T ) = n.

To show this, we prove that for each A ∈ S(T ), rank A ≥ n − P (T ). To see this, we

delete P (T ) rows and another P (T ) columns to leave a matrix of full rank, we prove this

by induction on the value of P (T ). The case P (T ) = 1, i.e., T a path, we get A ∈ S(T )

full rank matrix by deleting the column which corresponds to one leaf and the row which

corresponds to the other leaf. Thus

rank A ≥ n− P (T )

rank A ≥ n− 1.

In general, label the paths in a path tree for T whereas label the last path that has one

an extra edge to only one other path and number the vertices of T consecutively along

each path, beginning with the first. Now, delete from A the columns whose indices are

the first vertex of each path and the rows whose indices are the last vertices of each path.

Let B the resulting matrix and assume the principal submatrix X of B corresponding

to the last path. Now we distinguish between the following two cases:

Case 1: If X is a direct summand of B or empty.

The result holds by the induction hypothesis because X is nonsingular or not present.

Case 2: If X is not a direct summand of B.
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Note that X is lower triangular and there is at most one nonzero entry in B outside

X in the rows of X and at most one in the columns of X. If both occurred they are

not symmetrically placed, because of the way B was chosen. Thus we use elementary

row and column operations to eliminate these entries and, perhaps, some below diagonal

entries of X, without changing the principal submatrix of B complementary to X. By

Theorem 1.1.12, the resulting matrix has the same rank as B and the modified X is a

direct summand, so that by applied the induction hypothesis to verify that B has full

rank. Thus

mr(T ) ≥ rank(A) ≥ n− P (T ),

mr(T ) ≥ n− P (T ),

n−M(T ) ≥ n− P (T ),

P (T ) ≥M(T ).

The following proposition shows that the maximum nullity equals the zero forcing

number for any tree.

Proposition 3.4.6. [1] For any tree T , M(T ) = Z(T ).

Proof. Let T be a tree on n vertices. Choose a minimum path cover P (T ) of T and let

Z to be a set of vertices that consists of one endpoints of each path in the minimum

path cover. By induction on P (T ), we show that Z is a zero forcing set. If P (T ) = 1,

then T = Pn and M(Pn) = Z(Pn) = 1. Assume it is true for all trees T ′ such that

P (T ′) < P (T ). Choose a minimum path cover P (T ) for T , let Z be defined as above

and identify a path P ′ in the minimum path cover that is joined to the rest of T by

only one edge uv not in P ′, and say v ∈ V (P ′). Then by applying the color change rule

repeatedly starting at the black endpoint of P ′ (if v is an endpoint of P ′ color the other

endpoint), all vertices from the black endpoint through v are colored black. Now the

path P ′ is irrelevant to the analysis of the tree T−V (P ′), so by the induction hypothesis,

the black endpoints of the remaining paths are a zero forcing set for T − V (P ′), and all

vertices not in P ′, including u, can be colored black. Hence the remainder of path P ′

can also be colored black and Z is a zero forcing set for T. Hence

Z(T ) ≤ 1 + Z(T − V (P ′)) = 1 + P (T − V (P ′)) = P (T ). (3.18)

By Proposition 3.1.5, Theorem 3.4.5, and (3.18) we have

M(T ) ≤ Z(T ) ≤ P (T ) = M(T ).
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Therefore,

M(T ) = Z(T ) = P (T ).

In the following example, we illustrate the proof of Proposition 3.4.6.

Example 3.4.7. The following tree T has P (T ) = 4 as it is shown below.

In the following figures we show that Z(T ) ≤ 4.
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Since we can not do it in three vertices. Therefore, Z(T ) = 4. Hence by Proposition

3.4.6, M(T ) = 4.
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3.5 Maximum Nullity Of Trees With A Fixed q Neg-

ative Eigenvalues

In this section, the maximum nullity with a fixed q negative eigenvalues of trees is

presented. For any given graph G, the set S(G) can be partitioned into sets Sq(G), q =

0, 1, · · · , n, according to the number of negative eigenvalues, i.e.,

Sq(G) := {A ∈ S(G) : A has exactly q negative eigenvalues}.

Clearly S0(G) consists of all the positive semidefinite matrices in S(G) and Sq(G), q =

0, 1, · · · , n, make up partition of the set S(G). Indeed, Sq(G) 6= ∅, ∪qSq(G) = S(G), and

Si(G)∩Sj(G) = ∅ for i 6= j. We denote the maximum nullity over Sq(G) as Mq(G). It is

easy to note that Mq(G) ≤M(G) for any graph G. The positive semidefinite maximum

nullity of G is

M0(G) := max{null(A) : A ∈ S(G) is positive semidefinite},

equivalently some times written as M+(G).

Now, let MDk(G) denote the maximum disconnection number, or the largest number of

components that result from deleting a collection of k vertices from G. In particular, for

a tree T, we have MD1(T ) = ∆(T ). For a given tree T , we define

q0(T ) := min{q | (MDq(T )− q) = Γ(T ) = P (T )}.

Example 3.5.1. For the following tree T.

1

2

3

4 5 6 7

8

9

It is easy to note that P (T ) = 3 as it is shown in Figure 3.16. In the following, we

determine q0(T ).

MD2(T ) = 5 (remove the vertex 2 and vertex 7) and MD2(T )− 2 = 5− 2 = 3,

MD3(T ) = 6 (remove the vertex 2, vertex 5, and vertex 7) and MD3(T )−3 = 6−3 = 3,

and MDq − q ≤ 3 for q ≥ 3. Therefore, q0(T ) = 2.
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1

2

3

4 5 6 7

8

9

Figure 3.16: The minimum path cover for graph T .

In the following theorem we prove that for any tree, M0(T ) = 1.

Theorem 3.5.2. [19] Let T be a tree on n vertices. Then M0(T ) = 1.

Proof. We use induction on n to show that M0(T ) ≤ 1. Assume A ∈ S0(T ) and null(A) =

M0(T ). Now if n = 1, we distinguish between the following two cases. a1,1 = 0. We

have null(A) = M0(T ) = 1. Or a1,1 6= 0. We have null(A) = M0(T ) = 0.

In either cases we have M0(T ) ≤ 1. Assume it is true for any tree with |V (T )| < n. Let

T be a tree on n vertices and let v be a leave vertex in T , without loss of generality let

v = 1. We distinguish between the following two cases:

Case 1: a1,1 = 0.

A can written as:

A =


0 a1,2

a1,2 a2,2

0 · · · 0

a2,3 · · · a2,n

0 a2,3

...
...

0 a2,n

A33

 ,

let

A11 :=

[
0 a12

a12 a22

]
.

In this case A11 is a principal submatrix of A and det(A11) is negative. Hence A can not

be a positive semidefinite. Thus this case is rejected.

Case 2: a1,1 6= 0.

A can be written as:

=


a1,1 a1,2 0 · · · 0

a1,2 a2,2 a2,3 · · · a2,n

0 a2,3

...
... A33

0 a2,n

 ,

87



3.5. MAXIMUM NULLITY OF TREES WITH A FIXED Q NEGATIVE
EIGENVALUES

We apply elementary row operation to make the entry a1,2 zero. We multiply the first

row by −a1,2
a1,1

and add the result to row 2. Then apply the same to column 1 and column

2. Hence we get

C :=


a1,1 0 · · · 0

0
...

0

A22

 ,
where A22 ∈ S0(T ′) and T ′ := T − v is a tree on n − 1 vertices. Since C and A are

congruent we have by Theorem 1.1.12

M0(T ) = null(A) = null(C) = null(a1,1) + null(A22) = null(A22).

Since null(a1,1) = 0. By induction we have

M0(T ) = null(A22) ≤M0(T ′) ≤ 1.

Hence

M0(T ) ≤ 1. (3.19)

To show that M0(T ) ≥ 1, let 0 = λ1 < · · · < λn be distinct real numbers. By Theorem

3.2.3 we can choose A ∈ S(T ) with σ(A) = {λ1, · · · , λn}. Thus A is positive semidefinite

with null(A) = 1. Hence

M0(T ) ≥ null(A) = 1. (3.20)

By (3.19) and (3.20) we have

M0(T ) = 1.

Lemma 3.5.3. [9] If A ∈ S0(G) and M0(G) = null(A), then every row (column) in A

is linearly dependent on the other rows (columns).

We present the proof of the following lemma as an illustration to the proof of Theorem

3.5.9 below.

Lemma 3.5.4. [2] Let T be a tree on n ≥ 3 vertices with maximum degree ∆. Then

M1(T ) = ∆− 1.

Proof. We start proving that M1(T ) ≤ ∆−1. We use induction on n. When n = 3, then

T = P3 with ∆ = 2 and from the fact that Mq(T ) ≤ M(T ) then we have M1(T ) ≤ 1.
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By Theorem 3.2.3 there exist A ∈ S(T ) with spectrum λ1 < λ2 = 0 < λ3. Hence

M1(T ) = 1 so the result holds. Suppose it is true for all trees on m vertices with

m < n. Suppose on the contrary, that there exists a tree T on n vertices such that

M1(T ) > ∆− 1 which is equivalent to M1(T ) ≥ ∆. Without loss of generality, we may

assume that there exists a matrix A ∈ S1(T ) such that null(A) = ∆. Let v ∈ V (T )

be such that ` := deg(v) ≥ 2. Clearly T − v =
⋃`
i=1 Ti and since A ∈ S1(T ) then by

Theorem 1.1.15, all of A[Ti], i = 1, · · · , ` must be positive semidefinite except possibly

at most one. Without loss of generality, assume that A[T1] is positive semidefinite and

by permutation similarity, we may assume that A has the following form:

A =

A11 a12 0

aT12 avv aT23

0 a23 A33

 ,
where A11 = A[T1], with |V (T1)| = k and a12 ∈ Rk is a vector whose only nonzero entry

is akv since T is a tree. We distinguish the following two cases:

Case 1: A11 is nonsingular.

We make the entry akv to be zero by linear combination from columns A11, i.e., we can

always find y such that y = A−1
11

 0
...

akv

 . Apply the same to the rows of A11 to make

avk zero. Hence D is congruent to A, where

D :=

A11 0 0

0 dvv aT23

0 a23 A33

 ∈ S1(T ).

Define

B :=

[
dvv aT23

a23 A33

]
,

and T ′ = T − V (T1). Thus by Theorem 1.1.12 and since A11 is positive definite we have

B ∈ S1(T ′) and

null(A) = null(D) = null(B).

By the induction hypothesis, ∆ ≤ M1(T ) = null(B) ≤ M1(T ′) ≤ ∆(T ′) − 1 ≤ ∆ − 1,

which is a contradiction.

Case 2: A11 is singular.
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Let A11 ∈ S0(T1), since A11 is singular and have the graph T1 we have by Theorem 3.5.2

that null(A11) = 1 = M0(T1). By Lemma 3.5.3, we can make all the entries in the last

column and row in A11 zeros, then A and A′ are congruent, where A′ is given as follows:

A′ :=


A11(k) 0 0 0

0 0 akv 0

0 avk avv aT23

0 0 a23 A33

 .
We now use akv to eliminate all the nonzero entries in a23 and we use avk to eliminate

all the nonzero entries in aT23. Thus C is congruent to A′, where

C :=


A11(k) 0 0 0

0 0 akv 0

0 avk avv 0

0 0 0 A33

 .
Since C and A are congruent we have by Theorem 1.1.12, C has exactly one negative

eigenvalue, we must have A33 to be positive semidefinite with deg(v) − 1 components.

Therefore, by Theorem 3.5.2 we have

∆ ≤ null(A) = null(C) = null(A33) ≤ deg(v)− 1 ≤ ∆− 1,

which is a contradiction. Hence in the two cases,

M1(T ) ≤ ∆− 1. (3.21)

Now we need to prove M1(T ) ≥ ∆ − 1. Let v ∈ V (T ) be such that deg(v) = ∆. Then

T − v has ∆ components, say T1, T2, · · · , T∆. For each i = 1, 2, · · · ,∆, chose Ai ∈ S0(Ti)

with nullity 1 which is possibly by Theorem 3.2.3 and define B := A2 ⊕ A3 ⊕ · · · ⊕ A∆

and A as follows:

A :=

A1 a12 0

aT12 avv aT23

0 a23 B

 ,
where a12 ∈ Rk is a vector whose only nonzero entry is akv and a23 is a vector whose only

nonzero entries are those corresponding to the edges between vertex v and its neighbors.

Hence A ∈ S(T ). Now by Lemma 3.5.3, we can make the entries in the last column and

row in A1 to be zeros, and repeat the above steps to show that A is congruent to

B′ :=


A1(k) 0 0 0

0 0 akv 0

0 akv avv 0

0 0 0 B

 .
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Since B′ has exactly one negative eigenvalue (since A1 is positive semidefinite it follows

that the principle submatrix A1(k) must also be positive semidefinite) with nullity ∆−1

which implies by Theorem 1.1.12 that A ∈ S1(T ) with nullity ∆− 1. Therefore,

null(A) = ∆− 1 ≤M1(T ). (3.22)

By (3.21) and (3.22) we have

M1(T ) = ∆− 1.

Example 3.5.5. The previous lemma help us to determine M1(T ). For the following

tree, we have M1(T1) = ∆− 1 = 5− 1 = 4.

Figure 3.17: The graph T1 with ∆ = 5.

The following theorem presents how we can determine Mq(T ) for q = 0, 1, · · · , q0(T ).

Theorem 3.5.6. [7] Let T be a tree on n vertices. Then for q = 0, 1, · · · , q0(T ) the

following holds:

Mq(T ) = MDq(T )− q.

In order to prove Theorem 3.5.9, we need the following lemma.

Lemma 3.5.7. [2] Let T be a tree on n vertices, U = {u1, u2, · · · , uq} be a set of

q ≤ q0(T ) vertices whose deletion results in k := MDq(T ) components, T −U = ∪ki=1Ti,

and N(U) ∩ V (Ti) = Vi, i = 1, · · · , k. Then T can be written as

T = (∪ki=1Ti) ∪H ∪ (∪ki=1Gi),

where H is the induced subgraph on U and Gi is the induced subgraph of T on the vertices

(U ∩N(Vi)) ∪ Vi, i = 1, · · · , k such that |E(G1)| = 1 and |E(Gi − {u1, · · · , ui−1})| = 1,

for i = 2, · · · , q.

91



3.5. MAXIMUM NULLITY OF TREES WITH A FIXED Q NEGATIVE
EIGENVALUES

Example 3.5.8. As shown in the following tree T. Let U = {u1, u2, u3} be a set of 3

vertices whose deletion results in k := MD3(T ) = 7 components.

T6

u1

T1

T7

T2 T3

T4

T5

u2 u3

G1

G4

G3

G5G2

G6G7

H is induced subgraph on U as shown in the following figure

u1 u2 u3

Clearly T = (∪7
i=1Ti) ∪H ∪ (∪7

i=1Gi).

For a given tree T , in the following theorem presents a method how we can build a

matrix whose graph is T with a prescribed number of negative eigenvalues with nullity

Mq(T ), q = 0, 1, · · · , q0(T ).

Theorem 3.5.9. [2] Let T be a tree on n vertices. Then for q = 0, 1, · · · , q0(T ) there

exist a matrix A ∈ Sq(T ) such that

null(A) = Mq(T ) = MDq(T )− q.

Proof. For q = 0, 1 the result follows by Theorem 3.5.2 and Lemma 3.5.4. In the following

assume 2 ≤ q ≤ q0(T ). Let U = {u1, u2, · · · , uq} be a set of q vertices whose deletion

results in k := MDq(T ) components and T − U = ∪ki=1Ti and N(U) ∩ V (Ti) = Vi, i =

1, · · · , k. Then by Lemma 3.5.7, T can be written as

T = (∪ki=1Ti) ∪H ∪ (∪ki=1Gi),

where H and Gi are defined as in Lemma 3.5.7.

By Theorem 3.5.2 there exist Ai ∈ S0(Ti) and null(Ai) = 1, for each i = 1, . . . , k.
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Without loss of generality, let ui is adjacent to the first vertex in Ti, i = 1, . . . , q. Define

A as follows:

A =



B B1 B2 · · · Bq Bq+1 · · · Bk

BT
1 A1 0 0 0 0 · · · 0

BT
2 0 A2 0 0 0 · · · 0

...
...

...
. . .

...
...

...
...

BT
q 0 0 0 Aq 0 · · · 0

BT
q+1 0 0 0 0 Aq+1 · · · 0

...
...

...
...

...
...

. . .
...

BT
k 0 0 0 0 0 · · · Ak


,

where B ∈ S(H) and Bi[i, · · · , q|V (Ti)], i = 1, · · · , q has exactly one nonzero entry in

the position (Bi)i1 as follows. Thus A ∈ S(T ).

A =



B

(B1)11 0 ··· 0
0 0 ··· 0
0 0 ··· 0
...

...
...

...
0 0 ··· 0
0 0 ··· 0
...

...
...

...
0 0 ··· 0

r11 r12 ··· r1m
(B2)21 0 ··· 0

0 0 ··· 0
...

...
...

...
0 0 ··· 0
0 0 ··· 0
...

...
...

...
0 0 ··· 0

· · ·

w11 w12 ··· w1m′
w21 w22 ··· w2m′
w31 w32 ··· w3m′

...
...

...
...

(Bq)q1 0 ··· 0
0 0 ··· 0
...

...
...

...
0 0 ··· 0

Bq+1 · · · Bk

(B1)11 0 0 ··· 0 0 ··· 0
0 0 0 ··· 0 0 ··· 0
...

...
...

...
...

...
...

...
0 0 0 ··· 0 0 ··· 0

A1 0 0 0 0 · · · 0

r11 (B2)21 0 ··· 0 0 ··· 0
r12 0 0 ··· 0 0 ··· 0
...

...
...

...
...

...
...

...
r1m 0 0 ··· 0 0 ··· 0

0 A2 0 0 0 · · · 0

...
...

...
. . .

...
...

...
...

w11 w21 w31 ··· (Bq)q1 0 ··· 0
w12 w22 w32 ··· 0 0 ··· 0
...

...
...

...
...

...
...

...
w1m′ w2m′ w3m′ ··· 0 0 ··· 0

0 0 0 Aq 0 · · · 0

BT
q+1 0 0 0 0 Aq+1 · · · 0

...
...

...
...

...
...

. . .
...

BT
k 0 0 0 0 0 · · · Ak



,

where m = |V (T2)|, m′ = |V (Tq)| and rij, wix ∈ R. We apply Lemma 3.5.3, on Ai.

First we apply it in A1 to eliminate its entries in its first row and column. Thus in

the resulting matrix, the only nonzero entry in its (q + 1)th column (row) is in position

(1, q + 1)((q + 1, 1)), which is (B1)11. Now use (B1)11 to eliminate all the entries in the

first row except a11. After permutation similarities, A is congruent to
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D =



a11 0 0 · · · 0 (B1)11 0 0 · · · 0

0

0 B(1)
...

0

0 0 0 · · · 0

0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

B2 · · · Bq Bq+1 · · · Bk

(B1)11 0 0 · · · 0 0 0 0 · · · 0

0 0 0 · · · 0

0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

0

0 A1(1)
...

0

0 0 0 · · · 0

BT
2 0 A2 0 0 0 · · · 0

...
...

...
. . .

...
...

...
...

BT
q 0 0 0 Aq 0 · · · 0

BT
q+1 0 0 0 0 Aq+1 · · · 0

...
...

...
. . .

...
...

. . .
...

BT
k 0 0 0 0 0 · · · Ak



,

we are rearranging the matrix as follows

D :=



a11 (B1)11

(B1)11 0
0 0 0 0 0 0 · · · 0

0 A1(1) 0 0 0 0 0 · · · 0

0 0 B(1) B2(1|∅) · · · Bq(1|∅) Bq+1(1|∅) · · · Bk(1|∅)
0 0 B2(1|∅)T A2 0 0 0 · · · 0
...

...
...

...
. . .

...
...

...
...

0 0 Bq(1|∅)T 0 0 Aq 0 · · · 0

0 0 Bq+1(1|∅)T 0 0 0 Aq+1 · · · 0
...

...
...

...
...

...
...

. . .
...

0 0 Bk(1|∅)T 0 0 0 0 · · · Ak



.

Now repeat this process sequentially for j = 2, · · · , q until A is congruent to

(⊕qi=1B
′
i)⊕ (⊕qi=1Ai(1))⊕ (⊕ki=q+1Ai), (3.23)
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where

B′i :=

[
aii (Bi)i1

(Bi)i1 0

]
, i = 1. · · · , q.

Since det(B′i) is negative for i = 1, · · · , q so each B′i has exactly one positive and one

negative eigenvalue, Ai(1) is positive definite for i = 1, · · · , q and Ai for i = q+ 1, · · · , k
have nullity equal to k − (q + 1) + 1 = k − q. Hence by (3.23), A has exactly q negative

eigenvalues and has nullity equal to k − q. Thus

null(A) = k − q = MDq(T )− q = Mq(T )

Lemma 3.5.10. [2] Let T be a tree. Then

Mq0(T ) > Mq0−1(T ).

Proof. By the definition of q0(T ),MDq0(T )− q0(T ) > MDq0−1(T )− (q0(T )− 1). Hence

by Theorem 3.5.6, we have

Mq0(T ) > Mq0−1(T ).

Theorem 3.5.11. [2] Let T be a tree on n vertices with ∆(T ) ≥ 3. Set p0 := MDq0(T )

and let Pl1 , Pl2 , · · · , PlP0
be the paths that result from the deletion of q0(T ) vertices and

let L :=

p0∑
i=1

li − p0 = n− (q0(T ) + p0). Then

1. M0(T ) < M1(T ) ≤ · · · ≤Mq0−1(T ) < Mq0(T ) = M(T );

2. Mn−k(T ) = k − ξ, k = 1, 2, · · · , n− q0(T )− L− 1(= P0 − 1),

where

ξ = min = {η | η ∈ {0, 1, · · · , q0(T )} and η +Mη(T ) ≥ k}

= min = {η | η ∈ {0, 1, · · · , q0(T )} and MDη(T ) ≥ k}; (3.24)

3. Mn−1(T ) ≤Mn−2(T ) ≤ · · · ≤Mq0+L+1(T ) ≤Mq0+L(T );

4. Mq0(T ) = Mq0+1(T ) = · · · = Mq0+L(T ) = Γ(T ) = P (T ).
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We conclude the section by the following example which illustrates the previous

theorem.

Example 3.5.12. For the following tree T,

8

1

2 3 4

5 6 7 9

we determine q0(T ) as follows:

MD0(T ) = 1 and MD0(T )− 0 = 1− 0 = 1.

MD1(T ) = 4 (remove the vertex 3) and MD1(T )− 1 = 4− 1 = 3.

MD2(T ) = 5 (remove the vertex 3 and vertex 7) and MD2(T )− 2 = 5− 2 = 3.

MD3(T ) = 6 (remove the vertex 3, vertex 6, and vertex 8) and MD3(T )−3 = 6−3 = 3.

MD4(T ) = 5 (remove the vertex 3,vertex 6, vertex 7, and vertex 8) and MD4(T )− 4 =

5− 4 = 1.

Since 3 is the maximum value we have q0(T ) = 1. We use Theorem 3.5.6, to determine

Mq(T ) for q = 0, 1. Hence

M0(T ) = 1− 0 = 1.

M1(T ) = 4− 1 = 3.

By Theorem 3.5.11,(4), Mq(T ) = 3, q = 2, 3, 4, 5 since L = 9−1−4 = 4. For q = 6, 7, 8,

we use Theorem 3.5.11,(2), to determine Mq(T ) we define q := 9− k and depending on

Ms(T ), s = 0, 1 to find ξ such that (3.24) holds as follows:

M8 = M9−1 = k − ξ = 1− 0 = 1.

M7 = M9−2 = k − ξ = 2− 1 = 1.

M6 = M9−3 = k − ξ = 3− 1 = 2.

Hence we have

q 0 1 2 3 4 5 6 7 8

Mq(T ) 1 3 3 3 3 3 2 1 1
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