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Abstract

The differential transform method was firstly introduced by Zhou before thirty years
ago. This method is a semi-analytical numerical method for solving differential equa-
tions. Indeed, the differential transform method is based on Taylor series expansion,
in a different manner, in which the differential equation is converted into a recur-

rence relation to get a series solution in terms of polynomials.

This thesis is mainly concerned with the differential transform method for both
ordinary and partial differential equations. Firstly, we use the one dimensional dif-
ferential transform method to solve initial value problems as well as boundary value
problems for ordinary differential equations. In addition, we present recent modifi-

cations of differential transform method that improve its algorithm.
Secondly, we solve initial and boundary value problems for partial differential equa-

tions by using two dimensional differential transform method, reduced differential

transform method and Laplace differential transform method.
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Chapter 1

Introduction

1.1 Overview

In real world, many physical and natural phenomena are formulated as differential
equations. Most of these differential equations are nonlinear. So there are difficul-
ties in finding the exact or analytical solutions caused by the nonlinear part [27, 38].
Many methods have been proposed to solve or approximate nonlinear differential
equations [4, 27]. For example, the Adomian Decomposition Method (ADM), Varia-
tional Iteration Method (VIM), Homotopy Analysis Method (HAM), and Homotopy
Perturbation Method (HPM), see 2], 3, 24], 25, [35]. But these methods need calcu-
lations with some restrictions, also in some cases to get a good convergence more

terms are needed.

There is a need for a method that handel nonlinear terms easily without any re-
strictions and with less size of computations. Indeed, the so called Differential
Transform Method (DTM) which gives a series solutions can overcome some of the

above difficulties.

The DTM is very effective numerical and analytical method for solving different

types of differential equations as well as integral equations. This method converts

1



Chapter 1. Introduction

the differential equations into a recurrence relations, then by Taylor series expansion,

with a different approach, we obtain convergent series solutions.

The concept of DTM was first introduced by Zhou in 1986 to solve linear and
nonlinear initial value problems in electrical circuit analysis [49]. Later, the DTM
has been applied to solve different problems. Some of these problems are enumerated

in the following discussion:

1. Eigenvalue problems: Chen and Ho (1996) in [10] used the DTM to solve
eigenvalue problems. They took the differential transformation of Sturm-
Lioville problem and made some calculations to get eigenvalues and eigen-
functions. Hassan (2002) solved the eigenvalue problems by DTM in [17]. In
2007, he applied the DTM on the one-dimensional planar Bratu problem which

is a nonlinear eigenvalue problem, see [18].

2. Initial value problems: Jang and Chen (2000) in [29] used the DTM to
approximate the solutions of linear and nonlinear initial value problems. Ibis
in [27] used DTM to get approximate analytical solution of nonlinear Emden-
Fowler equation which is singular initial value problem. Ibis showed that this
method is reliable to solve this kind of equations. Also, Hassan (2004) in [19]
solved higher order initial value problems, and in (2008) (see[22]) he made
a comparison between DTM and ADM for solving initial value problems of
partial differential equations and gave some examples to emphasize that the
solution obtained from DTM coincides with the approximate solution of ADM
and analytical solution. Recently, several authors have considered the initial

value problems by the DTM, see 13| 16}, 33 138, [44].
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Overview

3. Boundary value problems: Hassan (2009) in [2I] solved linear and non-

linear boundary value problems by choosing boundary value problems with
different orders to show that the DTM has high accuracy solution comparing

with the exact one. See [4] 23] 26| 28].

. Partial differential equations: Chen and Ho (1999) in [9] used the so called

two-dimensional differential transform method (TDDTM) to get a series solu-
tion of partial differential equations. Ayaz (2003) in [6] applied the TDDTM
to solve initial value problems for partial differential equations and compare
the result with decomposition method. Also, the reduced differential trans-
form method (RDTM) was used by Haghbin and Hesam (2012) in [16] to solve
Sawada-Katera equations as an effective and convenient alternative method.
Alquran et al. (2010) in [5] use the Laplace DTM to solve non-homogeneous
linear partial differential equations. Also, in (2015) Kumari use the Laplace

DTM to solve wave equations and wave-like equations, see [30].

. Integral and integro-differential equations: Volterra integral equations

were solved by Tari et al. (2009) in [45]. Kajani and Shehni (2011) in [46]
solved nonlinear Volterra integro-differential equations. Two-dimensional non-
linear Volterra integro-differential equations were considered by Darania et al.

(2011) in [12].

. System of differential equations: Ayaz (2004) in [7] and Hassan (2008) in

[22] used the DTM to solve system of differential equations. Also see [36], 41].

. Delay differential equations: Delay differential equations were solved by

DTM by Karakog and Bereketoglu (2009) in [31].
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This thesis is concerned with the DTM for several types of differential equations.
Firstly, we present the definition of DTM with some basic theorems. Then we apply
this method for ordinary differential equations. Indeed, we solve linear and nonlin-
ear initial value problems as well as boundary value problems. Moreover, we use
the DTM to solve second order boundary value problems with the linear shooting

method to get the same or more close solution to the exact one.

Next, we present some modifications of the DTM to simplify the solution, or to
increase the efficiency of the method. These modifications include the modification
of the DTM by using the Adomain polynomials, in which we calculate the Adomain
polynomials instead of differential transform of nonlinear functions. Also, the modi-
fication of the DTM by using Laplace transform and Padé approximation to handle

the periodic behavior of the solution.

Then we introduce the main procedures of the DTM for solving partial differen-

tial equations. Namely, we present the TDDTM, the RDTM and the Laplace DTM.

1.2 Outline

This thesis contains four chapters. In these chapters we present the basics of D'TM

and we solve different differential equations by this method.

Chapter 1 was the introduction chapter. It contains the history of DTM and a

short literature review.



1.2. OQOutline

Then Chapter 2 considers the basic definition and main theorems of differential
transform. In addition we solve several examples of initial and boundary value
problems using DTM. At the end of this chapter a result for solving second order
boundary value problems by differential transform with linear shooting method is

given.

In Chapter 3 we give some modifications of the D'TM to solve some problems easily.
For instance, we use the Adomain polynomials instead of the differential transform
of the nonlinear functions. Also, we modify the DTM by using Laplace transform

and Padé approximation to handel the periodic behavior of the solution.

Chapter 4 is devoted to present the TDDTM for solving partial differential equa-
tions. Also we discuss the RDTM and Laplace DTM.



Chapter 2

DTM for ordinary differential
equations

In this chapter, the definition and theorems of the DTM are introduced. Then we
present a reliable and efficient procedure to calculate the differential transform for
some nonlinear functions. After that, we apply the differential transform method to
obtain approximate solutions of linear and nonlinear initial value problems as well
as boundary value problems. In addition, results concerning differential transform
with linear shooting method for solving second order boundary value problems are
given. Furthermore, some physical models equations are also presented at the end

of this chapter.

As mentioned before, the concept of differential transform was first introduced by
Zhou in 1986 [49]. It was applied to solve linear and nonlinear initial value problems
in electric circuit analysis. Later, several researches have been conducted in applying
differential transform method to different types of equations. These researches con-
firm the fact that this method is reliable, efficient as well as having a wider applica-

bility, see |4} 11],23]. Results in this chapter can be found in [4] [1T], 23] 26, 27| [38] 42].



2.1. Basics of DTM

2.1 Basics of DTM

In this section, we introduce the definition of one-dimensional differential transform
or simply the DTM. Then some basic theorems are given and proved by this defini-

tion.

Definition 2.1. The differential transform of a function y(x) is defined as follows

Y (k) = % [dl;yx(,f)L_o, (2.1)

where y(x) is the original function and Y (k) is the transformed function. Differential
inverse transform of Y (k) is defined as

N
y(z) =Y Y(k)a" ~yn(z) =) Y(k)a". (2.2)
k=0 k=0
By substituting equation(2.1)) in (2.2)) we get
— =" dry(x)
= — 2.
V) =S | (2.9
k=0 =

which implies that the concept of differential transform is derived from Taylor series
expansion.

In the previous definition we consider the case when x = 0, but it is true for any

fixed real number x = x.

Through this thesis, we use small letter to denote the original function and cap-

ital letter to denote the transformed function.

The next theorems are the main theorems that can be derived from equations ([2.1)

and (2.2).



Chapter 2. DTM for ordinary differential equations

Theorem 2.1. If f(z) = ag(z) + Bh(x), then F(k) = aG(k)+ SH(k), where o and
B are constants.

Proof. Let f(x) be the original function, then the differential transform of f(x) is
given by

1 d*f(x
F = 4 dj;(’f> »

_ 1dMag(e)) + (8h())

R dx* 0
1 [dag() | d(Bhia)

B H{ da* * dx* Lo
1 dhg(x) 1 _d*h(x)
Rk :0+H6 dek | _,

— aG(k) + BH(k).

Theorem 2.2. If f(x) = g(x)h(z), then F(k) => G(r)H(k —r).

r=0

Proof. Let f(x) = g(x)h(z) be the original function, then from Leibnitz formula for
the nth derivative of a product we have

T (gla)hia)) _ g~ () Eatar i) 0.

dz™ r dzr  dx™ T

Now, by using (2.4]) the differential transform of f(x) is given by

1 d*f(z)
k' dak o],

1 z’“: K\ d"g(z) d*"h(z)
k! r) dxr  dxkr »

r=0

F(k) =

k

Ko drg(a) d’f—fh(:c)]

kU | = rl(k =) dzm dakr
k
= Y G(H(k—r).
r=0
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The next theorem is a generalization of the previous one.

Theorem 2.3. If f(x) = g1(x)ga(2)...gn(x), then

Z i: Z Gl kl GQ(k/‘? kfl) Gn(k_ kn—l)-

kn—1=0kp—2=0 k1=0

Proof. By using mathematical induction, the statement is true for n = 2 by Theorem
2.2] Assume that the statement is true for n = m . Now, for n = m + 1, we have

f(@) = (91(2)g2(2)... g () gimt1(2).

Let g(x) = g1(x)ga(x)...gm(x), by Theorem 2.2/ we get

k

F(k) = Glkm)Gmia(k = k),

kim=0
where G(ky,) is the transformed function of g(x). Then

k kml

F(k)y= Y Z > ZG1 k1)Gaky — ky)...Go (b — k1) | Gong1 (k—Fu).

km=0 \km-1=0kmn_2=0 k1=0

The statement is true for n = m + 1, so it is true for n > 2. m

Theorem 2.4. If f(z) = x", then

itk =
F(k)zé(k_n):{(l) ifk;«ézj

Proof. Let f(x) be the original function, then the differential transform of f(x) is
given by

1 d"f(x)
Kl dr*
1 drFam
k! dak

F(k) =

=0

=0
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From differentiation rule we have

dk n
d—xx’“ =n(n—1)(n—2)..(n —k+1)z"".
So,
F(k) = n(n —1)(n —li')(n —k+ 1>x"_k.
Ifn==k,
k(k—1)(k—2)...1
S0,
Fk)=1
If n# k, and z = 0 we get
F(k)=0

Then

n

d"g(z)
dz™
Proof. Let f(x) be the original function, then the differential transform of f(x) is
given by

Theorem 2.5. If f(z) = , then F(k) = (k+1)(k+2)..(k+n)G(k +n).

1d4(a)
k! dxzk

kd"g(x)
1"

Kl dxk |
1 d*7g(z)
k! dxktn |

(k+n)! 1 d¥ng(a)
TR [(k+n)! dzk+n } )
= (k+1)(k+2)..(k+n)G(k+n).

Fk) =

=0
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The following theorems give the differential transform of some functions.

1
=0

Proof. Let f(x) be the original function, then the differential transform of f(x) is
given by

Theorem 2.6. If f(z) = ¢”, then F(k)

1d"f(x)
Kl dr*
1 dre®
k! dak
1 T
e
1
k!

F(k) =

=0

=0

=0

)\k
Theorem 2.7. If f(z) = e, then F(k) = —, where X is constant.

k!’

Proof. Let f(x) be the original function, then the differential transform of f(x) is
given by

1 d*f(a)
Kl dzrt
1 drFel®
kl dak

Fk) =

=0

=0

_ ]'k)\:c
—HAG

)\k
H.

=0

& k
Theorem 2.8. If f(z) = sin(wz + ), then F(k) = Y sin (—W + a), where w and

o are constants.
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Proof. Take the differential transform of f(z) = sin(wz + «)

1 d*sin(wz + )
k! dxk =0

= w—ksin k—ﬂ+a
ok 2 '

F(k) =

k k
Theorem 2.9. If f(z) = cos(wz + «), then F(k) = %cos (% +a>, where w

and o are constants.
Proof. Take the differential transform of f(x) = cos(wz + «)

1 d* cos(wz + )
Fik) = Kl dxk

[
bb—1)...b—k+1
Theorem 2.10. If f(x) = (1 + 1), then F(k) = ( ) ]i' + ), where b s
constant. '
Proof. Take the differential transform of f(z) = (1 + z)®
1 d*(1+ )b
Fh) = LU0
(k) L
bbb —=1). . (b—k+ 1)1+ ) F
Bl k! =0
bbb —1)..(b—k+1)
B k! '
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G- p>1.

Theorem 2.11. If f(z) = /xg(t) dt, then F(k) = P
0

Proof. Take the differential transform of f(x)

Ldr [ g(t)dt

F(k) kK dob _
1d""g(x)
k! dok=t |

1 d"g(x)
k(k—1)! dab1
G(k—1)
—

=0

2.2 The differential transform for some nonlinear
functions

In this section, we calculate the differential transform for some nonlinear functions.
These calculations based on the differentiation and Theorems [2.1] - 2.5 Here, we

refer to |27, [38].

Theorem 2.12. If f(y) = y™, then
(Y™(0) if k=0,

F(k) =

k
Dr —k
Z”” " Y ) F(k—r) ik > 1.

r=1

Proof. If k =0, by using Definition we have,
F(0) = y™(0) =Y™(0). (2.5)
If k£ > 1, differentiate f(y) = y™ with respect to z, we get

df(y) _ oidy(@)
de Y de
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Multiply both sides of Equation (2.6) by y(x), we get

@) T — iy 2 1)
Apply the DTM on Equation (2.7)
iY(r)(k r D)F(k—r+1) = mi(r F )Y (r+ 1)F(k — 1),
then - -
(k+1)Y(0)F(k+1) = mio(rH)Y(rH)F(k—r)—iY(r)(k—rH)F(k—rH),

(k+ DY) F(k+1) = mY rY(r)F(k—r+1)= > Y(r)(k—r+1)F(k—r+1)

= > (m+1r—k—1Y()F(k—r+1),

r=1

putting k instead of k + 1 gives

EY (0)F(k) =Y ((m+1)r — k)Y (r)F(k —r),

r=1

from this, we have

Fk) = ﬁ ; KW) Y(r) Pk — r)} | (2.8)
From and we get,
(Y™(0) if k=0,
F(k) = k
\YEO) ; (m + ?T Ry P ik > 1.
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Theorem 2.13. If f(y) = ™, then
(oY (0) if k=0,
F(k) =
) 41
a ? Yr+1)F(k—r—1) ifk>1.
r=0
Proof. If k = 0, by using Definition [2.1] we have,
FO) = fly)| =@ = e 2:9)
z=0
Now, differentiate f(y) with respect to x
df (y) , dy(z) dy(z)
= qe® = ) 2.10
o = ac— = =af(y)— (2.10)
By taking differential transform to both sides of Equation (2.10]), we get
k
(k+1)F(k+1)=a) (r+1)Y(r+1)F(k—r),
r=0
putting k instead of k + 1 gives
St
F(k)=a) Y(r4+1)F(k—r—1), k> 1. (2.11)
r=0

From (2.9) and (2.11) we get

(ea¥(0) if k=0,

F(k) =

k

\

k—1

1
ag I Yr+1)F(k—r—1) ifk>1.
r=0
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Theorem 2.14. If f(y) =In(a + by), a+ by >0, then

(In(a + bY (0)) if k=0,

Y (1) if k=1,

1
Fr+1)Y(k—-r—1)| ifk>2.

= In(a + by(0)) = In(a + by (0)). (2.12)

=0

Now, by differentiating f(y) with respect to = we get

df (y) b dy(r)

dr — a+by dr ’

or

dx dz Y dx
Taking the differential transform of Equation (2.13) we obtain

AW {dy(:v) B df(y)} ' (2.13)

T+

Flk+1)=b
af(k+1) k+

Y(k+1) =) 1F(7‘ + 1Y (k- 7“)] ,

—_

putting k instead of k + 1 gives

Y (k) —%T—IglF(T—}—l)Y(k—?”— 1)] k1 (214)

r=0

aF(k) =b

Substituting k£ = 1 in Equation (2.14)), we get

F1) = ~[Y(1) - F1)Y(0)] (2.15)
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We can rewrite Equation (2.14) as
b |
Fk)=——+—— |Y(k)— F VY (k—r—1 k> 2. 2.1
0= iy [V 0 - X 0V k22 219
From (2.12)), (2.15)) and (2.16]) we have
(In(a + bY (0)) if k=0,
by if k=1
F(k) = { atbY(0) ’
f—2
b r+1
k) — F WY (k—r—1 if k> 2.
v |V Ty P YR e iR
]
Theorem 2.15. If f(y) = sin(ay) and g(y) = cos(ay), then
(sin(aY (0)) it k=0,
F(k) =
CE
a Gr)Y(k—r) ifk>1
\ r=0 k
and
((cos(aY (0)) if k=0,
k pu—
W=t
—a F(r)YY(k—r) ifk>1.
X Ok itk
Proof. If k = 0, by using Definition [2.1] we have
F(0) = f(y) = sin(ay(0)) = sin(aY (0)). (2.17)
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Now, for k > 1 differentiate f(y) with respect to x to get

df (y) dy(x)
= 2.1
7 a cos(ay) T (2.18)
_ dy(x)
Applying the differential transform to both sides of Equation ([2.18) gives
k
(k+DF(k+1)=a) (k—r+D)G(r)Y(k—r+1),
r=0
replacing k£ 4 1 by k yields:
k-1
kFE(k)=a) (k—7r)G(r)Y(k—r),
r=0
or
k-7
F(k)=a ’ G(r)Y(k—r). (2.19)
r=0
From (2.17) and (2.19) we obtain,
(sin(aY (0)) it k=0,
F(k) =
®=1
a Gr)Y(k—r) ifk>1.
GO () ik
The proof is similar for g(y) = cos(ay). O

Theorem 2.16. If f(y) = sinh(ay) and g(y) = cosh(ay), then

sinh(aY (0)) it k=0,
F(k) = k—1
> k;TG(r)Y(k: ) ifk>1

\ r=0
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and

(cosh(aY (0)) if k=0,

T
L

a F(r)Y(k—r) ifk>1.

,
<
Il

o

Proof. It k = 0, by using Definition [2.1] we have

= sinh(ay(0)) = sinh(aY (0)). (2.20)

=0

Now, for k£ > 1 differentiating f(y) with respect to x, we obtain

df (y)
dx

dy(x)
dx

= acosh(ay) (2.21)

dy(z)
dor

Applying the differential transform to both sides of Equation (2.21)) gives

= ag(y)

(k+1D)F(k+1)=a) (k—r+D)G(r)Y(k—r+1),

r=0

replacing k£ 4 1 by k yields

or

G(r)Y (k—r). (2.22)

From ((2.20) and (2.22)) we obtain,

(sinh(aY (0)) if k=0,

F(k) =

For g(y) = cosh(ay), the proof is similar. O
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2.3 Linear initial value problems

In this section, we give solutions for linear initial value problems by using differential

transform method. The technique is explained through examples.

Example 2.1. Consider the first order linear initial value problem
l1——+4+y=0, (2.23)

with an initial condition
y(0) = a. (2.24)

Solution. By applying the DTM on Equation (2.23)) in view of Section [2.2] we have
(k) —(k+1)Y(k+1)+Y (k) =0.

This leads to the following recurrence relation

1
Y(k+1) = Y (k)4 (k)] 2.25
(k+1) (k+1)[() (k)] (2.25)
and from initial condition (2.24)) we get
Y (0) = a. (2.26)

Using recurrence relation (2.25)) and (2.26) for £ = 0,1, ...,4 we get the following

1 1 1
Y(0) =a, Y(1)=a+1, 5/(2):“‘2F , Y(S):CHG_ , 5/(4):662*;1 .

We can write the solution as

E:Y(k:):v’§

4
k=0

Q

y()

a+1 a+1 . a+1
1 2 3 4'
a+ (a+ )x+—2 25—t

Q
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Where the exact solution of this example is

y(z) = =1+ (a+1)e".

Note that the first terms of the Taylor series expansion of the exact solution equal

first terms of the solution obtained by the DTM. To obtain extra terms we should

consider extra values for k > 4.

Example 2.2. Consider the second order linear initial value problem

Py dy
—Z 4+ 3= +2y=24
dx? + dzx tey

with initial conditions
y(0) =10 and y'(0) = 0.
Solution. By applying the DTM on Equation (2.27))
(k+1)(k+2)Y(E+2)+3k+ 1Y (E+1)+2Y (k) = 240(k).

We get the following recurrence relation

1
(k+1)(k+2)

Y(k+2)=
The initial conditions become

Y (0) =10 and Y (1) = 0.

(=3(k + 1)Y (k + 1) — 2V (k) + 245(k)).

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

Using recurrence relation (2.30) and conditions (2.31) for £ = 0,1,2,... we get the

following

Y(0)=10,Y(1)=0,Y(2) =2,Y(3) = —2,Y(4) = g
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We can write the solution as

y(x) = Y Y(k)a* (2.32)

7
= 104 22% —22° + 6x4 + ... (2.33)

Where the exact solution of this example is
y(r) =12 — de™* + 27> (2.34)

Note that the first terms of the Taylor series expansion of the exact solution equal

the first terms of the solution obtained by the DTM.

For more examples see [33] [42].

2.4 Nonlinear initial value problems

In this section, we apply the DTM to solve nonlinear initial value problem. By using
theorems in Section we decompose the nonlinear terms. Therefore the solution
can be obtained by iteration procedure. Next, we consider several examples with

different forms of nonlinearity.

Example 2.3. Consider the nonlinear initial value problem
y'(x) +2(y/(7))* + 8y(z) =0, 0<z<o0 (2.35)

with initial conditions

y(0) = 0 and '(0) = 1. (2.36)
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Solution. Apply the DTM on Equation (2.35)), we have

(E+1)(k+2)Y(k+2)+2) (r+1)(k—r+1)Y(r+1)Y(k—r+1)+8Y (k) =0.

r=0
Thus, we get the following recurrence relation

k

-1
Y(k+2) = 2 1)(k — 1)Y DY (k- 1 Y (k
k+2) = T D779 ;(w Yk =7+ )Y (r+ 1Y (k—r+1) +8Y (k)|
(2.37)
from the initial condition ([2.36)) we get
Y(0) =0 and V(1) = 1. (2.38)

Using recurrence relation (2.37)) and (2.38)) for £ = 0,1, ...,4 we get the following
Y(0)=0,Y(1)=1,Y(2)=-1,Y(3)=0,Y(4) = 0.

For k > 3, Y(k) =0, so we can write the solution as

ylo) = Y Y(k)*

= I—l’2.

Which is the exact solution.

Example 2.4. Consider the nonlinear initial value problem
zy"(z) + 8y (x) + 18axy = —4daxylny, = >0 (2.39)

with initial conditions
y(0) =1 and ¢'(0) = 0. (2.40)
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Solution. Apply the DTM on Equation (2.39))

D dr—Dk—r+1)(k—r+2)Y(k—r+2)

+8(k+1)Y(k+1)+18a Y 6(r— )Y (k—r)

r=0

= 10 60k - DY (r — k) F(k— 1), (2.41)

r=0 k1=0
where F'(k)is the transformed function of f(y) = Iny.

Now, we simplify (2.41) to get

k
E(k+1)Y(k+1)+8(k+1)Y(k+1)+18a» 6(r—1)Y(k—r)

r=0
k T
=—4aY > 0k = )Y (r — k) F(k —71),
r=0 k1=0
Then we get the following recurrence relation
—18a
Yk+1) = o(r
4D = e S DY (-
k:+1 k+8 ZZ& (ky — )Y (r — k) F(k —r), (2.42)
=0 k1=0
from (2.40) we get
Y(0)=1and Y (1) =0. (2.43)

Using recurrence relation (2.42) and (2.43) for £ = 0,1,2,... we get the following

series solution

ylo) = Y Y(k)a"

1 1 1 1
L 2.4 .36 4.8 5,.10 6,.12
5 6ax —1—24@:6 120@3& —1—720@95 +
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which is the Taylor series expansion of the exact solution emaw’,

Note: The result is computed by MAPLE program.

2.5 Boundary value problems

In this section, we solve boundary value problems by the DTM. Like the previous
sections, we get a recurrence relation after applying the DTM on the given ordinary
differential equation, but there is a difference in finding the transformed boundary
conditions. We need to solve a system of linear equations by using the original
boundary conditions to get a series solution for the given boundary value problem

from the recurrence relation. This is illustrated in the next examples.

Example 2.5. Consider the fifth-order linear boundary value problem
YO (2) = y(x) — 10e” — 5ze® + x2e”, (2.44)

with boundary conditions

y'(1) = —2.265234857, 3"(1) = —8.245454881. (2.45)

Solution. Applying the DTM on Equation (2.44]) gives the following recurrence

relation

k

(k+1)(k+2)(k+3)(k+4)(k+5)Y (k+5) = Y(k)_£_5z il(;_—rl)? 3 (z](;__s?’
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or

k k

k! 10 S(r—1 S(r—2
Y(kz+5):m Y(k)—H—E);U({;_T)?qL;(;_T)? . (2.46)

Applying the DTM on boundary conditions at x = 0 gives the following transformed

boundary conditions

_ _ 4 _y'(0) _ 1
) (4)(0)
Y(3) = y;! ) o vy =Y =

Using Definition for k =0,1,...,15, at x = 1 and transformed boundary condi-

tions, we get the following linear system of two equations

15443560997 N 239595841 n 148284463
a
435891456000 79833600 37065600

—20554253119 n 39972241 n 239595841
a
7783776000 6652800 19958400

Solving (2.47) and (2.48) for a and b give

b= —2.265234857, (2.47)

b = —8.245454881. (2.48)

a = —0.4333333329 and b = —0.2500000003.
For £ =1,2,...,15 we get the following series solution

y(r) = 0.8z —0.12% — 0.43333333292° — 0.2500000003z" — 0.083333333332°
—0.019722222222% — 0.00361111111127 — 0.00053571428562°
— 0.000066137566152" — 0.0000068893298062™
— 6.062610229 x 10"zt — 4.425872481 x 10822
— 2.505210838 x 10 %2'% — 8.029521927 x 10~z

+ 3.823581866 x 10~ 21,

The calculation in this example made by MAPLE program.
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Figure [2-1] shows that DTM give high accuracy solution. The exact solution values

is taken from [20].

03

0.2

0.2 04 0.6 0.8 \
x

I— DTM solution hd Exact so]utionl

Figure 2-1: The exact solution together with the solution obtained from DTM.

Example 2.6. Consider the sixth-order linear boundary value problem
y () = y(z) + 15e” 4+ 10ze® + x3e®, (2.49)

with boundary conditions

y(0) = 10, /(0) = ==, "(0) = =2

y(1) = —3.397852287, /(1) = —2.831543570, y”(1) = 3.397852297.  (2.50)

Solution. Applying the DTM on Equation (2.49) gives the following recurrence
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relation
(k+1)(l<:+2)(l<:+3)(k+4)(k:+5)(k:+6)Y(k+6) =
k o(r —3)
Yk Zo (k —r)!’
k! 15 ESr—1) =60 —3)
Y%+6%:@ajm Y(k)+ o5 mo%—Tﬂ+2;@;7W . (2.51)

Applying the DTM on boundary conditions at x = 0 gives the following transformed

boundary conditions

B I Cy0) B
"(0) (0) ®(0)
Y(3) = y3! —a,v(4) =2 = Y(5) =2 S =c

Using Definition for k =0,1,...,15, at z = 1 and boundary conditions, we get

the following linear system of three equations

4113505263593 217949331601 151201, 332641
B 922
1046139494400 217945728000 T 1512000 T 332620¢ — 3307852287

4841688336097 + 43591307761 n 60481b n 151201 9 83154357
_ a c= —2.
1046139494400 14529715200 15120 30240

29911705387 889750903  20161. 60481
a =3. 2297,
37362124300 148262400" T 1680 |+ 3024 ¢ = 3397852297

Solving the above system of equations for a, b and ¢ gives

a = 0.3124999935, b = 0.2500000111 and ¢ = 0.08506943967.
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For k =1,2,...,15 we get the following series solution

y(z) = —3.125z — 0.833333333322 + 0.351249999352° + 0.25000001112*
— 0.085069439672° — 0.020833333332° + 0.004340277778z"
+0.0008267195767x® + 0.0001457093252:"
+ 0.000023423721422' + 0.000003387253807
4 4.384118967 x 10~ "z'? + 5.088709516 x 108z

+ 5.326249539 x 10722 + 5.061466495 x 10710215,

Figure shows that DTM give high accuracy solution. The exact solution values

is taken from [20].

0.2 0.4 0.6 0.8 1

DTM solution hd Exact so]utionl

Figure 2-2: The exact solution together with the solution obtained from DTM.

For more examples refer to [4, 23] 26| 28].
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2.6 DTM with linear shooting

In solving initial value problems the initial conditions are transformed directly to the
values Y (k), for k = 0 or k > 1, i.e we obtain the values Y (0) and may Y (1),Y(2), ...
directly. But the situation is different for boundary value problems. In boundary
value problems usually we require to solve linear system of equations that use the
boundary conditions to obtain the values of Y (0) or Y (1), Y(2), ... as in the previous

section.

In this section, we apply the linear shooting method to solve the second order
boundary value problems. In this method we can solve the second order bound-

ary value problems by combination of two initial value problems.

We see that solving initial value problems by the DTM give a series solution that
converges fast to the exact solution, this gives us a motivation to use this solution

in solving second order linear boundary value problems by linear shooting method.

Consider the second order linear boundary value problem

/"

y' = plx)y +q(z)y +r(x), (2.52)

for a < x <b, subject to

y(a) = a and y(b) = 0.

Suppose that (2.52) has a unique solution, we can use linear shooting method to

find this approximate unique solution by dividing this problem into two initial value
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problems, see[§]. So we have

o’ = playd + gla)u + r(z), (253)
subject to
u(a) =a and u'(a) =0
and
V" = p(x)v' + q(x)v, (2.54)
subject to

v(a) =0 and v'(a) =1.

Let u(z) and v(z) be solutions of the initial value problems (22.53)) and (2.54)) respec-
tively. These solutions are obtained by applying the DTM on (2.53)) and (2.54]).

Define
B —u(b)
v(b)

where v(b) # 0. It is clearly that y(x) is a solution of the boundary value problem

y(x) = u(z) + v(x), (2.55)

P52).

The next examples will illustrate the idea.

Example 2.7. Consider the second-order linear boundary value problem
y'(z) — yla) —2— 22 =0, (2.56)
where 0 < x < 2, with boundary conditions

y(0) =1, y(2)=¢€>+4. (2.57)
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Solution. Divide (2.56)) into two initial value problems

() —u(z) —2—12*=0,

and

After applying DTM on these initial value problems we get the following solutions

3 5 1 1
~ 1422y 2 6 8 10
u(w) T T T Ts061” T 725760°
- L 4 L 5 I 9 1 11
)~ wer o+ e T 3eass0” T 30916800°

By shooting the solution is

3 5 1 1 1
— 1 _ 2 4 6 8 10 1 4
y(x) = + 2x + —2435 + —144x + 8064x + 725760x + 0.1594000096x

4+ 0.02656666827x> + 0.0013283334132° + 0.00003162696032" + 4.392636949 x 10~ z”

+3.993306317 x 10~ 72" (2.58)

Now, By applying the DTM on Equation (2.56) for £ = 1,2,...,11 we get the

following series solution

3 5
y(x) = 1+ 0.1594000065z + 53:2 + 0.26566667752° + ﬂx‘* 4 0.1328333388 x 10 22"

1 6 4.7 1 8 -7,.9
— 3162698542 x 1 — 18 +4.392 1
+1gg T 0-3162698542 x 107127 + coa® 4 4.302636863 x 1077z

10 -9 11
- 3.003306239 x 10921, 9.59
tosre0” T XA (2.59)
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By comparing these two solutions with y(z) = e® + 2 which is the exact solution
we see that the solution obtained from the DTM with shooting is almost the same
as the solution obtained by DTM without shooting. by zooming this figure solution

obtained from the DTM with shooting is closer to the exact one. See Figure [2-3]

exact solution DTM with linear shooting solution
— — DTM solution

Figure 2-3: The solution obtained by DTM with shooting , the solution obtained
by DTM without shooting and the exact one in Example

Example 2.8. Consider the second-order linear boundary value problem

(@) + oy () =3 =0, (2.60)

where 0 < x < 1, with boundary conditions

y(0) =1, y(1)=3. (2.61)

Solution. Divide (2.60) into two initial value problems

u'(z) + 5-u'(x) —3 =0,

and
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After applying DTM on those two initial value problems we get the following solu-

tions

u(z) = 1+ 2%
v(z) = =
By shooting the solution is
y(x) =1+ + 27 (2.62)

Now, By applying the DTM on Equation (2.60) for £ = 1,2,...,11 we get the
following series solution

y(r) =1+x+2° (2.63)

By comparing these two solutions with y(z) = 1+/zr+2? which is the exact solution
we see that the solution obtained from DTM with shooting is almost the same as

the solution obtained by DTM without shooting, see Figure [2-4]

] 0.2 0.4 0.6 0.8 1

X

DTM with linear shooting solution Exact solution

""" DTM solution

Figure 2-4: The solution obtained by DTM with shooting is the same as solution
obtained DTM without shooting in Example
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2.7 Solution of physical models by the DTM

Many problems in mathematical physics are described by initial value problems. So
the aim of this section is to solve special forms of differential equations by using

DTM, see [13] 27].

The Emden-Fowler equation:

The Emden-Fowler equation is a second order ordinary differential equations with
initial conditions ( singular initial value problem) which have been used to model
several phenomena in mathematical physics and astrophysics. The following form

is the Emden-Fowler equation

() + 2/ () + bf (2)g(y () = O,

subject to

Where a, b, c are constants.

The following example is taken from [27].

Example 2.9. Consider the nonlinear second order initial value problem
5 y
y'(z) + =y (x) + 8a(e? +2e2) =0, 0<zx (2.64)
x

with initial conditions

y(0) = 0 and %'(0) = 0. (2.65)

Solution. Multiply both sides of Equation (2.64)) by = gives

zy" (x) + 5y (x) + 8az(e¥ 4 2e2) = 0. (2.66)
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Apply the differential transform method on Equation ([2.66])
k
D or—Dk—r+1)(k—r+2)Y(k—r+2)+5(k+1)Y(k+1)
r=0
k
+8a | 8(r—1)(Ei(k — 1)+ 2E5(k —r))| = 0.
where E;(k) = 0350 Y (r + 1) E;(k — r — 1), i=1,2 is the differential transform

of e,

We get the following recurrence relation

> 6(r = 1)(Er(k —7) + 2Ey(k — 1)), (2.67)

r=0

—8a

Y{k+1) = (k+ 1)(k +5)

the initial conditions become
Y(0) =0 and Y (1) = 0. (2.68)

Using recurrence relation (2.67) and conditions (2.68) for £ = 0,1,2,... we get the

following

Y(0) = 0, Y(1) =0, Y(2) = —2a, Y(3) = 0,
Y(4) = a3 Y(5) =0, Y(6) = —§a3, Y(7) = 0,
Y(8) = =a* Y(9) =0, Y(10) = — =d°,

y(z) = > Y(k)2*

which equal the Taylor series of the exact solution —21n(1 + ax?).
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The standard Lane-Emden equation:
The standard Lane-Emden equation is a second order ordinary differential equation
arising in the study of stellar interiors, it is also called the polytropic differential

equations.

The following example is taken from [27].

Example 2.10. Consider the nonlinear second order initial value problem
! 2 / m
y'(x)+ =y (x) +y™(z) =0, 0<z,m>0 (2.69)
x

with initial conditions

y(0) =1 and 3/(0) = 0. (2.70)

Solution. By multiplying both sides of Equation (2.69)) by =, we get
zy"(z) + 2y (x) + xzy™(z) = 0. (2.71)

Apply the differential transform on Equation (2.71]), we obtain

i5(7"—1)(k—r—l—1)(k—r—i—2)Y(/<;—T—|—2)+2(k+1)Y(k+1)—i—i d(r—1)G(k—r) =0,
" = (2.72)
where G(k) is the differential transform of g(y) = y™.
Hence, we get the following recurrence relation

V(k+1) = ! G(k—1), (2.73)

(k+ 1)(k +2)

the initial conditions become

Y(0) =1 and Y(1) = 0. (2.74)
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Using recurrence relation (2.73) and conditions (2.74) for £ = 0,1,2,... we get the

following
YO) = 1, Y(1) = 0, Y(2) = %1 Y(3) = 0,
YW = 1Y) = 0, v(e) = )

y@) = YRyt

k=0
1 1 1 1 1
= 1— -2 — —at— 6 pp—— G B4
6% ~120° " 5040° T 3o2ss0°  3ooteson’ T (27
which equal the Taylor series exact solution Slﬂ.
x

2.8 On the convergence analysis

In this section, we present two theorems about the convergence of the DTM for a

class of singular boundary value problems, these theorems are due to Lin et al. [47].

Consider the singular boundary value problem of the form

subject to
y(0)=p, y(1) =gq

where f(x), g(x) and h(x) are known and continuous functions on (0, 1), also N (y(x))

is a nonlinear function of y.
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Theorem 2.17. Consider the following two singularly linear boundary value prob-
lems

(1= )y(2) + (L — )y () + g(0)y(x) = fla), O<z <1,  (2.76)

where f(x) = fo+ fix + for? + ... and g(x) = go + g17 + gox® + ...

If there exist a fized n such thatn > m, | fi. |< Mr* for some fived M, 0 <17 < 1, all
k> n, and all Y (n) < Mr™, then the numerical solution using the DTM absolutely
converges.

Proof. Let g(z) = go for simplicity. By applying the DTM on ({2.76]) we have

k
S i-Dk—i+1)(k—r+2)Y(k—i+2)
=Y 6 =2k —i+ 1)(k—i+2)Y(k—i+2)+ (k+1)Y(k+1)
=Y 5 - ) (k—i+ )Y (k—i+ 1)+ gY (k) =F(k), (2.77)

by simplifying (2.77) we obtain the following recurrence relation

1

Y(k+1)= T [F(k) + (K* 4+ g0)Y (k). (2.78)

Now,

YO0l < Gl + R gl
1 2
Mr* [W} ,k>n>m (2.79)
1+ k2

Let r = [—i(_k—i———il_)ggoq , so for k is large enough r < 1. By induction the hypothesis

is true. Then we have

|<Z\Y NEA <Z|Y |<MZ7’

Hence,

ly(z)| <

1—r
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Theorem 2.18. Consider the following two singularly linear boundary value prob-
lems

(1 —2)y (2) + (1 — )y (x) + g(z)y(x) + *(z) = f(z), 0 <z <1, (2.80)

where f(x) = fo+ fix + for® + ... and g(x )—go+glx+ggx + ..
If there exist a fived n such that n > m, | fp |[< 7%, 0 <r < 1, all k> n, and all
Y (n) <r", then the numerical solution using the DTM absolutely converges.

Proof. Let g(z) = go for simplicity. By applying the DTM on ([2.80) we have

k
-k —i+1)(k—i+2)Y(k—i+2)

=0

=Y 6 =2k —i+ )k —i+2)Y(k—i+2)+ (k+ 1Y (k+1)

by simplifying the above relation we obtain the following recurrence relation

Y(k+1) = [F(k) + (k* 4+ g0)Y (k) — B(k)], (2.81)

1
(k+ 1)
where B(k) = Y5 V()Y (k —i).

Also we have |B(k)| < (k + 1)r* since |Y (4)Y (k — i)| < rirk=t = p*,

Now,
Y(k+1)] < Gr [r" + |&? + golr* + (k + 1)r*]
1+ k2 k+1
_ k{ + (ZL«‘:"J; i },kznzm (2.82)
1+ k2 E+1
Let r = i J; |_501|)J2r + }, so for k is large enough r < 1. By induction the

hypothesis is true. Then we have

o0

|<Z|Y )|z" <Z|Y <> ot

k=0
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Hence,




Chapter 3

Modifications of DTM for ordinary
differential equations

The DTM is a powerful technique for solving linear and nonlinear ordinary differen-
tial equations as mentioned before. But sometimes when we solve nonlinear ordinary
differential equations we need hard calculations due to nonlinear terms. Therefore
the DTM is modified by using Adomain polynomials instead of the differential trans-
form of nonlinear terms. On the other hand, the DTM is modified by using Laplace

transform and Padé approximation to handel the periodic behavior of the solution.

3.1 DTM with Adomain polynomials

In this section, we give a brief summary of the Adomain Decomposition Method
(ADM) needed for the rest of the section. After that, we present a modification
of the DTM to solve a class of nonlinear singular boundary value problems. Next,

some examples are given to illustrate the idea.

42
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ADM for ordinary differential equations:

Many methods were proposed to solve nonlinear ordinary differential equations.
One of these methods is the Adomain decomposition method (ADM). The ADM is
a technique for solving algebraic equations, ordinary differential equations, partial
differential equations, integral and integro differential equations. This method was

developed by Adomain from 1970s to 1990s, see [2, [3].

Consider the nonlinear ordinary differential equation

Fy(z) = g(), (3.1)

where F is a nonlinear ordinary differential operator which may be contain linear
and nonlinear terms.

Now, we decompose Equation (3.1) as follows:

e Decomposition of the linear term: We decompose the linear term into two
parts. The first part denoted by Ly is the linear differential operator which
is the highest order derivative. The second part denoted by Ry which is the

remainder of the linear part. So Equation (3.1)) becomes
Ly(z) + Ry(z) + Ny(z) = g(x), (3.2)

where Ny(x) is the nonlinear terms. Solve (3.2)) for Ly(z) and take the inverse

of the operator to get
L 'Ly(x) = L 'g(z) — L' Ry(x) — L' Ny(x). (3.3)

Here L~!is the integration n times, where n is the highest order of the deriva-

le/ / / - dx dx ... dx.
o Jo 0

tive, i.e.
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Thus,

1'2 xn—l

L7 Ly(x) = y(w) = y(0) — 2y (0) = Z7y"(0) — . —

By substituting (3.4) in (3.3]), we have

IQ xn—l

y(x)—y(O)—xy'(O)—gy”(O)—...— (n—1)!

y(”’l)(O) = L 'g(x)~L 'Ry(z)—L ' Ny(z).

Decomposition of the unknown function y(x): We decompose this func-

tion as an infinite series

y(@) =Y yal2).

Decomposition of the nonlinear terms: We decompose the nonlinear
terms Ny(z) as a sum of polynomials called the Adomain polynomials and

denoted by A,. i.e
Ny(z) = Ay,
n=0

To compute A,, take Ny = f(y) to be a nonlinear function in y, where y =

y(x), then the Taylor series expansion of f(y) around yo is given as
/ 1 " 2 1 " 3
Fy) =1 (o) + F'(wo)(y = yo) + 51/ (w0) (= o)™ + 57" (o) (y = o)” + -
but y = yo +y1 +y2 +ys + ..., then

fw) = flyo)+ fo)p+y2+ys+...) + %f”(yo)(yl +yptys+..)°

1
+ ?f”/(yo)(?/l +yptys+ )0+
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By expanding all terms we get

F) = Fl)+ £ o)) + F o)+ s+ 5/ o’

1 1 1
+ gf”(yo)ylyz + ﬁf”(yo)ylys +..+ gf”’(yo)yf’

1 1
+ gfm(yo)ylz?h + gfm(yo)?hzy:s + ..

Now, let (1)(z) be the order of y" and (1)(i) + (m)(j) be the order of y;'y,,’.

Then A,, consists of all terms of order n. So, we have

or

Ay

As

Ay

Ao
Ay
Ay
As

Ay

= f(w)

= [y,

- f/(yo)szr%f”(yo)y?,

= s + oyl + 5 " o)

1 3 1
= FWo)ys + 57 f" (w0) 2unys + 2) + 51 " (wo)yiy + @f(‘“ (vo)yi,

N(yo)

d
N'(yo)y1 = aN(yo + Ay1)

)
A=0
2

1 1 d
N'(yo)ya + EN”(yo)y% = gd/\gN(yo + Ay + Ays) )
: : A=0

9 1
N (0)ys + = N"(yo)v1y2 + = N" (y0)v3,

9] 3]
1dgN( + Ay + Aye + Ays)
YT EAA A U1 Yo Y3
31 d\? o
1 3 1
N'(yo)ya + 53 N (y0) (21195 + 5) + gN’”(yo)yfya + IN“‘) (vo)y1,
1 dt
TV W0+ A+ Nys + Ays + Ay
' =0
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Hence,

1 -
An:An(Qanlw ayn - n| d)\n [ZA ym]

A=0

Now, substitute the above decompositions in (3.3), then solve it for y to get

y_¢0+L g ZRyn_L ZA y07y17' 7yn)
or
Zyn ¢0+L g ZRyn_L ZAT“
n=0
where
d
0 if L = —
y(0) i o
6 / @
0 = if [ = —
y(0) + 21/(0) L=
2 n n+1
/ :L‘_ " x_ (n) : _ d
\y(O)—I—ﬁy (0) + oY 0)+ ...+ Y (0) if L= T
Therefore

Yo = ¢o+ L 'g(w),

Yn+1 = _L_lRyn_L_lAn'

To illustrate the ADM, we consider two examples, one for an initial value problem

and the other for a boundary value problem.
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Example 3.1. Consider the initial value problem
Y (x) — e ¥ =, (3.5)
subject to
y(0) = 0. (3.6)
Solution. We can rewrite the Equation (3.5)) as
y(x)=e vi@),
Let L = i, then
dx
Ly = e ¥®@ (3.7)
The Admain polynomials are
AO = e_yo,
Al — —y16_y0,
efy() 9
A2 = 2 <_2y2+y1)7
e_y() 3
Az = G (—=3y3 + 21192 — ¥7),

Take the

of (3.7), we get

or
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Hence,

Y1 = /Aod.r:x,
0

Yo = AldlC:——

x l‘3
Ys = /OAzdflfzga

Then the solution is
[ A
y(l‘)zx'—?-l—?—g—i-...

By comparing y(z) up to z* with In(x 4 1) which is the exact solution, we see that

y(x) is very close to the exact solution.

0.7 e -~
—
=
0.6 o
-
L
0.5
0.4
03
02
0.1
0
0 02 0.4 0.6 0.8 1

|— — ADM solution Exact RD]L[LiO[‘lI

Figure 3-1: Comparison between the solution obtained from ADM and the exact
solution.
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Example 3.2. Consider the nonlinear boundary value problem

1 .
y O (x) = ae’§ Vy(z), 0<zx <], (3.8)
subject to
yO) =1, ') =7 ¥00) = (3.9
’ 4’ 16’
e e
J1) = Ve, ') = Y 00 = Y 3.10)
: dy(r) _
Solution. Let Ly(z) = e y©) (), so (3.8) becomes
T
Ly(e) = e o) (3.11)
yla) = ze y(z), :

Now, take

L_lz//////-dxda:da:da:dxdx
o Jo Jo Jo Jo Jo

to both sides of (3.11)) and use (3.9)), to get

1 1 1 1 1, =z
) = 1= (O — o = Ly (0) — gzt — oy O(0) = L7 e E /),
thus,
/ 1 2 1 3,1 1 4 1 5,(5) 1 —-1/,—-2
y(x) :1—|—y(0)x+§x —I—Bx y (0)+@$ +E0x y (0)+6—4L (e72+/y(x)),

or

= 1, 1 1 1 1 s —
_ / T2 T3, 4, — 5,(5) -1 -5
nz;yn(x) = 1+y (0)x~|—2x +5a’Y (O)+2493 5t Y (O)+64L (e 2 Zz%(:v)) :
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The Adomain polynomials are

Ay = 1,
n
A = ,
1 SN
1 ?412 )
A = YR )
i 2\/% <y2 4yo
Now, Let
yo(flf) = 1,
Yy (ZL‘) = y,(o)x+1$2+1$3y"'(0)+i$4+LxSy(S)(O)%—iL*(e—%A)
1 2 6 24 120 64 0);
1 y///(o) 1 y(5)<0) 1 .
frnd —1 /0 - J \V) - 3 5
+(y( )+2>x+< —t ) (o )Tt
I, =
yao(z) = 6_4L e 2 Ay),
So,
y(r) = Zyn(a:)
n=0
1 y"(0) 1 y20) 1 .
= (YO+3 ") 54 e 43.12
(y()+2>x+< — T x) (T ) e (3.12)
But by Taylor series
o R A .
€ - Y Q AQ oA “en
2 8 48 384 3840 ’
so (3.12) becomes
132 y///(o) ZE4 y(5)(0)
=1+y(0)r+ & + 72’ + o+ o= 3.13
y(x) +y()x+8+ o+ ot (3.13)
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ol

By using (3.10) and (3.16) for n = 1 we have the following system of equations

433 y”(0)  y®(0)
=20 (0
a1 TV O+ T+ T Ve,
9 m y(5)(0) \/E
2 0 y=
1 Ve
1 5 ve
TR 16

After solving the previous system, we get
y'(0) = 0.4098060,

y"(0) = 0.1241728,
y®(0) = 0.0405451.

Hence,

1 1
y(z) = 14 0.4098060z + §x2 4 0.02069552° + @904 4 0.00033792° + ...

DTM with Adomain polynomials:

Since there is no systematic methodology for calculating the differential transform
of the nonlinear functions the original DTM is modified via using Adomain polyno-
mials. In this modification which is called the DTM with Adomain polynomials we
calculate the Adomain polynomials instead of calculating the differential transform

of nonlinear functions to get a series solution easily, see Elsaid [14] and Xie et al. [4§].

Consider the nonlinear singular boundary value problem which appears frequently

in applied science and engineering of the form

y" () + %y'(x) = f(z,y), 0<z<1, a>1 (3.14)
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subject to the boundary conditions
y'(0) =0 and ay(1l)+by' (1) =¢, (3.15)

where a,b and c are real constants, see|4§].

Note : f(x,y) is continuous and of > 0 exist and continuous to set a unique

y

solution.

Now, after applying the DTM on (3.14)) we have the following recurrence relation

Flk—1)

Y = Gt o)

k=1,2,.N—1
and from (3.15) we get the transformed conditions
Let Y(0)=p and Y(1)=0.

Where F(k) is the differential transform of the nonlinear function f(x,y).

Let
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be the solution of this problem, then

un(e) = S ¥(kyt

0

_ F(k=1)
= I GGt

Also, the Adomain polynomials of this function are given as

Ao
A
Ay

As

= f(wo)
- f(y0)y17
= Fow+ o)}

9 1
= f'(wo)ys + 57 " (wo)rye + gf”’(yo)yf’,
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By comparing the differential transform and the Adomain polynomials of the nonlin-
ear function f we see that when we replace y; by Y (k) they have the same structure.

Then the solution becomes

(3.16)

where Ay, k = 0,1, ..., N are the Adomain polynomials given by the following formula

4= L iY( JA™
ET R )

m=0

By using (3.16)), the boundary condition ay(1) + by'(1) = ¢ becomes

N-1

A1 k+1 _
6+;(k‘+1)(k+a)x ]z—l—c, (3.17)

d
h—
+ dx

N-1 A
k-1
+
als ; &+ Dk +a)
by solving (3.17)) for § and substituting the value in (3.16)) we obtain the solution.

Note that the DTM with Aomain polynomials called the improved DTM or sim-

ply IDTM.

The next two examples are taken from [4§].

Example 3.3. Consider the nonlinear singular boundary value problem

2

y'(@) + —y (@) = =y’ (2), (3.18)
subject to the boundary conditions
V3
y(0) =0, y(1) =~ (3.19)
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Solution. After applying the IDTM on (3.18)) we get

V(k+1) = T Tf)(kll 5 (3.20)
A

(k+1)(k+2)’

where F is the differential transform of the nonlinear function —y°(x) and Ay is the

Adomain polynomials.

Let

and from (3.19))

The Aadomain polynomials of the function —y°(x) are

Ay = =Y°(0),
A = =5YH0)Y (1),
Ay = —10Y*(0)Y?(1) — 5Y(0)*Y (2),

As = —10Y%(0)Y?(1) —20Y(0)*Y (1)Y(2) — 5Y*(0)Y (3),
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From (3.20) we have

@) = -3
Y(3) = 0,

1
Y@y = o
Y(5) = o,
V() = =6,
Y(7) = o,

_ 3 i
Y = Toses”
Y(9) = 0,

Y(0) = —o g

For N = 10, we use (3.20) to obtain the following truncated series solution
_ Los o, 1 o4 D 556 39 17 8 T 2110
vio(w) == GHa 4 B = 3P e T g T
Now, solve ({3.21)) for 8 using boundary condition at x = 1,

B = 1.000553890.

Substituting 5 value in (3.21]) to get

(3.21)

yio(z) = 1.000553890 — 0.1671287533z% + 0.04187483621z* — 0.011657691542°

+0.0034076995512% — 0.0010245767362°.

(3.22)
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By comparing solution in (3.22) by the solution obtained by DTM we see that

: L [ 3 .
this solution is almost the same as the exact one 3T 22 see Figure
x

1.00
098
096
094
092
090

088

0 02 0.4 0.6 0.8 1
X

I IDTM solution Exact solution — — DTM -’:n]u[innl

Figure 3-2: Comparison between the solution obtained by DTM the solution ob-
tained by IDTM.

Example 3.4. Consider the nonlinear singular boundary value problem

1
y'(@) + ~y' () = =), (3.23)
x
subject to the boundary conditions
y'(0)=0, y(1)=0. (3.24)

Solution. After applying the IDTM on (3.23)) we get

F(k—1)
(k+1)2
A1

= G (3.25)

Y(k+1)

where F(k) is the differential transform of the nonlinear function —e¥® and A, is
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the Adomain polynomials.

Let

and from (|3.24))

The Aadomain polynomials of the function —e¥® are

AO = —€Y(O),
Al = —Y(].)GY(O),
Ay = —Y(2)e¥® — Zy?(1)e¥ O,
As = =Y(3)eYY —y(1)Y(2)e¥ @ — Zv3(1)e¥©
Y (0 1 5 1 5 1 A
Ay = e “(—Y(4)—Y(3)Y(1)—5Y(2) —5YY()" - 5 ¥ (1))
A; = OY(B) - YY) -Y(3)Y(2) —%Y(s)y(1)2—ly(2)2y(1)
— YY) - Y (1))
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Ag = eY<0>(—LY(1)8 ~Y(5)Y(3) — %Y(4)2 — %Y(3)2Y(2)
SV (Y (2) = SYRY @Y (1) — SV @)Y )y (1)
1 3 1 2 1 4 1 5
~ YOV - VY EP - Sy @Y (1) - Y)Y ()
1

- %Y(Z)QY(1)4 YY)V (1) -Y@AYE)Y (1) - Y)Y (1)

Then we have

B
e
Y(3) = o,
e28
Y(5) = 0,
338
V) =~
Y(7) = 0,
10e*8
Yy - e
(8) 98304’
Y(©9) = o0,
76e%8
Y(1 = — .
( O) 9830400

For N = 10 the series solution is

o e_ 9 6_ 4 3e 6 10e 8 76e 10
yo(®) == o+ grt = o351 ¥ 55301  9830400°

(3.26)
Now, solve ({3.26) for 8 using boundary condition at x = 1,

B = 0.31519599235,
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substituting 4 value in (3.26]) to get

le(fL‘) — 031519599235 _ 160.31519599235x2 + i60.6303918470x4 _ 1 60'9455877705376
64 1152
5 1.260783694 .8 ]‘9 1.575979618 .10
* 10152° 2457600 S

= 0.3151959235 — 0.342631950827 4 0.02934916344x* — 0.0022346580272°

+ 0.00035890558092° — 0.000037383645892"0.

4—2/2
(3—2v2)z2+1

Figure present the previous solution and the exact solution 2 In

03

0.1

] 0.2 0.4 0.6 0.8 1
x

Exact solution — — IDTM sn]LlLinnl

Figure 3-3: Comparison between the solution obtained by DTM and the solution
obtained by IDTM.

3.2 DTM with Laplace transform and Padé approx-
imation

In this section, we make a quick review of Laplace transform . Also we present the

Padé approximation definition and proceeder briefly in order to introduce another
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modification of the DTM which is DTM with Laplace transform and Padé approxi-

mation.

Laplace transform:

Definition 3.1. Let f(x) be a function defined for x > 0, then the Laplace transform
of f(x) denoted by F(s) = L{f(x)} is defined as follows

Fls) = L{f(a)} = / e (),

= lim ae_sxf(as)dac. (3.27)

a— 00 0
Also, the inverse Laplace transform denoted by L™'{F(s)} is equal f(z) if and only
if F(s) =L{f(x)}.

The next table gives the Laplace transform of some functions calculated with

the help of Definition [3.1]

f(x) F(s)
| !

N 19 Tl
", n=12, ~

bx ) ]J'rl
€ ?7 s> a
sin(bx) W
cos(bx) RN

b

Slnh(bx) m
cosh(bx) S,Q—ibQ
L{f'(x)} sC{f(x)} — [(0)
L{f" ()} s"L{f(x)} — 5" f'(0) — s"2f7(0) — ... — sf"7V(0) — F"(0)

Table 3.1: Laplace transform of some functions

Padé approximation:

Definition 3.2. Padé approrimation is a ratio of two polynomials come from the
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Taylor series expansion of a function y(x) and defined as

where by = 1 by normalization.

Now, we can write the function y(z) as

y(x) = Z Cpa™
n=0
Also,
y(x) . Pl O(:L‘l+m+1).
Thus,
l
oo Z an2"
n n=0
Dot = o,
n=0 Z bnﬂfn
n=0
or

ap + a1z + axx? + asz® + ...

2 3
Co+cCcix 4+ cox” +c3xr” 4 ... =

1+ byz + 02 + bya + ..

From (3.28)) we obtain the following system of equations

ayg = Cp,
a; = ¢+ coby,
Ay = Co + Clbl + Cobg,

as = c3+ coby + c1ba + cobs,

ag, = C4 + 03b1 + CQbQ + Clbg + Cob4,

(3.28)
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where ¢, is given.

In order to solve the above system for a, and b, we take the numerator degree to
be [ and the denominator degree to be m, also we take the Taylor series expansion

of y(z) up to z!*™. i.e. we want to solve the following system

ap = Co,

ap = c1+ coby,

az = c3+ c1by + b,

ag = c3+ coby + c1by + cobs,

ay = ¢4+ c3by + caby + c1b3 + coby,
a = ¢+ c_1by + c_gby+ ... + coly,

0 = Cl+1 + Clbl + Cl_lbg + ...+ Cl_m+1bm,

0 = cayo+t b + by + ... + comyabn,

0 = Ciym + Cym—1b1 + Cpm—2bs + ... + C1bpy.

The next example illustrates this approximation.

Example 3.5. Consider the exponential function e” .
The Maclaurin series of e” is f(z) =1+ + 2% + ga* + ...
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Solution. To find P? of f(x) we must solve the following system of equations

apg = 1,
a, = 1—|—b1,
1
ag = §+bl+bg,
1 1
0 = 6+§bl+b2+b3,
1 1 1
= —+-b+=by+b
0 24 TR
1 1 1 1
We obtain the following
3
bl - —g,
3
b? - %7
1
by = ——
3 607
apg — 1,
2
a; = g,
1
ay = 20
Then so,
1oy Le
1 1 1 1 T 507
1 22 23— 4, - 05 5 20
LR L R YRR Tk 3 3, ;
Il— o+ —af— —
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Figure shows both the Padé approximation and Maclaurin series expansion of

e” . Also, by zooming Figure |3-5| confirm the accuracy of Padé approximation.

|2 I ST O
fo = >

]

o 02 0.4 0.6 o8 1

— - — Pade approximation exponential function
— — fix)

Figure 3-4: The Padé approximation of f(z).

%)

139

%]

3R

%]

137

%]
w
j=2]

%]
7]
Lh

]
L
L

I
7]
[F=)

]
L
1]

%]
7]

0.757 0.758 0.759 0.760 0.761
x

— - — Pade approximatipm of fix) — — fix)
cxponential function.

Figure 3-5: The Padé approximation of f(x).



66 Chapter 3. Modifications of DTM for ordinary differential equations

DTM with Laplace transform and Padé approximation:

This modification uses the series solution obtained by using DTM and take the
Laplace transform of this solution. After that we apply the Padé approximation.
To get the final solution by this modification we take the inverse Laplace transform
of the Padé approximation. this method can keep the periodic behavior of the so-
lution. The next examples illustrate the idea. The results are calculated by using

MAPLE. See [37,39).

Example 3.6. Consider the following initial value problem
y'(x) + 27 (z) + 4y(z) = 1 + cos(4x), (3.29)

subject to
y(0) =1 and 4'(0) = 0. (3.30)

Solution. Firstly, we apply the DTM on (3.29)) to obtain the following recurrence

relation

1

YV(k+2) = —zzk:Y( )Y (k — )—4Y(k:)+5(k)+4—k (k—”)
T kD2 &= ' 1\ 2

Also from (3.30) we get
Y(0)=1and Y(1) = 0. (3.31)

So, by using (3.31)) and (3.31)) for £ =0, ..., 3 we have the following values

Y(2) = -2
Y(3) = o0,
i) = o
Y(5) = 0,
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Thus, the series solution is
2 2 4
y(x) =1 —22° + 37 (3.32)
Now, by taking Laplace transform of (3.32)) we get
1 4 16
L =—-— =+ —. 3.33
W) =1 - (3.39)
1
To simplify L{y(x)} let s = — then (3.33) becomes
x
L{y(z)} =z — 42° + 162°. (3.34)
The P§ of (3.34) equal
x
P=—— 3.35
3 1+ 4I27 ( )
1
replacing = by — in (3.35|)
s
1
P=—. 3.36
3 s(&+1) (3-36)

After that, we take the inverse Laplace transform of (3.36) to get the following

solution

y(x) = cos(2x).

By this method we obtain the solution in terms of cosine function.

Figure [3-6| shows that the solution obtained by DTM with Laplace transform and

Padé approximation, the DTM solution and the exact solution.

After zooming, Figure [4.24] show that the solution obtained by DTM with Laplace

transform and Padé approximation is closer than the DTM solution to the exact
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1
0.8
0.6
0.4
02

]

02 0.4 0.6
x

02-
0.4-

- DTM with modification solution DTM solution

Exact solution

Figure 3-6:  The solution obtained by DTM with Laplace transform and Padé
approximation and DTM solution together with the exact solution.

one.

0. 7690
0. 7685
07680

07675

03465 03470 03475 03480
x

exat solution — — DTM with modification solution
DTM solution

Figure 3-7:  Comparison between the solution obtained by DTM with Laplace
transform and Padé approximation and DTM solution.
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Example 3.7. Consider the following initial value problem
y" () — 0.04(1 — y*(2))y'(x) + y(z) = 0.04sin(1.47), (3.37)

subject to
y(0) =1 and '(0) = 0. (3.38)

Solution. Firstly, we apply the DTM on (3.37) to obtain the following recurrence

relation

1
(k+1)(k+2)

0.04 P
C(E+1)(k+2) (Z D (m+ DY (m+ DY (r—m)Y(k ~ r)) :

Y(k+2) =

<0.04(k: SOV (k1) —y(k) + o.o4<1;)k sin (%”))

r=0 m=0

(3.39)

Also from (3.38) we get
Y(0)=1and Y(1) = 0. (3.40)

So, by using (3.39)) and (3.40) for k£ =0, ...,6 we have the following values

Y(2) = —0.5000000000,
Y(3) = 0.009333330373,
Y(4) = 0.04167186932,
Y(5) = —0.003381330574,
Y(6) = —0.001327519922,
Y(7) = 0.0005989144050,

Y(8) = —0.000008721286018,
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Thus, the series solution is

y(z) ~ 1—0.500000000022 4 0.0093333303732> + 0.04167186932z* — 0.0033813305742°

—0.0013275199222° + 0.00059891440502" — 0.000008721286018z°. (3.41)

Now, by taking Laplace transform of (3.41) we get

1 1 0.05599998224  1.000124864  0.4057596689  0.9558143438
Lly)} = < -5~ * - -

s 83 st 55 56 s7
3.018528601  0.3516422530
+ 8 B 9 :
S s

(3.42)

1
Let s = — for simplicity then (3.42) becomes
T

L{y(z)} = x—2°+0.05599998224x* + 1.0001248642° — 0.40575966892° — 0.9558143438x"

+ 3.0185286012° — 0.35164225302°. (3.43)
The P} of (3.43) equal
pi_ z + 0.17037252002% 4 7.72757074223 + 0.13900539342*
Y 1+ 0.1703725200x + 8.7275707422% + 253377931123 + 7.71790502024
(3.44)

1
replacing « by — in (3.44))
s

4 s3 +0.1703725200s% + 7.727570742s + 0.1390053934

Pl = . (3.45
1 54 40.170372520053 4 8.727570742s2 + 25337793115 + 7.717905020 ( )

After that, we take the inverse Laplace transform of (3.45)) to get the following

solution

y(r) = 0.0003101444994 cos(2.778582680x )¢~ 0-07000300730x
— 0.002314542034 sin(2.778582680x )¢~ -07900300730z
4 0.9996898554 cos(0.9994074949; ) ¢~ 0-006183252709

+ 0.01264447568 sin(0.9994074949z) ¢~ 0-006183252709z
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For more examples refer to |1, 37, B9).



Chapter 4

DTM for partial differential
equations

Partial differential equations are used to formulate several phenomena in real world.
For example, wave , heat and fluid flows. There are many methods to solve partial
differential equations, one of these methods is the DTM. In this chapter, we use the
so called Two Dimensional Differential Transform Method (TDDTM) to solve par-
tial differential equations. Then, we introduce the Reduced Differential Transform
Method (RDTM) and Laplace Differential Transform Method (LDTM) which used

also to solve this type of equations.

4.1 The TDDTM

In this section, we intoduce the TDDTM definition. Also, some theorems are given
to help us in solving partial differential equations. In addition, some examples are
presented to illustrate this method. For the material of this section we refer to

15, [0, [43].

72



4.1. The TDDTM 73

Definition 4.1. Let y(z,t) be a function of two variables which is analytic and
continuously differentiable on the nonnegative integers. Then the two dimensional
differential transform of the function y(z,t) defined as follows

, (4.1)

1 [0Fhy(x,t)
Y(k’ h) = l ) :|
KWL 0zkoth |, 00

where y(z,t) is the original function and Y (k, h) is the transformed function. Dif-
ferential inverse transform of Y (k, h) is defined as

y(x ) =Y > Y (k h)zkt" (4.2)

k

By substituting equation(4.1)) in (4.2)) we get

oo o0

0 h=0

oo X0 .Ikth 8k+h l',t
yat) =S AGD)

koth ‘ '
pardiwrt klpl 0x*oth | _ 0.0

Definition [4.1]is true when (z,t) = (o, to).

The next theorem indicates the linearity property of the TDDTM.

Theorem 4.1. If y(z,t) = au(x,t) + pv(x,t), then Y (k,h) = aU(k,h)+ BV (k, h),

where o and B are constants.

Proof. Let y(z,t) be the original function, then the differential transform of y(z,t)
is given by

1 O*hy(z,t)

Y(k,h) =
k!h!  Oxzkoth (2,)=(0,0)
_ 1 o"Mau(w,t) + (Bu(w,t))
kIR dxkoth (2,)=(0,0)
1 [oRM(au(z,t) | OMR(Bu(z,1))
kA oxkoth dzkoth (2,1)=(0,0)
a OFu(x,t) N B O ho(x,t)
KIRL Qxkoth | y_o  KRL 0RO {00

— aU(k, h) + BV (k, h).
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The next theorems give the two dimensional differential transform of some functions.

ou(zx,t)
Ox

Proof. Let y(z,t) be the original function, then the differential transform of y(z, )
is given by

Theorem 4.2. If y(x,t) = , then Y (k,h) = (k+1)U(k+1,h).

1 OFthy(x,t)

FAL ko |=0=00
1 ak+h( 8u(x7t) )

ox

KIhl - 0z*oth |, ) _ 00
1 {aw*”*h(ww))]
RIDU [ 02k 1oth | o0

Y (k, )

ou(zx,t)

5 then Y (k,h) = (h+1)U(k,h +1).

Similarly, when y(x,t) =

O u(x,t)
Oxrots
(k+7r)(h+s)!
k!h!

Theorem 4.3. If y(x,t) = , then

Y (k, h) =

Uk+r,h+s).

Proof. Let y(z,t) be the original function, then the differential transform of y(z,t)
is given by

1 OFthy(x,t)

Y(k h) =

151 kA+h
klpl0zkot" |, 0.0
k-+h (0" u(z,t)
1 ()
kAth
LA 0xkot (2,£)=(0,0)

1 [okrn+ () (y(z, 1))
KAl [ Qzktrothts ] (2,£)=(0,0)
(k+r)!(h+s)!

= o Uk +7,h+ 5)
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[
Theorem 4.4. If y(x,t) = u(x,t)v(x,t), then
ko h
Y(kh)=> Y Ulr,h—s)V(k—r,s).
r=0 s=0
[

Proof. See [6].

Theorem 4.5. If y(z,t) = augv,t) avéx’t), then
T T

:ZZ(r+1)(k—r—|—1)U(r+1,h—$)V(k—7"~|—1,s).

vzt
Uéx’ ) _ v*(z,t). Then by using Theorem
X

dulz,t) = u*(z,t) and

Proof. Let
01
and Theore we get

ZZU*(r,h —s)V*(k—r,s)

r=0 s=0

MY r+ 1k

—r+ 1)U+ 1,h—s)V(k—r+1,s).

Ju(x,t) Ov(x,t)  then
t ot

Similarly, if y(z,t) =

o))

k

=2

r=0 s

(s+1)(h—s+1)U(r,h—s+1)V(k—r,s+1).

M:

I
o

Theorem 4.6. If y(x,t) = 2™t", then Y (k,h) = 6(k — m)d(h — n), where

5k ) 1 ifk=m
—m) =
0 if k# m.
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1 ifh=
(5(h—n):{ it h =n,

0 if h#n.

Proof. Let y(z,t) be the original function, then the differential transform of y(z, )

is given by

Y (k, )

1 OFthy(x,t)
k\h!  Oxkoth

L o (amen)
KWL Ozhoth | o0

o] i
KUodk | [hl o |,

{1 dk:cm] {1 dhtn}
RUdak | R,

d(k—m)d(h —n).

(z,t)=(0,0)

h

Theorem 4.7. If y(x,t) = 2™, then Y (k,h) = §(k — m)A— where X\ is constant.

h!’

Proof. Let y(z,t) be the original function, then the differential transform of y(z,t)

is given by

Y (k, h)

1 a’”’“‘y(xat)‘

15 koth

kb Oxkot (x,t)=(0,0)

1 OFth(gmeM)
kArh

kElR!  Oxkot (2,£)=(0,0)

[ 1 8’%’”} [ 1 0%”]

k! oxk | _ | Oth |,_,
[ 1 dkxm] [ 1 dheM]
i T o A
)\h
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h
Theorem 4.8. Ify(z,t) = 2™ sin(at+3), then Y (k, h) = 5(k—m)% sin (hg + B) ,

where o« and 3 are constants.

Proof. Let y(z,t) be the original function, then the differential transform of y(z, )
is given by

1 ak—i—h t
YRR = i 895’1“/;’; |
I (,£)=(0,0)
1 O (a™sin(at + )
1 9Fam 1 " sin(at + B)
Lk 92k |, LR oth =0
[ 1 dFam 1 d"sin(at + )
KV dak | A dth 0
h h
= %(5(1{: —m) sin (; + 5) :
O
o . al hm
Similarly, if y(z,t) = 2™ cos(at + /), then Y(k,h) = ﬁé(lﬂ — m) cos 5 + 5,
where o and [ are constants.
Now, we explain the TDDTM through the following examples.
The following example is taken from [15].
Example 4.1. Consider the following nonlinear partial differential equation
t2 2
Yl 1) = y(o aal,t) = 1= —, 2> 1, £20, (14)

with initial conditions
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Solution. By applying the TDDTM on Equation (4.4) we have

(h4+D)(h+2)Y (kh+2) =D Y (k—r+1)(k—r+2)Y(kh—s)Y(k—r+2s5)

r=0 s=0

— S(R)S(h) — %5(@5@ ~2) — (k — 2(h),

This leads to the following relation

h
Yk, h+2)
* 22+ D)(h+2)

k
ZZ _ng Dy h— )Y (k—r 1 2.5)
+ NUESET)

From the first initial condition in (4.5) we get

> Y(k0)* = g =0
k=0 k=0
thus,
1
- ifk=2,
Y (k,0) =< 2
0 otherwise.

Also, from the second initial condition we have

Y(k,1)=0, k=0,1,...
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Using the last new conditions and relation (4.6)) we obtain the following

Y(072) = %a
Y(1,2) = %(GY(O, 0)Y'(3,0) + 2V (1,0)Y(2,0) + 0 = 0,
Y(2,2) = %(125/(0,0)1/(4,0) L 6Y(1,0)Y(3,0) + 2Y(2,0)Y(2,0) — % —0,

Continue in this way, we obtain

kh]O0[1]2]3]4
0 003510710
1 0] 0]0]0]0]..
2 tlofjojolo]o
3 0Ojojo0]o0]o0
4 0jo0jo0]0]o0

Table 4.1: Valves of Y(k, h).

Hence, we can write the solution as

2t 4t
2

y(z,t)

which is the exact solution.

Example 4.2. Consider the following nonlinear partial differential equation
Yor(2,1) = You(,1) +y(2, 1) + 97 (2,8) — xt — 2%, 0 <z, t >0, (4.7)

with initial conditions

and boundary condition
y(0,t) = 0. (4.9)
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Solution. By applying the TDDTM on Equation (4.7) we have

(h+1)(h+2)Y(kh+2) = (k+1)(k+2)Y(k+2,h)+Y(kh)

+ ZZY(?",h —s)Y(k—r,s)

r=0 s=0

—§(k —1)3(h — 1) — 8(k — 2)5(h — 2),

This leads to the following relation

1
(h+1)(h+2)

+ ZZY(r,h —s)Y(k—r,s)

r=0 s=0

— 6k —1)8(h — 1) — 6(k — 2)3(h — 2)). (4.10)

Y(kh+2) = [(E+ 1) (k+2)Y(k+2,h)+Y(k h)

From the first initial condition in (4.8) we get
Y(k,0)=0, k=0,1,...

Also, from the second initial condition we have

1 ifk=1,
Y (k1) =

0 otherwise.

From the boundary condition in (4.9) we get

Y(0,h) =0, h=23,..,
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Using the last new conditions and relation (4.10) we obtain the following

Y(0,2) = 0,
Y(1,2) = %(61/(3,0) +Y(1,0) 4 2V(0,0Y(1,0)) = 0,

Y(2,2) = ;uY%®+Y@ﬁHJY@®Y@m+YﬂﬁWﬂﬁ»—Q

By continue in this way, we obtain

kb0 [1[2]3]4
0 |0]0][0]0]O0
1 0o|1]0]0]o0]..
2 |ojo|lo]o]o]o0
3 Jolo]o0o]|o0]o0
4 o lo]0o]|0]o0

Table 4.2: Valves of Y (k, h).

Hence, we can write the solution as

y(x,t) = Z Z Y (k, h)z*th = xt.

k=0 h=0

which is the exact solution.

For more examples refer to [15] [40, [43].

4.2 The RDTM

When we use the TDDTM to solve partial differential equations sometimes we have
complex calculations. Therefore, in this section we introduce the concept of RDTM.

In addition, we give some basic theorems with proofs. See |16}, 30] 32, [44].
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Definition 4.2. Let y(x,t) be analytic and continuously differentiable function.
Then the reduced differential transform of the function y(x,t) defined as follows

k Xz
Yi(z) = % {%} N (4.11)

where y(x,t) is the original function and Y (x) is the transformed function. Differ-
ential inverse transform of Yj(x) is defined as

y(o,t) =) Yi(a)t". (4.12)

By substituting equation(4.11)) in (4.12)) we get

— tF OFy(a, 1)
— kot

y(z,t) = (4.13)

k t:O.
The next theorem indicates the linearity property of the RDTM.

Theorem 4.9. Ify(z,t) = au(x,t)+ Pv(z,t), then Yi(z) = aU(z)+ BVi(z), where
«a and [ are constants.

Proof. Let y(z,t) be the original function, then the differential transform of y(z,t)
is given by

k
Vi(z) = %—8 %(t?t) o
10%au(n, 1) + (Bolz, 1)
k! otk 0
L L[Rene) , 200
k! otk otk o
_adu(x,t) B O*v(z,t)
kKloootk |, kloth |,

= aUg(z) + pVi(x).

The following theorems give the reduced differential transform of some functions.
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O u(zx,t)
o’

(k+r)!

Theorem 4.10. If y(z,t) = then Yi(x) = TUHT(x).

Proof. Let y(z,t) be the original function, then the differential transform of y(z,t)
is given by

1 9%y(x,1)
klootk |,
e
Kl Otk 0
(k) [Tzt
E(E+7)! ot |,

(k+r)!
= il UkJrT(JJ).

Ou(z,t)

Theorem 4.11. If y(z,t) = 5
T

Proof. Let y(z,t) be the original function, then the differential transform of y(z, 1)
is given by

1 9%y(z,1)
kloootk ],
ou(z,t)
k )
k! otk

Vi ()

t=0

Theorem 4.12. If y(z,t) = u(x, t)v(x,t), then

k

Yi(z) = Un(@)Viep(2).

r=0

Proof. Let y(z,t) be the original function, then the differential transform of y(z, )
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is given by

1 0%y(x,t)
Eatk |,

1 0%(u(x, t)v(x,t))
k! otk

t=0

Now, the Leibnitz rule for partial derivatives of function of several variables

ak k E\ O ak—r
%(u(x,t)v(x,t)) = ; (T) atru(:p,t)Wv(x,t). (4.14)
By using we get
k
1 k\ O u(x,t)| O Tu(x,t)
Nie) = 5 [ZE (r) o |, ot ||’
B 1 "u(z,t)| O Tu(z,t)
ik =) — o |, o | ’
k
= Y Un(a)Viy()

Theorem 4.13. If y(x,t) = 2™t" then Yi(z) = 2™6(k — n), where

5k ) 1 if k=n,
—n) =
0 if k& #n.

Proof. Let y(z,t) be the original function, then the differential transform of y(z,t)
is given by

1 OFy(x,t)
kL otk

1 O%(z™tm)
ko

™ Okt
Kot
= 2™k —n).

t=0

t=0
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Theorem 4.14. If y(x,t) = 2"t"u(x,t), then Yi(x) = 2" Up_n ().

Proof. Let y(z,t) be the original function, then the differential transform of y(z, )
is given by

1 04y(a,t)
T o
1 0% (z™t"u(z,t))
k! otk
™ OFt (. t)
K otk

t=0

= z" Z o(r —n)Up_r(2)

= 2"Up_pn(x).

Now, we apply the RDTM on the next examples.

Example 4.3. Consider the following nonlinear partial differential equation

yi(w,t) — y(2, ) Yo (2, 1) — v° (2, 1) — y(z,t) = 0, (4.15)

with initial condition

y(z,0) = . (4.16)

Solution. By applying the RDTM on Equation (4.15)) we have

k

()Y (0) = 3 Vo) g Vie s 0) = 3 2o Vel 2 i) = i) =0,

r=0 r=0

This leads to the following relation

Vier(w) = g | S0 ¥ele) Ve e(0) 4 3 4 Vo) SV (o) + Vio) | (1.17)
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From the initial condition (4.16)) we get Yy(z) = /.

Now, by using Yy(z) = /o and (4.17)we obtain

02 0 2

Vi@) = Yo(a)s5Yole) + (- Yo(w) +Yole) = v,
Vo) = %<%(m)%ﬁ(m)+ﬂ(z)%%(m)+2%%(1’)%3ﬁ($)+1ﬁ($)> _
Vi) = g (Vo) gshale) + Vi) 5 Yi(e) + Yali) 5 Yolo) + 25 Yile) i) )
1 VT
+ §Y2(x) = ?7

Hence, we can write the solution as

y(z ) = > Yi(a)th,
k=0
= \/E+\/Et+§t2+\/3—'§t3+...
= ze.

Which is the exact solution.

Example 4.4. Consider the following nonlinear partial differential equation
Yor (2, 1) = Yoo (2, 1) +y(z,t) + 32 (2,1) — 22t — 42°t*, O <o <7, t>0,

with initial conditions
y(x,0) =0, y(x,0)=2x

Chapter 4. DTM for partial differential equations

<5,
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Solution. By applying the RDTM on Equation (4.18)) we have

82
(h+ D)k +2)iis(n) = 55Yi(@) + Vil +ZY )Yor (2

—2z6(k — )—4:1:'2(5(k— 2),

This leads to the following relation

Vio(z) = i 1)1(k = (88; Vi(x) + Yi(x) + TZ:; Y;'(QJ)Ykr(l’))
DGy (kD etk =2). (420)

From the initial condition (4.19) we get Yy(z) = 0.

Now, by using Yy(z) = 0 and (4.20) we obtain

Yi(z) = 2,
}/2(3:) = 07
Ys(z) = 0,

Hence, we can write the solution as
y(z ) = > Yi(a)th,
k=0

Which is the exact solution.

For more examples refer to |16, 30} B32] [44].
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4.3 The LDTM

In this section, we present the LDTM for solving partial differential equations. This
modification joint the Laplace transform with DTM to handel the deficiency come
from the unsatisfied boundary conditions in using DTM. An example is given to

illustrate this modification. For more examples see [0} [34].

Consider the partial differential equation of the form

Y (T, 1) + ao(2)y(z,t) + ar(2)ys (2, t) + as(2)yaa(2, ) = f(2,1), (4.21)

with initial conditions

y(l‘, 0) = gl(x)v yt(xa O) = 92<m>’ (4'22)

and boundary conditions

y(O, t) = hl(t)v yx(O’ t) = hQ(t)- (423)

To solve this problem by using LDTM we follow the next steps:

e Apply the Laplace transform with respect to t on (4.21]) we have

L{yu(z,t) + ao(x)y (@, t) + ar(2)ya (2, 1) + aa(0)yee(z, 1) } = LS (2, 1)},

which equals

| et + anlalate. )+ an(@lulnt) + a + 2ahus )i

= /OO e f(x,t)dt,
0
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after integrating we have

sy*(x,5) = sy(w,0) = yi(2,0) + ag(2)y" (2, s) + aﬂfﬁ)%y*(x, s)
d2

+ CLQ(JZ)@y*(nT, 5) = f*(l‘, S)v

where y*(z,s) = L{y(z,t)}.

Now, by using (4.22)) we obtain

sy (w,5) = sg1(2) — g2() + ao(2)y" (2, 5) + ax (w)%y*(% 5)
d2

+ ag(x)@y*(x, s) = f"(x,s). (4.24)

Also, we Apply the Laplace transform with respect to ¢ on (4.23), then the

boundary conditions become

y*(0,s) = hi(s), v:(0,s) = h3(s). (4.25)
Hence, we get an initial value problem for ordinary differential equation.

e Apply the DTM on (4.24) and (4.25) to get the following solution

yi(w,s) =Y Y(k)at. (4.26)

k=0

e Take the inverse Laplace transform of (4.26) to get y(z,1).

Now, we apply this modification on an example.

Example 4.5. Consider the following partial differential equation

Y (2, 1) — Yoo, t) = ate®, w,t>0 (4.27)
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subject to
y(x,0) =bcosz, y(x,0) =0, (4.28)

y(0,t) = a(sinht — t) + bcost, y.(0,t) = a(sinht — ). (4.29)

Solution. By applying the Laplace transform on (4.27) and by using (4.28) we get

2 ae®

S2y*(l',8) - S:g(l’,O) - yt<$,0) - @y*(l'7 S) = ?7

or

d? ae”

2, % * —
s7y*(x,s) — sbcosx — Pt (x,s) = R (4.30)
also, by applying the Laplace transform on (4.29) we get

. 1 1 s . 1 1
y*(0,s) =« <32 —1 ?> +bm, yx(0,8) =« (32 —1~ 3_2) . (4.31)

Now, apply the DTM on (4.30) to obtain the following relation

d* cos x a
2
Y (k) = bs = i lemo = (k4 Dk +2)Y (k+2) = 175,

or o
——— + $2Y (k) — bsLegsz|

o kg2 dxk
Yik+2) = e+ )k +2) ’

(4.32)

also, on (4.31]) to get

Y(O):a(f_l—i)mﬁ, Y(1):a<21_1—i>. (4.33)

By using (4.32) and (4.33)) we obtain the following

a 1 b s «Q
Y(2) = — — = - —
2) 2s2—-1 28241 252’
a 1 o
Y(3) = — - —
(3) 6s2—1 652’
a 1 b s «Q
Y4) = — — — .
(4) 2482—1+2482+1 2452
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Thus,
yi(z,s) = > Y(k)a",
k=0
1 1 b s n 1 1
= « - = Q@ ——= |z
s2—1 2 s24+1 s2—1 52
(e 1 b s a 9
— - = —— |z
2s82—-1 28241 252
. a 1 a 3
— —— |z
6s2—1 6s2
. a 1 n b s a 4
— — — x
2452 —1 24s2+1 2452
+ ...
Hence,

y(‘% t) = ‘C_l{y*($’ 8)}7

b
= «af(sinht —t) + bcost + (asinht — at)r + (% sinht — 2 cost — %t)a:Q

b
+ (g sinht — g75)x3 + (g sinht + — cost — gt)x4 + ..,

6 6 24 24 24
or
2 xd a2t
t) = inh#(1 — 4+ =+ —=+..
y(x,t) asin (+x+2+6+24+ )
r? 2t
l——+—+...
+ beost( 5 togt )
2 23 2t
—at(l — 4 =4+ =+ ...
at(l @+ T 4 o o),
S0

y(x,t) = ae®sinht + beost cos z — ate”.

Which is the exact solution.
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