Palestine Polytechnic University
Deanship of Graduate Studies and Scientific Research

Master Program of Mathematics

A Study of Graph Theory With Matrix
Representation

Submitted by:

Maryam Waleed Fasfous

Master of Science Thesis

Hebron - Palestine
September, 2017



A Study of Graph Theory With Matrix Representation

Prepared by:

Maryam Waleed Fasfous

Master of Science Thesis
Hebron - Palestine

Supervisor

Dr.Iyad Alhribat

Submitted to the Department of Mathematics at Palestine Polytechnic
University as a partial fulfilment of the requirements of the degree of
Master of Science.



The program of graduated studies
Department of mathematics
Deanship of Graduate Studies and Scientific Research

A Study of Graph Theory With Matrix Representation

Prepared by:Maryam Waleed Fasfous

Supervisor

Dr. Iyad Alhribat

Te name and signature of the examining committee members:

Dr. Iyad Alhribat Head of committee signature_________
Dr. Ali Twaiha External Examiner signature____
Dr. Nureddin Rabie Internal Examiner stgnature_________

Dean of Graduate Studies and Scientific Research signature_____
Palestine Polytechnic University, Palestine.

2017



Declaration

I declare that the master thesis entitled ” A Study of Graph Theory With
Matriz Representation” is my own work, and hereby certify that unless stated,
all work contained within this thesis is my own independent research and has
not been submitted for the award of any other degree at any institution, ex-
cept where due acknowledgment is made in the text.

Maryam W. Fasfous.

Signature :___ Date:



Statement of Permission to Use

In presenting this thesis in partial fulfillment of the requirements for the master degree
in mathematics at Palestine Polytechnic University, I agree that the library shall make it
available to borrowers under rules of library. Brief quotations from this thesis are allowable
without special permission, provided that accurate acknowledgment of the source is made.
Permission for the extensive quotation from, reproduction, or publication of this thesis may
be granted by my main supervisor, or in his absence, by the Dean of Graduate Studies and
Scientific Research when, in the opinion either, the proposed use of the material is scholarly
purpose. Any copying or use of the material in this thesis for financial gain shall not be

allowed without my written permission.

Maryam W. Fasfous

Signature - Date .



Dedications

This work is dedicated to my family

Maryam



Acknowledgments

Foremost, I would like to express my sincere gratitude to my supervisor Dr. Iyad Alhribat
for his continuous support, encouragement and inspiring guidance throughout my thesis . I
also would like to express the deepest appreciation to the committee members Dr. Ali Twaiha
and Dr. Nureddin Rabie for their valuable remarks. Last but not the least, I would like to
thank my family especially my parents for their continuous and endless support throughout

all my life

vil



Contents

1 Fundamentals of graph theory 4
1.1 Definitions and Basic concepts . . . . . . . ... ... ... 4

1.2 Graph operations and cuts . . . .. .. ... Lo 15
1.2.1 Operations on graphs . . . . . . . . .. ... 15

1.2.2 Cutongraphs . . . . . . . . . .. ... 19

1.3 Isomorphic graphs . . . . . . .. .. 21
1.4 Directed graphs . . . . . . .. . 23

1.5  Tree, fundamental circuit and fundamental cut set . . . . . . ... ... .. 27
1.5.1 Tree . . o o o o 27

1.5.2  Fundamental circuit and fundamental cut . . . . . .. ... ... .. 30

2 Incidence matrix and other related matrices 32
2.1 Incidence matrix of directed and undirected graphs . . . . . . .. .. .. .. 32
2.2 Rank and determinant . . . . . .. ..o 34
2.3  Moore-Penrose inverse . . . . . . ... Lo 40
2.4 Circuit and cut matrices . . . . . . . ... Lo 42

3 Adjacency matrix and other related matrix representations of graphs 46
3.1 Adjacency matrix of graphs . . . . . ... ... 46
3.2 Laplacian matrix . . . . . . ... 51



3.3 Antiadjecency Matrix . . . ... .. 53

3.4 Boolean Operations on adjacency and antiadjecency matrices . . . . . . . . . 55
Spectral properties of graphs 61
4.1 Spectral of adjacency matrix . . . . . .. ... 61
4.1.1 Spectral of complete graph . . . . . ... ..o 63
4.1.2 Spectral of the bipartite and complete bipartite graph . . . . . . . .. 64
4.1.3 Spectral of regular graphs . . . . . . ... oL 66
4.2  Eigenvalues of Laplacian matrix . . . . . . .. ... ... ... 67
4.3 Comparing the largest eigenvalue of matrices resulted by Boolean operation 69
4.4 Page Rank Application . . . . . . . . ... 72
441  Nonuniqueness. . . . . . . . . . i 74
4.4.2 Dangling nodes . . . . . . ..o 78



Abstract

In this thesis, we study the main well known results in graph theory. In particular, we study
many formulation and properties of finite simple graphs through their matrix representation
such as incidence and adjacency matrix, etc.

In addition, we compute the spectral of adjacency, Laplacian, and antiadjecency matrices of
some special graphs.

Furthermore, we compare the largest eigenvalue of antiadjecency matrices that is constructed

by some Boolean operations.



Introduction

In the eighteen century the The Konigsberg bridge problem is the start of graph theory.
The Konigsberg bridge originated in Konigsberg, formally in Germany, now known as Kalin-
ingrad and it’s a part of Russia, the city had seven bridges, which connected two islands with
the main land by these bridges, on every Sunday afternoon the citizens in this city always

wondered whether was there any way to walk on all bridges once and only once. See figure 1.

Figure 1: The old town of Konigsberg has seven bridges

Since no citizen could achieve this puzzle. In 1736 Euler come out with the solution, first
he draw a graph consisting of a node that represented the landmass and lines represented

brigades that connected the mass. See figure 2.

After that problem, graph theory developed rapidly by using many techniques and strate-
gies for solving various problems and applications in different fields.
The material of this thesis lies in four chapters, each contains basic definitions, examples

and important Theorems.



Figure 2

Chapter one: In this chapter we begin with basic definitions and some basic theorems
needed in this work. It contains five sections. Section-1 contains the definition of undirected
graph and we present many types of graphs and examples. In section-2, we give some unary
and binary operations on graphs and cuts of edge and vertex. In section-3, we give the
definition of isomorphic graphs. In section-4, we present the directed graph and it’s related
concepts. In section-5, we display the definition of tree and other related concepts, such as
fundamental circuit and fundamental cut.

Chapter two: In this chapter we study the graph by using it’s representation incidence
matrix and other related matrices . It contains four sections. Section-1, contains the defini-
tion of incidence matrix of directed and undirected graph and some properties of this matrix
. In section-2, we define the rank and compute the determinant of directed and undirected
graphs. In section-3, we display the Moore-Penrose inverse to show a result on connected

graphs. In section-4, we define the circuit and cut matrices and other related matrices.

Chapter three: In this chapter we study the graph by using another type of matrix

representations such as adjecency matrix, Laplacian and antiadjecncy matrices. It contains



four sections. Section-1, contains the definition of adjecency matrix of graphs and some prop-
erties of these matrices, we use this matrix to compute the number of walks that have the
length k, also we characterize the the isomorphic graphs and finally we find it’s determinant
of such matrices. Section-2, contains the definition of Laplacian matrix of graphs and some
properties of this matrix and it’s relation with the incidence matrix. Section-3, contains the
definition of antiadjecency matrix of graphs and some related results. In section-4, we study

the Boolean operations and their adjacency and antiadjecency matrices.

Chapter four: In this chapter we study the spectral of graphs which is a useful way
to study their properties. It consists of four sections. Section-1, contains the characteristic
polynomial of adjacency matrix and some basic properties of it’s spectral, also we display
some type of graphs and their spectral properties. Section-2, contains some basic properties
of spectral of laplacian matrix. Section-3, contains some results on comparing the largest
eigenvalue of antiadjecency matrices resulted by Boolean operations. Section-4, contains the

Page rank application of spectral properties of link matriz.



Chapter 1

Fundamentals of graph theory

This chapter is devoted to listing some definitions and results that will be used in succeeding
chapters. It is not intended to be an exhaustive study of any topic nor it is a complete list of
all of the facts which will be used in later chapters. Instead, it is intended to be a collection

of those results which will play important roles in what follows.

1.1 Definitions and Basic concepts

This section describes the graph in mathematics, we give the definition and description of
undirected graph and discuss some examples .

An undirected graph G=(V,E) is a collection of vertices (nodes, or points) that are
connected by edges (lines). G consists of a set of vertices V={vy, va, ..., v, } and another set
of edge E ={ey,es,...,e,}, a graph with at least two vertices is called a nontrivial graph.
Each edge e, in the set E is defined with unorderd pairs (v;,v;) of vertices. The vertices v;
and v; are called the end vertices of e, .

In Figure 1.1 an edge e3=(v3,vs) has vz and vy as end vertices, e3 and e5 share common
edge vertex and are called adjacent. Two vertices v; and v; are adjacent if there exist an

edge (v;,v;) that connect them. For example in figure 1.1 v3 and v, are adjacent, an edge e,
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Figure 1.1

is called self loop if it has the same vertex as both end vertex. If more than one edge have
the same pair of end vertices then these edges are called parallel in figure 1.1 for example

e; and ey, are parallel.

Definition 1.1.1 Let G=(V,E) be undirected graph with vertex set V={vy,vq,...,v,}, the

degree of a vertex v € V, is the number of edges for which v is an end vertex, denoted

deg(v)or d(v).

The maximum degree of a graph G, denoted by A (G) and the minimum degree of a
graph G denoted by ¢ (G) are defined as follows the maximum degree of G is the largest
vertex degree of G, and the minimum degree of G is the smallest vertex degree of G, for
example in figure 1.1 the maximum degree is 4 of vertex vy and the minimum degree is 1 for
vertex v1. A vertex whose degree is 1 is called pendent vertex, also a vertex whose degree is
zero is called isolated vertex. For example in figure 1.1 it doesn’t has an isolated vertex but

it has v; as a pendent vertex.

Theorem 1.1.1 /23] If G=(V,E) is an undirected graph with V= {vy, v, ...,v,}and E ={ey, ea, ...,em},
then

2 im1 d(vi) = 2m



Proof
Since the degree of a vertex v of a graph G=(V, E) is the number of edges for which v is an
end vertex. Let e=(v;,v;) be any edge of G, then e has two end vertices v; and v;, when we
sum the degrees of vertices, edge e get counted twice (once with end vertex v; and once with

end vertex v;). Thus the sum of degrees equal twice the number of edges. |

Corollary 1.1.1 /23] Every undirected graph with an even number of vertices is of odd

degree .

Proof
Let G=(V,E) be any graph with n vertices and m number of edges. If the vertices {vy, v, ..., vx }

have odd degree and the vertices {vji1, Vg2, ..., U, } have even degree Then by theorem 1.1.1

>, d(v;) = 2m, that is

Zd(u,-) + 'Z d(v;) = 2m

therefore

k
Z d(v;) + (even number) = (even number)
i=1

k

Z d(v;) = (even number)

=1

Here each d(v;) is odd number. So the number of odd degree vertices is always even.
Example 1.1.1 Consider the undirected graph G(V,E), G has a set of vertices {vy, va, v, Vg, Vs }

d(vy)=3, d(ve)=2, d(v3)=2, d(vs)=1 and d(v5)=0, Since d(v;)=3 and d(vs)=1 . Thus

the number of vertices that has an odd degree is even number.

Definition 1.1.2 A graph G(V,E) is said to be reqular if all it’s vertices have the same

degree, if the degree of each vertex of G is k then G is said to be k-reqular.

6
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A subgraph of a graph G is a graph whose vertices and edges are contained in G. That
is if G is a graph with set of vertices V={vy, vq, ..., v, } and a set of edges E ={ej, e, ...,en}
and H is a graph with set of vertices V={vy, vq, ..., vx} such that V(H)C V(G) and E(H)C

E(G) then H is called a subgrah of G and G is called supergraph of H.

Definition 1.1.3 If V(H)=V(G) then H is called a spanning subgraph of G otherwise H is

called proper subgraph.

consider the graph G in figure 1.3

Figure 1.3

G has five vertices and it has a spanning subgraph S, it also has a proper subgraph H.

Definition 1.1.4 Let v be a verter in a graph G then the open neighbourhood of v in G is
Ne(v) = A{ule = (u,v) € E(G)}

Also the closed neighbourhood of v is Ng[v] = Ng(v) U {v}

7



For example, in figure 1.1 N(v3)={v4, vo}, and N[vs]|={vy, v, v3}.

Definition 1.1.5 let G=(V,E) be any undirected graph and let Vi C 'V be any subset of
vertices in G. Then the induced subgraph G[ Vi | is the graph whose edges set consists of all

edges between the vertices in V.

For example, the graph G[vy,ve,vs] in figure 1.4a is an induced subgraph of figure 1.1 .

AR 4 V3 .\/. o
€2
€3 €3
v \4
2 V1 2
O s @
€4 €4
(a) A vertex induced subgraph (b) An edge induced subgraph

Figure 1.4: A subgraph of a graph G

Definition 1.1.6 let G=(V,E) be any graph and let £y C E by any subset of edges of G.
Then the induced subgraph G[E\] is the graph which consists all vertices that are their end

points .

For example, the graph Gles,es,e4] in figure 1.4b is an induced edge subgraph of the graph

G in figure 1.1.

Definition 1.1.7 A walk in a graph G is a finite sequence viei1vs...vx of graph vertices v;

and graph edges e; for 1 <i <k, where e;=(v;,v;11) .

The walk v;-v;, with an initial vertex v; and a terminal vertex v, is called v;-v, walk, with

length is the number of edges.



Note 1.1.1 If the initial vertex and the terminal vertex are different then v;-vy walk is an

open walk, otherwise it s a called a closed walk.
Definition 1.1.8 A trail is a walk viejvs, ...vx with no repeated edges.

Definition 1.1.9 A trail with distinct vertices except possibly the initial and terminal ver-

tices when they are the same is called a path .
Definition 1.1.10 A closed path is called a circuit.

Note 1.1.2 If a graph G doesn’t have a circuit it is called circuitless graph.

Vi

V4

€4

Figure 1.5: A graph for walks

Example 1.1.2 The graph in figure 1.5 contains many different walks, for example :
o The walk viejvzeqvs is an open walk .
o The walk vieqvzegvgesvy s a closed walk also it is a trail with length 3.
e The walk vseqviesvy is a path but not a circuit .
o The walk vseqvsesv1€1v3 18 a circuit.

The connectivity is an important concept in graph theory. Two vertices v;and v; are called

connected if there is path v;-v;.

Definition 1.1.11 A graph G=(V,E) is connected if any pair of vertices are joined by at

least one path, otherwise the graph is called disconnected.



Vi

Vi Vo ® V2

\E} V3 \

V5
V4 Vi@

(a) connected graph (b) disconnected graph

Figure 1.6

For example, the graph in figure 1.6a is connected whereas the graph in figure 1.6b is dis-

connected.

Definition 1.1.12 A simple graph is a graph with no self loops and no parallel edges.

Definition 1.1.13 [7] A simple graph in which there exist an edge between every pair of

vertices 1s called a complete graph

A complete graph with n vertices is denoted by K,. The graph of the first five complete

graphs are given in figure 1.7

Figure 1.7: Some complete graph

Remark 1.1.1 1. K, has ezactly @ edges.
2. A complete graph K, is a reqular graph of degree n-1.

10



Definition 1.1.14 let G=(V,E) be any graph, then a complete subgraph of G is called a

clique graph .

For example in figure 1.8 the graph G with set of vertices V={vy, v9, v3, v4,v5} have a com-

plete subgraph with set of vertices V={vy, v3,v3}, so it’s a clique of G.

Vi

Vo @ o V5 V2 @

3 V3

\4
Q V4 ( Vi

Figure 1.8: A graph with clique subgraph

Definition 1.1.15 A set Vis a partitioned into k nonempty subsets Vi, Va, ..., Vi if V1U VoU

VsiU V= Voand VN V; = @, Vi # j.

Definition 1.1.16 A graph G=(V,E) is said to be bipartite if it’s vertex set can be parti-
tioned into different sets Vi and Vo with Vi U Vo =V and V1,V # @ also Vi N Vy = & such

that every edge in E have an end vertex in V|, and another one in V5 .

Definition 1.1.17 A complete bipartite graph G=(V,E) is a bipartite graph that contains
all possible edges that have one end point in Vi and the other one in V,, we denote it by

K, n, where ny,ny are the number of vertices in Vi, Va respectively .

Figure 1.9 display a bipartite graph with a complete bipartite graph

11



V3 V3

Vi o V4 Vi V4
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Figure 1.9: A bipartite graph

Definition 1.1.18 A component of a graph G=(V,E) is the mazximal connected subgraph,
where maximality condition means that a subgraph H C G is a connected subgraph and for

any v €V(G), v¢ V(H), GV (H)U{v}] is disconnected

The only component of a connected graph is the graph itself, moreover the components of a

nonconnected graph are all pieces it contains.

Example 1.1.3 In figure 1.10 the graph G have siz vertices which is disconnected graph, it

has two components H and S (isolated vertex ).

G H S

Figure 1.10: A graph with its components

Since VH)NV (S) =& and V (H)UV (S) =V (G).

Definition 1.1.19 The nullity of a graph G=(V,E) with n vertices, m edges and k compo-

nents is the nonnegative integer p (G)=m-n+Fk .

12



Definition 1.1.20 The rank of a graph G=(V,E) with n vertices, m edges and k components

is the nonnegative integer p (G)=n-k .

It is easy to see that u (G)+ p (G)=m.

In figure 1.11 we have five edges, four vertices and two components then p (G)=4-2=2,

and u (G)=5-44-2=3.

\'Al Q Vo

\Z

V3

Figure 1.11

Definition 1.1.21 Let vy and vy be two vertices in a graph G, the distance between two
vertices is the length of a shortest path from vy to vy in G and is denoted d(vy,vs). If G is

disconnected and vy and vy in different components we say d(vy,ve) = 0.

Definition 1.1.22 The eccentricity of a vertex v in a graph G=(V,E) is the maximum dis-

tance between v and any other vertex in G, denoted by e(v) (i.e e(v) = maz {d(v,v;)|v; € V(G)}).

Definition 1.1.23 Let G=(V,E) be a graph with eccentricity e(v), the diameter of G is the

mazximum eccentricity of G, denoted by diam(G)=maz{e(v)|v € V(G)}.

Definition 1.1.24 Let G=(V,E) is a graph with eccentricity e(v), the radius of G is the

minimum eccentricity of G, denoted by rad(G)= min{e(v)lv € V(G)}.

Example 1.1.4 For the graph G in the figure 1.12 with set vertex {vy,vq, v3, vy, v5}, we can

obtain:

13
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V4

Figure 1.12

The distance d(vy,vs)=3 .

The eccentricity e(v) of a vertex in graph G is 3, 2, 2, 8 and 2 respectively .

The diameter of G = maz{e(v)|v € V(G)}=3.

The radius= min{e(v)|v € V(G)}=2 .

Theorem 1.1.2 [27] In any connected graph G

rad(G)< diam(G)< 2 rad(G)

Proof
By definition diam(G) equal the maximum distance between two vertices in G say u and v,
so d(u,v)=diam(G) and say w is a vertex for which e(w)=rad(G). Since rad(G) is distance
between two vertices, necessarily rad(G)< diam(G). Now

diam(G) = d(u,v)

< d(u,w) + d(w,v)

14



1.2 Graph operations and cuts

In this section we consider two types of operations on graphs and display the cut idea.

1.2.1 Operations on graphs

We consider some operations on graph. It will produce a new graph from the original by
applying operations such as union, intersection, etc. These operations are categorized as
unary which creates new graphs from an old one and binary operations create new graphs
from two initial graphs.

We have three unary operations on a graph as follows :

1. Let G=(V,E) be a graph and v; be any vertex in V(G), then the operation that obtained

by removing v; is an induce subgraph of V' — v; is called the removal of a vertez.

2. Let G=(V,E) be a graph and e; = (v;, v;) be any edge in E(G), then the operation that

obtained by removing e; an induce subgraph of E' —e; is called the removal of an edge.

Example 1.2.1 let G=(V,E) be a graph with set vertex {vy, vy, v3,v4} and set of edges
{617 €2, €3, 64}
the following figure show examples of a graph G with removal of vertex vs also with

removal of edge ey respectively.

15



V4

V3

G—V5

Figure 1.13

3. A complement of a simple graph G=(V,E) is a graph having the same set of vertex but
it has a complement edge of G. In multigraph ( i.e graph that has a parallel edge) the
complement is not defined, also in a graph that is not multigraph but has self loops
it’s complement is defined by adding a self loop of every vertex that does not have the

self loop. One example of complement graph G is given below.

Vi Vo Vi Vo

V3 V4 Vi @ Vq

Figure 1.14: A graph with it’s complement

Definition 1.2.1 Two graphs are said to be vertex disjoint if they have no common vertices,

and to be edge disjoint if they have no common edges.

Let Gy = (Vi, Ey) and Gy = (Va, Es) be two graphs, then we define three different binary

operations on (G; and G, as follow :

16



1. The union of any two graphs G; = (Vi, E;) and Gy = (Vk, Es) is the new graph
G=(V1 UV, FEy U Ey). If Gy and Gy are disjoint, then we write their union G14G as
vertex set as Vi+V5 and the edge set as E1+F, and the edges joining each vertex of
V) with each vertex V5, one example of Union of two joint graphs in figure 1.15, also

the Union of disjoint graphs in fig 1.16.

Vi@ oV Vo Vie Vo

Vs Vs Vg

V3 V4 V4 V3 V4

Gl GZ G1U G2

Figure 1.15: A union of joint graph

Vs e V3
Vi

V4 @ Vi1 V4
Vo

Vs @ Va Vs
Gy

G2 G1+G2

Figure 1.16: A union of disjoint graphs

2. The intersection of any two graphs G; = (V1, E1) and Gy = (Va, Es) is a new graph
G=(VinVy, By N E,). If G; and G, are edge disjoint then their intersection is a
null graph (i.e a graph with no vertices) , however if the vertex sets are disjoint then

their intersection is the empty graph (i.e a graph with no edges). One example of

17



intersection of two joint graph operation in figure 1.17.

Vi e

V3

Vs

oV

3. Let G1 = (M,El) and GQ =

Gi

V4

Vs

Go

Vo

\Z

Vs

Figure 1.17: A intersection operation of graph

Gi1N Go

oV

\Z

(Va, E5) be two graphs, their ring sum denoted by

G1 6P Gs is defined by G=(V,E) where the set vertex V=V, U V5 and the set of edges

E = (E; UEy) — (B, N Ey).

Vs

o V2

V3

G

V4

Vs

Vo

V4

Vg

Vo

V3

Figure 1.18: A ring sum operation of graph

o Vy

G1 D G

Although union and intersection and ring sum have been defined for two graphs these

can be extended to any finite number of graphs.

18



1.2.2 Cut on graphs

In this section we define a cut vertex, cut edge and blocks, and display some theorems on

cuts.

Definition 1.2.2 A vertex v € V(Q) is called cut-vertex if G-vghas more connected compo-

nents than G, i.e (k(G-v)>k(G))

For example v, is a cut vertex in figure 1.19, since G-v4 has two components an isolated
vertex o and a subgraph with set of vertices {vy,v3,vs}, v4 is not the only cut vertex in G,

also vs is cut vertex.

Vie V3 Vi e V3
Vo 5
M 4 o V2 Vs

Figure 1.19: A cut vertex example

Definition 1.2.3 An edge e € E(Q) is called cut edge (bridge) if G-e has more connected

components than G, i.e (k(G-¢)>k(G)) .

For example e; is a bridge in figure 1.20, since G-e; has two components. Notice that e; is

another bridge.

Vie Vie V3
€3 €5
V2 €2 v ) €4
® o2 4

Figure 1.20: A cut edge example

19



Note 1.2.1 The only connected graph with a bridge but with no cut vertex is K.

Definition 1.2.4 A nontrivial connected graph is called non separable if it has no cut vertex.

Otherwise it is called separable.
The graph G in figure 1.19 is separable .

Definition 1.2.5 A block is a maximal non separable subgraph. In other words a block is a

subgraph with as many edges as possible and no cut vertex.

In figure 1.21 the graph G has two cut vertices, v3 and v, and it has three blocks .

Vie——e V3 V3

Vs 2 ¢4

Figure 1.21: A graph and its blocks graph

We have the following two results about cut vertex.

Theorem 1.2.1 [26] A vertex v is cut vertex of a connected graph G if and only if there

exist two vertices u and w distinct from v such that v lies in every u-w path.

Proof:
Assume G=(V,E) be a connected graph, and let vé V(G) be a cut vertex, we will prove that
v is on every u-w path of G. So if v is a cut vertex then G-v is disconnected, also it has at
least two components say G; that contains u and G, that contains w, so there does not exist
any u-w path in G-v. But G is connected, thus all such u-w paths went through vertex v.
Assume there exist u, w € V(G) and u,w# v such that v lies on every u-w path. We will
prove that v is cut vertex. Then the vertices u and w are not connected in G-v. Thus the

graph G-v is not connected. Hence by definition 1.2.2 v is a cut vertex. |

20



Theorem 1.2.2 [5] In a connected graph G=(V,E) with at least two vertices, G contains at

least two vertices that are not cut vertices.

Proof:
To the contrary, there exist a non trivial connected graph G with at most one non cut vertex.
Let u,v be two vertices in G with d(v,u)=diam(G). At least one of u,v is a cut vertex say v,
so G-v is disconnected graph, and let w be a vertex in a different component of G-v than u,
then every u-w path contains v. Hence
d(u,w) > d(u,v) =dim (Q)

Contradiction. [ |

1.3 Isomorphic graphs

Definition 1.3.1 Two graphs Gy=(V1,E;) and Gy=(Vs,Es) are said to be isomorphic if
there exist a bijection function f:Vi — Vs, so that for any two vertices v and v the number

of edges connecting u to v is the same number of edges connecting f(u) to f(v).

Remark 1.3.1 To find an isomorphism f:Vy — Vi, we must maintain the adjacency and
non adjacency between vertices. In other words if u and v are adjacent in G then f(u) and

f(v) are adjacent.

Example 1.3.1 let Gy and G5 be the two graphs in figure 1.22. To prove that the two graphs

are 1somorphic we will find a bijection f:Vy — Vi. Let

V1 VU2 V3 Vg Vs
f= , then fis a bijection such that for every two vertices u and v in

3 4 1 2 5

Gy the number of edges connecting u,v is the same number of edges connecting f(u) to f(v).
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V4 V3 4

!

Figure 1.22: The graphs are isomorphic

Note 1.3.1 If the two graph are isomorphic then they must have

e The same number of vertices.

The same number of edges.

The same degree for corresponding vertices.

The same number of connected components .

The same number of loops.

Using the previous point of common characteristics between isomorphic graphs, it easy to
prove the graphs are not isomorphic if any one fails, however we have seen that even if all
these characteristics are satisfied but the graphs are not isomorphic. In figure 1.23 we can

prove the two graphs satisfies the common characteristics but they are not isomorphic.

The graphs do not have the same number of adjacent vertices so we can’t find a bijection

that satisfies the condition that every two vertices u and v in G; have the number of edges

as that of from f(u) to f(v).
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Vi Vo 2

Vs 6

V7 \E]

V4

6

Figure 1.23: The graphs are not isomorphic

Theorem 1.3.1 If Gy is not simple graph and Gy is a simple graph then Gy and Gs are not

isomorphic.

Proof:

To the contrary, suppose that there exists a bijection f:V; — V5 that gives G; and G, are
isomorphic. We have two cases :

First suppose G; has a loop at any vertex say v then Go must have a loop at f(v). But Gy
is simple graph, a contradiction.

Suppose G; has a multiple edge between any two vertices say v and u, then there must exists
a multiple edge between f(v) and f(u) in Gy, but G, is simple, so it does not have a multiple

edge, a contradiction. [ |

1.4 Directed graphs

In the last three sections we display several basic results in the theory of undirected graphs.
Undirected graphs are not sufficient for representing several situation. For example, the
streets map of a city, an electrical network is another example of a physical system whose

representation requires a directed graph and there is a lot of other applications. In this
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section we define a graph with notation of directed edge (arc) and display some definitions

and results in the theory of directed graphs.

Definition 1.4.1 A graph G=(V,E) with a set vertex V={vi,vq,...,v,} and a set of edge
(arcs) E={ey,eq,...,en} is called directed graph or (digraph) if each edge ey is an ordered

pair (v;,v;).

Figure 1.24a contains an example of a directed graph. Notice that the arc e;=(v4,v3) have
v4 is an initial vertex and vs as a terminal vertex, we can’t say e; and ey parallel because
they have a different direction. The vertices u and v in G is called adjecent vertices if there

exist a path from u to v, so v, and v3 are adjacent vertices, also e; and e3 are adjacent edges.

(s3] €1
€2 C2
es €3
Vo Vv
¢ oV 2 oV
€5 €5
€4 €4
(a) A directed graph (b) underlying graph

Figure 1.24: Digraph G and its underlying graph

Definition 1.4.2 let G=(V,E) be a directed graph if replacing every arc in G by an undi-

rected edge then G is said to be underlying graph .

Figure 1.24 represents a graph G and it’s underlying graph.

Definition 1.4.3 Let G=(V,E) be a graph, if there is a digraph H such that G is underlying

graph of H then H is called an orientation of the graph G.
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Vi V1 Vi

A% Vo
V3 V3 V3

Figure 1.25: The graph G with two different orientations

Definition 1.4.4 An in-degree of a verter v in a graph G is the number of arcs whose
terminal vertex is v and is denoted by deg (v) or d~(v), also an out-degree of v is the

number of arcs whose initial vertez is v, denoted by deg™ (v) or d* (v).

Definition 1.4.5 Let G=(V,E) be a graph with a set vertex V={v,vs,...,v,} and a set of
arcs E={ey, s, ...,en}, the degree of a vertex v €V is the sum of out-degree and in-degree of

a vertex v.

For example, the out-degree and in-degree of the four vertices of the digraph shown in

figure 1.24a as follows

d (v1) =0 d” (vg) =2 d”(vs) =2 d (vy) =1

dt(v)) =1 dt(vy) =2 dt(v3) =1 dt(vg) =1

Theorem 1.4.1 The sum of in-degree of all vertices in a directed graph is equal to the sum

of the out-degree of all vertices.

Definition 1.4.6 Let v be a vertex in a digraph G then the in-neighborhood of v denoted
by Ng (v), is Ng (v) = {uluv € E(G)}, and the out-neighborhood is denoted by NG (v), is
N&(v) = {ulvu € E(G)} .

A digraph H is a subdigraph of a digraph G if V(H)C V(G) and E(H)C E(G). Figure 1.26

is an example of a subdigraph of graph G in figure 1.24a
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€1
V3 V4

€2

Figure 1.26: A subdigrph of graph G

The walk, path, trail and circuit involving in a directed graph are defined exactly the
same way as in the case of undirected graph .

For example, in the digraph shown in figure 1.24a
e The walk vie5v9e3v3 is an open walk .
e The walk vieqvszesy is a closed walk also it is a trail with length 2 and it is a circuit.

A digraph is connected if the underlying graph is connected, also the component of a digraph

G is a subdigraph of G that corresponds to the component of the underlying graph.

Definition 1.4.7 Let G=(V,E) be a digraph, G is strongly connected if between every two

vertices say u and v, there exist a directed u-v path and also a directed v-u path in G.

Definition 1.4.8 let G=(V,E) be a digraph, G is said to be weakly connected if the under-

lying graph is connected but not strongly connected.

Definition 1.4.9 A digraph G=(V,E) is quasi-strongly connected if there is at least one

vertex say v in G such that there exist a path from v to all the remaining vertices in G.

Every strongly connected digraphs are is connected, but connected digraphs are not
necessarily strongly connected, for example, in figure 1.27a a connected graph G is not
strongly connected since there is no path from v4 to vy, from v4to v; and from vy to vs.
Every quasi-strongly connected graph is connected, but a quasi-strongly connected graph is
not necessarily strongly connected, for example in figure 1.27b the quasi-strongly connected

G is not strongly connected because there is no path from vs to v;.
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Viee V2 Vi

V2

V3 \Vl V3.

(a) connected graph (b) quasi-strongly connected

Figure 1.27

Union, intersection, ring sum and other operations involving directed graphs are defined

exactly by the same way as in the case of undirected graphs.

1.5 Tree, fundamental circuit and fundamental cut set

Among connected graphs, tree has a simple structure and is the most used in applications.

In this section we study tree, cut set and several results associated with them.

1.5.1 Tree

A graph G=(V,E) is said to be acyclic if it has no circuit. A tree is a connected acyclic graph
(forest). A connected subgraph of a tree is a subtree. Consider, for example, all graphs that
are shown in figure 1.28, they are all trees.

A spanning tree T of a connected graph G is a subtree, that includes all the vertices of

Figure 1.28
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that graph and a set of edges that makes it tree. For example the graph H in figure 1.29 is
a spanning tree of graph G.

The cospanning tree T* of a connected graph G is the subgraph of G having all vertices of

G H S

Figure 1.29

G and exactly those edges of G which are not in T. Note that a cospanning tree may not be
connected. For example, The graph S in figure 1.29 is a cospanning tree of the graph G .
The edges of a spanning tree T is called branch, and the other edge of corresponding cospan-
ning tree T* is called chord or links.

The following are two characterizations of a tree.
Theorem 1.5.1 [27] A connected graph is tree if and only if every edge is a bridge.

Proof:

Let G be a tree graph and let e=(u,w) is an edge in G, then the path u e w is the only path
between u and w. So deleting the edge e, the vertices u and w will not be connected, thus
in a tree every edge is a bridge.

Conversely, suppose G is a graph in which every edge in it is bridge, so G is connected.
Suppose G is not a tree, then there is at least one cycle C in G, let e in this cycle, so e can’t
be a bridge in G, so there is another path between u and w. This contradicts the hypothesis

that every edge is a bridge. Thus G is tree. |
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Theorem 1.5.2 [2] A connected graph with n vertices is a tree if and only if it has n-1

edges.

Proof:

Suppose G is a tree with n vertices, we will prove that G has n-1 edges by induction on n.
For n=1, the statement is true. Suppose it is true for all m, where 1 < m < n.

If we delete an edge e=(u,w) from G, so G becomes a disconnected graph with two compo-
nents Gy=(Vy,E;) and Go=(Vs,Es), such that there is no common vertex between G; and
Go.Thus the number of vertices in G; and Gs is n; and n, respectively, so both G; and Gs
have the number of vertices less than n, the number of edges in both G; and Gy together
is n;+ny-2=n-2 edges. Now if we connect the two graphs G; and G, by edge e, we get the
graph G. So G has ( n-2)4+1=n-1 edges.

Conversely, let G be a connected graph with n vertices and n -1 edges. Suppose G is not
tree, so there is an edge e in G which is not a bridge. If we delete this edge we have a
connected subgraph G;=(Vy,E;), Continue in this maner until we get a connected subgraph
Go=(V3,Es) in which every edge is a bridge. So it’s a tree with n vertices and it has n-1
edges, leading to a contradiction.

|

A digraph G=(V,E) is said to have root r if ré V and there is a directed path that starts in
r and ends in each v €V. A digraph is called directed tree if it has a root and it’s underlying

graph is a tree.

Vie >OV2

V3

Figure 1.30

For example, the graph in figure 1.30 has a root r=v;.
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It is clear that the graph has root r is a quasi strongly connected.

1.5.2 Fundamental circuit and fundamental cut

Let G be a connected graph with n vertices and m edges, and let T be a spanning tree with
n-1 branchs denoted by ey, . . ., e,_1 and let the chords of the corresponding tree T* denoted
by e1, . . ., epm_nt1. If we add an edge e; of T* to T, then T becomes a cyclic that contains
exactly one circuit say c;, where the circuit ¢; is called the fundamental circuit of the graph
G with respect to the chords of the spanning tree T. A fundamental set of circuits of the
graph G is the set of all the m-n+1 fundamental circuits c¢q, . . . , ¢_ny1 of G with respect
to the spanning tree T.

For example in figure 1.31 the chords of G is {es, es5, e7}, so we have 3 fundamental circuit
1, Co, C3.

We find these fundamental cut sets in figure 1.32 that {ey, e3, €6, €7}, {e2, €3, €6, €7}, {eq, €7},

{es, eger}.

€ 2
e
€4 €6
€5
® o————— o

Figure 1.31

w

In section 1.2.2 we studied the definitions of cuts in graph, now we define the fundamental
cut set. Let us consider a graph G and it’s spanning tree T in the figure 1.32 . If we remove
the branch e; from the spanning tree T, it divides the graph into two disjoint sets of vertices
{v1,v3,v4} and {vg,v5}. Cut set Q of a graph G will contain only one branch e; from T, and

the remaining edges of Q are chords with respect to T. Such a cut set containing exactly one
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branch of a spanning tree T is called fundamental cut set with respect to T.
We find these fundamental cut sets in figure 1.32, that is {e1, e3, eg, e7 }, {€2, €3, €6, €7}, {€4, €7}
and {es, g, €7}

Vi

Vo Vo
V3 V3

Vs

Figure 1.32
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Chapter 2

Incidence matrix and other related

matrices

In the last chapter we have studied graphs by graphical representation which is comfortable
for visual study but this is only possible when the number of edges and vertices small, a
matrix representation of a graph to computer is a very useful way to deal with a finite number
of graphs. Matrices and graphs have many important applications in a electrical networks
analysis and operation research, as well as in other fields. Representing the graph in matrix
form lies on the fact that many results of matrix algebra can be applied to study structural
proprieties of graph from an algebraic point of view. The graph can have representation in
many ways such as incidence matrix, adjacency matrix, etc. In this chapter we will talk

about the special type which is the incidence matrix and display other related matrices.

2.1 Incidence matrix of directed and undirected graphs

let G=(V,E) be a graph with set of vertices V={vy, vg, ..., v, } and set of edges E={ey, €9, ..., €, }

and no self loop. The incidence matrix is an nx m matrix A=(a;;) defined by

32



1 if v; is an end vertex of e;
aij:
0 other wise

For example, the graph G in the figure 2.1a with it’s incidence matrix A(G) are as follows

€1 €y €3 €4 €5 €4
A A
vy — 1 1 0 O 0 1
Vo — 1 1 1 1 0 0
A= vz — 0 0O 1 0 1 0
vy — 0 0O 0 O 0 1
vy — 0 0O 0 1 1 0
(a)
(b)

It is clear that any entry of A is 0 or 1 and their incidence matrix is also known as binary

matrix .

We have the following observations about the incidence matrix:
e Each column of A(G) contains exactly two unit entry .

e Each vertex v; of V(G) has degree equals the number of unit entries corresponding to

v .

e A row with single unit entry corresponding to a pendent vertex, also the row with all

entries is zero corresponding to an isolated vertex.
e Parallel edge in a graph produce identical columns in it’s incidence matrix.

e If a graph G is disconnected and consists of n components, then the incidence matrix

A(G) of G can be written in a block diagonal A(G;) where the G5 are the components
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of G, for instance if G has two components G; and Gy then the incidence matrix of G is
AGy) 0

0 A(Gy)
Where A(Gp) and A(Ggy) are the incidence matrices of G; and Gy respectively.

Now we will define an incidence matrix A=Ja;;] of a digraph G=(V,E) as follows

1 if v; is the initial vertex of e;
a;;=q —1 if v; is the terminal vertex of e;
0 other wise

A digraph and it’s incidence matrix are shown in figure 2.2

V1 g¢ o oV, & -1 -1 0 0 0 -1

€1

Vo

€3 o 0 0o o0 0 1

(a) 0O 0 0 1 -1 0

Figure 2.2: digraph with it’s incidence matrix

As the entries in A(G) are 0,1 or -1 and each column containes 1,-1 exactly once, then

the sum of each column is zero. Other proprieties are similar to those for undirected graph .

Definition 2.1.1 /18] The reduced incidence matriz Ay for a graph G is a submatriz of

A(G) obtained by removing one row corresponding to a chosen vertex that is called reference

vertex.

2.2 Rank and determinant

In this section we introduce the rank of incidence matrix of directed and undirected graphs.

First we consider the rank and determinant of incidence submatrix of directed graph .
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Theorem 2.2.1 [7] If G is connected digraph with n vertices, then rank A(G)=n-1 .

Proof:

Let G be a connected graph with n vertices and m edges. let A(G) be an incidence matrix
and let x be a vector of left null space of A, that is, x’ A=0, then if v; and v; are adjacent
x;-x; =0. Since G is a connected graph, all entries of x must be equal. Thus, the left null
space of A is at most one dimensional and the rank(A)>n-1, also the rows of A are linearly
dependent, thus rank(A)<n-1. Hence rank(A)=n-1. . |

If G is a disconnected graph the next result displays the rank of G.

Corollary 2.2.1 [26] If an n vertex graph has k components, then the rank of its all vertex

incidence matrix is equal n-k.

Proof:
Let G be non connected graph with Gy, . . . G, connected components, so by the proprieties

of the incidence matrix we can write A(G) as

A(Gy) 0 e 0
0 A(Gy) - 0
A(C)= (G2)
| 0 e 0 A(Gk)_
Where G; is an incidence matrix for i=1, . . ., k, so by theorem 2.2.1, rank of G;=n;-1 then

rankA(G) = rankA(Gy) + ... + rank A(Gy)
=n;—1+..4+n,—1

=n-—k

Remark 2.2.1 This confirms the well known result in linear algebra rank A(G)+ nullity
A(G) =m .
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Theorem 2.2.2 [20] Let G be a directed tree on n vertices then any submatriz of A(G) of

order n-1 is nonsingular.

Proof:

Let B be a submatrix of an incidence matrix A(G) created by the rows 1, 2, -+, n-1, if we
add all rows of B to the last row of it, then this row is equal to the negative of the last
row of A(G). Let M be another submatrix of A(G) created by the rows 1, 2, ---, n-2, n, so
det(B)= -det(M), by continuing in this manner if det(B)=0, then det(M)=0, we can show
that any square submatrix of order n-1 is singular. In fact, if we can show that any square
submatrix of order n-1 is singular, then all of them also are singular, by theorem 2.2.1 the
rank of A(G)=n-1, so at least one of these submatrices must be nonsingular. [

Now we consider the incidence matrix of an undirected graph to find it’s rank.

Theorem 2.2.3 [20] Let G be a connected undirected graph with n vertices and let A be the

incidence matriz of G.Then the rank of A is n-1 if G is bipartite and n otherwise.

Proof:
Let G be a bipartite graph, so G has two disjoint sets of vertices say X and Y. Orient each
edge of G from X to Y and let A be the incidence matrix of the directed graph G. Consider
the columns jq, - -, j,_1 corresponding to the spanning tree of G and let B be a submatrix
of these columns, then by theorem 2.2.2 any n-1 rows of B are linearly independent and the
corresponding rows of incidence matrix of undirected graph G are also linearly independent

then rank(A)>n-1. Let z be a vector defined as follow

1, ieX

7;=

-1 , i€eY
So z'A=0, and the rows of A are linearly dependent, thus rank A = n-1.

To show that the rank of A is n for a graph G, suppose x in R" be a vectors such that
xT"A=0, if the vertex v; and vertex v;are adjacent, then x;+x;=0. Since G is connected it

follows that | z; |= «, i=1, 2, ..., n for some constant «, suppose G has an odd cycle let it
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Vi, ..., Vi, then if we go around the cycle and use the preceding observation we get x;+x;=0
if v; and v; are adjacent, so we find & =—a, hence a=0. Thus if G has an odd cycle then

the rank of A is n. [ ]

The next lemma gives a condition when the m columns of G are linearly independent.

Lemma 2.2.1 [20] Let G be a directed graph on n vertices. Columns ji,ja, ... ,jx of A(G)

are linearly independent if and only if the corresponding edge of G induce an acyclic graph.

Proof:
let G be a graph with n vertices and m edges. Consider ji,j2, ... ,jr and suppose there
is a cycle in the corresponding induced subgraph, without loss of generality. Suppose the

columns ji,ja, ... ,j, form a cycle. After relabeling the vertices if necessary, so we see that the

B
submatrix of the A(G) formed by ji,j2, ... ,j, columns, say M with nx p is of the form ,
0

where B is a matrix of order p incidence matrix of the cycle formed by the edges ji,j2, ... ,jp
with column sum zero. Thus B is singular and column j;,j2, ... ,j, are linearly dependent.

Conversely, suppose the edge j1,j2, ... ,jx induce an acyclic graph it’s tree, if it has K compo-
nents then by theorem 2.2.1 the rank of correspond submatrix formed by the columns ji,js,

. ,jk is n-K| therefor the columns jy,js, ... ,ji are linearly independent. |

Definition 2.2.1 A square matriz whose determinant is 0, 1,or -1 is called unimodular. A
matriz A(G) is totally unimodular if the determinant of every submatriz of A(G) has value

0, 1, or -1.

Theorem 2.2.4 [11] Let A(G) be the incidence matriz of a digraph G. Then A(G) is totally

unimodular.

Proof:

let A(G) be an incidence matrix of a digraph G. We must show that any kx k submatrix of
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A(G) has determinant 0, 1 or -1. We'll use induction. For k=1, each entry in A(G) is either
0, 1 or -1. Assume the statements true for k-1. Consider a kx k submatrix B of A(G), we

have three cases :

e Case 1: B has a zero column, so determinant of B is zero.
e Case 2: If each column of B have a 1 and -1, then the determinant of B is zero.

e Case 3: If B has a column with only one non zero entry, which must be 4+1 or -1. Cal-
culating the determinant of B using this column and using the induction assumption,

the determinant must be 0, 1 or -1.

Corollary 2.2.2 [f B is a non singular square submatriz of A(G) for a diagraph G, then

the determinant of B is +1.
We can use the matrix Ay to calculate the number of spanning trees in a diagraph G.

Theorem 2.2.5 (Binet-Cauchy formula). Let A and B be mxn and nxm matrices respec-

twely. If m<n and C=AB, then

1 ... m Lo
detC= Y A Bl” J

That is, the determinant of the product AB is equal to the sum of the products of all

possible minors of order m of A with corresponding minors of B of the same order

Lemma 2.2.2 [18] If B is a submatriz of order n-1 of A, then B is nonsingular if and only

if the edges corresponding to the columns of B determine a spanning subtree of a diagraph

G.
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Proof:

If H denotes the spanning subtree of G with n-1 edges corresponds to the columns of B, so
B is reduced incidence matrix of order n-1, by theorem 2.2.2 then B is non singular.

Let B is a non singular square submatrix of order n-1 of an incidence matrix. So it has a

rank n-1, hence H is connected, so H is tree. . |

Theorem 2.2.6 [12/(Matriz Tree theorem). Let G be a directed graph, and let Ay (G) be it’s

reduced incidence matriz. The number of spanning trees is det( Ag(G) A7 (G))

proof:
Let G be a graph with A be the reduced incidence matrix of G, B and C be submatrices of
Ay, the determinant of Ay A? can be written by Binet Cauchy formula as

R Y I R
det(A;.AT) = Y B ol '

1<j1...jn_1<m J1 e Jn-1 1 ... n—-1
= det(B).det(B")

= Z (detB)*
= Z (detB(G))* + Z (detB)®

B nonsingular B singular

by lemma 2.2.2 and lemma 2.2.2

det(Ap. A7) = > 1

nonsingular B

= number of non singular (n-1)x (n-1) submatrices B of A;

= number of spanning trees of G
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2.3 Moore-Penrose inverse

In this section, we study a relation between the incidence matrix and it’s generalized inverse

of connected diagraph.

Definition 2.3.1 A generalized inverse of any matriv A,y denotes by AY | is any matrix

of order mxn that satisfies the condition AATA=A .

Clearly, the matrix A" is not unique, to make the generalized inverse unique, additional
conditions must hold

AATA=A

ATAAT=AT

(AAT)T=AAT

(ATA)T=ATA

This leads to a unique Moore-Penrose inverse G.[25]

Theorem 2.3.1 [20] If G is connected digraph with n vertices, then I-AAY=2J. Where J

1s a matriz in which all entries are ones

Proof:

Let G be a connected digraph and A be the incidence matrix of G. Let A* be a Moore-
Penrose inverse of G so AATA=A, then (I — AAT)A=0, any row of I-AA™ is in the left null
space of A that is spanned by the vector 17, any row in I-AA™ is a multiple of any other
row. Since I-AA™ is symmetric, it follows that all elements of I-AA™ are nonzero constants
, since A cannot have right inverse. Now using the fact that I-AA™ is idempotent, so I-FAA™

must equal %J . [

Remark 2.3.1 If A(G) is an nxm incidence matriz with rank r, there exist an nxr matriz

say R and an rxm matriz say S, both have the same rank r such that A=RS (this is called
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a full rank factorization of A) then

1

At=8+ Rt= ST (587) "' (RTR) "' R”

For example, in figure 2.3 the graph G with it’s incidence matrix

V3
S)) €3
-1 0 1 -1
e
V2 g - Vi A=|1 1 0 1
= 0 -1 —1 0

(a)

Figure 2.3: digraph with incidence matrix

A digraph G has a rank=2, there exist a 3x2 matrix say R and an 2x4 matrix say S,

-1 0
1 0 -1 1
both have the same rank r. Indeed R=1 1 1 | and S=
01 1 0
0 -1
Notice that
-1
. 2 1 -1 1 0 ) -2 1 1
R - :g
1 2 0 1 -1 1 1 =2
and
1 0 2 -1
-1
0 1 3 -1 1 3
-1 1 -1 2 -1 2
|1 0 | 2 1]
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-3 3 0
' et e 1 4 5
Finally, AT=5" R"=+¢
4 1 -5
-3 3 0]
2 11
1 00 3 —3 —3 111
AAF— _ _1
and FAAT=10 1 0|-|-% 2 -—l|=51 11
11 2
00 1| |- -1 2 11 1

2.4 Circuit and cut matrices

In this section we define another type of matrices which is important in many application

such as electrical network application [6] [13].

Definition 2.4.1 let G=(V,E) be a loopless graph with set of vertices V={v1,vq, ..., v, } and
set of edge E={ey, e, ...,en}. We enumerate the circuits ¢, . . . ¢. Then the circuit matriz

of undirected graph is defined as

1 if ¢ is in the ¢;

Cij_
0 other wise

If G is a directed graph
1 if ¢; consists of e; and they are in the same direction

Cij=4 -1 if ¢; consists of e; and they are in the opposite direction

0 other wise

For example, the graph G that is shown in figure 2.3a have three circuits they are {eq, e3, e},

{eq, e3,e2} and {e4, €1}, then their circuit matrix C(G) is as follows
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€1 €9 €3 €4

oL

aq — | 1 -1 1 0

C= ¢ — 0o -1 1 1
C3 — —1 0 0 1

A Fundamental circuit matriz Cy of a graph G with n vertices and m edges is an (m-
n+1)xm submatrix of a circuit matrix which all rows corresponds to a set of fundamental
circuit, similarly if G is a connected digraph, a fundamental circuit matrix of G is defined as
the same of undirected graph but the direction of a fundamental circuit is the same as the
direction of the corresponding link in T*.

The fundamental circuit matrix Cy in a connected graph G with n vertices and m edges
can be arranging the rows and columns, arranging the columns such that all the (m-n+1)

links correspond to the last column. An arranged matrix Cy has the form
Cr = {C* Im—n+1:|
V3
€9 €3

V9 g¢ €1

Vi
€4
Figure 2.4

For example, the graph G in the figure 2.4 have two fundamental circuits, namely

{e2,e3,e1} and {e4, €1} and their fundamental circuit matrix C;(G) is as follows

-1 -1 10

43



Now we display another type of matrices, called a cut set matrix and is defined as follows

1 ife; is in the I; ( the cut is interpreted an edge set)
Qij =
0 other wise

If G is a directed graph, then the cut matrix defined as follows

1 if ¢; consists of I; and they are in the same direction
4ij=q -1 if ¢; consists of I; and they are in the opposite direction

0 other wise

For example,

Vi Vo

€1
€2 4

V4

€3

Figure 2.5

The cuts of the undirected graph in figure 2.5 are I1={es}, la={e1,e2}, Is={e1,e3},

I,={ea,e3}, Is={eq, ea, €3}, ls={e1, €2, e3} and I;={ey4, €2, e1}. The cut matrix is

9y
ah
D
N
D
w
Q)
N

L1l

L - 0o 0 o 1
Lb = | 1 1 0 0
Q= 13 - | 1 0 1 0
L = | 0 1 1 0
5 = | 0 1 1 1
s — | 1 1 1 0
, - L1 1 0 1 J
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For example,

Figure 2.6

The cuts of the digraph in figure 2.6 are I;={es}, la={e1, 2}, Is={ey, e3}, Li={e2, €3},
Is={e4, ea, €3}, Is={e1, €2, e3} and I;={ey4, €2,€;}. The direction of a cut set is the same di-

rection of the first edge in each set, so the cut matrix is

0O 0 0 1
1 =1 0 0
1 0 -1 0

0 -1 1 1
1 -1 -1 0
-1 -1 0 1

A Fundamental cut matrixz Qs of a graph G with n vertices and m edges is a submatrix
of a cut matrix in which all rows correspond to a set of a fundamental cuts, similarly if G is a
connected digraph, a fundamental cut matrix defined as the same as undirected graphs but
the direction of a fundamental cut is the same as the direction of the corresponding branch
of spanning tree T. If we rearrange the edges of G so that we have the branches first, then

the fundamental cut set becomes of the form Q; = [ I, 4 Q*] )
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Chapter 3

Adjacency matrix and other related

matrix representations of graphs

3.1 Adjacency matrix of graphs

let G=(V,E) be a graph with set of vertices V={vy,vs,...,v,} and set of edges (arcs)

E={ey, e, ...,em}. Then the adjacency matrix is an nx n matrix D=(d;;) where

1 if v; and v, are adjacent
dij:
0 other wise

For example, the graph G in figure 3.1a with it’s adjacency matrix D(G) are given as

follows
Vo
Vie V1 Uy V3 VU4 Vs Vg
U

Ve® vi > 0 1 0 0 00
p= v 2o T 01 00

:V(—)
Vie - V3 vi = 0 1 1 0 10
w3lo 330 00

Vg —

(a)

Figure 3.1: A graph with adjacency matrix
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The adjacency matrix is not unique, because we can relabel the vertices of the graph
which would cause simultaneous permutation of the rows and columns. So for example we

could have gotten the following as adjacency matrix of the graph in the figure 3.1a

We have the following observations about the adjacency matrix:
e If a graph has no self loops then the diagonal entries of D(G) are zero .

e A row with single entries corresponding to a pendent vertex, and the row with all

entries is zero corresponds to an isolated vertex.
e An adjacency matrix D(G) of a graph G is symmetric if G is an undirected graph .

e Two graph G; and Gy are isomorphic if the adjacency matrix of any one graph can be

obtained form the other one by changing some rows or columns .

e If a graph is disconnected and consists of n components the adjacency matrix D(G) of
a graph G can be written in a block diagonal D(G;), so if G has two components Gy

and Gy the adjacency matrix of G is

DG D(G) 0

0 D(G2)
Where D(G;) and D(G,) are adjacency matrices .

The following result computes the number of walks of length k between any two vertices .
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Theorem 3.1.1 [17] Let G be a graph with vertices vy,va, ..., v, and adjacency matriz
D(G)=[dy;] , then the entry df; in row i and column j of D¥(G) is the number of distinct

v;-v; walks of length kin G .

Proof:
We will prove the theorem by induction on k

For k=1, we have the matrix D=D'! and any entry of D can be denoted by

1 if v; and v; are adjacent
dij:
0 otherwise

so there is a v;-v; walk of length one in G if v; and v; are adjacent. For the induction
hypothesis, assume that for a positive integer k, the number of v;-v; walks of length k in G
1

is d% . We show that the entry dj;"" in D¥™* gives the number of v;-v; walks of length k+1.

The entry dfjﬂ of a matrix D¥*! is represented by

k+1 k+1 k+1 k k k
k+1 k+1 k+1 k k k
D= | —
k+1 k
d* . k. . ;s
k+1 k+1 k+1 k k k
_dnl dn2 . . . dn3 i _dnl dn2 . . . dns_ _dTLI dTL2 . . . dn3

Thus the entry df;“l can be obtained by taking the product of row i of D¥ and column j
of D.

di = df dyy = diyday + diydyy + .+ dfyd
m=1

then every v;-v; walk of length k+1 consists of v;—v,, walks of length k, and v,, adjecent to
v;, then the total number of v;-v; walk of length k+1 in G is dffl.
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Corollary 3.1.1 [20] Let G be a connected undirected graph with vertices set {vy, v, ..., v, }
and let D(G) be an adjacent matriz of G. If v; and v; are vertices of G with d(v; , v;)=m,

then the matrices I,D*, D*, ... D™ are linearly independent .

Proof:

Let v; and v; are distinct vertices of a graph G, and let D(G) be an adjacency matrix such
that d(v; , v;)=m, then the shortest path between v; and v; is m so every element d;; in
[,D!, D?, ... D™ ! is zero by theorem 3.1.1, whereas the element d;; of D™ is nonzero .

Hence I, D!, D2, ... D™ are linearly independent . [

In the previous chapter we defined the isomorphism between two graphs by creating a bi-
jection function between them, the next result display an important characterization of

isomorphism.

Theorem 3.1.2 [12] Let Gy=(V1,E\) and Ga=(Va,Ey) with n=|Vi|=|V4|, the homomor-
phism f:Gy — Gy is an ismorphism if and only if there exist a matriz P such that D(Gy)=PD(G, )P~
Where P is a nx n permutation matrixz which comes from the identity matriz I, upon per-

forming row permutations corresponding to f .

Proof:
suppose G is isomorphic to G, then the rows and columns of D(G) are permuted cor-
respondingly. Thus D(Gy)=PD(G;)P~! , where P is the corresponding row permutation
matrix, left multiply by P permutes the rows and right multiplication by P~! permutes the
columns .

conversely, let D(G2)=PD(G1)P~!, then there exist a mapping f:G; — G, with
e, = (UZ',U]') ek (1e dij = 1) <~ df(z)f(j) =1 (1e e, = (Uf(l), ’UfU)) € EQ)
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Now, we compute the determinant of adjacency matrix.

Definition 3.1.1 A liner subgraph of a graph G is a subgraph of G whose components are

a single edge or cycles.

Theorem 3.1.3 [10] let D(G) be adjacency matriz of a simple undirected graph G then
detD(G) = 3, (—=1)H2UH) where the summation is over spanning linear subgraphs H of
G, and e(H) and c(H) denote, respectively,the number of even components and the number

of cycles in H.

Proof:

let G be a graph with V(G)={v1, ..., v,} and let D(G)=d;; be an adjacency matrix of G, the
determinant of D(G) is defined as

det D=3 sgn () dix(1)---dnn(n)

Where 7 is a permutation on {1,2,...n}, sgn(m) is equal 1 or -1 according to whether 7 is
even or odd permutation and the term dir(1)...d,r(n) is zero if and only if the permutation
dir(5)=0 for some 1< i<n, dir;)=0 if 7 (i)=i or 7 (¢)=j such that v,v; ¢ E(G). Other wise
dix(1)---Anr(n) 18 nonzero if and only if the permutation 7 is a product of disjoint cycles of
length at least 2. So the term sgn(m)dir(1)...dnx(n) = sgn(m) 1. . .1=sgn(7). Each cycle of
length 2 in 7 corresponds to a single edge, also the cycle of length r>2 in 7 corresponds to
a cycle. Thus, each term in the expansion of detD gives rise to a linear subgraph H of G.
For any cycle of any subgraph sgn(w) is 1 or -1 according to whether it is even or odd cycle.
Hence sgn(m)=(—1)""") where e(H) is the number of even components of H. Moreover any
cycle of H has two different orientations. Hence, each undirected cycle of H with length at

least 3 yield two distinct even cycles.
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Example 3.1.1 Consider the graph G

Vi

V4
Vo

V3

Figure 3.2

There are three spanning liner subgraphs of G, given by Hy, Hy, H3 respectively

Vi Vi Vi

V4 \Z V4
Vo Vo Vo
V3 } V3 0/ V3

detA =%, (—1)F) 2CH) — (_1)?20 4 (—1)?20 4 (—1)' 2! =0

3.2 Laplacian matrix

The second type of matrix representation of graphs is the Laplacian matrix, denoted by
L(G). If G is a graph with V(G)={vy,va, -+ ,v,} and E(G)={e1,ea, -+ ,e,}. The Lapla-

cian matrix is defined as follows:
d; if i=]

L(G)=1-1 ifiand j are adjacent

0 otherwise

Where d; is the degrees of the i'® vertices. This is closely related to adjacency matrix
and some time written as L= D — D, where D is adjacency matrix, D is the diagonal matrix
with degrees of vertices on the diagonal.

For example, the laplacian matrix of the graph in figure 3.2 is
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Remark 3.2.1 Let A be an incidence matriz of directed graph G, then L=AAT.

Some basic properties of the laplacian matrix are summarized below|[3]:

1. L(G) is symmetric, positive semidefinite matrix.
2. The off-diagonal entries of L(G) are nonpositive (in fact, they are either 0 or -1).

3. The diagonal entries of L(G) are the vertex degree, also the rows sums and the columns

sum are all zero.

4. The rank of L(G) is n-k, where k is the number of connected components of G. In

particular if G is connected, then the rank of L(G) is n-1.

Proof:

let G be a graph with V(G)={vy,--- ,v,} and let D(G) be it’s adjacency matrix.

1. Recall L(G)= AAT. Let x be any vector in R" so we will prove L is a positive semidef-

inite matrix (i.e x’Lx > 0)
2" Ly = 2" AATz = || Az, > 0
For all x.

2. Trivial.
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3. Trivial.

4. Recall L(G)= A(G)A(G)T

rankL(G) = rankA(G)A(G)" = rankA(G)
So by using corollary 2.2.1, rank A(G)= n-k.

3.3 Antiadjecency Matrix

let G=(V,E) be a graph with set vertices V={vy, vo, ..., v, } and set of edges E={ey, e, ..., e }.
Then the antiadjacency matrix is an nx n matrix B=(b;;) defined by

0 if v; and v; are adjacent

bij:
1 other wise
In other words we can define the antiadjecency matrix as B= J-D, where J is an n xn

matrix each entry is 1 and D is the adjacentcy matrix .

For example, the graph G in figure 3.3 with it’s antiadjacency matrix B(G) is given as follows

v 10111
Vie >
11001
V5 @4 ¢ oV'3 B=l1 1101
V4
(@) 11110
11111

Figure 3.3: A graph with it’s antiadjacency matrix
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Definition 3.3.1 Hamiltonian path is a path between two vertices of a graph that visits each

vertex once and only once.

For example, the graph G in figure 3.4a has a Hamiltonian path vy v3 v; v4 , also the graph

G in figure 3.4b has no Hamiltonian path.

Vi Vo Vi Vo

V4

[ 3

Figure 3.4

The determinant of antiadjecency matrix can be obtained by the next result.

Lemma 3.3.1 [20] Let G be a directed, acyclic graph with V(G)={vy,vs,...,v,}. Let B be
the antiadjacency matrixz of G, then detB=1 if G has a Hamiltonian path, and detB=0,

otherwise.

Proof:

Let G be a directed acyclic graph, suppose G has a Hamiltonian path say vy e; vo ... v,,, since
G is acyclic, there can’t be an edge form v; to v; for i>j, hence b;;=1 if i>j, so by =boz=
... =b,_1,=0, then byy in a matrix B equal 0, subtracting the second column from the first
one, then all entries of the first column is 0 except b;;=1. Expand the determinant along
the first column and use that induction on n to complete the proof. then the determinant
equals 1.

Conversely, suppose G is a directed graph with no Humiliation path. Since G is the acyclic,
so G must have a vertex which is a source(i.e. a vertex of in-degree 1) and without loss of

generality let it be vi. In G-v; there is a source say vq, continuing in this way, let v; be the
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source of G-{vy, v, ...v;_1}, then there is no edge from v; to v; for i>j, hence b;;=1 if i>j,
since G has no Humiliation path, so there must exist v; in vy, vo, ... v,_1 such that by =1,
let it be by, so the first two columns are equal, then the determinant equal 0. [ |

The next result Computes the number of paths between any number of vertices in a directed

graph.

Theorem 3.3.1 [20] Let G be a directed, acyclic graph with V(G)={vy,ve, -+ ,v,}. Let B
be the antiadjacency matriz of G, and Let
det(xB+1)=>""_| ¢;a’

Then ¢y = 1 and c¢; equals the number of directed paths of v vertices in G, 1=1,2,---, n.

Proof:

let B be antiadjacency matrix of acyclic directed graph G.
det(xB + 1) = Z cix'
i=1

=o'+t + -+ "
we can see that the coefficient of x; is the principle minor of B of order i. Any principle minor
matrix is an antiadjecency matrix by corollary 3.3.1 the determinant of principle minor of
order i is equal 1 if and only if the subgraph induced by corresponding vertices contains
a Hamiltonian path that can’t have another one, otherwise it containes a cycle. Thus the

nonsingular minor of order i equals the number of paths in G of i vertices.

3.4 Boolean Operations on adjacency and antiadjecency
matrices

In this section we will apply some Boolean operations on graph matrices . We introduce the

operations on two adjacency or two antiadjacency matrices of graphs and we consider four
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types of Boolean operations OR, AND, XOR and NXOR.

First we recall the Boolean operations, AND, OR, XOR and NXOR respectively by the

tables below

P | 4| pVg P | 4| PN P |d|pdg pla|péq
111 1 1)1 1 11| 0 11 1
110 1 110 0 1{0] 1 10| 0
0[1] 1 0[1] 0 01| 1 01 0
0(0] O 010 O 00| O 010 1

Let G be a graph with V(G) = {vy, -+ ,v,} and E(G) = {e1, -+ ,en}, we will define
Boolean operations for two adjacency and two antiadjacency matrices of graphs G; and Go
respectively.

Let B (G1) and B (G3) be antiadjacency matrices of G; and G in figure 3.5 respectively.

Vl y) V2 Vl y) V2

Figure 3.5

1 10 1 10
B(G)=1|0 1 1 and  B(G2)=|0 1 0

0 01 1 01

The following result shows what graph results by the OR product of some antiadjacency

matrices.
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Theorem 3.4.1 [8] Let Gy, G2, --- , Gy, be graphs of n vertices each with V(Gy) =
V(Gy) = - = V(Gn) = {v1,v2, -+ ,0,}. Let By, By, -+, By, be the antiadjacency
matrices of Gy, Ga, -+ , G, respectively. Then, the OR product of By, By, -+, By, is an

antiadjacency matriz which represents a graph G with v;v; € E(G) if v; and v; are adjacent

vertices in all graphs Gi, Ga, -+ , Gp,.

Proof:
let By, By, --- , B,, be an antiadjacency matrices of the graphs Gy, Go, -+ |, G,,,, and let M
be antiadjacency matrix of a graph G such that M=B;VB, --- V B,,, now any two vertices

of G are adjacent or not adjacent. Suppose v;v; €E(M), then M;;=0, so

Mij = by,; Vb, -V by,
=0
Thus by, V by, -V by,; = 0, if v;v; are adjacent in all graphs.

Conversely, Suppose v;v; €E(G;) so by, = by, = --+ = by, = 0 then M;;=0 and thus v;v;

ij

eE(G). [

110

For example, The antiadjacency matrix of G;V Gs in figure 3.5is [ 1 1

1 01

We can see that F (G, V Gy) = E(G1) N E (Gz) and thus the graph G is a subgraph of
Gl and Gg.
The following result shows what graph is resulted by the AND product of some antiadjacency

matrices.

Theorem 3.4.2 [8] Let Gy, Ga, -+ , G, be graphs of n vertices each. Let By, By, -+, By,
be the antiadjacency matrices of Gy, Ga, -+ , G, respectively. Then, the AND product of

By, By, -+ -, By, is an antiadjacency matriz which represents a graph G with vyv; ¢ E (G) if
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v; and v; are not adjacent vertices in all graph Gy, Ga, -+, Gp,.

Proof:

The proof is similar to the proof of theorem 3.4.1 |

1 10

For example, The antiadjacency matrix of GiA G in figure 3.51is |0 1 0

0 01

We can see that £ (G A Gy) = E (G1)UE (G2) and thus the graph G; is a subgraph of G.

The following theorem shows what graph is resulted by the XOR product of some anti-

adjacency matrices.

Theorem 3.4.3 [1] Let Gy and Gy be graphs of n vertices each with V(Gy) = V (G2) =
{v1,v9,- - ,v,}. Let By, By be the antiadjacency matrices of Gy, Go respectively. Then,
the XOR product of By and By is an antiadjacency matrix which represents a graph G with

vv; ¢ E(G) if and only if v; is adjacent to v; in one and only one of the graphs Gy or Gs.

Proof:
let B; and By be an antiadjacency matrices of graphs G; and Go, and let M be antiadjacency
matrix of the graph G such that M=B; € B», now any two vertices of G are adjacent or not
adjacent. Suppose v;v; ¢E(G), then M;;=1, whice mean one and only one v,v; are adjacent
in Gy and Gs.
Conversely, without loss of generality, suppose v; and v; are adjacent in G; but not adjacent
in Gy, then My;=by,, @ bo,,=1, thus v;v; €E(G).

[
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000
For example, The antiadjacency matrix of Gy @ G, in figure 3.51is |0 0 1

1 00

For finite XOR products of graphs the following theorem shown that.

Theorem 3.4.4 [1] Let Gy, Gy, --- , G, be graphs of n wvertices each with V(Gy) =
V(Gy) = -+ = V(Gn) = {v1,v2,-++ ,v,}. Let By, By, -+, By, be the antiadjacency
matrices of Gy, Go, -+ , Gy, respectively. Then, the XOR product of By, B, ---, B, is
an antiadjacency matriz which represent a graph G with vyv; ¢ E (G) if and only if v; is not

adjacent to v; in an odd number of graphs.

Proof:
let By, By, --- |, B,, be an antiadjacency matrices of graphs Gy, Go, --- , G,, respectively,
and let M be antiadjacency matrix of a graph G such that M=B; @Bs --- @ B,,. Suppose
v;v; ¢E(G), then M;;=1, since v,v; ¢ E(G) for odd number of graphs.
Conversely, without loss of generality, suppose v; and v; are not adjacent in odd number of
graphs, there is an odd number of entries in By, equal one, for k=1, ---, m. Thus M;;=1,
v;v; ¢E(G).

[ |

The following theorem shows what graph is resulted by the NXOR product of some an-

tiadjacency matrix.

Theorem 3.4.5 [1] Let Gy, Gs, --- , G, be graphs of n vertices each. Let By, By, -+, By,

be the antiadjacency matrices of Gy, G, -+ , Gy, respectively. Then, the NXOR product
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of By, By, -+, By, is an antiadjacency matriz which represents a graph G with vyv; ¢ E (G)

if and only if v; is not adjacent to v; in an even number of graphs.

111
For example, the antiadjecency matrix of G1® Gg in figure 3.51s |1 1 0
011
Remark 3.4.1 1. Let Gy and Gy be two graphs with the same n vertices. Let Dy and D,
be their adjacency matrices, and let By and By be their antiadjacency matrices respec-
tively, and let (By A\ By) and (B1V By) are antiadjecency matrices of L1=(G1 A G3)
and Ly=(G1 V Gy) respectively, and let (Dy A\ Dy) and (D1 V Dsy) are adjacency matri-

ces of Hi= (Gy N Gs) and Hy=(Gy V Gs) respectively, so Hy = Ly and Hy = L.

2. Let G7 and Gy be two graphs with the same n vertices. Let Dy and Dy be their adja-
cency matrices, and let By and By be their antiadjacency matrices respectively, and let
(B1 ® Bs) and (B1®Bs) are antiadjecency matriz of Li=(G1 ® Gs) and Ly=(G1HG3)
respectively, and let (D & Dsy) and (D1®D3) are adjacency matrices of Hy= (G & Gs)and

Hy=(G18G2) respectively, so Hy = Ly and Hy = L.
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Chapter 4

Spectral properties of graphs

One of the most useful ways of studying large graphs is the study of the eigenvalues of
the matrices (i.e spectra of matrices ). By looking at these eigenvalues it is possible to get
information about the graph. In this chapter, we display properties of graph G from what
we know about the eigenvalues and compare some graphs that are produced by Boolean

operation.

4.1 Spectral of adjacency matrix

In this section we will find the eigenvalues of a graph G by using the adjacency matrix. All
graphs considered in this section are undirected graphs.
The characteristic polynomial of a graph G is the determinant of (A — D(G)) where D is

adjacency matrix and it’s roots are the eigenvalues of a graph.

Theorem 4.1.1 [24]
let x" + a;2™ ! + ... + a, be the characteristic polynomial of G, then
0= Yy (1))
Where the summation is over all linear subgraphs H of order i of G, w(H) and c¢(H) denoted

respectively the number of components and the number of cycle components of H.
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Proof:

let G be a graph with V(G)= {vy,---,v,} and let D(G) be it’s adjacency matrix, recall
a; = (—1)">., detD where H is all induced subgraphs of order i of G. By theorem 3.1.3
detD(G)=3" 4, (—1)eU2¢H) "0 we can say det H:ZHi(—l)e(Hi)Qc(Hi), where H; is spanning
liner subgraph of G and e(H;) and ¢(H;) denotes the number of even components and number
of cycles of H; respectively. The result follows from the fact that i and the number of odd
components of H; have the same parity. [ |

The adjacency matrix of a graph G from example 3.1.1 is

0101
1011

0101

1110
The characteristic polynomial of this matrix is easily computed by theorem 3.1.3

det (xI — D) = z* + a2 + ao2? + azx' + ay

Now

det (xI — D) = z* — 5z? + 4z
Recall that if D is a nx n matrix. An eigenvalue of D is the number X such that det(Al
-D)=0 and it’s corresponding eigenvector of D is a nonzero vector x such that (A[-D)x=0.

Some basic proprieties of eigenvalues are:

e The eigenvalues are exactly the numbers A that make the matrix D-AI singular.

e If D is a real symmetric ( d;;=d;;) matrix, then all the eigenvalues are real, and there
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is an orthogonal basis of R™ consisting of eigenvectors .

e The product of all eigenvalues, including the multiple eigenvalues is the determinant

of D(G) (i.e [T, \i=det D(G).

e The sum of all eigenvalues, including the multiple eigenvalues is the trace of D(G) (i.e
Yo Ai=Tr(D) =371 dii) -

e The number of nonzero eigenvalues, including the multiple eigenvalues is the rank of

D.

e A set of eigenvectors of D, each corresponding to a different eigenvalue of D, is linearly

independent .
e The sum of the square of the eigenvalues is 2|E(GQ)| (i.e A2 + A2 + ... + A\2= 2|E(GQ)]).

Now we will give a survey of some of the relationships between the properties of some

graphs and the eigenvalues of it’s adjacency matrix .

4.1.1 Spectral of complete graph

011 1

1 0 1 1
Recall that for k,, the adjacency matrix D(G) is given by D=

111 ... 0

Theorem 4.1.2 [2] For any positive integer n, the eigenvalues of k, are n-1 with multiplicity

1 and -1 with multiplicity n-1.

Proof:
let D(k,)=]d;;| be adjacency matrix of a graph k,,, so we can write D(k,) as J, - I, where
Jn is an nxn matrix of all entries are ones, I, is the identity matrix. So J,, is symmetric and

has rank 1, hence it has only one nonzero eigenvalue, which is n that equal the trace(J,)
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with multiplicity 1 also it has another eigenvalue 0 with multiplicity n-1, the identity matrix
has only one eigenvalue 1 with multiplicity n. Thus the eigenvalues of D(k,,) are n-1 and -1
with multiplicity 1, n-1 respectively.

|

4.1.2 Spectral of the bipartite and complete bipartite graph

Lemma 4.1.1 [20] Let G be a graph with vertices {vy,--- ,v,} and let D be the adjacency

matriz of G. Let

(ﬁ)\(G) :det()\I—D) :)\n—l—cl)\nfl—l—'-.—f—cn

Be the characteristic polynomial of A. Suppose c3 = c5 = -+ = cor._1 = 0 then G has no odd

cycleS of length i, 3 < i < 2k —1,. Furthermore the number of (2k+1) cycles in G is -%CQkH

Proof:

Suppose c3=0, then there are no triangles in G. Thus, any liner subgraph of order 5
must contain a cycle of 5 vertices. By theorem 4.1.1 if ¢c5=0, then there are no cycles of 5
vertices in G, by continuing in this manner we find that if c3=cs ...=cgr_1=0, then any linear
subgraph with 2k+1 vertices must contain a cycle with 2k+1 vertices, hence by theorem 4.1.1
Cobq1 = Z(—l)’”(H)QC(H)

Where the summation is over all 2k+1 cycles in G. For any 2k+1 cycle say H, w(H)=c(H)=1,
SO Cop+1 s -2 the number of 2k+1 cycles in G.

Theorem 4.1.3 [20] Let G be a graph with vertices {vy,--- ,v,} and let D be the adjacency
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matriz of G, then the following conditions are equivalent

1. G is bipartite

2. If
6r(G) = det (\[— D) = X"+ o X" 4+ 4,

is the characteristic polynomial of D, then copi1=0, k=0,1, ... .

3. The eigenvalues of D are symmetric with respect to the origin, i.e if A ia an eigenvalue

of D with multiplicity k, then -X\ is also an eigenvalue of D with multiplicity k.

Proof:
1= 3: Let G be bipartite graph, The adjacency matrix (n+m)x (n+m) of G can be written

in the form

0 D x 0 D| |z x
D( G)= . Let be a corresponding eigenvalue A\. Now =\

DT 0 y DT 0| |y Y
It follows that Dy=MAx and DTx=\y. Also D(-y)=-Ax and D?’x=-)\(-y), therefore, -\ is

T

an eigenvalue and is it’s corresponding eigenvector, hence the eigenvalues of G are
-y

symmetric.

It is clear that if we have k linearly independent eigenvectors of A, the construction will
produce k linearly independent eigenvectors for -\, thus the multiplicity of -\ is also k.
3= 2 : If 3 holds, then we replace A by -\ then the characteristic polynomial remains the
same, this means that the characteristic polynomial is an even function.
2= 1 : Using notation of lemma 4.1.1, if cop1 = 0, k=1,2,... then G has no odd cycles and
hence G must be bipartite.

[ |
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Theorem 4.1.4 [22]. The adjacency matriz eigenvalues of the complete bipartite graph k,,

are zero with multiplicity (p+q-2) and +./pq.

Proof:

let k,, be bipartite graph with bipartition (X,Y) where X have p vertices and Y have ¢
0 Jpg

vertices. The adjacency matrix of k,,, is of the form D( k, ,)=
Jop 0

Where J, 5 is rxs matrix whice all entry is once. So J, s is symmetric and has a rank 1, hence
the rank of D(k, ,)=rank J,, + rank J,, =1+1=2. So D(k,,) has two nonzero eigenvalues
say A and -\, we know that the sum of the squares of the eigenvalues of D(k,,) is equal to
twice the number of edges (i.e A* + (—=\)?*=2|E(G)|), thus A=+,/pg. The tras of D(k,,) is
zero, so the other eigenvalue is 0 with multiplicity p+q-2.

4.1.3 Spectral of regular graphs

Theorem 4.1.5 [2] Let G be a k-regular graph of order n, then
1. kis an eigenvalue of G.

2. If G is connected, every eigenvector corresponding to the eigenvalue k is a multiple of

1 and the multiplicity of k as an eigenvalue of G is one.

3. For any eigenvalue \ of G, |\ < k.
Proof:

1. Let D be adjacency matrix of graph G, then any rows of D contains k 1’s, thus the

vector 1 is an eigenvector of corresponding eigenvalue k.
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2. Let D be nxn adjacency matrix of a graph G and let x'=[zy,--- ,x,] be a positive
eigenvector of eigenvalue k. Let x; be the largest entry of x (i.e x;=max {x1,--- ,2,}).
The product of j"* row of D with the vector x is

DjXZZvieN(u‘j) T =Ta+ Tig+ -+ T = kT
Proving the case when ;1 = xj9 = - -+ = x5, = ;.
Now let vj1, vio, - -+, v, be neighbors in G. As before, the entries x, in a vector x that
corresponds to these neighbors must all equal to x;. G is a connected graph, so all
vertices of G have neighbors of v;. Repeating the same argument for all neighbors .
Hence x=x;[1, 1, - -+, 1]7, and every eigenvector of k is multiple of 1. The space eigen-

vector x of the eigenvalue A is one dimensional and the multiplicity of the eigenvalue

k of A is 1.

3. Let A be an eigenvalue of adjacency matrix of a graph G and let y be an eigenvector of
the eigenvalue A. Let y; be the largest absolute value of the entries of Y. The product

of j** row of D with y.

k
Djx=) p_, Yip = Ay;

So

k k
A sl = [y v < s Il < el

Thus |A\| < k

4.2 Eigenvalues of Laplacian matrix

The Laplacian matrix of a graph and it’s eigenvalues can be used in several areas of mathe-
matical research and have various applications in physical and chemical theories.

In this section we will study the eigenvalues of an undirected graph G by using the Laplacian
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matrix.

For the graph in figure 3.2 the Laplacian matrix is given by

With eigenvalues

0,2, 4,4

We can see that all the eigenvalues are real numbers. However there is one special
eigenvalue, namely 0. All other eigenvalues are non negative, so in fact we have the following

result.
Lemma 4.2.1 [14] The Laplacian matriz L(G) is singular and positive semidefinite.

Proof:

Let A be an eigenvalue of a matrix L(G) with corresponding eigenvector V

(L(G) = ADV =0

AV = L(G)V
A=VTL(G)V
A=VIQQ'V

A=(QTV) QTV >0

Furthermore, the summation of each column is zero so L(G) is singular. |

Remark 4.2.1 The eigenvector 1 of Laplacian matriz of G is an eigenvector of adjacent

matrix if and only if the graph is regqular graph.
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Theorem 4.2.1 [15]
A graph G has k connected components iff the algebraic multiplicity of 0 in the Laplacian
15 k.

Proof:

First we show that the multiplicity of the zero eigenvalue is at least the number of connected
components. Assume G is a graph with k connected components, so we have V(G1), V(Gs),
..., V(Gy) are the disjoint sets of G. Define k vectors x1, X, ..., X such that each entry is
define as

L if j € V(G;
o ml.] ( )

1 other wise

So ||lz;]] = 1 for i=1, 2, ... k. Also (v;,v;) = 0, since v; and v, are disjoint. Thus Lx;=0,
hence there is a set of k orthonormal vectors that are all eigenvectors of L, with eigenvalue
0.

Now, to see that the number of 0 eigenvalues is at most the number of connected components,

2 . . . .
we know xT Lz = v; — ;)" is equal 0 if x is a constant in every connected com-

i<j,(1,5)EE (
ponent. Now we will see there is no way of finding a k+1 vector x that is a zero eigenvector,
and orthogonal to xi, Xo, ..., X;. Notice that x must be nonzero in some coordinate, hence

suppose that x is nonzero in the coordinate v;, otherwise constant on all x;, in which case x

can not be orthogonal to x;, so there can be no k+1 eigenvector with 0 eigenvalue. |

4.3 Comparing the largest eigenvalue of matrices re-
sulted by Boolean operation

In this section we will compare the largest eigenvalue of matrices that is generated by Boolean

operation.
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Let A be an nxn matrix. And let A\; (A) denotes the largest eigenvalue of A. In [19] we can

show that if A is a nonnegative matrix, then A\; (4) > 0. We need the following result.

Lemma 4.3.1 [20] If A and B are symmetric nxn matrices, then

M(A+B) <X\ (A)+ A\ (B)

Proof:
Recall A\ (A)=maz =1 {z7Az}.
So,

M (A+ B) = maz =1 {z" (A+ B)z}
S max”xH:l {ITACL’} + maxHxH:l {ZL‘TB.I}

<A (A)+ M\ (B)

Theorem 4.3.1 [19] Let A and B be 0-1 matrices of order nxn. Let Ay and u, be the largest

eigenvalue of A and B, respectively. If A>B, then Ay > 11y

Lemma 4.3.2 [8] Let By and By be antiadjacency nxn matrices of G and Gy respectively.
Then,
(B1V By) + (B1 A By) = By + By and consequently,

M ((B1V By) 4+ (B1ABy)) =M\ (By+ By) <A\ (B1V By) + M\ (By A By)

Proof:
Clear, by the definition of V, A and lemma 4.3.1 |
Now, we can compare the largest eigenvalues between graphs joind by AND and OR opera-

tions on antiadjacency matrices.
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Theorem 4.3.2 [1] Let By and By be antiadjacency matrices of undirected graph with n
vertices. Then,

)\1 (Bl A Bg) S /\1 <B1> + )\1 (BQ) and )\1 (Bl Vv BQ) S >\1 (Bl) + )\1 (BQ)

Proof:
Suppose B=B; V By, we know \; (B) > 0.
Therefore
M (B + By) — A\ (B) < A (By + By)
By Lemma 4.3.1 and Lemma 4.3.2 we conclude
A (B1ABy) <A\ (By+ By) — A\ (B)
<A (B + Bz) S A (By) + A (Ba)
A similar proof works for the second inequality. |
Now, we can compare the largest eigenvalues between graphs connected by OR and XOR

operations on antiadjacency matrices.

Theorem 4.3.3 [1] Let By and By be antiadjacency matrices of directed graph. Then,
A (B1® By) < A\ (B1V By) <\ (B; + Bs)
Furthermore, if the graphs are undirected then.

A (By @ By) < Ay (Br) + i (B)

Proof:
We know by lemma 4.3.2 By V By < By + Bs.

AISOBl®B2<Bl\/BQSBl+BQ

By Lemma 4.3.1 and theorem 4.3.1 we conclude
M (B1 @ Bs) < A\ (ByV By)

<A (B1) + A (By)
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[ |
Now, we can compare the largest eigenvalues between graphs joined by AND and NXOR

operations on antiadjacency matrices.

Theorem 4.3.4 [1] Let By and Bs be antiadjacency matrices of directed graph. Then,
M (B1 A By) <\ (B1©8By)

Proof:

We know Blé_BBQ < Bl V BQ < Bl + BQ

By Lemma 4.3.1 we conclude A\ (By A By) < A\ (B1©Bs)
[ |

4.4 Page Rank Application

In 1998, Brin and Larry Page has presented a page rank algorithm, the aim of this algorithm
is to follow some difficulties with content-ranking algorithm of early search engines. Page
Rank (score) is a positive real number used to measure the importance of website page by
using hyperlinks between pages. A simple graph in figure 4.1 is for website represented by
a directed graph. Each page is represented by node vi. In figure 4.1 we have three Pages
or nodes. The links to page one are called backlinks for page one. The linking of a page
produce a diagraph such as figure 4.1. A page with no outgoing links is called dangling
node. In figure 4.1 each vertex has at least one outgoing link, so the graph has no outgoing

nodes. Also we can see that the graph is strongly-connected.
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Let x5 be the number of pages that link to vertex x.

Vo S V1

V3

Figure 4.1

To calculate the page rank(score) we find The eigenvectors corresponding to the largest

eigenvalue of 1, the link matrix is defined as

L el
A={m
0 ow

Where
L; is the set of pages that link to page i.
n; is the number of pages that are linked to page j.

For example, the link matriz A of the digraph G in figure 4.1 is

o

0 3

N
I
N =

0

N =

1 0

N

N =

The eigen values of A is \y =1, g = —%,)\3 = —

4

The eigen vector that is associated to A=11is |

8
So we can see that page 3 is the most important page in research and the second one is page

2, then page 1.

Definition 4.4.1 A matriz A,«, is called column stochastic if it is non negative and the

sum of the entries in each column is 1.
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Theorem 4.4.1 [21] If A,«, is a stochastic matriz, then its eigenvalues \; have the property
N <1

And A\=1 is always an eigenvalue of A.

Proof:

Since A; < || Al and since A is stochastic matrix, then

M Al =1

Where ||.|| is the oo or 1 matrix norm, depending on whether is row or column stochastic,
respectively. On other hand, let x€R"™ be a vector whice all entry are once. Because A
is stochastic, we either have Ax=x or x' A=x"(ATx # x) depending whether A is row or
column stochastic respectively. That is, A = 1 is always an eigenvalue of A. But this also
means that A; > 1, where combined with \; < ||A]| = 1 implies that A\; = 1, therefore, every
eigenvalue of A must satisfy A\; <1 [ |

There are two challenges to the Page Rank algorithm, namely Nonuniqueness and Dan-

gling nodes.

4.4.1 Nonuniqueness.

The main goal of Page Rank algorithm is to find scores of pages and compare between
the pages by these scores. To calculate the Page Rank score we will find an eigen vectors
that corresponds to the eigen value 1, this will make our ranking to be unique. Since we
have only one eigenvector that represents the eigenvalue 1, which is true if the web is a
strongly connected digraph, but if the web is disconnected, then we can have a higher di-

mensional eigen space of eigenvalue 1. For example the link matrix of graph G in figure 4.2 is
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01 00
1 0 00
The eigen values are A\ = 1, \s =1, A3 = —1, s = —1

0001
00 1 0]

Vl./—\.VQ

v/_\éov?»

Figure 4.2
Theorem 4.4.2 [9] Let W be a web with r components Wy, Wo, . . ., W,.. Then the

eigenspace of the eigenvalue 1 is at least r-dimensional.

Proof:

Suppose we label the web by assigning the vertices in W, first, then the vertices in Wy,

etc., then the link matrix will have a block diagonal from like

A 0 0

A 0 A 0
0

(0 0 - A

Where A; is the link matrix for the web Wy. If each A, is column stochastic, so each has
an eigenvector vy with eigenvalue 1, and that can be expanded into a eigenvector wy, for A

by letting

1)



U1 0
0 V2

W1 = , Wo = , etc.
0 0

Each of these eigenvector is linearly in-dei)endent a-nd-part of eigenspace V; of eigenvalue.
[ |

For n pages with multiple subwebs we can generate unambiguous importance score as

follows
M=(1 —m)A+mS

Where S is an n X n matrix with all entries are % that represent equal probabilities of jumping
to any page on web, that means S is a column stochastic matrix. m is a positive number
between 0 and 1, the original value of m used by Google was 0.15.
Now we will show that the matrix M has one-dimensional eigenspace corresponding to the

eigenvalue 1 when m>1

Theorem 4.4.3 [4] If M is a positive, column-stochastic matriz, then any eigen vector in

vy (M) is of all positive or all negtaive component.

Proof:
Suppose there exist an eigen vector v of the matrix M.Since M is column-stochastic matrix

so for each column

> mag =1
Also, M is positive, we know that

[mij| = mi;
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Now suppose Mv=v. Therefore, || M|, = max; Y., |m;;|, we see that

[olly = [[Mwvlly

n n
<N migl vy

i=1 j=1

n n
=D il

j=1 i=1
n

= ol =loll,
j=1

That means that the inequality must be an equality, so

> et < Do D Il [l

The equality is true only if m;; v; > 0 for each i and j which implies v; > 0 or if m;;v;

i1 Mijv;

< 0 for each i and j which implies v; < 0. Furthermore, since
v = Y0 Mijv;
We must have that either all v are zero or all are positive (negative), since v is an eigenvector,

it is not the zero vector. [ |

Lemma 4.4.1 [}] Let v and w be linearly independent vectors in R™, m>2. Then for some
value of s and t that are not both zero, the vector r=sv+tw has both positive and negative

components.

Proof:
Let v and w be linearly independent vectors, so neither v nor w is zero. Let d=)_, v;. If
d=0, then v must contain componants of differant sign, and taking s=1 and t=0 yields the

conclusion.

If d#0, set S:—Zgwi, t=1 and x=sv+t. Since v and w are independent x#0,.However,

> ;. xi = 0, we conclude that x has both positive and negative components. [ |
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Theorem 4.4.4 [/] If M is a positive, column-stochastic matriz, then vy (M) has dimension

1.

Proof:

Suppose v and w are two linearly independent eigenvectors in the subspsce vy (M), we
know x=sv+tw € vy (M) for any real numbers s and t that are not both zero, and x have
components that are all negative or all positive, by lemma 4.4.1 for some s and t the vector
x must contain a mixed sign, that is contradiction.

So we conclude that vy (M) can’t contain two linearly independent vectors, and so has

diminution one.

4.4.2 Dangling nodes

A dangling node problem exists when a vertex in the web with out-degree is zero (i.e with
no links). This node produce a column of zeros in a links matrix. That implies that a link
matrix is not column stochastic, since some column may sum to zero.

To deal with this problem we have the following theorem Perron—Frobenius.

Theorem 4.4.5 [9] If A is a matriz with all positive entries, then A contains a real eigen-

value p such that :
1. For any other eigenvalue X\, we have |A| < p.

2. The eigenspace of p is one-dimensional and there ia a unique eigenvector x= {ﬁ To

with eigenvalue p such that z; > 0 for all i and % x; =1
This eigenvector is called the Perron vector.

For the proof of the theorem above we refer the reader to [16].
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11
05 35 0
0030
For example, the link matrix of graph G in figure 4.3 is . The eigen values are
0 % 0 0
11
15 5 0
)\1 :07)\2 :07)\3 = %17/\4:%
o
6
1
. 1 - 12
The eigenvector of p = 3 is
1
12
2
L 3

So we can see that page 4 is the most important page in research and the second one is page

1, then page 2 and 3.

Vl., Vo

Figure 4.3
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