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Abstract

The class of square real matrices of order n having a positive determinant and all other
minors up to order n — 1 nonpositive are called sign regular matrices with signature
(—1,...,—1,1). In this thesis, such matrices are introduced and a characterization of
them is presented which provides an easy test for their recognition based on the so-called
the Cauchon Algorithm. The value of the entry (2,2) of the matrix resulting upon
application of the Cauchon algorithm to such a sign regular matrix plays a fundamental
role in our characterization. Therefore, the possible values of the entry (2,2) are
explored. Finally, it is shown that all matrices lying between two matrices of this class

with respect to the so-called checkerboard ordering are contained in this class, too.
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Chapter 1
Preliminaries

In this chapter, we present some notation, definitions, and auxiliary results that will be

used throughout this thesis.

1.1 Introduction

Several classes of matrices play an important role in various branches of mathematics
and applied sciences [13],[18]. In this thesis, we will consider the class of sign regular
matrices which are the matrices whose minors of any fixed order have the same sign or
are allowed to vanish [8], [11]. Adm and Garloff in [4] worked on a special type of sign
regular matrices, namely matrices of order n having a negative determinant and all their
minors up to order n — 1 nonnegative. We are going to work on the opposite kind of
these matrices which are matrices having a positive determinant and all other minors

nonpositive.

In the current chapter, we present some notation that help us to introduce some

definitions, theorems, and lemmas that will be beneficial in showing our results.

In the next chapter, we present the definition of the sign regular, totally nonnegative
and totally nonpositive matrices. This will be followed by an introduction of the
Cauchon Algorithm, and some theorems that describe the relationship between the
totally nonnegative matrices and the Cauchon matrices. In addition, we introduce
the lacunary sequences with respect to a Cauchon matrix or a Cauchon diagram that
are very useful to facilitate the proofs of some theorems and help us to determine the
rank of matrices. Moreover, we present propositions that investigate the relationship
between the determinants of the submatrices of the intermediate matrices of the Cauchon

Algorithm, these propositions will play an important role in proving some of our new



results.

In Chapter three, we present our new results by applying the Cauchon Algorithm on
totally nonpositive matrices and on matrices of order n having positive determinants and
all other minors nonpositive under the condition that the entry in the position (n,n) is
negative. We introduce some properties of the determinants of submatrices and the sign
of the entries of the matrices that we obtain after applying the Cauchon Algorithm. We
conclude this thesis by utilizing the obtained results to show the interval property of the

nonsingular matrices having a positive determinant and all other minors nonpositive.

1.2 Notation

In this section, we present some notation that will be helpful in introducing many

theorems and results in this thesis.

First of all, we denote by R™™ the set of all real n—by—m matrices. For a given

positive integer n and for each [ € {1,...,n}, we define

Qi = {q:(QI;"‘7Ql)€Nl31§Q1<Q2<"‘<q1§n}-

That is Q;, denotes the set of all strictly increasing sequences of [ integers chosen
from {1,...,n}. Let @ = (aq,...,q4,...,q;) € Qi and s € {1,...,1l}. Then define
az = (Q1,...,Qs 1,Qs11,-..,q;), where the 'hat’ over s indicates that the entry «, has
to be discarded from the index sequence. Moreover, define a® to be the complement of
«, which its given by o = {1,...,n}\{a1,...,a;}, where the indices are arranged in

increasing order.

The square submatrices of A = (a;;) € R™™ are denoted by the following

A [i | ji| =A |:Z'177;27 s 7il|j1aj27 s 7jli| = (aikvjh)i?:l,h:17

when i= (i1,...,4) € Qun, j= (j1,-- -, 1) € Qum, and I = 1,..., min{n, m}.
If i = j, then they called principal submatrices, denoted by

A [i ’ i} =A H =A [i17i27 oAy g, 7il] 1= (@i ket 1
Moreover, the minors of A = (a;;) € R™™ are the determinants of the square

submatrices of A, denoted by
det A [ii| 5] = det A |ivin,.... tlji, os- - | = det(@i ko

2



If i = j, then they are called principal minors. By convention, det A (¢) = 1.

For a matrix A € R™", the inverse of A, denoted by A~! = <a[jl>, is given by

iﬂ.detA[1,...,]’—1,j+1,...,n|1,...,i—1,i—l—1,...,n]

a;' = (-1) T . (L)
provided that det A # 0.
For o = (ay,...,q) € Qin, a measure for the gap in an index sequence « is the

dispersion of «, denoted by d(«), and defined by d(«a) := oy — a3 — 1+ 1. If d(a) =0
we call a contiguous. Moreover, for 8 € Q,,, if d(a) = d(f8) = 0 we call the submatrix

Ala|f] contiguous.

For distinct i,k € Qy,, we say that i = (i1,...,4;) is greater than k = (ki,..., k)
with respect to the lexicographical order, denoted by i > k, if the first non-zero entry

in the sequence i1 — ky,io — ko, ...,7; — k; is positive or i = k. Moreover, we say that
i=(i1,...,4)is greater than k = (ky, ..., k;) with respect to the colexicographical order,
denoted by i >, k if the first non-zero entry in the sequence o, — k;, 41 — kj_1,..., 11 — k1

is positive or i = k.

For p=1,2,...,min{n, m}. the p"* compound matriz of an n x m matriz A, denoted
by APl is the (;) X (’;) matrix that consists of all pxp minors arranged in lexicographical

order, i.e.,

Al — {det A [i| JH ,

1€Qp,n,JEQp,m,i>J

For the matrix A = (a;;) € R™™, the notation 0 < A means that all the entries of A
are positive, i.e., a;; > 0. Moreover, the notation 0 < A means that all the entries of A

are nonnegative, i.e., a;; > 0, for all i € {1,...,n}, j € {1,...,m}.



1.3 Auxiliary Results

In this section, we present some definitions and lemmas that will be helpful in introducing

and showing several theorems in this thesis.

In the following, we introduce the definition of matrix rank.

Definition 1.1. [17] Let A be an n X m matriz. Then rank A is the size of the largest

nonzero minor of A.

In the following, we present the definition of the right shadow and the left sahdow

of the submatrices.

Definition 1.2. [20] Let A = (a;j) € R™™. Then

(1) The right shadow of the submatriz
A[i+1,...,i+r|j+1,...,j+r]
is the (i + 1) x (m — j) submatriz
A[l,...,i+r|j+1,...,m].
(2) The left shadow of the submatriz
A[z’+1,...,z+r|j+1,...,j+r]
is the (n — 1) x (j +r) submatriz
A[z‘+1,...,ny1,...,j+r].

Lemma 1.1. [9] Partition A € R™" n > 3, as follows:

C A12 d
A: A21 A22 A23 )
e Az f

where Asy € R"™2"2 and c¢,d, e, f are scalars. Define the submatrices

C:= ¢ An , D = A d :
_A21 Azz_ _A22 A23_
Eo— Ao Ago F = Agy Asg
i € A32_ _A32 f ]



Then
det Ayy det A = det C'det F' — det D det F.

The previous lemma is the key of deducing the following lemma that will be used in

showing some theorems.

Lemma 1.2. [1] Let A € R" a = (a1,...,) € Qun, and B = (P1,...,0-1) €
Qi_1m—1 with 0 < d(B). Then for all n such that 51 < n < m,k € {1,...,l},s €
{1,...,h}, and B, <t < Bpy1 for some h € {1,...,1—2} or By <t < n the following
determinantal identity holds:

det A [adk | 85, U {t}} det A[a | BU{n}] = det A [adk | 85, U {n}] det Ao | BU{t}]
+det A g, | A det A [@ | 85, UL, n}] .
The following is an illustrative example of the previous lemma.

1 0 -1 1 -1 2

0o -2 3 0 -1 1
0 1 -1 2 =3
Example 1.1. Let A = . Suppose a = (1,2,3,4), f =
p 19 0 1 3 9 pp ( ), B
-3 2 -1 0 1

2 -1 0 3 0 -1
(1,3,4), n=>5,k=3,s=1,t=2, and h = 1. By applying Lemma 1.2 we get

det A[1,2,412,3,4] - det A[1,2,3,4,[1,3,4,5] = det A[1,2,4]3,4,5] - det A[1,2,3,4]1,2,3,4]
+ det A[1,2,4]1,3,4] - det A[1,2,3,42,3,4,5],
1 -1 —1
0 -1
0 -1 1 |0 3 0 -1 11 -1
0 -2 3 0
2 3 0/-|]0 1 -1 2| =13 0 -1/
0 3 1 -1
2 0 0 1 -1 2 0 1 -3
-1 2 0 1
-1 0 1 -3
0 -1 1 -1
1 -1 1
—2 3 0 -1
+ 10 3 0 :
3 1 -1 2
-1 0

2 0 1 -3
—8x -1 = Hhx—-26+6x23=28.

The following lemma relates the minors of a given nonsingular matrix to the minors

of its inverse. In particular, it plays a fundamental role in proving that for a given n x n

5



sign regular matrix A with a given signature, i.e., matrices whose minors of any fixed
order have a fixed sign or allowed to vanish, the matrix SA=1S~! is a sign regular matrix
with the same signature, where S = diag (1, —1,...,(=1)"*1).

Lemma 1.3. [9] Let A € R™" be nonsingular. Then for any nonempty subsets o, B C
{1,...,n} with |a| = |B]| the following equality holds

Jdet A [8° ] af]

det A7 a | B] = (1) — ——

where s 1= 3 o @i+ Y5 50

We conclude this section by recalling the following famous identity. Assume B =
CD, where B is an n X m matrix, C'is an n X r matrix, and D is an X m matrix. Then
the Cauchy-Binet formula [20] states that for each i € Q,, , j € Qpm,

det Bilj] = > det C[i|k] det D[k]|j].
keQp,r



Chapter 2

Sign Regular Matrices And The
Cauchon Algorithm

In this chapter, we present the definition of sign regular matrices and some of its
properties. Interesting subclasses of the sign regular matrices are the totally nonnegative
and the totally nonpositive matrices. Therefore, we concentrate on them and introduce
some necessary and sufficient conditions for a given matrix to be in their classes by using
the Cauchon Algorithm.

2.1 Totally Nonnegative Matrices

In this section, we present the definition of sign regular matrices, totally nonnegative
matrices, and the Cauchon Algorithm. In addition, we will introduce a procedure that
will be helpful in constructing lacunary sequences for the Cauchon matrices which are

useful to prove many theorems in our thesis.

In the following, we present the definition of sign regular matrices.

Definition 2.1. An n x m matriz A is called sign regular of order k, k < min{m,n},
with signature € = (1,€9,...,€x) if for each j = 1,... k, the sign of all of its minors
of order j coincides with €; or vanishes. If k = min{m,n}, then a sign reqular matriz
of order k is simply called sign regular. Moreover, A is called strictly sign regular with
signature € if it is sign regular with signature € and all submatrices of A have nonzero

determinants.

In the following definition, we introduce the totally nonnegative matrices.



Definition 2.2. Let A be an n x m matrixz. Then A is said to be totally nonnegative,
denoted by TN if A is sign regular of order k = min{n, m} with signaturee = (+1,+1,...,+1),

i.e.,
det A [ilj| = det A [ir, .. iljr,....3t] 20, (2.1)

foralli= (i1,...,3) € Qun, j= (J1,---,71) € Qum, and alll =1, ..., min{n,m}. If the
strict inequalities occur in (2.1), then the matriz A is called totally positive, denoted by

TP.

Since the compound matrices involve all the minors, Definitions 2.1 and 2.2 can be

rewritten by using the compound matrices concept as the following definition states.

Definition 2.3. Let A be an n x m matrixz. Then it is said to be sign regular matriz
if all the nonzero entries in the p™ compouned matrix have the same sign, it is said to
be totally nonnegative if all entries of the p'™ compound matriz of A are nonnegative,

p=1,2,...,min{n, m}.

9
16
25

Example 2.1. Let A =

= T =
Tt = W N

To show that A is a sign reqular matriz we compute all the p* compound matrices
of A forp=1,23.

15 6|
1 2 4 2 12 16 2
Al 4= 1 3 9 AR 3 21 30 AP~ 6
1 4 16 1 7 12 6
O C I RIONGRR
19 20
L 1 (5)x(3)=6x3

It is clear that all the entries of AN, A2 and AB) are nonnegative. Therefore, A is
a sign reqular matriz with signature (+1,4+1,+1). Hence A is a TN matriz. Moreover,

since all the entries are positive then the matriz A is TP.

In order to be ready to present some lemmas, propositions, and the Cauchon Algorithm,
we first need to present the following notation.



Define the set E°:={1,...,n} x {1,... mP\{(1, )}, E:=E°U{(n+1,2)}.
Let (s,t) € E°. Then (s,t)* := min{(i,j) € E | (s,t) < (¢,7),(s,t) # (i,7)}; here the

minimum is taken with respect to the lexicographical order.

In the following, we present the definition of the Cauchon diagram, Cauchon matrix
and the Cauchon Algorithm.

Algorithm 2.1. [12] [The Cauchon Algorithm] Let A € R™™. As r runs in decreasing
order over the set E with respect to the lexicographical order, we define matrices

A1) = (aﬁ?) € R™™ as follows:

1. Set A2 .= A

2. Forr = (s,t) € E°, define the matriz A") = (a(f)> as follows:

ij
(@) 17" 20, then put A©) = ACT).
(b) If a"" £ 0, then put

(r*) a(-:Jr)a(H') . .
NCIED L a(r—ﬂj, fori<sandj<t,

I R st
K 2

i otherwise.

3. Set A := A12): A is called the matrix obtained from A (by the Cauchon Algorithm).

Definition 2.4. An n x m Cauchon diagram C' is a grid consisting of n - m squares
colored black and white, where each black square has the property that either every square

to its left (in the same row) or every square above it (in the same column) is black.

Example 2.2. (a) The following diagram is a Cauchon diagram, since its satisfying
the properity that for each black square either every square to its left or every
square above it is black.



Figure 2.1: An example of a Cauchon diagram

(b) The following diagram is not a Cauchon diagram. Since for the black square in

position (3,3) neither all squares above it are black nor all squares to the left of it
are black.

Figure 2.2: An example of a non-Cauchon diagram

We denote by C™™ the set of the n x m Cauchon diagrams, when n = m we write

c".

Definition 2.5. [16] An n x m matriz A = (a;;) is called Cauchon matrix if for each
a;; with a;; = 0 for some i € {1,...,n} and j € {1,...,m}, then as; = 0 for all
s=1,....,t—1oray=0fort=1,...,5 —1.

By replacing zero entries by black squares and nonzero entries by white squares and
vice versa, the Cauchon diagram and Cauchon matrices will be used interchangeable.

10



8 5 4 1
5 4 4 1 L. .
Example 2.3. Let A = s 44 1] Then by application of the Cauchon Algorithm
1 1 11
on A we obtain
7 4 3 1 4 1 3 1
AGD _ 4 4@ _ 4 3 3 1 443 1 0 31
’ 4 3 3 1|’ 103 1]’
1 1 11 1 111
31 31 2 1 01
442 _ 10 31 _ G 46 0001
1031 103 1]’
1 111 1 1 11
A(3’4) — A(3,3) — A(3,2) — A(B,l) — A(24 23) (2,2) _ A(Q,l) — A(1’4) — A(1’3) — A(l,Q) — A

Its clear that A is not a Cauchon matriz since age = 0 but az; # 0 and a2 # 0.

4 4 4
Example 2.4. Let A= |4 8 8 | . Then by application of the Cauchon Algorithm on
4 8 16
A we obtain
3 2 4 1 2
A A, AB3 2 4 8|, ABY=1|_2 4 8| =AGY,
8 8 16 8 8 16
2 0 4 2 0
ACY = |2 4 g|, APV =]_2 4 8| =ACYD =09 = 402 _ 4
8 8 16 8 8 16

It is clear that A is a Cauchon matriz since it satisfies Definition 2.5.

The following theorem gives necessary and sufficient conditions for a given matrix to
be totally nonnegative or totally positive by using the Cauchon Algorithm.

Theorem 2.1. [12] Let A € R™™. Then A is totally nonnegative (totally positive) if
and only if 0 < A (0 < A) and A is a Cauchon matriz.

By the above theorem, it is easy to show that the above matrices are not T'N.

11



Theorem 2.2. [12] Let A € R™™ be TN. Then A is a Cauchon matiz.

The previous theorem states that one necessary condition for a given matrix A to be
T'N is to be a Cauchon matrix while the converse is not true as the following example
illustrates.

Example 2.5. The following matriz

S

I

o =
o o =
© N

satisfies the definition of a Cauchon matriz but clear that the matriz A is not TN since

the entry as; = —5 which is not nonnegative.

In the following, we present the definition of a lacunary sequence that will be used

in introducing and proving some theorems.

Definition 2.6. [16] Let C' € C™™. We say that a sequence

Y= ((llmjk)a k:O,l,...,t),

which 1s strictly increasing in both arguments is a lacunary sequence with respect to C
if the following conditions hold:

1o (ipjr) ¢ Ck=1,... 1.
2. (i,7) € C foriy <i<mand j <j<m.

3. Let se€{l,...,t —1}. Then (i,j) € C

(a) either for all (i,j),is < i < isy1 and js < 7,
or for all (i,7),is <1 <isy1 and Jo < j < Jsi1

and

(b) either for all (i,7),is <i and js < j < Jsi1,
or for all (i,7),1 < igi1, and js < j < jsi1-

We call t the length of .

The following procedure will be beneficial to construct a lacunary sequence that will

be very useful in proving some theorems.

12



Procedure 2.1. [2] Let A € R™™ be a Cauchon matriz. Construct the lacunary

sequence
Y= <(ip7jp) PRI (Z'O)jO)) )
as follows: Put (i—1,j-1):=(n+1,m+1). Fork=0,1,...,p, define

My = {(i,5) |1 <i <ig1,1 <j<jpr,a #0}.

If My, = ¢, putp =k — 1.
Otherwise, put (ig,jr) = max My, where the mazimum is taken with respect to the

lexicographical order.

The following is an illustration example for the above procedure.

1 0 -3 =5
4 0 1 2 . :

Example 2.6. Let A = 10 9 3 Then A is a Cauchon matriz and we use
3 2 —4 6

Procedure 2.1 to construct a lacunary sequence as follows
(i—lvj—l) = (n + ]-7m + ]-) = (57 5)
For the case that k = 0 we get

My :={(i,j) |1 <i<5,1<j<5a;#0},

i.e., (io, Jo) == max My = (4,4), since agq =6 # 0.
For the case that k =1 we get

My ={(i,j) |1 <i<4,1<j<4a;#0},
i.e., (i1, /1) == max My = (3,3), since azz =9 # 0.

For the case that k = 2 we get

My:={(i,5) | 1<i<3,1<j<3a;+0},

i.e., (ig, jo) := max My = (2, 1), since azo =0 and azy =4 # 0.
For the case that k = 3 we get

Ms:={(i,j) |1 <i<2,1<j<1a5+#0},

13



i.e., (i3,73) = max M3 = max ¢.

Hence, the lacunary sequence is v = ((is, j2) , (ir, 1) » (io, o)) = ((2,1), (3,3), (4,4)).

Procedure 2.1 helps to deduce the following theorem that is used to calculate the

rank of a given matrix A from A, provided that A is Cauchon matrix.

Theorem 2.3. [2] Let A € R™™ be such that A is a Cauchon matriz. Then rank A =
p+ 1, where p is the length of the sequence which is obtained by application of Procedure
2.1 to A.

The following is an illustration example for the above theorem.
4
8

Example 2.7. Let A = . Then after applying the Cauchon Algorithm to A

=W N
o O W
—

2

05 0 4
we get that A= |0 0.6 8
4 8 12

2.1 to A we construct the lacunary sequance v = ((1, 1),(2,2), (3, 3)), hence p = 2. Then
by Theorem 2.3 we get that rank A=p+1=2+1=3.

which is a Cauchon matriz. By application of Procedure

e — |

In the following theorem, we will present how to find the value of some minors of A

by using lacunary sequences with respeect to A, provided that A is Cauchon matrix.

Theorem 2.4. [2] Let A € R™™ be such that A = (a;;) is a Cauchon matriz and let
v = ((zk, Jr), k=0,1,... ,p) be a lacunary sequence. Then the following representation
holds:

det A [io, .. ip | Jor -2 Jp] = g golirgy = iy
Corollary 2.1. [5] Let A € R™" and assume that A = (a;;) is a Cauchon matriz with
ai; #0,1=1,...,n. Then the following equality holds

det A = ELH . dnn

Example 2.8. Suppose we have the same matrix A that we had in the Example 2.J.
Then the lacunary sequnces vy, = ((2, 2), (3, 3)) and vy, = ((1, 1),(2,2), (3, 3)) Hence by
Theorem 2.4 we obtain that

8 8

det A[2,3|2,3] = 3 16 = &22 : dgg =4-16 = 64,

14



4 4 4
detA:4 8 8 :&11d22d33:2416:128
4 8 16

In the following two propositions and the lemma, we investigate the relationship
between the minors of the intermediate matrices of the Cauchon Algorithm. These

propositions will play important roles in proving some of the new results in this thesis.

Proposition 2.1. [12] Let A = (a;) € R™™ and r = (s,t) € E°. Let ay # 0,
a=(a,...,qq) € Qi and B = (B1,....01) € Qum, where | < min{n,m} such that
(cy, By) = r. Then

det A | B] = det AD]as | B . as:.
The following is an illustration example for the above proposition.

Example 2.9. Suppose we have the same matriz A that we had in the FExample 2.35.

Letr =(4,3), a = (1,2,4) and = (1,2,3). Then

det A4D[1,2,4]1,2,3] = —1,

NN |

— W

= W W
I

4 1

= det AY[1,2|1,2] - ay3 = R

Proposition 2.2. [12] Let A = (a;;) € R™™ and r = (s,t) € E°. Leta = (a, ..., ;) €
Qin,B = (B1,-..,08) € Qum, where | < min{n,m}, and (ay,5;) < r. If as = 0, or if
ap=s,orifte{p,...,0},or ift < By, then

det AU | B] = det AT | A].
The following is an illustration example for the above proposition.

Example 2.10. Suppose we have the same matrix A that we had in the Example 2.5.
Letr = (3,4), a = (1,3), and B = (2,3). Then

13
det AG2)[1,3[2,3] = '0 3‘ = det A®Y[1,3]2,3] =
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Lemma 2.1. [12] Let A = (a;;) € R™™, and let r = (s,t) € E°. Let § = det Ala|f]
with a = (a1,...,01) € Qup, 8= (Br,---,01) € Qum. Assume that ag # 0 and that
ap < s while B, < t < Ppyr for some h € {1,...,1} (by convention, B 1 := m + 1).
Then
T’Jr T T —
50 =50 4 Z(—l)“hdék)_)tas,gkastl.

h
k=1

The following is an illustration example for the above lemma.

Example 2.11. Suppose we have the same matriz A that we had in the Ezample 2.5.

Letr =(4,2), a = (1,2,3) , B =(1,3,4), and t = 2. Then § = det A[1,2,3,1,3,4]
and h = 1.

1
0UIN1,2,3]1,3,4] = UD[1,2,3]1,3,4] + ) (—1)* 64D [1,2,3]2,3,4] - auy - ag)
k=1
431 331 [131
131 = (13 1+[0 3 1=0
131 131 (031

2.2 Totally Nonpositive Matrices

In this section, we introduce the definition of totally nonpositive matrices and some

important results on this class of matrices.

Definition 2.7. [9] Let A be an n x m matriz. Then A is said to be totally nonpositive

(tn.p.) if A is a sign reqular matriz of order k = min{n,m} with signature ¢ =
(—=1,-1,...,—1), ie.,
det A [i|j] — det A [z’l,...,z‘l|j1,...,jl] <0, (2.2)

for alli= (ir,...,4) € Qun , j= (J1,---5J1) € Qum, and alll = 1,... k. In addition,
if A is nonsingular then we denote it by Ns.t.n.p. If the strict inequality occur in (2.2),
then the matriz A is called totally negative (t.n.).

In the following definition, we can write Definition 2.7 on ¢.n.p matrices by utilizing

the concept of compound matrices as follows.

Definition 2.8. Let A be an n x m matrix. Then it is said to be t.n.p. if all entries of

the pt" compound matriz of A are nonpositive, p=1,2,..., min{n, m}.
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—2 -5 -9 —15
-5 -5 -9 -—15
—9 -9 -9 -15
15 —15 —15 —15,

Example 2.12. Let B =

To show that A is a t.n.p matriz we compute all the p'* compound matrices of A for
p=1,234.

—-15 =27 —-45 0 0 0
-2r =36 —-1056 0 —-60 O
—45 —-105 —-195 —-60 —-105 —90

B2 — ;
0 —-36 —-60 —-36 —60 0
0 —60 —105 —60 —105 —-90
I 0 0 —90 0 —90 —90_ (1) (2) =66
—105 —180 0 0
0 —270 —630 —360 ()(%)=1x1

0 0 —360 —360 () x(&)=ixa

It is clear that all the entries of BN, B2 BBl and B are nonpositive. Therefore,

B is a sign regular matriz with signature (—1,—1,—1,—1). Hence A is Ns.t.n.p..

The following theorem presents equivalent statements for a nonsingular matrix to be

t.n.p. using a few number of minors.

Theorem 2.5. [1/] Let A = (a;;) € R™" with 2 < n be nonsingular. Then the following
three statements are equivalent:

(a) A is t.n.p.

(b) For any k € {1,...,n — 1},

a;;n < 0, A, < 0, A1 < O, A1y, < 0, (23)
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det Ala | k+1,...,n] <0, for all @ € Qp_.n, (2.4)
det A[k+1,...,n | p] <0, forall B € Qu_in, (2.5)
det Alk,...,n] <0. (2.6)
(c) For any k € {1,...,n — 1},

an <0, app <0, an <0, ay, <0, (2.7)
det Ala | 1,...,k] <0, for all o € Qyp, (2.8)
det A[1,...,k | ] <0, forall B € Qkn, (2.9)

det A[1,... .k +1] <0. (2.10)

In the following theorem, two equivalent statements are given to present the relation

between a t.n.p. matrix and the matrix obtained by the Cauchon Algorithm.

Theorem 2.6. [5] Let A = (aij) € R™" have all entries negative except possibly a;; < 0.
Then the following two properties are equivalent:

(i) A is a Ns.t.n.p. matriz.

(ii) A is a Cauchon matriz and fl[l, ...,n — 1] is a nonnegative matriz with positive

diagonal entries.

The following theorem indicates that the entries of A can be represented as ratios of

contiguous minors if A is Ns.t.n.p.

Theorem 2.7. [5] Let A = (aij) € R™" be Ns.t.n.p. with ay, < 0. Then the entries ay;

of the matriz A can be represented as (k,j =1,...,n)

oo detAfk... k+plj....j+7]
M det A+ 1, i+pli+l,....j+p

with a suitable 0 < p<n—~k,if j<kand0<p<n-—7j,ifk<j.

The following three theorems will play an important role in proving our main and

new results.

Theorem 2.8. [7] Let A € R"™™ of rank r, and ¢ a signature sequence. If
epdet Ala | B] =20 for a € Qin, B € Qrm, k =1,2,...,min(n, m),

is valid whenever d(B) < m — r, then A is sign regular with signature .

Theorem 2.9. [1] Let A € R™™ be t.n.p. and let « = (i+1,...;i+7),8 = (j +
L....,j4r) for someie€ {l,....,n},j € {1,...,m}, and 2 < r < min{n,m} — 1. If
Ala | B] has rank r — 1, then

18



(i) either the rows i + 1,... i+ r or the columns j+ 1,...,7+r of A are linearly
dependent,

or
(i1) the right or left shadow of Ali +1,...,i4+r|j+1,...,7+r] has rank r — 1.

The following theorem present that the principal minors of Ns.t.n.p. matrices are

negative.

Theorem 2.10. [19] Let A = (aij) € R™" be Ns.t.n.p. with a;; <0 and a,, < 0. Then
det Ala] <0 for all @ € Qg bk =1,2,...,n.
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Chapter 3

Main Results

In this chapter, we present our results on the characterization of a special class of
sign regular matrices by applying the Cauchon Algorithm. In the first section, we will
extend some results to rectangular totally nonpositive matrices. In the second section,
we will introduce some characerizations and necessary and sufficent conditions for a
given square matrix to be in the class of matrices whose determinants are positive and
all other minors are nonpositive. We conclude this thesis by section three wherein we
show that the so-called interval property holds for the class of matrices considered in

section two.

3.1 Totally Nonpositive Matrices And The Cauchon
Algorithm

In this section, we will extend some results on totally nonpositive matrices, which will

be helpful in proving and deducing new results on the matrices we are interested in.

Here, we are interested in totally nonpositive matrices that do not contain zero rows
or zero columns. The following Lemma present that for a given totally nonpositive
matrix and the last entry is negative, then all entries in the last row and column are

negative or the matrix has a zero row or a zero column.

Lemma 3.1. Let A = (aij) € R™™ be a t.n.p. matriz with a,, < 0. Then all entries

in the last row and column are negative or A has a zero row or a zero column.

Proof. Firstly, assume a;,, = 0 for some i € {1,...,n — 1}, i.e., the last column has a
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zero entry. Then for any j € {1,...,m — 1} consider

0 > det A[i,n|j, m] = Qij0pm — AimQngj
Q5 Apm 2 07

since A is t.n.p., a;, = 0, because a,, < 0, we conclude that a;; = 0 for all j =
1,...m —1, i.e., A has a zero row. If a,; = 0 for some k € {1,...,m — 1}, i.e., the last

row has a zero entry, we proceed similarly to conclude that A has a zero column. O

In the following theorem, we investigate the entries of the intermediate matrices that
result by the application of the Cauchon Algorithm to a given t.n.p. matrix A. We

proceed parallel to the case of a Ns.t.n.p. matrix which was derived in [1].

Theorem 3.1. Let A = (a;;) € R™™ be t.n.p. with ap, < 0. If we apply the Cauchon
Algorithm on A, then the following properties hold

(i) All entries of A™Y[1,... ., n—1|1,...,m — 1] are nonnegative for allt =2,...,m.
(ii) APV, ... on—11,...,t —1] is TN for allt =2,...,m.
(i) ATD[L, ... ,n—11,...,m —1] is TN for allt =2,...,m.

(iv) A2 s a Cauchon matriz.

(v) Fort=2 ...,m, det A("’t)[am] <0 foralla € Qun1,8=(b1,02,--.,0) € Qim
with By =m and l =1,... , min{n — 1, m}.

Proof. (i) If t = m, then set r = (n,m) € E°. By Proposition 2.1, we have
det A[i, n|j,m] = det A"D[i,n|j, m] = det AP[i]]] - apm = a\” - apm,

v

forie{l,...,n—1}, j€{l,...,m—1}. Since Ais t.n.p., i.e., det A[i,n|j,m| <0
and a,,, < 0 it follows that

o) >0foralli=1,...,n—landj=1,...,m— 1.

This proves the case t = m.

Now for the other cases, let r = (n,t). Since the last row index in the underlying
submatrices of the following minors equals n, we apply Proposition 2.2 to conclude
that

det AT D[i,n|j,t] = --- = det A, n|j, ] for all t < m — 1. (3.1)
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By Proposition 2.1, we obtain

det Afi,n|j, t] = det A" [i,n|j,t] = det A7[i]5] - an

_ g

ij ~ Ont

Now by Lemma 3.1, a,; < 0 because A has no zero rows or columns and since the
right hand side is nonpositive by the total nonpositivity of A, we conclude that

ag) > 0. This completes the proof of (i).

If t = m, then by (i) A™™[1,...,n —1|1,...,m — 1] is a nonnegative matrix.
Furthermore, it follows from Proposition 2.1 and Proposition 2.2 with r = (n, m)
that
0>det Alay,...,ain|p,...,B,m] = det A"y, . ayn|By,. .., B, m]
= det A("’m)[al, . ,Oéi|51, C ,Bl] * Ay,

for all (ay,..., ;) € Qin—1, (B1,--.,0i) € Qim-1,and i =1,2,... min{n—1,m—
1}. Since A is t.n.p. and a,,, < 0, we obtain

detA(”’m)[al, ce ,Ozi|61, NN ,51] > 0.

Hence A™™[1,...,n—1|1,...,m — 1] is TN.

This proves the case t = m. For the other cases, let r = (n,t), t < m, and
a € Qin-1, B € Qii—1. Since the last row index in the underlying submatrices of

the following minors equals n, we apply Proposition 2.2 so that

detA(T+)[C¥1, c. ,OZZ',TL|B1, N ,6¢,t] == detA[al, c. ,ai,n|ﬁl, ce ,ﬁi,t] < 0. (32)

Also by Proposition 2.1 with r = (n,t), we get
det A(T—H[Oél, ce ,Oéi,’rl|ﬁl, PN 7/81" t] = det A(T)[C\{l, PN ,Cl{l'|ﬂ1, ce 76@] * Qpt-

Now by Lemma 3.1, a,; < 0 and since the right hand side is nonpositive by the
total nonpositivity of A, we conclude by (3.2) that

det A(”’t)[al, - ,Oéi|61, B ,ﬁl] > 0.

Hence A™Y[1,...,n —1|1,...,t — 1] is TN, for all t = 2,...,m — 1. This the

completes proof of (ii).
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(iii) We will prove this statement by decreasing primary induction on the iteration
number ¢ and secondary induction on the order of the minors [.
For t =m, A®™[1,... . n—1[1,...,m —1] is TN by (ii).
Suppose that A™FD[1, ... n —1|1,...,m — 1] is TN, we want to show that
ACD[L . n—1|1,...,m—1]is TN, ie., 0 < det A®[a|] foralla € Q,,_1, B €
Ql,mfl-

For the case [ = 1, all entries of A™9[1,...,n — 1|1,...,m — 1] are nonnegative
fort =1,...,m by (i).

Now assume the statement is true for all iterations m —1,...,t+ 1 and all minors
of order 1,...,l—1. We want to show the claim for iteration ¢ and minors of order
l.

Let a = (v, ...,q;) € Qupy and B = (f1,...,0) € Qum-1-

If 3 < t, then the matrix A™[ay, o, ..., B, B2, ..., 0] is a submatrix of
AWH[, ... n—11,...,t — 1] which is TN by (ii) and so det A™Y[a|g] > 0.

If t < By or t is contained in (3, then by Proposition 2.2 , we have

det A™HD[0|8] = det A™Y[a|f],
which implies by the induction hypothesis on ¢ that

det A™Y[a|A] > 0.

Hence it remains to consider the case, where there exists h, 1 < h <[ — 1, such
that ), <t < Bpy1 which implies d(5) > 0.

In order to prove the statement in this case we follow [1] and simplify the notation

where we proceed by setting
o] 8] = det AV | 8], [a | BT = det AV [a | ]

and for j € {1,... h}, Bé, = (51, oo B B - - ,Bl_l) , where Bé, has the length
of [ — 2.

Now since d() > 0 and 3, < t < 41, we use Lemma 1.2 to conclude that

g 1 U{1}] [ 8] =

il B - (a1 B u (B, t}] + [an 1 BB} - el B UL AN, (3.3)
k=1, 1

It follows from the induction hypothesis on [ that the minors [04]; | ij. U {t}},
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[a,; | 6; U {,Bl}}, and [a,; | B; U {BJ}} are nonnegative because they have order
[—1.
Furthermore, since ¢ is contained in the column set of the submatrices corresponding
to the following minors, then by Proposition 2.2 we get that
+
1808, 8}] = |al BU {81} .

and .
@l BU{tAY] = |l B u{Lsy]
Hence by induction on t the latter minors are also nonnegative.

Hence all of these equalities together imply that the left-hand side of (3.3) is
nonnegative. If 0 < [oz,; | B; U {t}] for some k and j, then 0 < [af], as desired. If

for all k, 7, [oz,% | Bé. U {t}] = 0, then it follows by the Laplace expansion on column
B, that [oz | ﬁé. U {ﬁl,t}} = 0. Then by Lemma 2.1 we have

det A™" (o | B] = det A™V[a | 4].

Hence we obtain by induction on ¢ that 0 < det A™Y[a | f], as desired. This

completes the induction step for the proof of (iii).

Since the entries in the last row and last column of A are negative ( because
they are not changed when running the Cauchon Algorithm). By Theorem 2.1,
AW n — 1|1,...,m — 1] is a Cauchon matrix since by (i7i) the latter

submatrix is TN. Hence A™?) is a Cauchon matrix.

We prove the claim by decreasing primary induction on ¢ and induction on [ as
in the proof of statement (iii). For | = 1, since 5, = m we are referring to the
entries in the last column which are negative by Lemma 3.1 as a,,, < 0 and
the fact that the entries of the last column and row do not change during the
application of the Cauchon Algorithm. If ¢ = m, then by Proposition 2.2 we have
det A™™[a | B] = det A[a | 5] < 0 since 8 = m.

Suppose that the statement is true for all minors of order less than [ (secondary

induction) and for all steps ¢t +1,...,m — 1 (primary induction). Let o € Q1
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and 8 = (81, B2, ..., B1) € Qum With f; = m.

Ift < pyort=p, for some h=1,...,[, then by Proposition 2.2 we have
det A™D [a | B] = det A™D [ | 4],

which implies by the induction hypothesis on ¢ that det A™9[a | 5] < 0.
If B, <t < Bpyq for some h =1,...,1 — 1, then by Lemma 1.2 we have

g | B U{tY] | ] =

on | 808} [l B {8t} + o | BU{B}] - ol U tta)].
The minors [oz,; | 6§. U {t}], [oz | Bé U {Bj,t}], [oz,;: | ij, U {Bj}] are nonnegative by
(ii).
[a,; | 535. U {61}} is nonpositive by the induction hypothesis on [, [a | ﬁé, U {t, Bl}} =

+
[a | ﬂjﬁ U {t, ﬁl}] by Proposition 2.2, and by the induction hypothesis on ¢ the
latter minor is nonpositive. All of these inequalities yield

o 1 808 la 18] <0
If0< [oz,;, | /6’; U {t}] for some k and j, then we have [a | 8] < 0.
If for all k, 7, [a,; | Bé, U {t}} = 0, then proceeding parallel to the last part of (iii)

we get

det A™HD(q | ] = det A"V | ]

Hence we obtain by induction on ¢ that 0 < det A™! [« | 3], as desired.
[

By sequentially repeating the steps of the proof of Theorem 3.1, we obtain the

following theorem.

Theorem 3.2. Let A = (aij) e R™ be t.n.p. with a,, < 0. Then the following
statements hold:

(i) AV, . ,s—1]|1,...,t —=1]is TN for all s =2,...,n andt =2,...,m.
(ii) A2, . s—1|1,...,t —1] isTN foralls=2,...,n andt=2,...,m.
(iii) A[l,....,n—1[1,...,m — 1] is a nonnegative matriz.

(iv) A is a Cauchon matriz.
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3.2 Matrices Having A Positive Determinant and
All Other Minors Nonpositive

In this section, we employ the results obtained so far to investigate and characterize
the matrices having positive determinants and all other minors nonpositive by using the

Cauchon Algorithm.

A square matrix that has a positive determinant and all other minors nonpositive,
i.e., a nonsingular sign regular matrix with signature (—1,—1,...,—1,1), is denoted by

t.n.pt.

In the following theorem, we present some properties of the entries in the matrix

that we obtain after applying the Cauchon Algorithm to a t.n.p™ matrix.

Theorem 3.3. Let A = (a;;) € R™ be t.n.pt and an, < 0. Then application of the
Cauchon Algorithm to A results in the following properties:

(1) ai; #0 fori=3,...,n—1.
(2) If ag; =0 for j > 2, then @g; =0 for alli=2,...,j ora;; =0.
(3) If 4o =0 for 1> 2, then ajo =0 for all j =2,...,1 or a;z = 0.

Proof. Since A is a nonsingular matrix, the rows and columns of A are linearly independent.
Moreover, since A is t.n.p* we conclude that A[l,...,n|2,... n]and A[2,...,n|l,..., n]
are t.n.p.. Let A be the matrix obtained by the application of the Cauchon Algorithm
to A. Hence by Theorem 3.2

All,...,n|2,...,n]and A[2,...,n|1,...,n]

are Cauchon matrices since all entries of the above matrices coincide with the corresponding
entries of the matrices obtained by the running the Cauchon Algorithm on A[1,...,n[2,...,n]
and A[2,...,n|l,...,n]. The reason is that the entries of the first column and first row

do not affect the calculation of the entries of A[l,...,n|2,... ,n] and the entries of

A[2,...,n|1,..., n], respectively.

(1) We prove this statement by decreasing induction on i for i = n —1,...,3. Suppose
that a;; > 0 for j = n—1,...,i4+ 1 and a; = 0. Since All,...,n|2,...,n] and
/1[2, ...,n|l,...,n] are Cauchon matrices, we distinguish between the following three
cases:
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Case (1) a;s =0forall s=1,...,i—1, ie,

11 a15—1 a1; a1,i4+1 a1n
21 agi—1 A2; 2,41 a2.n
A=1 0 0 0 A 41 i
Qi41.1 Ai41,i—-1 Qi1 Gi41,i4+1 Ait1n
Qp,1 Qpi—1 Ap 5 Ap i+1 Apn
By applying Procedure 2.1 to Afi,...,n|1,...,n] we construct the lacunary sequence

N = ((n,n), m—1,n—-1),...,(i+1,i+ 1)) for the Cauchon matrix fl[z, oonll oo n).
By Theorem 2.3 the rank of the matrix Afi,...,n|1,...,n]isequal to n—(i+1)+1 = n—i,

which is a contradiction to the linear independence of the rows of A.

Case (2) a;; =0forallt=1,...,i—1, ie.,
ap; ... A1 0 iy .- Qip
Qi—11 - Qi—14-1 0 Ai—1,i+1 Qi—1,n
A= a1 dz,zfl 0 ai,iJrl . ai,n
Ait1,1 Aig1i-1 Qi1 Qiplit1 Aiy1
1 s Q-1 Q4 Q41 s Qpn
By applying Procedure 2.1 to A[l,...,nli,...,n] we obtain the lacunary sequence v =

((n,n), (m—1,n—1),...,(i+1,i+ 1)) for the Cauchon matrix A[1,...,nli,...,n]. By
Theorem 2.3 the rank of the matrix A[l,...,nli,...
contradiction to the linear independence of the columns of A.

,n] is equal to n — 4, which is a

Case (3) a;s=0forall s=2,...,i—1land ay #0and a; =0 forallt =2,...i—1
and CNLh‘ 7é 0.
Since fl[l, ...,nl2,...,n| and 151[2, ...,n|l,...,n] are Cauchon matrices, then A has the

27



following form:

a1 12 N | Q. Ari+1 ... Q1p
asy 0 c 0 0 a2 i+1 . a2 n
A . Qi—1.1 0 c 0 0 Ai—14+1 --- Qi—1n
(0751 0 . 0 0 Q4541 . Qi n
@iy1,1 Qip12 - Qig1i-1 Qiglg Qiplitl -+ Qigin
Qn,1 an,2 o Api—1 [ Ap 41 o Ann
By applying Procedure 2.1 to A[2,...,n|l,..., n] we construct the lacunary sequence v =

((n,n),(n—1,n—1),...,(i+ 1,i+1),(i,1)) for the Cauchon matrix A2,...,n|1,...,n].
By Theorem 2.3 the rank of the matrix A[2,...,n|1,...,n]is equal to n — i + 1. Since
1> 3 thenn —17+ 1 <n— 2 which is a contradiction to the linear independence of the
rows of this matrix.

Hence
ai; # 0, for alli=n—1,...,3.

(2) Let ay; = 0 for j > 2. Then since A[l,...,n|2,...,n] is a Cauchon matrix we get
that either ag; =0 foralli=2,...,5 -1, or a;; = 0.

(3) Let @ = 0 for ¢ > 2. Then since 121[2, ...,n|l,...,n] is a Cauchon matrix we get that
either ajp =0forall j =2,...,4—1, 0or a;; = 0.
]

Corollary 3.1. Let A = (a;;) € R™" be t.n.p™ and a,, < 0. Then

(1) If a;; =0 fori>2 andi < j, then as; =0 for all s =1,...,1 — 1.

(2) If a;; =0 for j >2 and i > j, then ay =0 forallt=1,...,5 — 1.

Proof. Since A = (a;;) € R™" is t.n.p™ and a,, < 0. Then as in the proof of the above
theorem, fl[l, ...,nl2,...,n] and 121[2, ...,n|l,...,n] are Cauchon matrices.

(1) Suppose that a;; = 0 for i > 2 and i < j. We want to show that a,; = 0 for all

s=1,...;,1—1.

Suppose on the contrary that a,; # 0 for some s =1,...,7 — 1. Since a;; =0, a5; # 0
for some s =1,...,i— 1, and fl[l, ...,n|2,...,n] is a Cauchon matrix then a;; = 0 for
all k =2,...,7 — 1. Now since j > ¢ we conclude that a;; = 0 for ¢+ > 2 which provides

a contradiction to Theorem 3.3 since a;; # 0 for all i > 3.
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(2) Suppose that a;; = 0 for j > 2 and ¢ > j. We want to show that a; = 0 for all
t=1,...,5—1.
Suppose on the contrary that a;; # 0 for some ¢ = 1,...,57 — 1. Now since a;; = 0,
ay # 0 for some t =1,...,5 — 1 and A[Q, ...,n|l,...,n] is a Cauchon matrix then we
get that a;; = 0 for all I = 2,...,% — 1. Now since ¢ > j we conclude that a; = 0 for
¢ > 2. This is a contradiction to Theorem 3.3 since a;; # 0 for all j > 3. O

In the following theorem, we present some properties for the matrix that we obtain
after applying the Cauchon algorithm to a t.n.p™ matrix, where the entry (2,2) in the

obtained matrix equals zero.

Theorem 3.4. Let A = (a;;) € R™ be t.n.p* with a,, < 0, and let A = (a;;) be the
matrix obtained by the Cauchon Algorithm satisfying ass = 0. Then

(i) @12, a2 # 0.

(i) det A[l,...,n—1]2,...,n|,det A[2,...,n|l,...,n—1] <O0.
(iii) det A[2,...,n—1] < 0.

() @ii—1,0i—1, >0 fori=3,...,n—1.

(v) If az; = 0 for some j € {4,...,n — 1} then a;; = 0.

(vi) If a2 = 0 for some i € {4,...,n — 1} then a; = 0.

Proof. Since A is a t.n.p™ matrix, the rows and columns of A are linearly independent
and A[l,...,n|2,...,n] and A[2,...,n|l,...,n] are t.n.p. with a,, < 0. By Theorem
3.2 we get that

All,...,n|2,...,n]and A[2,...,n|1,...,n]

are Cauchon matrices.

(i) Suppose by contradiction that dj, = 0, then A looks like

ELH 0 Eng ce. dl,n
91 0 Q23 ... Q2p
A= a3 az azg ... a3,
Qp1 Ap2 An3 ... Qpp
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By Theorem 3.3, d; > Ofori =3,...,n—1. Applying Procedure 2.1to A[1,...,n|2,...,n],
we obtain the lacunary sequence v = ((n, n),in—1,n—-1),...,(3, 3)) Hence by Theorem

2.3, the rank of the matrix A[l,...,n|2,...,n] is n — 2 which is a contradiction to the
linear independence of the columns of A[1,...,n|2,...,n]. For ay; = 0, proceed similarly
as in the case d;» = 0 and work on A [2,...,71\1, o ,n}.

(ii) Since A is a nonsingular matrix then A™" exist. Set the matrix C' = (¢;;) := SA™'S™!,
where S = diag (1,—1,...,(=1)"*).
Now for a, B € Qq,, det S[a|a] = det S~Hala] = (—1)%ee ! and det S[alB] = 0 for
a # (. By using the Cauchy-Binet formula we get

det Cla|B] = det S[ala] - det A~ [a|f] - det S™[B|f]
= () et A7 a]g] - (1)
= (=1)Zaea®tPi . det A alA).

By using Lemma 1.3, we get
det A[¢|a“]
detA

Since for { = 1,...,n—1, det A[f¢|a‘] < 0 and det A > 0, we obtain that det Cla|8] <0
foralll=1,...,n— 1. Moreover, for o, = (1,...,n),

det Clalf] = (3.4)

detC = det Sdet A 'det 57!

= det A™!

1
 det A > 0.

Hence C'is t.n.p™.
Now by (3.4), we get that

o det A[1,...,n—1[2,...,n]
B det A '

We claim that ¢, is negative by which we conclude that det A[1,...,n —1|2,...,n] is

(3.5)

Cin

negative. Suppose to the contrary that c;, = 0. Since C' is nonsingular, then the matrix
has neither a zero row nor a zero column. Hence we may assume that c;;, ¢;, # 0 for
some i € {2,...,n}, j€{1,...,n—1}. Hence

0>detC[l,il7,n] = ci1jCin — cinCij

= C1;Cin,
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but since cy;, ¢;n, are negative, the right hand side is positive which is a contradiction.
Therefore, ¢y, < 0. Hence by (3.5)

det A[1,...,n—1|2,...,n] <0.

Now for det A[2,...,n|1,...,n — 1] we apply the same steps on ¢,;, where

det A2,...,n|1,...,n—1]
det A ’

(3.6)

Cpn1 =

to conclude that
det A[2,...,n|l,...,n—1] <0.

(iii) Since ay; # 0fori = 3,...,n, we construct the lacunary sequance ((2, 2),(3,3),...,(n, n))
with respect to the Cauchon matrix A[2,...,n|1,...,n], and by the signature of A we get
that the matrix A[2,...,n] is a t.n.p.. Hence by Theorem 3.2 we obtain that A[2, ... n]

is a Cauchon matrix. Moreover, by Theorem 2.4 we conclude that
det A[Q, e ,TL] = d22 : EL33 tee CNZnn = O, (37)
since ags = 0. Application of Lemma 1.1 to the matrix A yields

det[2,...,n—1]det A = det A[l,...,n—1]det A[2,...,n]
— detA[l,...,n—1]2,...,n]det A[2,...,n|l,...,n —1].

Since det A > 0, det A[1,...,n—1]2,...,n|,det A[2,...,n|l,...,n — 1] <0 by (ii), and
det[2,...,n] =0 by (3.7), we conclude that

det[2,...,n—1] < 0.
(iv) By the signature of A and Theorem 3.3, we get that the matrix A[i,...,n], i =

3,...,n—1,are Ns.t.n.p., and a; # 0 for i =3,...,n— 1.

Since A[i,...,n—1|i+1,...,n] and Ali+1,...,nli, ..., n—1] are principal minors for
the Ns.t.n.p. matrices A[l,...,n —1]2,...,n| and A[2,...,n|l,...,n — 1] respectively,
then by Theorem 2.10 we conclude that

det Afi,...,n—1]i+1,...,n] <0, detAli+1,...,nli,...,n—1] <0, (3.8)

fori=3,...,n— 1

Application of Lemma 1.1 to A[2,...,n] yields

det A[3...,n—1]det A[2...,n] = detA[2...,n—1]det A[3...,n]
— detA[2...,n—1|3...,n]det A[3...,n]2...,n —1].
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Since det A[2...,n] =0, we get
det A[2...,n—1]det A[3...,n] =det A[2...,n—1|3...,n]det A[3... ,n|2...,n—1].

Because det A[2...,n — 1] # 0 from (ii) and a; # 0 for i = 3,...,n, by Procedure
2.1 we find the lacunary sequence ((3, 3),. ., (n,n)) and by Theorem 2.4 we obtain
det A[3...,n] #0, i.e.,

det A[2...,n—1]3...,n], det A[3...,n|2...,n—1] <0.
Hence
det Ali —1,...,n—1Ji,...,n|, det A[i,...,nli—1,...,n—1] <0, (3.9)

fori=3,... n.
Now to prove that a;;_1,a;,—1, > 0, we verify the following formulas

det Afi,...,nli—1,...,n—1]

(i1 = - - , 3.10
i1 det Ali +1,...,nli,...,n —1] (3.10)
det At —1,....,n—1]i,...

1= — [Z. RS LU i ’n], (3.11)
o det Ali,...,n—1]i+1,...,n]
by decreasing induction on ¢ for i =n —1,...,3. For : =n — 1, by Lemma 3.1 we get

that a,—1, = an—1, # 0 and @y, —1 = an -1 7 0. We construct the lacunary sequences
((n—2,m—1),(n—1,n)) and ((n — 1,n — 2), (n,n — 1)) for the matrices A[n—1,n|n—
2,n — 1] and A[n — 2,n — 1|n — 1, n], respectively. By Theorem 2.4 we conclude that

det A[n —1,nln—2,n — 1] = Gp-1n-2 Gnn-1,

det Aln —2,n—1ln—1,n| = ay_2,-1 - Gn-1n,

or equivalently, det A 1,n| 2 1]
et An—1,njn—2,n—

fn-ln-2 = det A[n|n — 1] ’
_ _det A[n—2,n—1|n —1,n]
fn-2n-1= det A[n — 1|n]

Since by (3.9) det A[n — 1,njn — 2,n — 1],det Ajn — 2,n — 1|n — 1,n] < 0, we obtain
G 1n2, n20-1 > 0.

Suppose that a;;—1,a;,—1; > 0, for ¢ = n—-1,...;k+1, £k > 4. Now, for i = Fk,
Akt 1,k> Ukt 2,k415 - - > On—1m—2 7 0 and Gppi1, Gegi k42, - -5 Gn-2n—1 7# 0 by induction
hypothesis. So we find the lacunary sequences ((k:, k—=1),(k+1,k),...,(n,n— 1)) and
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((k—1 k;) (k,k+1),...,(n—1,n)) for the matrices Alk,...,nlk —1,...,n — 1] and

Alk—1,...,n—1]k,...,,n], respectively, and by Theorem 2.4 we conclude that
det A[ TL|]€ — 1 — 1] = dk,k—l . CNL]H_Lk s (Nln’n_l,
det A[k? — 1, e, = 1|k), ce ,n] = dk;—l,k . dk;,k—i—l . 'dn—l,n-

Moreover, it follows by the induction hypothesis that
det A[k+1,...,nlk,....,n— 1] = Q14 - Qpn—1,

det Alk,...,n—1k+1,...,n] = G pt1 - Cn-1n,

which yields
det A[k, .. n]k—l ,n—1

I |
PELT det Afk + |k, oon—1]
_ det A[k — — 1|k, ..., n]
-1,k = ;
detA[k,...,n—1\]{:4—1,...,77,]
where det Alk,...,n|k—1,...,n—1], det A[k+1,...,nlk,...,n—1],det A[k—1,...,n—
lk,...,,n], detA[k,...,n — 1|k + 1,...,n] are negative by (3.8) and (3.9). Thus

ak k-1, 0x—1% > 0. Hence by induction hypothesis we get

&i,i—hdi—l,i > O, fori:3,...,n— 1.
(v) By the signature of A, the matrix A[l,...,n|2,...,n]is a t.n.p. matrix with a,, < 0.
By Theorem 3.2, the matrix A[1, . . n|2 ,n]is a Cauchon matrix. Now, since ag; = 0
for some j € {4,...,n — 1} and A[ e ,n|2, ...,n] is a Cauchon matrix, by Definition

2.5 we obtain that either ag, = 0 for all k = 2,...,5 —1 or a;; = 0. Since a3 # 0 by
(iv) which excludes agr, = 0 for all k =2,...,j — 1, we get that a;; = 0.

(vi) By the signature of A, the matrix A[2,...,n|1,...,n]is a t.n.p. matrix with a,,, < 0.
By Theorem 3.2, the matrix A[2,...,n[l,...,n]isa Cauchon matrix. Now, since a;o = 0
for some i € {4,...,n — 1} and A[Q, ...,n|1,...,n] is a Cauchon matrix, by Definition

2.5 we obtain that either axo = 0 for all k = 2,...,i—1 or a;; = 0. Since agy # 0 by (iv)
which exclude agy = 0 for all k =2,...,7 — 1, we get that a;; = 0.
]

Remark 3.1. In Theorem 3.4, we did not rely on the value of ags in the proof of (ii),

and therefore (it) is valid at any value of g > 0.

The next theorem presents necessary and sufficient conditions for a given matrix to

be t.n.p™ under certain conditions.
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Theorem 3.5. Let A = (a;;) € R™" have all entries negative, det A[1,...,n —1] <0,
and A = (a;;) be the matriz obtained by the Cauchon Algorithm satisfying ase > 0. Then
A is t.n.pt if and only if the following statements hold

(i) A is a Cauchon matriz.

(1) Qin,an; <0 foralli=1,... n.

(111) a; >0 for alli=3,...,n—1.

() Gij—1, Gi—1; >0 fori=2,...,n—1.

(v) a;; <O0.

(vi) ai;j >0 fori=1,....n—1,j=2,....,.n—1,andi=2,...,n—1, j=1.

Proof. To prove the necessity, let A be t.n.p* with a,, < 0 and @, > 0.

(i) Since Aist.n.p™ with a,, < 0, then as in the proof of Theorem 3.3, 121[1, co,nl2,..00,n]
and A[2,...,n|1,...,n] are Cauchon matrices. By Corollary 3.1 if a;; = 0 for some
t>2and i <j,thenag; =0forall s =1,...,4—1and if a;; = 0 for j > 2 or
t>j,thena; =0forallt=1,...,5 —1. If ay; = 0 or ;2 = 0 for some j > 2 or
¢ > 2, then by Theorem 3.3 and since ag > 0, we conclude that a;; = 0 or a;; = 0.

Hence A is a Cauchon matrix.

(ii) It is clear that a;, = ai,, Gnj = ay; for all ¢,j = 1,...,n since the entries in the
last row and column do not change when applying the Cauchon Algorithm to the
matrix A. Moreover, since A is t.n.p™, then a;,,a,; <0 foralli,j=1,...,n—1.
By Lemma 3.1 and since A is a Cauchon matrix and A is nonsingular, then all

entries in the last row and column are negative.

(iii) Since A is t.n.p™ and a,, < 0, then by Theorem 3.3 we get that a; # 0 for all
1 =3,...,n— 1. To prove the positivity of these entries, we will proceed using
decreasing induction on e =n —1,...,3.

For i = n — 1, since A is a Cauchon matrix, then ((n— I,n—1), (n,n)) is a
lacunary sequence for A. Moreover, since a; # 0 for ¢ = n—1,n, then by Theorem
2.4 we have

0>detA[n—1,n] = an-1n-1"ann # 0,

since Gy = Apy < 0, we get that a,—;,—1 > 0.

Suppose that @,—1p,-1,...,q+1,4+1 are positive. Since A is a Cauchon matrix, then
((,9),(i+1,i+1),...,(n,n)) is a lacunary sequence for A. Since a;; # 0 for all
1=mn,...,3, then by Theorem 2.4 we get that
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(iv)

OZdetA[z,,n] :dii'&i+1,i+1"'ann7éo-

Since Gpp = App < 0 and @p_15-1,...,qi41,41 are positive by the induction

hypothesis, we conclude that a; > 0. This completes proof of statement (iii).
By Theorem 3.4 and Remark 3.1,
det A[1,...,n—1|2,...,n], det A]2,...,n|l,... n—1] <0

By proceeding as in proof of Theorem 3.4, we conclude that

&i,ifla &i,lyi > (0 fori = 2, RN 1.
Since A is a Cauchon matrix, o > 0, and @; # 0 for ¢ = 3,...,n, then
((1,1), c (n,n)) is a lacunary sequence for A. Since A is nonsingular with

det A > 0, then by Theorem 2.4
0<detA= a1 - Q29 -« Appy-

Since apy = Apy < 0, @22, ..., Qp_1,,—1 are positive, then we conclude that a;; < 0.

Since A is t.n.pt, then A [1,...,n|2,...,n} is t.n.p. and by Theorem 3.2 we
conclude that the matrix A [1, con =112, n— 1} is a nonnegative matrix,

ie.,

a; >0, for alli=1,...,n—-1,7=2,...,n—1. (3.12)

Now by the same steps on the matrix A [2, coonll ,n} we get by Theorem 3.2

that the matrix A [2, con=11,...,n— 1} is nonnegative, i.e.,
a;; >0, foralli=2,...,n—1,j5=1,...,n—1. (3.13)
Hence by (3.12) and (3.13) we get that
a;; > 0,

foralli=1,....n—1,5=2,...,n—1,and forall: =2,...,n—1, j = 1, which
completes the proof of (v) and the first direction.
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For the converse direction, we aim at showing that the matrix A is t.n.p™. We will
prove that
det Ala|5] <0,

forall o, B € Qgp, k=1,...,n—1and det A > 0.
To prove the latter inequality, since A is a Cauchon matrix, a,, < 0, dss > 0, and by (iii)
and (v) we have that @; # 0 for all i = 1,...,n. Since ((1,1),...,(n,n)) is a lacunary

sequence for A, we conclude by Corollary 2.1 that
det A[l, Ce ,n] =det A = &11 : 51,22 R én—l,n—l : Elnn

Hence det A > 0.

In the same manner we obtain that det Alk,...,n] < 0for k =2,...,n—1. Moreover,

by following the proof of Theorem 3.9 in [1], we have
det Ala|5] <0,

for all « = (ay,..., 1), 8= (b1,...,0) € Qun with oy = n or 5, = n. Hence A[2,...,n]

—_——

is Ns.t.n.p. by Theorem 2.5 and the fact that A[2,...,n] = A[2,...,n].

Furthermore, in the same manner and by (iv), we have
det Afi,...,njli—1,...,n—1] <0,
det Ali —1,...,n—1|i,...,n] <0,
fort=2,...,n,and for k=2,...,n,
det Alk,...,n|f] <0, for all B € Qu_rt1n-1,
det Alalk,...,n] <0, for all @ € Qp_g+1n-1-
In addition, since A[2,...,n] is Ns.t.n.p., we obtain for k = 3,... n, that
det Alalk —1,...,n —1] <0, for all @ € Qu_r41,42,..n}

det A[k —1,...,n—1|p] <0, for all # € Qu_r41,{2,..n}-
Hence by Theorem 2.5, A[2,...,n|l,...,n—1] and A[1,...,n—1|2,...,n| are Ns.t.n.p.

In order to complete the proof, by employing Theorem 2.8, it is sufficient to show
that
det Alo|5] <0,
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for a = (s+1,....,s+1),8 = (b1,...,01) € Quu with s = 0,1,...,n —1 -1, =
1,....n—1and f < n. For [ = 1, it is done by assumption. If s +1 > 2 and
p1 > 2, then det A[a|f] < 0 since A[a|f] will be a submatrix in A[2,...,n]. ff s+1>2
and $; = 1, then A[a|f] will be a submatrix in A[2,...,n|1,...,n — 1] in this case
det Ala|8] < 0 since A[2,...,n|l,...,n—1]isa Ns.t.n.p. If s+1=1and 51 > 2, then
det Al 5] < 0since A[a|f] is a submatrix in the N's.t.n.p. matrix A[1,...,n—1[2,...,n].

In the following we will only consider the case s +1 =1 and 5, = 1.

By Lemma 1.2 and properties of determinants, we have

det Als +2,...,s +1|Bg Jdet A[s + 1,...,s + [, ;|8 U {t2}]
=det Als +2,...,s+ 1, 11|Bs U{ta}]det A[s +1,...,s +[]
—det A[s +2,...,s+ 1, ty|Bldet A[s + 1,...,s + 1|85 U {t2}],

for all t; > s+ 1 and t5 € {1,...,n}\5.

After some arrangements of the latter equality, we have

det Als+1,...,s +1|B]det Als +2,...,s +1,11]85 U{l2}]
=det Als +2,...,s+1|Bg]det Als + 1,...,s + 1,118 U {t2}]
+det Als +2,...,s+ L, t|B]det Als +1,...,s +1|B5 U {ta}]. (3.14)

The minors det A[s+1,..., s+, 11|85 U{ta}], det A[s+2,...,s+l|B5 ], det A[s+2,..., s+
;48] and det A[s + 1,...,s + {|B5 U {t2}] are nonpositive since the corresponding
submatrices lie in A[2,....,n]or A[l,...,n—1|2,... ,n]or A[2,...,n|l,...,n— 1] which

are t.n.p. matrices. In the following we first consider the case [ <n — 1.

Forti =norty=n,detAls+1,...,s+1,|fU{t2}] <O.
Iffort; =norty =n,and det A[s+2,...,s+1, 1185 U{t2}] <0, then we conclude that
det Als+1,...,s+(|5] <0, as desired. Otherwise, det A[s+2,..., s+, 11|85 U{t2}] =0
forty=mnandty € {1,...,n}\Borta =nand t; >s+1.
If det A[s+2,...,s+1|B5] <0, then together with det A[s+2,...,s+1, 1|85 U{n}] =0
for t; > s+ [, we conclude that A[2,...,n] is singular which is a contradiction.
Hence in the following we assume that det A[s + 2,...,s +{|83] = 0. By (3.14)
det Als +2,...,s + [, t;[Bldet A[s + 1,...,5 + 1|83 U {t2}] = 0 for all t; > s+ and
to € {1,...,n}\p.

If the rows of A[s+2,...,s+1|B] or the columns of A[s+1,...,s+1[33 | are linearly
dependent, then det A[s + 1,...,s+1|5] = 0, as desired.
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Hence rows of Als +2,...,s + [|f] and columns of Afs +1,...,s + |83 ] are linearly
independent. Moreover, det A[s + 2,...,s+ [,t;1|8] = 0 for all ¢; > s+ or det A[s +
Lo,s+ 1Bz U{ta}] = 0 for t, € {1,...,n}\B, since otherwise by (3.14) we have a
nonzero quantity equals a zero quantity.

Whence by det A[s + 2,...,s+[,#1]|5] = 0 for all t; > s+ [ and linear independence of
the rows of Al[s + 2,...,s+ [|f] we conclude that rank A[2,...,n|f] <1 — 1 which is
a contradiction with the nonsingularity of A[2,...,n]. This completes the proof of the

theorem.
Now for case [ =n — 1, then det A[s + 1,...,s +[|] = det A[1,...,n — 1] which is
nonpositive by assumption. O

The condition that A[1,...,n—1] <0 in Theorem 3.5, is necessary to conclude that

a given matrix is t.n.p" as the following example shows.

—6 —10 -2
Example 3.1. Let A= |—-4 -7 —1|. The application of the Cauchon Algorithm
-5 -8 -1
yields
4 6 -2
AW = 4 AB3) 1 1 -1,
-5 -8 -1
2 6 —2 -1 4 =2
AB2) = % —1| = ABGD 462 = % 1 —-1],
-5 -8 -1 -5 -8 -1
-2 4 =2
AP = 13 1| = ABD = A0 = 40D = 4,
-5 -8 -1

It is clear that A satisfies all the conditions listed in Theorem 3.5, but the matriz A is

—6 —10
not t.n.pt since det A[1,2] = L = 2 > 0.
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3.3 Matrix Intervals

In this section, we turn to study the intervals of matrices of the class t.n.p*.

Let A = (a;),B = (b;j) € R™™. Then A < B is defined by < B — A, this called

usual entry-wize partial ordering.

The checkerboard partial ordering is defined as follows. Let S := diag(l,—1,...,
(—=1)"*') and A* := SAS. Then we define

A< B:s A" < BY,
ie.,
A S* B (—1)i+jaij S (-1)i+jbij, Z,] = 1, e,
We consider matrix intervals with respect to this partial ordering, i.e., for A, B € R™"
with A <* B let
[A,B]:={Z e R" | A<* Z <" B}.
The matrices A and B are called the corner matrices. By I(R™") we denote the set

of all matrix intervals of order n with respect to the checkerboard partial ordering. In
[1],[3],[5],[6], [10], the matrix intervals of NsT'N and Ns.t.n.p. have been studied.

Lemma 3.2. [15] Let A, B, Z € R™" and let A and B be nonsingular with 0 < A=, B~1.
If A< Z < B, then Z is nonsingular and B~* < Z7' < A1,

Theorem 3.6. [5] Let [A, B] € I(R™") with Z € [A, B]. If A and B are Ns.t.n.p. with
bon < 0, then A<* B, Z € [A,B], and Z is Ns.t.n.p.

Theorem 3.7. Let [A, B] € I(R™") with Z € [A,B]. If A and B are t.n.p* matrices

with negative entries, then Z is t.n.p*.

Proof. First of all, since all entries of A = (aij)rB = (bij) are negative and Z = (Zz'j) €
[A, B], i.e.,
(=1)"™ay < ()2 < (=)™, i, j=1,...,n,

then all the entries of Z are negative, too.
Now using (1.1) for A™! = (a;) of A to get

det A[1,....5—1,7+1,....n1,....i—1i+1,...,n]
det A ’

a;jl — (_1)i+j

(3.15)
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where det A [1,...,j —1,54+1,...,n|1,...i— 1,z’—|—1,...,n] < 0Oanddet A > 0. Hence
if i + 7 is even, then ai_jl < 0 and if 7 + j is odd, then ai_jl > 0. Thus —SA~'S > 0.
Proceeding in the same manner we obtain —SB~1S > 0.

It is easy to see that —SAS > —SZS > —SBS since A <* Z <* B and by
—SA71S >0, —SB~1S > 0, we obtain by Lemma 3.2 that —SZS is nonsingular and

so Z is nonsingular. Moreover,
~SATIS < -S771S < -SB7!S. (3.16)
By Lemma 1.1, we get that

det A[2,...,n—1]det A =det A[1,...,n —1]det A[2,...,n]
—det A[l,...,n—1]2,...,n]det A[2,...,n|l,...,n —1]. (3.17)

Then we have two cases that depend on the value of det A[2,...,n —1].

Case (1) det A[2,...,n—1] = 0.
By (3.17) we get

det A[1,...,n—1]det A[2,...,n] =det A[l,...,n—1]2,... ,n]det A]2,... ,n|l,... ,n—1].

Since det A[1,...,n — 1]|2,...,n]det A]2,...,n|1,...,n — 1] # 0 by Remark 3.1 we
get that A[l,...,n — 1] and A[2,...,n| are nonsingular, and since A is t.n.pt we
get that A[l,...,n — 1] and A[2,...,n] are Ns.t.n.p. By (3.16), we also have that
det B[1,...,n—1] and det B[2,...,n| are negative since det A[1, ..., n—1], A[2,...,n] <
0. Hence B[1,...,n— 1] and B]2,...,n] are Ns.t.n.p, too.

Now, since A <* 7 <* B,
All,...on—=1]<"Z[1,...,n—=1] <" B[1,...,n—1],
it follows from Theorem 3.6, that Z[1,...,n—1] is Ns.t.n.p. because A[l,...,n—1] and
B[1,...,n — 1] are Ns.t.n.p with b,_; ,,-1 < 0. Moreover, in the same manner we get
that Z[2,...,n], Z[1,...,n—1]2,...,n], and Z[2,...,n|l,...,n — 1] are Ns.t.n.p. since

Al2,...,n],B[2,...,n], A[l,...,n—=1]2,...,n], B[1,...,n—1|2,...,n], A]2,...,n|1,... ,n—
1], B[2,...,n|1,...,n — 1] are Ns.t.n.p. (the latter follows by Remark 3.1) and

Bll,....n—=1|2,...,n] <" Z[1,...,n—=1|2,...,n] <" A[l,...,n—1|2,...,n],

B[2,...,n|l,....n—=1] <" Z[2,...,n|l,...,n—1] <" A]2,...,n|1,...,n —1].
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Case (2) det A[2,...,n— 1] #0.
If A[L,...,n—1] (or A[2,...,n]) is Ns.t.n.p., then we proceed as in Case(1) to conclude
that Z[1,...,n — 1] (07" Z[2,... ,n]) is Ns.t.n.p. In the following, we consider the case
that A[l,...,n — 1] and A[2,...,n] are singular matrices. Define the matrix A, to be
the matrix obtained from A by adding a small real positive number ¢ to the entry a;;,
ie, A, = A+ elyy, where Ej; = (eij) is the standard basis matrix where the only

nonzero entry is e;; = 1.

In the following, assume det A[1,...,n — 1] = 0 and put

-an +ée 19 o a1,n—1 ]
AL mo1= as1 Ay ...  Qop-1
| Gn-11 Gno1p e Gnoiaey
By application of Laplace expansion to A, [1,...,n — 1] along its first row, we get

det A, [1,....,n—1] = (an+e)det A.,[2,...,n —1]-apdet A.,[2,...,n —1|1,3,...
+ (=D, g det A2, n =11 — 2
= edetA[2,...,n— 1]+ adet A[2,...,n — 1]
— appdet A]2,...,n—1[1,3,...,n — 1]
+ (=D gy, det A[2, . n =11 n — 2]
= edet A[2,...,n—1]+det A[1,...,n—1].
The rigth hand side is negative, because ¢ > 0, det A[2,...,n—1] < 0, and det A[1,...,n—
1] = 0, and we conclude that A, [1,...,n — 1] is nonsingular. Now, to show that

det A, [1,...,n — 1] is t.n.p., we firstly note that for i = (i1,...,%),j = (j1,.--,71) €
Qip—1, fori; #1or j; #1

detAell[il,...7,l:l|j1’...7jlj| = detA[il,...,il|j17...,jl] S 0.

Moreover, for ;7 = 1 and j; = 1, then by Laplace expansion along the first row we get
that

detAEH[l,iQ,. .. 7il|1;j2 .. 7jl] = detA[l,iQ,. .. 7il’17- .. ,jl] +€det14[i27. .. ,’il’jg. .. 7jl]-
Since det A[1, s, ...,4|1,J2, ..., 71],det Alia, ... 4|ja..., )] <0 and e > 0 and therefore

detAEll[l,ig, .« ,il|1,j2 N ;jl] < 0.
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Hence A, [1,...,n—1]is Ns.t.n.p. In the same way we can conclude that B.,[1,...,n—

€11

1] is a N's.t.n.p matrix.

Since A <* Z <* B, we get that
A 1, oo on =1 <" Z[1,...,n—1] <" B, ,[1,...,n—1].

By Theorem 3.6, since A.,[1,...,n — 1] and B.,[1,...,n — 1] are N.s.t.n.p matrices
with b,_1,-1 < 0, we conclude that Z. ,[1,...,n — 1] is a Ns.t.n.p matrix. Since this is
true for all sufficiently small 17 > 0, by letting 11 — 0, we get that Z[1,...,n—1]is a

t.n.p matrix.

Now, we continue by considering the matrix Z[2,...,n]. Since A <* Z <* B we have

A 2,...,n] <" Z

En—1,n—1

2,...,n] <" B

En—1,n—1

for all sufficiently small positive real numbers €,,_1,,—1

By proceeding parallel to the case det A[1,...,n—1] = 0, we conclude that Z[2, ... n]

is a t.n.p. matrix. In the same way as in Case (1), Z[1,...,n—1|2,...,n]and Z[2,... n|1,...

1] are Ns.t.n.p. In the following, assume that det Z[2,...,n] < 0. Then by Theorem
2.6, zZ; >0fori=2,...,n—1.

Now we will prove that the matrix Z is a Cauchon matrix. Since Z[2,...,n] is t.n.p.,
by Theorem 3.2, and since Z[2, ..., n] = Z[Qf,\/, n], we get that Z[2,...,n] is a Cauchon
matix. Now, to complete the proof, we investigate the entries in the first row and the
first column in Z. We will do it for the first column, and in the same way we proceed
for the first row.

Claim: z;; > 0fort=2,...,n—1and z; =0 if Z;5b = 0.
We proceed by decreasing induction on 1.
For i = n— 1, we consider the submatrix Z[n—1,n|1,...,n]. It is easy to show that this
matrix is a Cauchon matrix. Now, since all the entries in the last row are negative, we can
construct a lacunary sequence v = ((n — 1,1), (n,2)) for the matrix Zln—1,n/1,...,n]

since Z,2 = 2,2 < 0. Hence by Theorem 2.4, we get
det Z[TL — 1,n|1, 2] = 2,1_171 * Zn2,

ie.,
- det Z[n — 1,n|1,2]
Zn—1,1 = .
Zn2
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The numerator and denominator of the last expression are nonpositive since the underlying

submatrices lie in Z[2,...,n|1,. — 1], hence Z,_1; > 0.

If Z,.12 = 0, the sequence ((n—1,2),(n,3)) is lacunary for the matrix Zn —

1,n|1,...,n|, whence
det Z[TL - 1,n|2, 3] = :Zvn,LQ . 2n3 =0.

Thus, the matrix Z[n —1,n|2,3] is of rank 1. By Theorem 2.9, either the rows n — 1 and
n or the columns 2 and 3 are linearly dependent in Z[2,...,n|l,...,n — 1] which is a
contradiction to the nonsingularity of this matrix, or the rlght shadow of Z[n —1,n|2, 3]
which is Z[2,...,n|2,...,n—1] has rank 1 which is a contradiction to the nonsingularity
of the pr1n01pal submatrices of Z[2,...,n] since the latter matrix is Ns.t.n.p. and by
Theorem 2.10, its principal minors are negative. Hence the only option that is left is that
the left shadow of Z[n — 1,n|2,3] which is Z[n — 1,n|1,2, 3] has rank 1. The sequence
((n—1,1), (n,2)) is lacuanary for the matrix Z[n—1,n1,2,...,n] and by Theorem 2.4
we get that
0=det Z[n—1,n/1,2] = Zp_11 - Zuo.

Since Zpo = 2p2 < 0, we get that 2,1, = 0.

As the induction hypothesis, suppose that Z;; > 0 and Z;; = 0 if Z;p = 0 for ¢ =
k+1,...,n— 1. Then the matrix Z[k,...,n|1,...,n] is a Cauchon matrix. Define

(’is,js) = mll’l{(Z,]) : 2-871 <1 < 'I”L,jsfl < j < n,éij # O},

where the minimum is taken with respect to the colexicographical order with (ig, jo) =
(k,1), s = 1,...,r. Assume that the sequence that is produced by this procedure is
((k:, 1), (i1, 51), - - -, (ir,jr)). By the construction, it is easy to show that this sequence is

a lacunary sequence for the Cauchon matrix Z[k,...,n[1,...,n], i, =n and j, <n — 1
since Z;; > 0 for 2,...,n—1and z,;, <O fori=1,...,n. Hence by Theorem 2.4, we
have

det Z[k, i1, ... ir|1, j1, -\ jo]
detZ[il,...,ir|j1,...,jr]

Rkl =

where the underlying submatrices in the numenator and domenator lie in

Z[2,...,n|1,...,n—1]. Hence Z;; > 0, since the latter submatrix is Ns.t.n.p.

If Zxo = 0, then by the above procedure construct a lacunary sequence starting from
(k,2) and call the resulting sequence ((kz, 2), (o, 51), .-, (as,ﬁs)). Then by Theorem

2.4, we get
det Z[k, o1, ..., 52, b1, ..., s

detZ[al,...,as|ﬁl7"'7/85]

Zko = =0,
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where oy = n and s < n—1. By Theorem 2.7, the above ratio can be written as a ratio

of two contiguous minors as they lie in Z[2,...,n[1,...,n — 1]. Hence we obtain

det Z[k,k+1,...,k+5s]2,3,...,5+ 2]
det Z[k+1,....k+s[3,...,5+ 2]

Rk2 = =0,

which implies that Z[k,k+1,...,k+ 5|2,3,...,s + 2] has rank s.

By Theorem 2.9 and using the same arguments as above, the left shadow of Z[k, ... k+
s]2,..., s+ 2] has rank s. By construction and since Z;, = 0, it is easy to show that the
sequence ((k:, 1), (a1, B1), .- -, (g, ,63)) is lacunary for Z[k, onll . n].

Hence by Theorem 2.7, we get that

det Z[k, o, ..., o1, By, ..., B

> p— :O
il det Z[on, -, | Brs - - o]

since Z[k,ay,...,a5l, B, ..., 5] lies in the left shadow of Z[k,... k+s]2,...,s+ 2],

we obtain Z;; = 0.

Hence Z is a Cauchon matrix with Z; > 0 for i = 2,...,n—1, and Z,, < 0.
Furthermore, ((1, 1),...,(n, n)) is a lacunary sequence for the Cauchon matrix Z. By
Theorem 2.4, we get

det Z

N Gz

Since Z[2,...,n]is t.n.p and Z[2,...,n] = Z[Q/,\/, n| we conclude by Theorem 3.2 that
Z[1,...,n—1|2,...,n — 1] is nonnegative and Z; > 0 for i = 2,...,n — 1. Moreover,
since Z[1,...,n—1/2,...,n] and Z[2,...,n|l,...,n—1] are Ns.t.n.p. as in proof of (iv)
in Theorem 3.5 we get that Z;;_1, Z,_1; > 0 . Hence by Theorem 3.5, Z is t.n.p™.

For det Z[2,...,n] = 0, we work with Z.,, for sufficiently small £95. It is easy to

show that Z,, is t.n.p™ by applying the above arguments on Z,,. As ey — 0, we arrive

at Z is t.n.pt. This completes the proof. O
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