) syup?

2o,
9

Palestine Polytechnic University
Deanship of Graduate Studies and Scientific Research
Master of Mathematics

Bounds for the Eigenvalues of Matrix

Polynomials

Submitted by

Mohammed Abu Sammour

Supervisors

Dr. Mohammad Adam

And

Dr. Ali Zein

Submitted to the Department of Mathematics at Palestine Polytechnic
University as a partial fulfilment of the requirement for the master
degree.

2024



The undersigned hereby certify that they have read, examined and recommended
to the Deanship of Graduate Studies and Scientific Research at Palestine Polytechnic
University the approval of a thesis entitled: Bounds for the Eigenvalues of Matrix
Polynomials, submitted by Mohammed Ziad Ismaeel Abu Sammour in partial

fulfillment of the requirements for the degree of Master in Informatics.

Graduate Advisory Committee:
Dr. Mohammad Adam (Supervisor), Palestine Polytechnic University.

Signature: Date:

Dr. Ali Zein (Supervisor), Palestine Polytechnic University.

Signature: Date:

Dr. Iyad Al-Hribat (Internal committee member), Palestine Polytechnic University.

Signature: Date:

Dr. Hasan Almanasreh (External committee member), Hebron University.

Signature: Date:

Thesis Approved
Dr. Nabil Arman

Dean of Graduate Studies and Scientific Research

Palestine Polytechnic University

Signature: Date:




DECLARATION

I declare that the Master Thesis entitled ”Bounds for the Eigenvalues of Matrix
Polynomials” is my original work, and hereby certify that unless stated, all work
contained within this thesis is my own independent research and has not been submitted
for the award of any other degree at any institution, except where due acknowledgement

is made in the text.

Mohammed Ziad Ismaeel Abu Sammour

Signature: Date:

i



STATEMENT OF PERMISSION
TO USE

In presenting this thesis in partial fulfillment of the requirements for the master degree
in Informatics at Palestine Polytechnic University, I agree that the library shall make it
available to borrowers under rules of the library.

Brief quotations from this thesis are allowable without special permission, provided
that accurate acknowledgement of the source is made.

Permission for extensive quotation from, reproduction, or publication of this thesis
may be granted by my main supervisor, or in his absence, by the Dean of Graduate
Studies and Scientific Research when, in the opinion of either, the proposed use of the
material is for scholarly purposes.

Any coping or use of the material in this thesis for financial gain shall not be allowed

without my written permission.

Mohammed Ziad Ismaeel Abu Sammour

Signature: Date:

il



DEDICATION

This thesis is dedicated to:
The sake of Allah, my Creator and my Master,
My great supervisors Dr.Mohammad Adam and Dr. Ali Zein, who encourage and support

me,
My external committee member,
My parents, the reason of what I become today.

v



ACKNOWLEDGEMENT

First and foremost, all praise and thanks are due to Allah for helping me to complete
this work. I could never have finished this thesis without his help and guidance. I
would like to express my sincere gratitude to my supervisors, Dr. Mohammad Adam
and Dr. Ali Zein, for the continuous support of my Master and related research, for their
patience, motivation, and immense knowledge. Their guidance helped me in all the time
of research and writing of this thesis. I am also thankful to Dr. Hasan Almanasreh and
Dr. Iyad Al-Hribat for serving on my thesis committee and for providing constructive
commens which have improved my thesis.

Last but not the least, I would like to express my gratitude and appreciation to my
family, my sisters and brothers for supporting me spiritually throughout writing this
thesis and my life in general.



Abstract

Developing bounds for the eigenvalues of matrix polynomials is an interesting problem
which has a lot of applications. In this thesis, several known bounds for the eigenvalues of
matrix polynomials are presented. In addition, we derive new bounds for the eigenvalues
of matrix polynomials with commuting coefficients. These bounds are based on norms,
numerical radius, and spectral radius of the coefficient matrices. Various tools are used in
the derivations, such as Frobenius companion matrix, the numerical radius inequalities,
and matrix norms. In general, it is not possible to compare the sharpness of these
bounds analytically. Therefore, we compare our new bounds with each other and with

other known bounds numerically through a set of examples.
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Chapter 1

Introduction

Polynomial root finding is one of the most important subjects in scientific computation.
In particular, polynomial eigenvalue problems (PEP) consist of finding a nonzero complex
eigenvector x and a complex eigenvalue A such that P(A)x = 0, where P is a matrix
polynomial. Polynomial eigenvalue problems have important applications in applied
mathematics and can be found in many field of engineering such as vibration analysis,
structural and fluid mechanics, and acoustics, see, e.g, [12, 31]. In addition, information
about the location of the eigenvalues by using iterative methods [40, 41] is useful in the

computation of pseudospectra [42, 43].

In general, it is not easy, and in many cases it is hard, to compute the eigenvalues of a
matrix polynomial. But it is relatively easy to obtain bounds for them. The polynomial
eigenvalue problem has recently received much attention due to its importance and
applications. Several bounds of eigenvalues of matrix polynomials have been derived

based on various inequalities obtained in many researches.

Fujii and Kubo [9] used the norm of the coefficients of a matrix polynomial to provide
bounds for the eigenvalues. Upper and lower bounds for the absolute value of the
eigenvalues of a matrix polynomial were derived by Higham and Tisseur [10], based
on norm and numerical radius inequalities. In [6, 14] new bounds were established
by applying several numerical radius inequalities to the Frobenius companion matrices.
Burqan et al. [15] employed several numerical radius inequalities to the square Frobenius
companion matrices to provide new bounds. Bounds for the eigenvalues of matrix
polynomials with commuting coefficients can be found in [4, 11, 16]. Melman [13] showed
how /-ifications, namely, lower order matrix polynomials with the same eigenvalues as

a given matrix polynomial, can be used to produce eigenvalue bounds. Le et al. [44]



established upper and lower bounds for the eigenvalues of matrix polynomials using
the norm of their coefficients. Cameron [8] proved that the eigenvalues of any matrix
polynomial, with unitary coefficients, lie inside the open annulus % < |\ < 2. Hadimani
and Jayaraman [18] showed that under certain assumptions, matrix polynomials with
either doubly stochastic matrix coefficients or Schur stable matrix coefficients also have

eigenvalues within similar annular regions.

In this thesis we focus on studying bounds of the eigenvalues of matrix polynomials.
Also, we propose new upper bounds for the eigenvalues of these polynomials. Frobenius

companion matrices are employed to present several bounds on eigenvalues.

In Chapter two, basic definitions and results in matrix theory are introduced. This
includes some definitions, properties, and examples of matrix norms. The chapter also
presents important numerical radius inequalities and relationships between the spectral

radius, the numerical radius, and the spectral norm.

In Chapter three, the discussion focuses on Frobenius companion matrix of matrix
polynomials and relationships between its spectrum and those of the corresponding
matrix polynomials. The chapter also illustrates how f-ifications of matrix polynomial
can be employed to establish bounds for the eigenvalues. Bounds for the eigenvalues
are obtained in different ways; some bounds derived using matrix norm and by applying
numerical radius inequalities to Frobenius companion matrices. Other bounds are proved
using square Frobenius companion matrices. Moreover, bounds for eigenvalues of matrix
polynomials with commuting coefficients are also introduced. Also, the generalized

Cauchy and generalized Pellet theorems are discussed.

In Chapter four, special cases of matrix polynomials are addressed, including lower
and upper bounds for eigenvalues of matrix polynomials whose coefficients are unitary,
doubly stochastic, and Schur stable.

In Chapter five, new bounds for the eigenvalues of monic matrix polynomials with
commuting coefficients are introduced. By the fact that similar matrices have the same
spectral radius, numerical radius inequalities are applied to various decompositions and
partitions to derive these new bounds.



Chapter 2
Preliminaries

In this chapter, we introduce some results in matrix theory that will be helpful in the
following chapters. We present the definitions of matrix norm and numerical radius with

basic properties and inequalities.

2.1 Matrix norm

In this section, we present definitions of matrix norms and some examples of matrix

norms. Most of the material in this section can be found in Horn and Johnson [1].

Definition 2.1. A function ||.|| : M,(C) — R is called a matrix norm if, for all A, B €
ML, (C) it satisfies the following axioms:

1. ||A]] >0 and ||A]] =0 iff A=0.
2. ||aAll = |a|||A|| for all a € C.
3. [|A+ Bl < [|Al + || B]|-

4. IAB| < [|A]llIB].

A matrix norm is also known as a ring norm. The first three axioms of a matrix norm
are identical to the axioms for a vector norm. A norm on matrices that does not satisfy
condition 4 for every A and B is a vector norm on matrices. There are many interesting
examples of matrix norms. Here, important matrix norms are mentioned which will be

used later.



Definition 2.2. (Induced norm)
Let A = [a;;] € M,,(C), x € C". The matrix norm induced by the vector norm ||.|| on
C™ is defined by

A = s 1 4x].
For x e C" and p=1,2,..., 00, the p-vector norm on C" is

1

n

Il = | D Ll

j=1
Using this vector norms we get the following induced matrix norms.

Example 2.1. (p-matriz norm)
Let A = [a;;] € M,,(C), x € C", and ||.||, is the p-vector norm on C". Then the p-matrix
norm of A is defined by

[A]l, = max [[Ax],.
Il =1

Example 2.2. (The maximum column sum norm)
The maximum column sum norm for A = [a;;] € M, (C) is defined by

n
IAll: = max > " a.
=1

1<j<n 4

Example 2.3. (The maximum row sum norm)
The maximum row sum norm for A = [a;;] € M, (C) is defined by

n

1Alloe = max > " Jay|-
1<i<n 4 7
J:

The set of all eigenvalues of A € M,(C) is called the spectrum of A and is denoted

by o(A). Also, the spectral radius of A is p(A) = max{|A| : A € 0(A)}. The Hermitian

adjoint of a matrix B = [b;;] € M, ,,(C) is denoted by B* and defined by B* = B, in

which B is the entrywise conjugate.

One of the most important and widely used norms is the spectral norm (2-norm)

which is defined as follows.

Example 2.4. (Spectral norm)
Let A = [a;;] € M,,(C) and p(A) be the spectral radius of A. Then the spectral norm

.1l for A is defined by
[All2 = V/p(A*A).

4



Note that the maximum column sum norm, maximum row sum norm, and spectral

norm are special cases of p-matrix norm with p = 1,2, co, respectively [1].

Example 2.5. (Frobenius norm, Schur norm, or Hilbert—Schmidt norm)
Let A = |a;;] € M,,(C). Then the Frobenius or Hilbert-Schmidt norm is defined as
1
n 2 1
[Allr = | D la* | = (tr(AA%)) 2,
ij=1

where tr(A) is the trace of a square matriz A.

The singular values of a matrix A € M,,(C) are the square roots of the eigenvalues
of the matrix AA* or A*A, and they are denoted and ordered as s; > sy > ... >s, > 0.
So, we can define the spectral norm and Frobenius norm by using the singular values as
follows.

||A|l2 = s1, the largest singular values of A

1

n 2
and [[Alp= (> s7] .
=1

Definition 2.3. Let A € M,,(C). Then
(1) A is called normal if AA* = A*A.
(2) A is called Hermitian if A = A*.

(3) A is called unitary if AA* = A*A=1.

A matrix norm |.|| on M, (C) is called unitary invariant if ||[UAV| = ||A|| for all
A, U,V € M,(C) and U,V are unitary matrices. The matrix norms ||.||2 and ||.|r are

unitary invariant [1].

Theorem 2.1. Let ||.|| be any matriz norm on M,,(C), A € M,,(C), p(A) be the spectral
radius of A and let X be an eigenvalue of A. Then

Al < p(A) < [|A]]

Note that if A € M,,(C) is normal. Then p(A) = ||A]|2.



Theorem 2.2. (The Spectral Mapping Theorem)
Let A € M,,(C). Then for every complex polynomial p, o(p(A)) = p(a(A)).

In the following, we will denote the spectral norm by ||.|| instead of ||.||2.

2.2 Numerical radius

In this section, we start by presenting the definition of numerical radius and then
introducing the inequalities related to numerical radius and spectral norm. Numerical
radius inequalities are useful in geting bounds to the eigenvalues of matrix polynomials

by applying them to the Frobenius companion matrices.

Definition 2.4. [1] Let x = (z1, 2o, ...,2,)T, ¥ = (Y1, %2, - - ., yn)T € C*. The Euclidean
inner product of x and y is defined by

(X7 y) = Z ngz
i=1

Now, we present the definition of numerical radius. Numerical radius is one of the
most important concepts in matrix theory. It is also useful in studying and deriving

bounds for the eigenvalues of matrix polynomials.

Definition 2.5. (Numerical radius) [2]
Let A € M,,(C). Then the numerical radius of A is given by

w(A) = sup [(Ax,x)].

[Ix[I=1
Numerical radius is a vector norm on matrices but it is not a matrix norm. It is
satisfy the first three axioms of a matrix norm but it is not sub-multiplicative. Since

the numerical radius is a vector norm we get the next Theorem.
Theorem 2.3. [2] Let A, B € M,,(C). Then w(A+ B) < w(A) +w(B).

In the next theorem, important inequality is introduced. This inequality connects

the spectral radius, the numerical radius, and the spectral norm.
Theorem 2.4 (e.g., [19]). Let A € M,,(C). Then
p(A) < w(A) < [JA],

with equality if A is normal.



Theorem 2.5 (e.g., [2]). Let A € M,,(C). Then

A
IAL < wa) < 4.

The first inequality becomes an equality if A% = 0.
This inequality provides both a lower and an upper bound for the numerical radius
in terms of the spectral norm. Also, it helps in computing the numerical radius when

A? = 0. In the following Theorem, we present the power inequality for the numerical

radius.

Theorem 2.6 (e.g., [2]). Let A € M,(C). Then w(A*) < w*(A), where k € N.

The coming theorem provides results that concerning on the numerical radius and

spectral properties for 2 x 2 block matrices.

Theorem 2.7. (e.g., [3, Lemma 2]) Let A € M(C), B € M, ;(C), C € My,;(C), and
D € M,(C). Then the following statements hold:

A0
(a) w 0 D = max{w(A4),w(D)}.
(0 B] 0 C
Oretle of )7 B o

(c) If | = k, then we have
0 B

B 0 = w(B).

w

Computing the spectral radius is easier than computing the numerical radius, so the
coming theorem helps in computing the numerical radius of a matrix with nonnegative

entries through the spectral radius.

Theorem 2.8 (e.g., [20]). Let A = [a;;] € M, (C) be such that a;; > 0 for all i,j =
1.2,....n. Then

w(4) = 5o (o + 0z

In the following chapters we will deal with block matrices, therefore the next theorem
contributes in estimating the spectral radius, the numerical radius, and the spectral norm

of a block matrix depending on its matrix entries.

7



Theorem 2.9. [5, Theorem 1.1] Let A = [A;;] be an m x m block matriz, where A;; €
My, n, (C) with 3" n; = m and let B := [||A;|]. Then

(1) w(A) < w(B).
(2) Al < ||B]|.

(3) p(A) < p(B).

Theorem 2.10. /3, Theorem 1] Let A = [A;j] be an m x m block matriz, where A;; €
M, n, (C) with 37" n; = m. Then
w(A) < w({c;]),

where
w(Aij> if i =7,
Al ifi# .

Theorem 2.10 gives an upper bound for the numerical radius of a block matrix A by

Cij =

considering the numerical radius and norms of its individual blocks A;;. The importance
of this Theorem lies in simplifying the estimation of bounds for the numerical radius of

large block matrices by breaking them down into smaller blocks.

The following corollary follows by employing the above theorem and Theorem 2.8.

Corollary 2.1. /3, Corollary 1] Let A € My(C), B € M,,;(C), C € M;;(C), D €

M;(C), and let T = A JB; . Then
A B

w(T) < w(A) B8]

IDIl w(D)

(w(4) +w(D) + V/{w(A) = w(D)P + ([B] + [DI?) -

N | —

The next theorem provide other upper bound for the numerical radius of a block
matrix A. It is similar to Theorem 2.10 with difference in the construction of the entries

that are not on the diagonal.



Theorem 2.11. [3, Theorem 2] Let A = [A;j] be an m x m block matriz, where A;; €
M, n, (C) matriz " n; = m. Then

where

The coming corollary follows by using the above theorem and Theorem 2.8.

Corollary 2.2. [3, Corollary 2] Let A € M(C), B € M,,(C), C € M;;(C), D €

A B 0 B
C C

M, (C), and let T = and Ty = . then

w(T)

IN
S

(w(4) + w(D) + V{w(A) = w(D)P + Ww(Ty) ) .

N | —

The next theorem provides the eigenvalues for a special case of tridiagonal matrix.

Theorem 2.12 (e.g. [21]). Let T,, € M,,(C) be tridiagonal matriz given by

1
0O = 0 0
121
3 V3 0
o L
T,=| 2
0
1
0_
12
_00--~0§0_

Then the eigenvalues of T, are given by
T ,
>\] = COS (n——f—l) fOT' ] = 172,...771.

9



Not that the matrix 7T, is symmetric and so it is normal. Therefor, by Theorem 2.4,

() = T, = o) = cos (7).

In the following, we introduce the definition of Kronecker product of two matrices.

Definition 2.6. (Kronecker product)[25]
The Kronecker product of the matriz A € M, ,(C) with the matriz B € M, 4(C) is
defined as
apB - a B
A B=| :
amB - apB

Theorem 2.13. [7] If A, B € M, (C), and if (A),c(B) denote their respective spectra.
Then the spectrum of A® B is the set of products c(A)eo(B) ={\-u: A€ d(A), ue

o(B)}.

The subsequent theorem is a generalization of Theorem 2.12 to the tridiagonal block

matrix.

Theorem 2.14. (e.g. [6, Lemma 6]) Let T be the m x m block matriz given by

0 =I O 0
I 0 =I 0
T — 5
1
5]
0 O 1] 0
L 2 i

where I is the identity matriz in M,,(C). Then the eigenvalues of T are

Aj = cos <mﬁ—j_1) for j=1,2,....m,

with each eirgenvalue has multiplicity n.

10



Proof. Note that T'=T,, ® I, where T, is given in Theorem 2.12 and I € M,(C). Then
by Theorem 2.13 and Theorem 2.12 we have

o(T) = o(T,)edc(l)

s 2T mm
= <cos , COS ,...,COS o{1,1,... 1}
m+1 m+1 m+1
T T mm mm
= <{cos ,...,CO08S ,...,CO08 ,...,CO8S )
m—+1 m—+ 1 m—+1 m+1

Therefor, the eigenvalues of T" are \; = cos (%) for 7 =1,2,...,m, with each
m

eigenvalue has multiplicity n.
O

In the following, the numerical radius of a new block matrix is given. This matrix
often appears when deriving bounds for the eigenvalues of matrix polynomials by using
the Frobenius companion matrices. Therefore, we need to calculate the numerical radius

for it as shown.

Theorem 2.15. (e.g. [6, Lemma 7]) Let L be the m x m block matriz given by

00 0 --- 0]
10 0 - 0
I—lor 0o -0
00 I 0

Then

w(L) = cos (mi 1).

Proof. Tt follow from Theorem 2.8 and Theorem 2.14.
]

The next theorem gives an upper bound for the numerical radius of block matrix
whose entries are zeros expect for the first row. This bound depends on the numerical

radius and norms of its matrix entries.

11



Theorem 2.16. [22, Theorem 2.5] Let Q; € M,,(C) fori=1,2,...,m. Then

Q1 Qs+ Qu
0 0 0 . m

w o | §§ w(Q1) + w2(Q1)+§HQiH2
_0 0 0_

Based on Theorem 2.16 and Theorem 2.3, the coming corollary provides an upper
bound for the numerical radius of any block matrix.

Corollary 2.3. /22, Corollary 2.6] Let A = [A;;] be an n x n block matriz with A;; €
M., 1, (C). Then

w(A) < %Z wAi) + [w(An) + 3 Ay )2

i#]

The following theorem enables us to calculate the numerical radius of a matrix whose

entries are zeros expect for the first row. It is similar to Theorem 2.16 but it is not a
special case for it.

by by by --- by,
0O 0 0 --- 0

Theorem 2.17. [9] Let N = [0 0 0 -+ 0| whereb; € C fori =1,2,...,n.
0 0 O 0

Then )

The next two theorems provide other upper bounds for the numerical radius.

12



Theorem 2.18. [1/, Lemma 4.1] Let Qv;, Qi € M,,(C) for i =1,2,...,m. Then

Qu Q2 - Qunm
Qn 0 - 0 1 - .
w < 3 w(@Q1) + | w*(Q1) + 4i22w2 [Qil QOM]
@m0 - 0

For a given matrix A € M, (C), A*A is positive semidefinite and |A| = (A*A)? is
defined.

Theorem 2.19. /23] Let A € M, (C). Then
1 *
w(A) < LAl +14°] ).

Later we will see that one of ways to obtain new bounds of eigenvalues of matrix
polynomials is to write the Frobenius companion matrix as sum of other matrices. The
following two theorems provide upper bounds for the numerical radius for the sum of

two matrices and they are useful for proving some theorems in the following chapter.

Theorem 2.20. [2/, Lemma 2.9] Let A, B € M, (C). Then

w(A+ B) < Vw(A) + w(B) + A B]| + w(B*A).

Theorem 2.21. [/, Lemma 2.6] Let A, B € M,,(C). Then

w(A+ B) < v/max{[[A|2, [ B]2} + [|A[| B]l + 2w(A*B).

Remark 2.1. Let A =

b
al Then the spectral radius of A is

C

p(A) = %(a+d+ V(@ — d)? + 4bc).

13



The subsequent theorem presents an upper bound for the numerical radius of 3 x 3

block matrix.

Theorem 2.22. [22, Theorem 2.11] Let T' = [T};] be an 3 x 3 block matriz with T;; €
M., ., (C). Then

’LU(T) < max{tll, tgg} + maX{tQQ, tlg} + maX{tgg, tlg},

0 Ty

fori,j=1,2,3 and t;; = w(Ty), fori=1,2,3.
T 0.

where t;; = w

In the next theorem, a generalization of the third part of Theorem 2.9 is introduced
in the case of commuting entries. This inequality help in establishing bounds for the

eigenvalues of matrix polynomials with commuting coefficients.

Theorem 2.23. [11, Theorem 2.2] Let A = [A;j] be an m x m block matriz be such that
the entries A;; € M,,(C) are commuting fori,j =1,2,...,m. Then

p(A) < p([p(Aij)])-

14



Chapter 3

Bounds for the eigenvalues of

matrix polynomials

In this chapter, we start by introducing the Frobenius companion matrices and the strong
(-ifications of matrix polynomials and some of their properties. Also, we present several
bounds for the eigenvalues of matrix polynomials. In addition, the proof of generalized

Cauchy and generalized Pellet theorems are provided at the end of this chapter.

3.1 Frobenius companion matrix and /-ifications

Frobenius companion matrix is one of the most popular matrices used for computing
the eigenvalues of matrix polynomials. In this section, we introduce the Frobenius
companion matrix of the matrix polynomials (see, e.g., [9, 26]). In addition we address
the strong (-ifications of square complex matrix polynomials. In [27] and [28] ¢-ifications
of a matrix polynomials are derived and in [13] (-ifications for a square matrix polynomials

are re-derived in simpler way.

In the follwoing definition, we define the square complex matrix polynomial and its

eigenvalues as will as its eigenvectors.

Definition 3.1. [8/ An n X n matrix polynomial of degree m is a mapping P : C —
ML, (C) defined by

P(2) = A1 2™ 4+ A 2™ o Agz + Ay,

where A; € M, (C) and A,y # 0. We say that X € C is an eigenvalue of P(z) if
det P(\) = 0. A nonzero vector x € C" is called eigenvector of P(z) corresponding to A

15



if P(\)x = 0. We denote the set of all eigenvalues of P(z) by o(P), and call this set the
spectrum of P(z).

We say oo is an eigenvalue of P(z), if the reverse matriz polynomial
revP(z) = 2™"P(1/2) = A12™ + Ag2™ o+ Az + A

has zero as an eigenvalue. We say that P(z) is reqular matriz polynomial if det P(\) # 0.
P(z) has mn eigenvalues (counting multiplicities) and possible infinite ones. It is well
known (see, e.g., [13]) that if A, is singular then some eigenvalues of P(z) are infinite,

and if A; is singular then the zero is an eigenvalue of P(z).

In the ensuing example, we consider the case in which A,,,; is singular.

Example 3.1. Consider the quadratic matriz polynomial

S E R B

1 0
It clear that [O O] is singular and det P(z) = (2 + 2+ 1)(2 + 1). Thus, Ay = —1,

-1 /3 -1

Ay = 5 + iT, and A3 = 5 27 are eigenvalues of P(z).
Now,
1 1 1
revP(z) = 2*P(1/z) = X + 0 z+ 0 22
0 0 0 1 0 1

and det(revP(z)) = (22 + 2 + 1)(2% + 2). Since zero is an eigenvalue of revP(z), then

o0 is an eigenvalue of P(z).

In the following example, we consider the case in which A; is singular.

1ol , |10 11
Z°+ .
0 1 01 11

Then det P(z) = 2% + 223 + 32% + 22 and so zero is an eigenvalue of P(z).

Example 3.2. Let

P(z) =

z+

16



In the next theorem, Frobenius companion matrix is presented, and it is showed that

it has the same eigenvalues as P(z).
Theorem 3.1. (e.g. [9, Lemma 7]) Consider the monic matriz polynomial P(z) =
Iz™ 4+ Ap 2™t + o+ Agz + Ay, of degree m > 2, with I be the identity matriz in

M., (C). Then the Frobenius companion matrix of P(z) is the mn X mn matriz given by

LA, —Apy —Ay s e Ay —A,

I 0 0 - 0 0

0 I 0 - 0 0
cry=1 0 I 0 o |

: : : .

0 0 0 - I 0

and X is eigenvalue of P(z) if and only if X € a(C(P)).

Proof. Let A € o(C(P)). Then there exist a nonzero vector x = (x1,Xa,...,Xn)l €
C™ where x; € C" for i = 1,2, ..., m, such that C'(P)x = A\x. Hence we have

m
g —Ap_iiXi = Axg
i=1

X1 = )\XQ
X9 = )\Xg (3 1)
X1 = Xy,

By (3.1), we have x; = A™ 'x,,, hence x,, # 0. And we have
Z _Am—i—i-lxi = Z _Am—i—l—l)\m_ixm = )\mxma
i=1 i=1

so P(A\)x,, = 0. Therefor A € o(P).

Conversely, if A € o(P), then det P(\) = 0, so there exists a nonzero vector x, € C"
such that P(\)xg = 0. Now, take x = (X1,Xa,...,Xn)] € C™ where x; = A" ix,.
Since P(\)xo = 0, we get

A"xg + Z ApiiAN" %o = 0,

i=1

m

m—i m
E —Ap—ii A" 'xg = A"Xq.
i=1

17



Hence

221 — A1 A" X A" AX
)‘m_lxo )\m_lxo )\Xg

C(P)x = . = . = . | =X
AXg AXo AX,,

Therefore, A € o(C(P)).
[

Now, consider the matrix polynomial P(z) = > Ajy12/. We aim to define a
so-called strong f-ification for P. An /l-ification of P is a matrix polynomial with lower
order of P that has the same eigenvalues and also it preserves the eigenstructure of P.

Most of the following material can be found in [13].

Definition 3.2. Let m be divisible by a positive integer k and { = % Then the strong

(-ification of P is given by ijo WC;W 23, where W is kn X kn block exchange matriz
Jr ® I,, and the k x k block matrices C; € CF"kn qre defined by

Ag-1yerr Ao - Aepr A
-1 0
Co= -1 ,
0
-7 0
Aiviv—ne Ajrivag—2e - Ajjie Ajp
0 0 e 0 0
C] = . 3 .7 = 17 7€ - 17
0 0 e 0 0
Am+1
I
and Cy = I
I

18



The matriz Ji, is the k X k exchange matrix that defined as

Jk

Not that W2 = I, also 2?20 WC;Wz? and Z?:O C;2’ have identical eigenvalues
and eigenstructure because they are similar. So it is convenient to work with Zﬁ:o C;2

because it is easier.

The coming lemma will help us to prove the next theorem.

Lemma 3.1. For a positive integer m > 3, let M; € C*" for j =1,....m and N; €
C™ forj=1,....m — 1. Then,

M, My, My --- M,
-1 Nl m—1 m—1
det -1 N, =det (M [N+ M [T Nj+ -+ + My Nyt + My,
. . j:l ]:2
—I Nmfl

where the matriz multiplications are from the right with increasing index j.

In the subsequent theorem, we show that the matrix polynomial and its /-ification

have identical eigenvalues.

Theorem 3.2. Let P(z) = Z;ﬁ:o Aj127 and (= % if m is divisible by a positive integer
k, and let Q(z) = Zﬁ:o C;29, with the matrices C; defined in Definition 3.2. Then the

eigenvalues of P and () coincide.

Proof. For { = %, we rewrite P as follows:
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A1 2™ 4 A 2™ Az Ay
(k1) (Am+12% + ApzF L4 4 A(k—l)%ﬂ)

+2 D (A(k—l)%z

m
k

_l‘f‘Ak Hm 2R 4 "'+A(k—2)%+1> o

2B DE (Ao F T+ A goym 12 E 2 Ag ) o
LR (Az%z%—l + Agm 2B 4 +A%+1> T

FAmzE T Am 2% P A

¢ k
Z(Aj+1+(k—1)ezj) (k=D +Z ZAJ+1+ ez ZF0E,

Jj=0

By defining M;(z) as follows:

My (

we get

¢
Z Ajis (k- 1)@2 and M;(z Z Ajiik i)ng fori=2,...,k,

7=0

k

P(z) =Y M;(z)z*,

i=1

Now, applying Lemma 3.1 with M; = M;(2) fori =1,...,k and N; = Iz yields

f -1 Izt
det(P(2)) = det | > M;(2)2*" | = det -1 I

i=1 )

I I
ZJ 0 i1 MZ] ZE 1Ay+1+k 2)¢ ZZ 1AJ+1+(k—3)ij Ze 1AJ+1Zj
_ ¢

I 1z

-1 Izt
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Thus,

l
det(P(z)) =det [ Y Cj27 | = det(Q(2)). (3.2)

5=0
So, the finite eigenvalues of P and () coincide. It remains to prove this theorem in the

case that the infinite eigenvalues exists. By (3.2) we have

det (revP(z)) = det (2™P(1/z)) = 2" det (P(1/z))
= 2/ det (Q(1/z)) = det (2%)(1/2))
= det (revQ(z)),

this implies that the infinite eigenvalue of P and @) also coincide.
O

Not that, when k& = m and P(z) is monic, i.e., A,,11 = I, then Q) becomes [z —C(P),

where C'(P) is the Frobenius companion matrix of P.

In the coming example, we construct (z) for a matrix polynomial of degree 6.

Example 3.3. Consider the matriz polynomial
p(Z) = A?ZG + A62’5 + A5Z4 + A4Z3 + A322 + AQZ + Al-

Taking k = 3, then { = 2, thus P(z) has the same eigenvalues as of

A; 00 Ag Ay Ay As A A
Qz)=10 T 0|2>+|0 0 O0|z+|-I 0 0
0 0 I 0 0 0 0 —I 0

3.2 Bounds for the eigenvalues of matrix polynomials

In this section, bounds for the absolute value of eigenvalues of a matrix polynomials are
presented. We use matrix analysis methods and several numerical radius inequalities to

the Frobenius companion matrices of monic matrix polynomials to get these bounds.
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As we proved in Theorem 3.1, A is an eigenvalue of P(z) if and only if A € o(C'(P)).
So if A is an eigenvalue of P(z), then by Theorem 3.1 and Theorem 2.4, we have

Al < p(C(P)) < w(C(P)) < [[(C(P)I]

In 1973, Fujii and Kubo [9] used the norms of the coefficient matrices of a matrix
polynomial to establish some classical bounds for the eigenvalues of matrix polynomials

as stated in the next two theorems.

Theorem 3.3. [9, Theorem 8] If X is any eigenvalue of the monic matriz polynomial
P(z), then
Al < max{1, [|A]] + -+ [[Anll}.

Proof. For a block matrix A = [A4;;], where A;; € M, (C) for 4,5 =1,2,...,m define

m
| Ally = 121%};2; | Ail]-
]:

Note that [|.|[, is a matrix norm since axioms 1, 2, and 3 are trivially satisfied, and for
the fourth axiom, let B = [B;j|, where B;; € M,,(C), then it follows that

IABll, = max Y [[(AB)yl
7j=1

1<ism 4
= 121%?; ZAikBk:j
j=1 || k=1
< g@;ZZHAmHHBmH
== =1 k=1
a3 Al S 18
= k=1 j=1
< | max > 1Byl | | max Y[ Aul
=== k=1
= AL IHIBIp-
Hence, ||.||, is a matrix norm. By Theorem 2.1 we have |A| < ||C(P)]s, and since
|C(P)||p = max{1, [|A1]| + - - + ||An||} we get the result. O

This result is simple and easy to use. But often it does not give good results especially
when the spectral norms of the matrices A; are large. By the above theorem, we can get

the following result.
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Theorem 3.4. [9, Theorem 9] If X is any eigenvalue of the monic matriz polynomial
P(z), then

Al < AL+ (| Ay — Aol + -+ [ Aoy — A + [ A — 1]

Proof. Consider the matrix polynomial Q(z) := (I — I2)P(z). By expanding the Q(z)

we get
Q(2) = =12 4 (I — Ap)z™ + (A — Ap1)2™ 4o+ (Ay — Ar)z + A
Now, det Q(z) = det(I — Iz) det P(z). Hence if A € o(P), then A € 0(Q). Also we have

< Al + 1A = Aol + -+ [[Amy — Anll + [[Am — 1]

Applying Theorem 3.3 to Q(z), we get the result.
L]

For matrix polynomial P(z) = A, 112™ + Ap2™ '+ -+ + Agz + Ay, if Ay s
nonsingular, we can introduce new matrix polynomial associated with P(z):
Py = "+ A A" o+ AL Asz + AL A
= [2" 4+ Upz™ ' 4+ 4 Upz + Uy,

where U; := A L A;, for i = 1,2,...,m. Therefore, P(z) and Py(z) have the same

eigenvalues. The Frobenius companion matrix of Py(z) is

_Um —Um—-1 —“"Um-2 °°° _U2 _Ul

I 0 0 -+ 0 0

0 I 0 -+ 0 0

Clu) = | g 0 I - 0 0
. : : 0

0 0 o - I 0

Using the companion matrix C'(Py), Higham and Tisseur [10] presented new bounds
for eigenvalues of P based on norm and numerical radius inequalities. Here, we mention

some of these bounds.

Theorem 3.5. [10, Lemma 2.2] Every eigenvalue A of P satisfies

A <1+> U, 1<p<oc

=1
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Proof. We can write C'(Py) as:

C(Py) =K +Ky+- +Kn+1L,

where
~U, 0 0 00 0 —-U, , 0 00
0 00 00 0 0 0 00
0 00 00 0 0 0 00
KEn=1 19 ¢ 0 0 o Em1=|g 0 0 0 0|
: 0 0
0 00 00 0 0 0 00
00 0 0 —U, 000 00
00 0 0 0 I 00 00
00 0 0 0 0710 00
Ki= 149 0 0 o ol L=loo0 1 00
R )
000 -0 0 000 --- 10

Now, for i =1,2,...,m, [|[Ki|l, < ||Ui|l, and || L||, < 1. Thus,

< C(Pu)ll,
[ K+ Ky + -+ Koy + L
1K1 llp + ([ K[y + -+ [[Kmllp + [ L],

< 1+ |l
=1

RY

IN

]

The last bound depends on the p-matrix norm |.||,, where 1 < p < oo, but the
p-matrix norm is more important and easier to calculate when p = 1,2, 00. So, in the
coming theorem, we obtain bounds based on ||.||,, where p = 1, 00, and also based on

the sperctral norm.

Theorem 3.6. [10, Lemma 2.3] Every eigenvalue A of P satisfies

IN

Al max (||U1||1,1+2Ig§?§1||Ui”1) )

A< max (1 [|U]|w)
A < |+ UU|z,
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where U := [Uy,Us, ..., Upyl.

Proof. The first two bounds are follows from the facts |A| < ||C(FPy)|: and |A] <
|C'(Py)|lso- These facts follows by Theorem 2.1. For the last bound, let

i 7 00 --00
U, —U,, --- U
I 0 --- 00
0 0 0
R:=| _ |, L=1|0T - 00
0 0 0 Do
L . 00 -~ 10
Then C(Py) =R+ L and R*L = L*R = 0.
Now
AP < el
= [[C"(Po)C(Py)
= |[[R*"R+ L*L||
< [+ RR|
— 1+ REY|
= |I+UU"|

Corollary 3.1. [10, Corollary 2.4] Every eigenvalue X of P satisfies

Al < 14 max Ui,
1<i<m

Al < max 1,Z||Ui||OO :
i=1

m 2
A< [T P
=1

In the last bounds we use the norms of C'(P) to get them. Based on numerical radius
estimations of the companion matrix, we can get many bounds for the eigenvalues of

matrix polynomials, as presented in the subsequent theorems.
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Theorem 3.7. [6, Theorem 1] If X is any eigenvalue of the monic matriz polynomial

P(z), then
1
A= w(C(P)) < 5 | w(Am) +cos — +
A
where a; ‘= | 2’”, 1=1,2,...

,m—2 and G,,_1 == w

s 7r
A,,) — cos —
- (w( m) — COS

m

I 0

0 _Am—l

Proof. By applying Theorem 2.4 and Theorem 2.11 to C'(P), we have

w(Any)
w (Tlv_Amfl)
w (T07_Am72)
Al < w(C(P)) Sw .
w (TO,ng)
| w (TO’,Al)
0
where T'x y = v

w (Top)
w (TI,O)

w (To,o)

Theorem 2.7, we have for any matrix A € M,,(C)

w(T s, 1) (T4, 00)

w (TO,I)
w (Tgp)

0 A B 0 0 B I Al
0 0|/[ Aol 27
2
. A
since =0.
0
‘ —A,
Letai:“AZH,izl,Q,...,m—Q, A1 = W 0 ml
2 I 0
Then we have
w(Am) Um—1 Am—2 Ampm-—3
A1 0 1/2 0
A2 1/2 0 1/2
w(C(P)) <
aq 0 0 1/2

26

and v = (a1, A2, - - -

a1

2 m—1
) +4 Z a? |,
=1

w (T-a,0) w (T—A1,0>_
w (To,o)
w (TQO) |
w (T(),o) w (TO,I)
w (Tro) w (To) |

for any two matrices X,Y € M,,(C). Now, by Theorem 2.5 and

7@1].




= w T (where T,,,_1 is the matrix defined in Theorem 2.12),
v m—1
- .
< w w(Am) I (by Corollary 2.1),
L el w(Tn)

wid) (2 )’
)l

N | —

m m

2 m—1
w(Ay,) +cos =+ <w(Am) — cos E) +4Za? :
i=1

]

This upper bound is more complicated than the previous bounds and more difficult
to compute, but in most numerical examples it gives more accurate results. Now, by

using other properties of numerical radius we present the following result.

Theorem 3.8. [6, Theorem 2] If X is any eigenvalue of the monic matriz polynomial
P(z), then

m—1
1
A< w(@(P) < 5 | w(dn) + || w?(4n) + Zl A2 | +cos ——.
Ay —Apy e =AY
0 0 e 0
Proof. Let A := and L is the matrix defined in Theorem
0 0 e 0

2.15. Tt is clear that C'(P) = A + L, using Theorem 2.16 and Theorem 2.15, we get

Al <w(C(P)) = w(A+1L)

w(A) +w(L) (triangle inequality)

IN

™

IN

m—1
1
5 | wdn) + w2(Am)+;|\Ai||2 + cos

m+1
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By using the same proof method in Theorem 3.8 with slight difference in choosing

A and L, we obtain the following result for estimation of the numerical radius of C'(P).

Theorem 3.9. [6, Theorem 3] If X is any eigenvalue of the monic matriz polynomial
P(z), then

m—1

w(Ap) + | w0 (Am) + D AR+ A = 1) | + 1.

1=2

A < w(C(P) < 5

Theorem 3.10. [6, Theorem 4] If X is any eigenvalue of the monic matriz polynomial
P(z), then

I|A1]] + 1

Al <w(C(P)) < 5 )

(NN

m—1
w(Ap) + 4 |0 (An) + Y A2 | + max(1,
=2

In the following result we notice a great similarity with Theorem 3.10 and both
provide bounds for the eigenvalues of the monic matrix polynomials. Also, it can be

considered as an improvement to Theorem 3.10 under specific conditions.

Theorem 3.11. [6, Theorem 5] If X is any eigenvalue of the monic matrixz polynomial
P(z), then

AN Sw@P) < |7 | wldn) +,|w*(4n) + Z A2 | + cos? mi -
Proof. Let A and L be the two matrices defined in Theorem 3.8. Then C'(P) = A+ L.
It clear that ||L|| =1 and L*A = 0. Now, by Theorem 2.9 we have

[Amll [ Amall -+ [[Asl]

|A]| < =14z,
. : i=1
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By using triangle inequality and Theorems 2.20, 2.16, and 2.15, we get

Al <w(C(P)) < w(A+L)

IN
|

m " 1
WlAm) |03 (Am) + 2 A |+ cost Smg + O IA*

O

In the next example we take a matrix polynomial of degree 3 and we give a comparison
between the bounds of eigenvalues that are obtained in Theorem 3.8, Theorem 3.9,
Theorem 3.10, and Theorem 3.11.

Example 3.4. Consider the monic matriz polynomial P(z) = I2° + A32® + Asz + Ay,

where

A1: ;A3:

N O
o O O
o O O
o O O

2 2
6 2|, Ay =
2 6

S O =
O = O
_~ O O

Then in the following table, we compute the bounds obtained in Theorems 3.8, 3.9, 3.10,
and 3.11.

Table 3.1: Comparison of several upper bounds

Theorem Upper bound

Theorem 3.8 6.092271588321052
Theorem 3.9 5.924428900898052
Theorem 3.10 7.500000000000000
Theorem 3.11 6.345890766020875

This example documents that the bound in Theorem 3.9 is better than the other
bounds in Theorems 3.8, 3.10, and 3.11. Also, the eigenvalues of P(z) are

o(P) = {0.7784 £+ 2.412i, 0.4239 + 2.13057, 0.4239 + 2.13057, —1.5568, —0.8477, —0.8477} .

We note that Theorems 3.7, 3.8, 3.9, 3.10, and 3.11 based on the norms of the
coefficients A; and the numerical radius of A,,. Thus, one of the negatives of these results
is that it is not easy to compute the numerical radius of A,,. Therefor in Example 3.4

we took Hermitian coefficients. Other similar bound introduce in the next theorem.
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Theorem 3.12. [14, Theorem 5.2] If X is any eigenvalue of the monic matrix polynomial

P(z), then
1 0 A,
N =w(@(P) < 5 | wldm) + | Jw(Ap) +dw? {0 '
A, A A, '
1 1 00
I 0 0
0 0
0 0 0
Proof. Let A := and R:= |0 [
; ; ; 0 0
0 0 0 -
: 0 A
It is clear that C'(P) = A+ R, by Theorem 2.5 w 0 0

A € M, (C) because

2

m—2
m
Al —.
+;|| I eos

_ 1Al

0
0
0].
I 0
5 for every matrix

= 0, together with Theorem 2.18, we obtain

Al <w(C(P)) = w(A+R)
< w(A)+w(R)
< | wldn) + |w?(A,) + 4w? 0 Am-t +m§_:2||z4z'||2 +cos =
r 0 i=1 m

]

To obtain new bounds for the eigenvalue of the monic matrix polynomial P(z), we

apply numerical radius inequalities to the square of Frobenius companion matrices of
P(z).

By direct multiplication of matrices we can compute C?(P) as follows

By, Bm: B; By, B
—A, —An —A; —Ay, —A4
I 0 0 0 0
CH(P) = 0 I 0 0 0 |’
: : : : 0
0 0 I 0 0
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where B; := A, A; — Ajy,j =1,...,m, with Ay := 0.

By estimating the numerical radius of C?(P), we obtain the following theorem, which

is then used to give bounds for the eigenvalues of P(z).

Theorem 3.13. [15, Theorem 1] Let P(z) be a monic matriz polynomial. An upper

bound of the numerical radius of C*(P) can be stated as follows:

w(C?*(P)) < i(w(Bm) + w(Ap_1) +7) + cos® (mnﬂ_ 1) N %

1 /1

i H(B) + () £ 07 L (o + V@ aP T 1)

2
+% (20052(mn7r_1)+1> +%(0z+77+\/(04—77)2+452>,

where

a = w(Typ, Z 1Bi1?,

m—4
1 1
n o= UJQ(TI,AW;),)WLZ||Am—2||2+zlz||A'i||27

m—4
[ Am—2|| ||Bm sl 1
8 = (@, ), + 3 A,
y = ¢<w<Bm>—w(Am))Z+4w2<TBm_1,fAm>.
. 0 X o
Proof. For any two matrices X,Y € M, (C), let Txy = v ol Application of

Theorem 2.11 on C?(P), resulted in w(C?(P)) < w(S), where S is the following matrix

w(Bm) w(Ts,, 1. —am) w(Ts,, ,1) w(Ts, 50 wTs, ,0) + wTsg0) w(Tsy0) w(Ts ) |
W(T-Ap,Byy_1) w(Am—1) w(T-a,, 5,0 W(T-a,,_51) w(T-4a,,_,0) - w(T-a50) w(T-2a,,0) w(T-44,0)
w(Tr,B,, ) w(To,—a,, 5) w(0) w(To,0) w(To,r) - w(Too) w(Too) w(Too)
w(TO,Bm_3) w(TI,fAm_g) w(To,0) w(0) w(To,0) - w(To,0) w(To,0) w(To,0)
w(To,B,,_4) w(To,—4,,_4) w(Tr,0) w(To,0) w(0) o w(To,)  w(To,)  w(To0)
w(To,By) w(To,—a5) w(To,0) w(To,0) w(To,) - w(0) w(To,0)  w(To,1)
w(TO,BQ) W(TO,—AZ) w(To,0) w(To,0) w(To,0) - w(To,0) w(0) w(To,0)
w(To, B, ) w(To,—A,) w(To,0) w(To,0) w(Tpe) - w(Tro)  w(Too) w(0) |

By Theorem 2.5 and Theorem 2.7, we have

0 A
0 0

0 0
A0
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for every matrix A € M,,(C). Hence we can write S as

w(Bm) w(Ts, 1-a,) W(Ts, 1) bin—3 bin—1
w(T*Ammefl) w(Amfl) HA”QL—_QH w(T*Amf?nl) Am—4
w(Tg,, 1) IIAvr;zH 0 0 %
bm_g ’lU(T_Ami&j) 0 0 0
S = bm—4 Qpp—4a % 0 0
bg as % 0
bg (03} 0 0 %
by ai 0 0 0
B; Al
where b; 1= | ”, 1=1,2,...,m—3, and a; := | 5 H, 1=1,2,...,m—4
Let us take the Partition of S as
St S
SR 7
So1 Sao
where
S _ w(Bm) w<TBm7177Am>
11 — )
W(T-p,Bny)  W(AR—1)
S, _ w(Tp, ,.r) bm—s3 bn—a -+ b3 by by
2= [l A —2]] w(T ) . ’
i 2 —Apm_3,1) Am—4 az a2 Cl1_
- 4T
w(TBm—mI) bim—3 b4 - b3 by by
S I e
L 2 w( 7Am—3:l) Um—g4 -*+ A3 Gz 041
00 1 0 0 0
00 0 L+ 0 0
% 0 O % 0
S = |0 3 :
00 1 0 0 1
Do 0 0 0
00 0 0 0
L d (mn—2)x(mn—2)
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as

e}

= O O -

by by
Qg Gy
0 O
0 O
0 O
0 3
0 O

0




Now, applying Corollary 2.3 gives

w(@(P) <w(S) < 3 (w(Sn)+ var(En) T [Sul?)

-I—% (w(ng) + Vw?(S) + ||521||2> . (3.3)

Hence it remains to estimate ||Sia, ||S21]|, w(S11) and w(Ss2). We start by estimating

[[S12]] and [[Sa1]]-

1Sl = Vo (S125%)
1
= \/5 a +n++/(a—n)?2+ 452>, (by Remark 2.1), (3.4)
where
a = wTip, ) Z 1Bi1%,
1 m—4
n = w2<TI,fAm_3>+;lnAmfaH?uZHAJR
[An| 1Bl | 15
m—2 73
9 = w5 ) G AB)
Since Sy; = ST,, then ||Si2|| = [|Sa1]]. Now, for w(Sy;), the matrix Sp; is Hermitian
which implies that S7; is normal. So by Theorem 2.4 we have
w(S11) = p(Su)
1
= S(w(Bn) +w(An1) +7), (3.5)

2

where

7= W(By) = w(An1))? + 40T, a,).

Finally, to estimate w(Ss2) we write Soo as

1 1 11
=2(T2,_ o,
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where T, is the matrix defined in Theorem 2.12. Using the triangle inequality and
the fact w(T?

2 o) = w(Tyn_2) (since Tp,,_; is normal), we get

. 11 11
2 w(Tin_2)+w (dlag (Z,§,§,Z)>

S 2’LU2 (Tmn—Q) +1

= 2cos? (mnﬂ— 1) + 1. (3.6)

Now, by substituting (3.4),(3.5), and (3.6) in (3.3) we get the result.

w(Sgg)

IA

O

Now, if A € o(P), then A € ¢(C(P)) and by Spectral Mapping Theorem we have
A% € o(C?(P)) which implies

AP < p(C2(P)) < w(C(P)). (3.7)

Thus, by Theorem 3.13 and (3.7) we obtain a bound on the eigenvalues of P(z).

In the next, we are going to employ the fact that similar matrices have the same
eigenvalues. So, we can obtain a new bound for the eigenvalues of a monic matrix

polynomials using a similar matrix to C?(P).

Now, consider the mn x mn invertible matrix
1 11
0 1 I
B=10 0 I

0
0 00

NN N N~

and the inverse of B is

I -1 0
o I —-I --- 0

Blt=1lo o I . 0
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By direct multiplication of matrices we can compute the mn x mn matrix BC?*(P)B~!

as follows

Bpn—Am+I By 1—-Bm+Am—Am-1 Bm—2—Bm_1+Am_1—Apm_2 -+ Bo—B3+A3—Ay B1—Bs+Ax—A;

I1-Am Am—Am_1 Am—1—Am—2 Az—Azx—1I Ax—Ay
I 0 0 —1 0
0 I 0 —1 0
0 0 -1 0
0 0 0 - -1 0

From similarity of C*(P) and BC?*(P)B™', we have
AP < p(BCYP)B) < w(BC(P)BY)

where )\ is an eigenvalue of P(z). In the following theorem, we introduce a new bound

for the eigenvalue of P(z) by estimate the numerical radius of BC?(P)B™!.

Theorem 3.14. [15, Theorem 2] Let P(z) be a monic matriz polynomial. An upper
bound of the numerical radius of BC*(P)B™! can be stated as follows:

A" < w(BCHP)B™)
< %<§+2cos2( a >+1—|—2+\/3+\/2—1—<%(a+ﬁ+\/(0‘—n)2+452>>2+72

mn — 3 4
2 . 5
+ (20082 <mn7r— 3) + 1) + <§ <a+77+ V(e —n)? +452>> +

2
2+V5H
+ ( 4\/_> +72+u>,

(w(Bm —Ap+ 1) +w(A, —An1)

DO | —

1 m
a = @ (Tpy s B stAn1-An i) + 7 D B s = Bja+ Aj o — Ay,
=6
= LA A et (T IS4, AP
no= gl Anr = Apl” +w (Tap 2 A s1) + 1 D A — Al
=7
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1

B = jw (T8 2B st Am 1 —Am 1) [[Am—1 = Ama]|

1
+ §HBm73 — B2+ Apg — Aps|jw (TAM,TA,,L,S,I)

1 m
+ 2 IBia = Bisg + Ajms = Al Ays — Ayl
J=7

S 1(||B2—B:’>+A3—A2||2 N |45 — Ap — I||*  [|Bi — Bo + Ay — Ay|]* ||A2—A1||2)
2 4 4 4 4
(||B2—B3+A:’>—A?H2 |As — Ay — I||*  ||By — By + Ay — Ay? ||A2—A1||2>2
_l’_ _ _
4 4 4 4
1 5\’
+ (I|Bo — Bs + Ay — Ao||| By — Ba 4+ Ay — Ay|| + [|As — Ao — I||| A2 — ALl])™ ] -

3.3 Location for the eigenvalues of matrix polynomials

with commuting coefficients

In this section, we aim to introduce bounds for the eigenvalues of monic matrix polynomials

with commuting coefficients. Kittaneh [11] proved the inequality

p(A) < p(lp(Ai)]),

for commuting entries which stated in Theorem 2.23. Also he employed Theorem 2.23

to obtain better bounds, as illustrated in the following.

Consider the monic matrix polynomial P(z) = [2™ + A,,2™ ' + -+ + Asz + A of
degree m > 2, with A; are commuting matrices for i = 1,2,...,m. Then by applying

Theorem 2.23 on C(P) we get p(C(P)) < p(C(P)), where

P(An) p(Am-1) .. p(A2) p(A1)
1 0 0 0
cpy=| 0 1 0 0 (3.8)
|0 O 1 0]

Hence if A is an eigenvalue of P(z), then

N < p (C(P)) <w (é(P)) < HC<P)H. (3.9)

36



Therefore, we can use the inequalities (3.9) to find bounds for the eigenvalues of
P(z). We note that the matrix C(P) is analogous to the companion matrix of complex
polynomials. Thus, the ideas that were used to estimate bounds to the zeros of complex
polynomials can be used to estimate the eigenvalues of monic matrix polynomials with
commuting coefficients. Several bounds for the zeros of complex polynomials have been
given in [9, 32, 33, 34, 35]. Based on Theorem 2 in [33], we have

A < ow (C(P))
1 T T 2 m—2
2
< 5 | p(Aw) +eos — 4 (p(Am) — cos E) + (p(Ap1) +1)° + Zl P2(A)
Now, consider the m x m invertible matrix
(11 0 0]
0110 -0
0011 -0
Q= )
0001 0
0000 1
and the inverse of () is
1 -1 1 -1 (—1)m1
0 -1 1 (—1)m2
0 0 1 -1 (—1)m=3
—1
@ 0O 0 0 1 (—1)m—
0O 0 0 0 1
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Bi B2 Py Ba 0 Pm

1 0 0 0 --- 0

o 01 0 0 - 0

Let H := QC(P)Q~". Then H = 00 1 0 --- 0
o 0 o --- 1 -1

where f; = (—1)"1 4 S (<)M (A 1), i = 1,2, m.

C(P) and H have the same eigenvalues since they are similar. Thus, by applying
numerical radius inequalities to the various decompositions and partitions of H new
bounds for the eigenvalues of the monic matrix polynomial P(z) with commuting coefficients
are produced.

Theorem 3.15. [4, Theorem 2.1] If X is any eigenvalue of P(z), then

1 s
|)\\§5 COSE cos? — ~|—Zﬁ2 (14 |B2])? | + max{1,|S1]}-

Proof. At first, we decompose H as H = S + R, where

0 B2 Bs Ba -+ Pm B 00 0 - 0
1 0 0 0 --- 0 000 0 --- 0
01 0 0 - 0 000 0 --- 0
S=10 0 1 0 ... 0| &= 00 0 --- 0
00 0 -~ 1 0 000 -~ 0 -1
Then, we have
Al < p(C(P))

< p(C(P))

= p(H)

< w(H)

= w(S+R)

< w(S) + w(R) (3.10)



Now,
w(R) = max{1, b1} (3.11)
To estimate w(S), we apply Theorem 2.11 on S which gives

0[5l
0w L ) sl dled o 36w
0
1 0
w(s) <
3185] 3 0 3 0
3184l 0 5 0 0
: | \
. : : 5
| 3lBl 0 e 05 0
[0 u . . .
= w - (where T,,,_; is the matrix defined in Theorem 2.12),
U m—1
0
< w Il (by Theorem 2.9),
el Tl
Bl
where u = [ 15 7%|ﬁ3|7%‘54‘>"' >%‘5m|
1 0
Now, ||u|| = 4_1 2 4 w? [1 |502|] , and using Theorem 2.8 we have
1 0 1+ 1
|52 _ = |52| :_(1+’B2|)
2"\ 1416 0 2
Also, || Tom-1]| = cos —.
m
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0 5V 2ins B + (L4 15])?
w(S) < w [%\/ZT36§+(1+|52|>2 cos = ]
0 3V 2ins B+ (14 Ba])? e
= p [%\/Z;ng RSN Vi cos = ? ] (since it is normal),
— “ecosE 4+ |cosz T +Z B2+ (14 |3)2| (by Remark 2.1). (3.12)

By substituting (3.11) and (3.12) in (3.10), we get

A < cos % cos? L + ZﬁQ (14 [52])? | + max{1,|p1]|}

1
2

In the next result, Theorems 2.15, 2.17, and 2.20 are applied to other decomposition
of H to get a new bound for the eigenvalues of monic matrix polynomials with commuting
coefficients.

Theorem 3.16. [/, Theorem 2.2] If X\ is any eigenvalue of P(z), then

1 & s
N |23 8 2
A< 41,:25@“0S mal

Z A7 + max{1, |}
1=2

Proof. Write H as H = K + L + M, where

0 B2 Bs - Bmo1 DBm 000 0 0
00 0 0 0 10 0 00
00 0 0 0 010 0 0
K=10 0 o o ol'L=1oo01 R
00 0 0 0 000 10
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and

B 0 0 0 0
0 00 0 0
0 00 0 0
M=10 00 0 0
0 00 0 -1
Now, by Theorem 2.20
Al < w(H)
= wK+L+ M)

IA

w(K + L)+ w(M)
VwA(K) + w(L) + [|K[| L] + w(L*K). + max{1, |5]}.

IN

T
+1’

w(L) = cos I|IL|| =1, L*K = 0, using Theorem 2.17 we have
m

For ||K||, since K? =0 we have || K| = 2w(K) =/ -, 87

Thus,

™

1m
A < —E 24 2
= 41,:25’ cos m+1

[]

In the coming bound, we use the same decomposition of H and the same method of

proof as in Theorem 3.16, but we use Theorem 2.21 instead of applying Theorem 2.20.

Theorem 3.17. [/] If \ is any eigenvalue of P(z), then
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This result provides bound for the absolute value of the eigenvalues, which is expressed
in terms of the ;. In the following result, a similar bound established, but with a slightly

different structure in the inequality.

Theorem 3.18. [/, Theorem 2.4] If \ is any eigenvalue of P(z), then

m

™
Al < ;53+(1+!ﬁz|)2+COSE+maX{1>!ﬁll}-

1
2

Proof. By using triangle inequality to the decomposition of H, where H = K|+ Ly + M
with

05253 Bmflﬁm 000 OO
1 0 0 0 0 00 0 0 0
00 0 0 0 010 0 0
Ki=1g o0 o 0 ol L1=1o0 0 1 0 0]’
00 0 0 0 00 0 10
and ~ _
B 0 0 0 0
0 00 0 0
0 00 0 0
M=19 0 0 0 0|
0 00 0 —1
we get
Al < w(H)

U)(Kl + L1 + M)
< w(Ky) +w(Ly) +w(M).

To complete the proof, we need to estimate w(K;), w(L;) and w(M). It clear that

w(M) =max{1, ||}, and w(Ly) = cos %

Now, for w(K})
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0 |6

) e o

[ w] . 0 o .

1 0

|Bs| 0 0 0 0

2|54| 0 0 0 0

0
i 518ml 0 0 0 0 |

= 252 1+ 8)2,

0 [p
where u = |w [1 |02|] a%’53|7%‘54‘7“'7%|5m’
Therefor,
1 s
Al 3 Zﬁ? (1 1Bal)2 + cos T+ max{1, 1]}

]

In the next theorem, other bound derived once more using the same decomposition
of H as presented in Theorem 3.16. This bound obtained by using triangle inequality

and other numerical radius properties.

Theorem 3.19. [4, Theorem 2.5] If X is any eigenvalue of P(z), then

ZBQ +cos —

43
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Proof. Let K, L, M be the matrices defined in Theorem 3.16. Then H = K + L + M.

Thus,

RY

IA

IN

1 + maX{lv |/Bl|}

In the subsequent theorem, we write H as H = Ky + M + U, where

0 B2 B3 -+ Bmor Bm—1 By 0 0 0 0
00 0 --- 0 0 0 0 0 0
00 0 -~ 0 0 0 00 0 0
Kx=1g 0 0 .- o0 o |'M=10 00 0 0|’
0 0 0 0 0 0 0 0 0 —1
and ) )
00 0 0 1
100 0 0
010 0 0
U=10 0 1 0 0
000 --- 10

It is easy to show that U*U = UU* = I. Hence U is unitary.

Theorem 3.20. [/, Theorem 2.6] If \ is any eigenvalue of P(z), then

m—1

Z/@? + 1 = Bnl? + max{1, 3]} + 1.

=2

1
N < =
NES
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Proof. By applying the triangle inequality to the new decomposition of H, we get

Al < w(H)
= w(Ky+M+U)
< w(K2) +w(M) +w()

Now, using Theorem 2.17 we have w(Ks) = \/E ' 52 4+ |1 — f3,,|2, and also we know
that w(M) = max{1, |f1]|}. And since U is umtary, then w(U) = 1.
Thus,

m—1

<3 262 + |1 = Bul? + max{1, B[} + 1.

=3
0

This result is a combination of a quadratic and linear forms. This showing that the
eigenvalues are influenced not just by individual coefficients but also by their combined
influence. The following bound follows by employing Theorems 2.3 and 2.17 to other

different decomposition of H.

Theorem 3.21. [/, Theorem 2.7] If X\ is any eigenvalue of P(z), then

+%(1+M)+1

In the next result, Theorems 2.9, 2.17, and 2.19 are used to obtain a new bound for

the eigenvalues.

Theorem 3.22. [/, Theorem 2.8] If X\ is any eigenvalue of P(z), then
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(A B
Now, consider the partition of H as H = o , where
- 000 0 0
1 100 0 0
0 010 0 0
A=), B=[ 85 - B, C= || ad D=y o 1 o
0 Do o
o 000 -~ 1 —1

Using this partition of H, a new bound of eigenvalues of P(z) is derived, as stated
in the following theorem.

Theorem 3.23. [4, Theorem 2.9] If X is any eigenvalue of P(z), then

A< 180+ vE+ | (81— VD24

A

Proof. By the partition of H = and Theorem 2.9, we have

Al < )

p(H
~ (]a B
- "o b
d

1Al 1B
Il 1ol

IN

(HAII + 1D+ (1Al = 1DI)? + 4HB||||CH) :

N —

Now, since [[A[| = [51], | B = /225, 52, IIC]l = 1, and

0 0
0 0O --- 00
0 01 0 0
DD* =
0
000 0 2
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So, | D|| = V/p(DD*) = V2.

Thus,

A< | 1B+ V2+ (18] — V22 +4, )82
=2

1
2

]

We note that all Theorems 3.15-3.23 based on the [3; which depends on the spectral
radius of A;. Therefore, it easy to compute these results for many matrix polynomials.
Through many numerical examples, we observed that Theorem 3.23 often gives better

result than the rest.

In the coming example, we take the same matrix polynomial in Example 3.4 to

compare all bounds in Theorems 3.15-3.23.

Example 3.5. Consider the monic matriz polynomial P(z) = 123 + Azz* + Ayz + Ay,

where

Alz 7A3:

NN

2 2
6 2 3 A2:
2 6

S O =
S = O
- O O
o o O
o o O
o o O

Then the following table provides bounds for eigenvalues of P(z).

Table 3.2: Comparison of several upper bounds

Theorem Upper bound

Theorem 3.15 5.288873605350877
Theorem 3.16 5.755604389124888
Theorem 3.17 9.100356356720601
Theorem 3.18 5.531128874149273
Theorem 3.19 5.514993334118501
Theorem 3.20 5.354101966249683
Theorem 3.21 7.193846301110436
Theorem 3.22 6.081138830084188
Theorem 3.23 3.974536333077138

Therefor, the bound in Theorem 3.23 gives |A| < 3.974536333077138, for any A €
o(P). For this matrix polynomial we note that the upper bound provided by Theorem
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3.23 is better than all upper bounds mentioned in Table 3.1 and Table 3.2.

In the previous theorems in this section, we use the matrix H = Qé(P)Qil to derive
new upper bounds to the eigenvalues of P(z). Here, other invertible matrix, say ) is
presented and then we will define the matrix H;, = Q;C(P)Q;" which is similar to the
matrix C(P) to provide other bounds.

Now, Consider the invertible m x m matrix

1 -1 -1 —1 - —1]
0 1 -1 —1 - —1
o 0 1 -1 . -1
le )
0O 0 0 1 —1
: ~1
0O 0 0 0 1
and the inverse of )y is
1124 - (22
0112 ... (2)m3
00 1 1 - (2t
-1 __
@ 0001 (2)m=>
0000 1
01 0y O3 04 Om
1 0 0 O 1
. 0 1 0 0 1
Define H, as H, := Q,C(P)Q;". Then H, =
0 0 0 1
0 0 0 1 1
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where

o = —1+p(An),

o2 = 01+ (=14 p(An-1)),

03 = 01+ 0+ (=14 p(An-2)),

6y = 01+ 06+ 03+ (=14 p(An-3)),

5m = 61+52++5m—1+p(141)

Now, we write H; as Hy = K + U + M, where

5, 5y 65 6 5. —1 00 0 01
00 0 0 0 100 00
0 010 00
K= 0 V=10 01 00
0 0 0 0 0 000 10
and _ _
000 00
00 0 0 1
00 0 0 1
M=10 0 ¢ 0 1
000 0 1

So, using this decomposition of H;, the next result is obtained.

Theorem 3.24. [16, Theorem 2.1] If X is any eigenvalue of P(z), then

i=1

1 mfl2 , 1
|A|§§ 61+J25i+(5m1) +1+§<1+\/m—1>.
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Proof. We have

RY

IAIA
22 A

IA I
S

IN
g
=
+
=8
S
+
£
=

Now, we use the fact that w(U) = p(U) = 1, since U is a unitary matrix. By Theorem
2.17 we have

Also,
_0 u T
w(M) = w 01 (whereu =011 1),
_ (o
- 0 1
0 vm —2
= w
0 1
1 0 -2
= 5P ( — m2 ]) (by Theorem 2.8),
1
Thus,
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The above theorem gives an upper bound for the eigenvalues in terms of §; and the
degree of the matrix polynomial P(z). To introduce other bounds for the eigenvalues of

P(z) that also depends on ¢; and m, we present a new partition of H; as follows:

An A Agg
Hy = | Ay Ay Ass|,
Asp Asy Asg
where
Ay = [51 , App = [52 03 -+ 5m71i| , Az = [5m] :
1] 0 0 ... 0] 1]
0 1 0 --- 0 1
A21 = - A22 = : . : - A23 = )
0 0O --- 1 0 1
A31 = [0],1432:[0 0 ---1 }, and A33:_1 .

Using this partition of H;, the following result is obtained.

Theorem 3.25. [16, Theorem 2.2] If X is any eigenvalue of P(z), then

m—1 2

1 O
|/\|Smax{|51|,§<1+\/m—2>}+max{cos T ,M}erax 1,

Proof. By the previous partition of Hy, we have

Al < w(Hy)
An A Agg
= w Ay Agy Aos
Ay Asy Asg

w(An) Al (A
HA21 H 'U}(AQQ) HA23H (by Theorem 210)
[Asil] (| As2]  w(Ass)

IN
g
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Now,

T o
w(Ay) = [61], w(Az) = cos — w(Ags) =1, [[Apll = /305" 162,
[Aw]l = |6ml, [[A2i]] = 1, [[Ags]| = vVm — 2, [[Az]| =0, and [[As| = 1.
So, by applying Theorem 2.22, we get

=3 5o
A < max{ |5, w [O m ] +max 4 cos — " w [O | ‘]
m—1 0 0

1 0

+max{1l,w

0 Z:,igl |5i|2 }
1 0

Thus,

1
IA| < max{|51|, 3 <1 +vVm — 2) }—i—max {cos

In the subsequent two theorems, the previous partition of H; is used to give other

bounds.

Theorem 3.26. [16, Theorem 2.3] If X is any eigenvalue of P(z), then

A < max{|51|,cos T ,1}
m—1

1 o m—14+vm2—6m+ 13
: 52 1
+3 Z:;Jr\/ +

2

Theorem 3.27. [16, Theorem 2.4] If X is any eigenvalue of P(z), then

Al < max{|51|,cos T ,1}
m— 1

—_

1
+— max L+ |0 +

: 52 +\/m — 2 ,<1+|5m|+m)
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Now, Theorem 2.11, Theorem 2.10, and Corollary 2.3 are used with a new partition

of H; to prove the following theorem.

Theorem 3.28. [16, Theorem 2.5] If X is any eigenvalue of P(z), then

1
Al < §<|51|+cosm7r 1+1)

1 m
+3 403+ (14 162))2 + ) 62+ /62, +m+5
\
1 T m—1
- 2 2 2
+ \4008 ——— +(1+%)) +Z(5i +m+1
=3
Proof. Using Theorem 2.4 and Theorem 2.11, we have
Al < w(H)
I 5| 16s] o om-1|  [oml]
5 L B e
1+4[02] 1 1
|52 |2 0 3 0 0 5
: 1 1 1
2 2 0 3 0 3
[64] 1 :
S w 74 0 3 0
. E . c‘. l l
Lol 00 L0
|<52 | 1 1 ?
2 3 2 s L1
My My M
Now , consider the partition Hy = | My, Msyy Mg |, where
M3z, Mszy Mss
My, = [\(51|] , My = [—12‘62' % % —|6m2_1| , Myg = M3 = [%} )
[ 14155 | 01 0 0 [1]
3 Lo L 0 |
%] 2 2 3
My = DAt Myp=10 L 0 O, Mas ="/,
DY : . . 1 l
[6m—1] ’ T2 2
B 0 0 3 0 1]
M32 = [% % % 1 s and M33 = |:1i|



Thus, by Theorem 2.10 we obtain

My, My M
A < w My, My Mo
M3y Msy  Mss

w(My) [[Mio| || M|
< w | Mar]|  w(Mao) || Mas||
[ Ma||  [[Msz||  w(Mss)

m— Om
A S 1)+ Tt Ll
= w0 (8] + T 6 cos ;7 L=
M m+1 1
i 2 2
1
< 5 (|(51]+cos —|—1)
1 m
— 2 2 2 2
+7 [ 4] 407 + 1+ o)) +§5i+ 02 +m+5
1 T m—1
+ 4c032m_ ; +(1+\52|)2+;(53+m+1 (by Corollary 2.3).

]

Now, once again we take the matrix polynomial given in Example 3.4 and compare
the upper bounds of eigenvalues obtained in Theorem 3.24, Theorem 3.25, Theorem
3.26, Theorem 3.27, and Theorem 3.28.

Example 3.6. Let P(z) = I12° + A3z + Azz + Ay, where

Alz 7A2:

NN D
N O N
(SN (VI V]
S O =
S = O
- O O
&
|
o O O
o O O
o O O

Then we have the following table.
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Table 3.3: Comparison of several upper bounds

Theorem Upper bound

Theorem 3.24 7.830582164166344
Theorem 3.25 7.999999999999998
Theorem 3.26 7.797276724936021
Theorem 3.27 7.999999999999998
Theorem 3.28 7.634801217463689

If A is any eigenvalue of P(z), then the bound in Theorem 3.28 give || < 7.634801217463689,
but that in Theorem 3.23 gives better estimates than all estimates mentioned in Table
3.1, Table 3.2, and Table 3.3.

In [16], the bounds in Theorems 3.15-3.28 are compared by the the following matrix

polynomial.
L1 11 -1 10 0
Qlz)y =1+ |+ L L1224+ -1 1 —1lz+|0 -1 0
113 -1 -1 1 0 0 -1

The bound in Theorem 3.22 gives the best estimation for the eigenvalues of Q(z)
comparing to Theorems 3.15-3.28 which is |A| < 2.707. We note that in our example the
bound in Theorem 3.23 provides the best estimation and in the other example Theorem
3.22 provides the best estimation comparing to Theorems 3.15-3.28. In addition, the
order of theorems according to preference change. Therefore, we conclude that in general
it is not possible to compare the sharpness of these bounds of eigenvalues of matrix
polynomials. But we can only compare them through some special cases by numerical

examples as we did in Example 3.4, Example 3.5, and Example 3.6.

3.4 Cauchy and Pellet theorems for matrix polynomials

In 1829, Cauchy presented a simple but classical result [36, Theorem 27.1], which states
that all zeros of the polynomial

P(2) = Q1 2™+ am2™ gz Fag

with complex coefficients and a,,,1 # 0, lie in the disk |z| < ¢, where ¢ is the unique
positive root of

|ami1]2™ — |am|?f”_1 — oo —aglz — |ag| = 0.
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In [10, 17, 37], a generalization of Cauchy’s classical result was derived. Before stating
it, we introduce the generalized Rouché theorem for matrices which help to prove the

generalized Cauchy theorem.

Theorem 3.29. [17] (Generalized Rouché Theorem for matrices) Let A, B :
Q — M, (C) be analytic matriz-valued functions, where Q0 is an open connected subset

of C and assume that A(z) is nonsingular for all z on the simple closed curve I' C Q.
If |A(2)"'B(2)|| < 1 for all z € T, then det(A + B) and det(A) have the same number

of zeros inside T", counting multiplicities.

Theorem 3.30. [10, 17, 37](Generalized Cauchy Theorem) All eigenvalues of the

matrix polynomial
P(2) = Apy12™ + Apz™ oo Agz + Ay

where A; € M,,(C), fori=1,2,...,m+ 1, lie in |z| < R when A,,,1 is nonsingular,
and lie in |z| > r when Ay is nonsingular, where R and r are the unique positive Toots

of
u(@) = A7 2™ = [ Anll2™ ™ = = [[Agflz = A =0

and
() = [ Amaalle™ + | Anlle™ + - + [ Aalle — A7 =0,

respectively.

Proof. At first, we note that the polynomial [(x) has one sign change, then by the
Descartes’ rule of signs, [(z) has unique real positive root, say r. Also, [(0) = —|| A7~ <
0 and I(r) = 0, which implies that [(z) < 0 for all 0 < x < r. Since I(x) < 0 for

0 <z <r, we have,
[Amsalla™ + [[Amllz™ " + - - + | Aalle < [JATH] T,
so that
(A7) (A ll2™ 4+ |Am 2™ + -+ [|Ao]jz) < 1, forall0 <z <7
Thus, for all |z| < r we have

AT (A1 2™ + Apz™ ™ 4+ Agz)|
<ATHI (A 2™ + Apz™ - Agz)|
< (IATHD (A 2™ + Al 2™ 4 - -+ [|A2l]2]) < 1.
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Now, define the simple closed curve I as T' = (r — €)e?, where 0 < § < 27. Then for all
e>0andall ze€T

||(A1_1)(Am+lzm + A,z 4 Ayz)|| < 1.

So, by Theorem 3.29, P(z) and A; have the same number of eigenvalues of moduli less
than r, but since A; is nonsingular then A; has no eigenvalues of moduli less than r.
Therefore, all eigenvalues of P(z) lie in |z| > r. The proof of upper bound is similar.

[

Pellet’s Theorem for scalar polynomial was obtained in ([38], [39, Theorem 28,1])
which says that for the polynomial

P(2) = Qg1 2™ A 2™ agz Fay

with complex coefficients, m > 2, and ayaxyq # 0 for some k with 1 < k < m — 1. If the

polynomial
|Gt | 2™ F || 2™ 4 - a2 — Japgr |28+ Jag]2 T -+ Jag]a 4 |ad

have two distinct positive roots ¢; and ¢y with ¢t; < 5. Then p has exactly k zeros in the
disk |z| < ¢; and no zeros in the annulus ¢; < |z| < to. Note that Cauchy’s result can

be considered as a special limit case of Pellet’s Theorem [17].

Similar to Cauchy’s result, a generalization of Pellet’s Theorem was obtained in [37,
17]. Also generalized Cauchy Theorem can be considered as a limit case of generalized
Pellet’s Theorem for £ = 0, m. In the following theorem we give the generalized Pellet

Theorem.
Theorem 3.31. [17/(Generalized Pellet Theorem) Let
P(2) = Apy1 2™ + A 2™ o Ay + Ay

be a regular matriz polynomial with m > 2, A; € M, (C), fori =1,2,...,m+ 1, and
A1 #0. Let Axyq be invertible for some k with 1 < k < m — 1 and let the polynomial

fir@) = [Amale™ + [Anlla™ " 4+ [ Apgall2™F = A 72
Al Azl + ([ A

have two distinct positive roots xy and xo with 1 < x3. Then det(P(z)) has exactly kn

zeros in the disk |z| < x1 and no zeros in the annulus xy < |z| < x.
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Proof. fr(x) has two sign changes, so by the Descartes’ rule of signs, fi(z) has either
two or no positive roots. Assume that fi(z) has two positive roots x; and xy with
x1 < xg. Since fr(0) = ||A1|| > 0 and fi(z1) = fr(z2) = 0 we have that fi(x) < 0 for all

r1 < x < X9, which implies that

m

(HA,;LH:C*) S Al | <1, forall o, < 2 < 2.
=0
ik

Now, for all x; < |z| < x9 we have

m m
(Aeaz) " | A || = (BAD ) | 2 Ml 1o
oy oy
< 1

Define the simple closed curves I'y = (x; +¢€)e? and 'y = (25 — €)e? | where 0 < 6 < 2.
Then for all e > 0 and all z € I'; and all z € I's we have

1 m )
(Ak+12k> ZAi—&—lZI < 1.
i=0

ik

It clear that the zero is eigenvalue of A, 2* with multiplicity kn, then by Theorem 3.29
P(z) has kn eigenvalues lie in |z| < x;. Also by Theorem 3.29 P(z) has kn eigenvalues
lie in |z| < x9. Therefore, P(z) has exactly kn eigenvalues in the disk |z| < z; and no

eigenvalues in the annulus z; < |z| < .

O
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Chapter 4

Location of the eigenvalues of

special matrix polynomials

In this chapter, we will deal with matrix polynomials with certain conditions in its
coefficients. We present the definitions of doubly stochastic matrices and Schur stable
matrices. In addition, we study the upper and lower bounds for the matrix polynomials

with unitary, doubly stochastic, and Schur stable coefficients.

In [8] it was shown that the eigenvalues of matrix polynomials with unitary coefficients
lic inside the annulus § < |A] < 2, and in [18, 29] the same result was displayed for matrix
polynomials with doubly stochastic coefficients. Also in [18] some results for the matrix

polynomials with Schur stable coefficients were proved.

Now, consider the family of all matrix polynomials with unitary coefficients

m
U= E Aiq12' © A; are n X n unitary matrices, n,m € N » |
i=0

and let
oy ={A: A€ o(P) where P € U} and |oy| = {|\ : A € oy}

Based on Rouché Theorem, Generalized Cauchy Theorem and Intermediate Value

Theorem upper and lower bounds on |oy| are provide in the coming theorem.
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Theorem 4.1. /8, Theorem 3.2] Let P(z) € U. Then for any X € C, such that X\ is an
eigenvalue of P(z), it follows that

1
— < Al < 2.
> <

Proof. We want to show that 2 is an upper bound for |oy|. Its is known that for any
unitary matrix U, ||U| = 1. Since unitary matrices are nonsingular, by this fact and
application of the Generalized Cauchy Theorem on P(z) we get that for any eigenvalue
of P(z), |\| < R, where R is the unique positive root of the function v : R — R defined
by

u(z) =a™ — 2™t — . 1,

Since 2™ > 2m~1 4 ... + 20 it follows that u(2) > 0, also we have u(1) < 0. Then
by the Intermediate Value Theorem u(x) has a root in the interval (1,2), but u(x) has
unique positive root R. Therefore, R € (1,2). This implies that the modulus of any
eigenvalue of P(z) is bounded above by 2.

We now show that % is a lower bound for |oy|. Similarly, by Generalized Cauchy

Theorem, the modulus of any eigenvalue of P(z) is bounded below by r, where r is the

unique positive root of the function [ : R — R defined by
l(lx)=a™+ - +2x—1

EOE

i=1 =1

Now,

Therefor, I(3) < 0 and (1) > 0. Then by intermediate value theorem r € (3,1). This
implies that || > 1, where A is any eigenvalue of P(z).
[l

Note that, Theorem 4.1 provides upper and lower bounds on the set |oy|. But we
cannot be sure that these bounds are the optimal. In fact, in the next theorem it is

shown that they are the least upper bound and greatest lower bound of the set |oy].

1
Theorem 4.2. [8, Theorem 3.3] sup |oy| = 2 and inf |oy| = 3"

60



Proof. By Theorem 4.1, % is a lower bound for |oy|. We want to show that there is
no number in the interval (3,2) can be a lower bound to the set |oy|. Let r € (3,1).
Then 32, 7% > 1, which implies that there exist ¢ € N such that >/, 7 > 1. Consider
P(z) € U defined as

Plz)=2"T+2" U+ 2l I

Therefore det P(z) = (2' + -+ + z — 1)". Then by Descartes’ rule of signs P(z) has a

real positive eigenvalue and its the root of the polynomial
l(z)=a"+ - +2—1.

Now, I(r) > 0 and I(3) < 0. So, by intermediate value theorem there exist A € (3,7)
such that [(A) = 0. Therefore, we find a positive eigenvalue of P(z) less than r. Thus,

r is not a lower bound of |oy].

Again, by Theorem 4.1, 2 is a upper bound for |o,|. We now show that there is no
number in the interval (3,2) can be an upper bound to the set |oy|. Let R € (1,2).
Now, define the matrix polynomial P(z) € U as

P(z)=2"1 — (2" '+ + 2l +1).

Therefore, det P(z) = (2™ — (2™ '+ -+2z+1))" So, P(z) has a real positive eigenvalue

which is the root of the polynomial
u(z) =™ — (2™ - 1),

Assume that R is an upper bound for |oy,|, then R™ > R™ ! + ... + 1. Otherwise, if
R™ < R™'4...41, then u(R) = R™— (R™ '4---4+1) < 0 and also we have u(2) > 0.
Once again, by Intermediate Value Theorem there exist A € (R,2) such that u(\) = 0,
which is contradicts our assumption that R is an upper bound for |oy]|.

Thus,

1-R™
R">R™!'4...41=
= + + 1— R’
) 1—R™
since (1 — R) <0, then (1 — R) < T , S0 we have
(2-R) < — (4.1)
_Rm' .

The inequality (4.1) must be true for all m € N, as m — oo, we have (2— R) < 0, which

implies that R > 2. This is a contradiction. Therefor, R is not an upper bound for |oy/|.
O
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Example 4.1. Consider the matriz polynomial

-1 0 1 0
Z 4+ ,
0 1] [O 1]

- {5 e a7

22+

then

2 2

We note that the coefficients of P(z) are unitary, so the modulus of eigenvalues of P(2)

1
lie m§ < |Al < 2.

In the following, we present the definition of doubly stochastic matrix.

Definition 4.1. [18/ A square matriz of nonnegative real numbers is called doubly

stochastic matriz if each row and column sums are 1.

Now, consider the set D = { ZZO A2 1 A; are nxn doubly stochastic matrices and

A1, A1 are n X n permutation matrices n,m € N}, and let

op ={A: X € 0(P) where P € D} and |op| = {|\| : A € op}.

If B is doubly stochastic matrix, then ||B|| = 1 [1]. The question is whether the
eigenvalues of matrix polynomial with doubly stochastic coefficients lie in the region
% < |A| < 2. The answer to this question is yes, they lie in the same region as in the
unitary case. And the result summarized in the subsequent two theorems, also, the proof

of the this two theorems is the same as in the unitary case.

Theorem 4.3. ([29], [18, Theorem 2.1]) Let P(z) € D. Then for any A € C, such that
A is an eigenvalue of P(z), it follows that

1
— N < 2.
S <A

1
Theorem 4.4. ([29], [18, Theorem 2.2]) sup |op| = 2 and inf |op| = 3"
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Remark 4.1. If A, 11 or Ay or both are doubly stochastic matrices, but not a permutation

matriz, then the eigenvalues may not necessarily lie in the region 5 < Al < 2 as

illustrated in the next example.

Example 4.2. Consider the matriz polynomial

o]

10
01

22 + Z 4+

= o
— 1

oy =

then
-1 3v21 1 3
o(P)=¢q¢— 4+ —, —ii£ .
2 14 ° 2 2
-1  3v21 1
The eigenvalue - + i = 0.48198 is less than 5

Now, we address the matrix polynomials with Schur stable coefficients. Schur stable

matrices are defined in the ensuing definition.

Definition 4.2. [18] A square matriz A is said to be Schur stable if all its eigenvalues

are located in the open unit disk. That is, the eigenvalues of A has modulus less than 1.

More generally, for some r > 0. Let
M, = {A: Ais a square matrix with |A] <7, VA € 0(A)} .

Now, consider the family of all monic matrix polynomials with commuting matrix

coefficients whose eigenvalues are of modulus less than r

m—1
S, =< 12"+ E A2 Ay € M, are n X n commuting matrices, n,m € N » |
i=0

os, ={A: A€ o(P) where P € §,} and |os,| = {|\| : A € 0s, }.

The coming two lemmas will be used to prove the first theorem for matrix polynomials

with Schur stable coefficients.
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Lemma 4.1. (e.g., [1, Theorem 2.5.3]) Let F C M, (C) be a nonempty commuting
family. Then there is a unitary U € M, (C) such that U*AU is upper triangular for
every A € F.

Lemma 4.2. [30] Let p(2) = apmi12™ + -+ agz +ay be a complex polynomial of degree
m. If X € C is a root of p(z), then

A<t ol el el

‘am+1’ 7 |am+1‘ o ‘aerl‘

Theorem 4.5. [18, Theorem 2.6] Let P(z) = I2™ + Ap2™ '+ -+ Asz + Ay €S, If
A € C is an eigenvalue of P(z), then |A| <r+ 1.

Proof. Fori=1,2,...,m, the coefficients A;’s are commute with each other, therefore by
Lemma 4.1 there exists a unitary matrix U such that U*A,U = T;, where T; € M, (C) are
upper triangular matrices, for all e = 1,2,...,m. Let tgil), tgg e ,t,(f% are the eigenvalues
of A;. Since A; € M, and similar to T}, then for k =1,2,... ,nand i = 1,2,...,m we

have ‘t;j,g < r. Also, we write T} as

pe |0
0 0 @

Now, define Q(z) as
Q(z) = UP>U
= 12"+ T 2™ e+ Tz + Th.

We note that all coefficients of (z) are upper triangular matrices. Hence,

det(P(z)) = det(Q(2))

= JJEm+ e+ e 1),
k=1

Therefore, the eigenvalues of P(z) are the zeros of the polynomials
2ttt )
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for K =1,2,...,n. Thus, by using Lemma 4.2 we get that for any A\ € o(P)

m 2 L
N < 1 ma (I
< r+1

]

The next example is taken from [31]. This is one of the examples that appears in

applications.

Example 4.3. [18, 31] Let Q(z) = Mz? + Cz + K, where

M=10=10T, K=5T, T =

The quadratic eigenvalue problem Q(z)x = 0 arising from a linearly damped mass-spring
system. It clear that || T||sc = 5. S0 ||C||lec = 10||T||ec = 50 and ||K||s = 25. By the fact
that p(A) < ||A|le for any square matriz A we get that the eigenvalues of M,C and K
have modules less than or equal 50. Therefore, the eigenvalues of M,C, and K lie inside
the disc of radius 50 4+ € for any € > 0. This mean Q(z) € Ssore. Thus by Theorem 4.5
IA| <50+ €+ 1, for any A € 0(Q). Since € > 0 arbitrary, then || < 51.

Since the eigenvalues of Schur stable matrices has modulus less than 1, then following

corollary follows directly from Theorem 4.5.

Corollary 4.1. [18, Corollary 2.7] Let P(z) = I2™ + Apz™ ' + -+« + Ayz + Ay, where

A;’s are commuting Schur stable matrices. If A € C is an eigenvalue of P(z), then

|A] < 2.

Theorem 4.5 provides bounds for |os,|. The subsequent theorem confirms that this

bounds are optimal.

Theorem 4.6. [18, Theorem 2.8] sup |os,| =1+ 1 and inf |og,| = 0.
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Chapter 5
New bounds

In this chapter, we derive new upper bounds for the eigenvalues of monic matrix polynomials
with commuting coefficients by employing several numerical radius inequalities to the
Frobenius companion matrices of these polynomials. Related results can be found in
[15, 45]

Consider the monic matrix polynomial P(z) = I2™ + A,,2™ ' + -+ + Asz + Ay of
degree m > 2, with A; are commuting matrices for 7 = 1,2,...,m. As mentioned in

Section 3.3, if A is an eigenvalue of P(z), then

1= (e1m) < () < o]

where ~ _
p(An)  p(Am-1) p(A2) p(Ar)

1 0 0 0

C(P)=| 0 1 0 0

0 0 1 0

11 1
01 1 1
D=:10 0 1 1],
S0 1
00 0 1
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so the inverse of D is

1 =1 0 0

0 1 -1
D't=10 0 1 0
: —1
0 0 0 1

Let V := DC(P)D™, then

:0<Am> +1 p<Amfl> - p<Am> p(Ame) - p(Amfl)
1 0 0
0 1 0
V= 0 0 1
0 0 0
0 0 0

p(Az) = p(A3)
0

The matrices V and C(P) are similar, so they have the same eigenvalues. Therefore,

by using numerical radius inequalities on V' we get our new bounds. In the following

theorem, we state our first estimate for the eigenvalues of P(z).

Theorem 5.1. If A is any eigenvalue of P(z), then

A< 5 |\ 00— s+ (o) - ol 1)
+%\/m — 2+ cos m7—T|— 1 + p(An) + 1.

Proof. To prove this theorem we write V' as V = My + My + M3 + L where

0 p(Am—l) - p(Am)
0
M, = 0
0 0

p(A2) = p(As) p(Ar) — p(Az) — 1]
0 0
0 0
: I
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M

000 0 0 p(An)+1 0 0 0 0 000
000 0 —1 0 00 0 0 100
000 0 —1 0 00 0 0 010
- | M= 0 0 0 o ol =100 1
-1 :
000 0 0 0 00 0 —1 000
Now,
Al < w(V)

= w(M;+ Mo+ Mz + L)

It remains to estimate w(M;), w(Mz), w(Ms;), w(L). Using Theorem 2.17 we have

-1

w(M;) = % : (P(Az') - :O(Ai+1))

3

2

+ (p(A1) = p(Az) = 1)°

@
Il
N

For w(M,) we have

[0
w(M;) = w 0 g] (whereu=[0 —1 —1 --- —1]7),
[0
< w X g]) (by Theorem 2.9 (1)),
_O m—2
= w
0 0
1 -2
= 5P [ mo— 5 m() ] (by Theorem 2.8),
1
= 3 < m — 2) (by Remark 2.1).

Now, since M3 is normal, we conclude that

w(Ms) = p(Ms) = max{p(Ay) +1,1}.
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Also, since p(Ay,) > 0, then w(M;) = p(A,,) + 1. Finally, by Theorem 2.15 we have

w(L) = cos "=

m—+1"°
Thus,
1 m—1 ) )
A< 5 [ DD (000 = p(Ai) + (plAs) = p(42) — 1)
i=2
+%\/m — 2+ cos m7r T+ p(An) + 1.

Theorem 5.2. If A is any eigenvalue of P(z), then

< 1 (PO 1000 17 (o) = )]+ 1))

1 2
- cos—— + 1+ cos —— — 1 + (1 4+ vm — 3)?
4 m— 2 m— 2

Al <

1
1 2
+3 (a+b2+1)+\/(a+62—1)2+4b2>
2
1|1 T T 2
+= | = [ cos +1+ oS —1) +(1+vm—=3)2| +1,
2\| 4 m— 2 m— 2

where a == Y7"° (p(A) — p(AiH))Q and b := p(Ay) — p(As) — 1.

Proof. Consider the partition of V' as follows:

V= Kll KIQ ’
K21 KQZ
where
11 — ’
1 0
feyy = | PUAn2) = (AR) o plAa) = p(As) p(Ar) = plAs) = 1]
0 0 —1 ’
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o 00 0 0 -1

01 100 -~ 0 -1

0 010 -+ 0 -1
Ka= . s K=l o —1

00 :

- 000 1 -1

By applying Corollary 2.3 we get

w(V) < o (w(Kn)+ Ve (K) ¥ [Kal?)
g (w0(Fm) + P (o) + K] (5.1)

To complete the proof, we need to estimate w( K1), w(Kaz), [|[ Kz, || K21 |-

Now,
p(An) + 1 |p(Amc1) = p(An)]
w(Ky) < w ( ) 0 ) (by Theorem 2.9 (1)),
- L 20(An) +2 Ip(Ano1) = p(An)] +1
27\ {Ip(Am—1) — p(Ap)| +1 0

1

= 3 () = 1 (o) + 17+ () — )] 1)) 62

Now, we want to estimate || K]

Kok, — |2 (p(A) = p(Ai)) + (p(A1) = p(A2) = 1)° p(A2) = p(Ar) +1
. p(Az) — p(A1) +1 1

Y

S0,

Kl = p(Ki2K7,)

_ \/% ((a TR+ (ar 212+ 4b2> (by Remark 2.1),  (5.3)

where a = Y°1"% (p(A;) — p(Ai1))” and b= p(Ar) — p(Ay) — 1.
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Now, for w(Ky), Let u=| | and v = [0 0 --- 1]

Thus,

iy < ([ )

w(Lm—z) |l
o] 1

IN

w

] ) (Corollary 2.1),

(w(Ems) + 1+ V(L) = 7 + (el + [0])?)

1
2
= %(cosmﬂz+1+\/(cosmﬁ21) +(1+Vm3)2)- (5.4)

™

Note that from Theorem 2.15, w(L,,_3) = cos

m—2
Finaly,

[ Ko ]| = 1. (5.5)
Hencs, by substitute (5.2), (5.3), (5.4), and (5.5) in (5.1) we have

1

A< 3 (o) 4 14 () + D7+ (o) = )]+ 1))

1 2
4+ [cos —— + 144/ cos —— —1 + (14++vm —3)?
4 m— 2 m — 2

(a+62+1)+\/(a+b2—1)2+4b2>

2

1|1 ?
b= |2 leos—— 41+ cos —— — 1 +(1+vm—3)2| +1,
21\ 4 m— 2 m— 2

where a = Y7,% (p(A;) — p(Ais))” and b= p(A;) — p(Ay) — 1.
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In the next Theorem, we use the same partition of V' which is used in Theorem 5.2.

But we use Corollary 2.1 instead of Corollary 2.3.

Theorem 5.3. If \ is any eigenvalue of P(z), then

Mg (at8+via=BET o+ D2,

where

v o= \/ ((a+b2—|—1)+\/(a+b2—1)2—|—462>,

and a = 3757 (p(As) = p(Ai1))’, b= p(A1) — p(Az) — 1.

K, K
Proof. Consider the partition V = KH Ku , where Ky1, K19, Koy, K99 are defined
21 22

in Theorem 5.2. Then application of Corollary 2.1 to gives

(V) [w(Km 17

[ Kol w(Ka2)

= % (w(Ku) + w(Ka) + (w(Ki1) — w(Kgw))? + (| K + HK21]|)2) ,

where w(Ki1), w(Ka), |[Kial|, || K21 estimates are computed in Theorem 5.2.
By take a = w(K11), 5 = w(Ky), and v = || K12|| we get the result.
[

In the coming theorem, we use the same method in proof of Theorem 3.24 to provide

new bounds for eigenvalues of P(z).

Theorem 5.4. If A is any eigenvalue of P(z), then

1
Al < 1+§(1+\/m—1)

+ (p(A1) — p(Ay) —2)°
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Proof. At first, we write V as V = C; 4+ Cs + U, where

P(Am)+1 p(Amfl)
0
Cy = 0
0
0O 0 0
0 0 0
0 0 0
=19 0 0
0O 0 0
Then
Al

0
0

= p(An) p(A2) — p(As) p(A1) — p(A2) — 2
0 0
0 0 ’
0 0

0 0 00 0 0 1

0 —1 100 0 0

0 —1 010 0 0

0o —1|-adU=1]y ¢ 1 0 0

0 —1 00 0 10

< w(V)

= w(C,+U+C)

< w(Cy) +wU) +w(Cy).

Since U is unitary, then w(U) = 1. To estimate w(C}) we use Theorem 2.17 and we

get

3

W(Cy) <

i

% p(Am)+1+\l

1

(p(As) = p(Ais1))” + (p(Anm) +1)

Il
M)

Now, we want to estimate w(Cs),

0

w(Cy) = w 0
< w

o 0

[0
= w

0

+ (p(Ar) — p(As) — 2)°



1 0 vm —2

— 2, " (by Theorem 2.8),
2 m—2 2
1

= 3 (1 +vm— 1) (by Remark 2.1).

By using the same steps in the proof of Theorem 3.28, we establish other new bound

the eigenvalues of P(z) as it is documented the following theorem.

Theorem 5.5. If A is any eigenvalue of P(z), then

Al < 1 —i—l—i—cosm?:l—i-l)
+ + 12 + (1 + |p(An-1) — p(An)])? + ‘_ (p(Ai) = p(Ait1))? + o2
1
T (
+ deos? b (L4 [p(Amt) = p(Am)])? + D (p(A) = p(Aia))? +m+1

where a = p(Ar) — p(A2) —

Here, we take the same matrix polynomial that mentioned in Example 3.6 to apply
our new bounds for the eigenvalues of matrix polynomials to it and compare them with

some other result.

Example 5.1. Consider the monic matriz polynomial P(z) = I2° + A32® + Asz + Ay,

where
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6 2 2 4 0 0 000
Ai=1(2 6 2|, A2=1{0 4 0|, A3=10 0 O
2 26 0 0 4 000

Then we have the following table.

Table 5.1: Comparison of several upper bounds

Theorem 5.1 5.408668899902970
Theorem 5.2 5.804441399866167
Theorem 5.3 5.282546547149893
Theorem 5.4 5.579388104455560
Theorem 5.5 5.619549170505516

Through this example we not that Theorem 5.3 gives better upper bound for the
eigenvalues of this matrix polynomial than other our results. But it did not give a

better estimation for the eigenvalues than Theorem 3.23.

Now, we compare our new results with some of results mentioned previously by

taking other numerical example of matrix polynomial of degree 3.

Example 5.2. Consider the monic matriz polynomial P(z) = I2% + A32® + Asz + Ay,

where
5 3 3 311 111
Ar=13 5 g|, A2=|1 3 1|, 43=|1 5 1
1 1 1
115 113 11 4

Then the Table 5.2 provides upper bounds for eigenvalues of P(z).
We note from Table 5.2 that our third bound (Theorem 5.3) gives better estimation
for the eigenvalues of this matrix polynomial than other bounds and we have that for

any A\ € o(P)

A| < 4.518915173875558.
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Table 5.2: Comparison of several upper bounds

Theorem Upper bound
Theorem 3.8 6.057411647900729
Theorem 3.9 5.999999999999999

Theorem 3.10
Theorem 3.11
Theorem 3.15
Theorem 3.16
Theorem 3.17
Theorem 3.18
Theorem 3.19
Theorem 3.20
Theorem 3.21
Theorem 3.22
Theorem 3.23
Theorem 3.24
Theorem 3.25
Theorem 3.26
Theorem 3.27
Theorem 3.28
Theorem 5.1

Theorem 5.2

Theorem 5.3

Theorem 5.4

Theorem 5.5

7.545084971874736
6.109531234081206
6.336020108197149
6.796728149279611
8.719522630495298
6.573907535246749
6.578815026312832
6.403943276465976
7.523388082826173
6.403943276465976
4.871861997787114
9.599771908979756
11.249999999999996
9.764903887933098
11.249999999999996
9.986423007418404
5.957106781186547
5.592257748812904
4.518915173875558
6.165046997768509
5.921448480036181
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Conclusion

The primary goal of this thesis is to explore and derive bounds for the eigenvalues of
matrix polynomials. We started with reviewing fundamental concepts in matrix theory,
including matrix norms, numerical radius, and spectral radius. These concepts provided
the basic tool for establishing bounds of eigenvalues of matrix polynomials. Many
known bounds for the eigenvalues were discussed in this thesis as well. Through the
fact that similar matrices have the same spectral radius and using detailed analysis of
Frobenius companion matrices we established our new bounds for the eigenvalues of
matrix polynomials, particularly for matrix polynomials with commuting coefficients.
Further related bounds can be obtained if various similarity matrices are used. It is
worth mentioning that our results can be used in many applications in science and

engineering.
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