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Chapter 1

Introduction

Actually, fractional calculus is a part of real analysis that studies all the topics assum-
ing arbitrary real powers « of the differential operator; so, in the present situation
researchers are showing more interest to work in the field of fractional calculus as
a generalization of the ordinary calculus; which is one of our main targets in this
thesis, besides its various applications in physics, bio engineering, see [I1],and [20]
and recently a climate change model has been studied et al.[7].

For many years, many definitions of fractional derivative have been introduced
by various researchers, The most known are the Riemann Liouville definition and
the Caputo definition, see [I8], and [19], for some applications refer to [27], [25], and
[28]. The most well-known ones are:

1. Riemann-Liouville definition. For o € [n — 1,n), the a-derivative of f is

PN S SR ()
DL = Fr—ay i | Rt

2. Caputo definition. For o € [n — 1,n), the a-derivative of f is

o _ 1 A0
D) = 50— /xo TR

However, the following are some of the setbacks of one definition or the other:

1. The Riemann-Liouville derivative does not satisfy Dg(1) = 0(Dg(1) =0 for
the Caputo derivative), if o is not a natural number,

2. The two fractional derivatives do not satisfy the known formula of the derivative
of the product of two functions: D%(fg) = f(D%g) + g (D2f),

3. The two fractional derivatives do not satisfy the known formula of the derivative

: . pef)—f(D2
of the quotient of two functions: D¢ (5) = %,



4. The two fractional derivatives do not satisfy the chain rule:
Dg(fog) = g(x))g" (=),
5. The two fractional derivatives do not satisfy: D*DP(f) = D*T?(f), in general.

Khalil et al. [I5] has introduced a new derivative called the conformable fractional
derivative of f of order o € (0, 1] and for all x > 0 is defined by

7, (@) = i L) 2T

which is a natural extension and almost satisfies all the classical properties of the
usual first derivative.

Abdeljawad has a long history and an important contribution in this field, for in-
stance, et al. [I], [2], and [30], and other articles, they have developed and imple-
mented the fundamentals of the analytic theory of the conformable fractional calculus
and studied different topics and applications in the general fractional calculus. Re-
cently, they have combined fuzzy calculus, and conformable calculus to introduce the
fuzzy conformable calculus et al. [30].

Dixit and Ujlayan in [9] and [§] have introduced a U-D fractional derivative as
a convex combination of the function and its first derivative, where (D*f) (z) =
(1—a) f(x)+af'(z) for a € (0, 1], they have studied the main results of this operator.

Kajouni et al. [14] introduced a new fractional derivative based on an exponential
function defined as follows (D f) (z) = e~V f/(x).

Alhribat and Abu Hasheesh in [4], have used the limit approach definition that is
associated with the hyperbolic function to define a ne fractional de,rivative as follows
(Df) (z) = cosh((1—a)x)f'(x).; so, one can work on hyperbolic functions which is a
rich area of identities and nice properties that facilitates the computations, especially
in solving fractional differential equations.

Many types of fractional differential equations are studied and solved with respect
to the conformable fractional differential operator, and other fractional operators, for
instance, refer to [16], [17], and[3].

This thesis is organized as follows: In Chapter 2, we study the conformable frac-
tional 1 derivative that is undefined by Khalil et.al [I5] which is more natural and
effective than previous definitions nd can be generalized to include any a,we study
the main proprieties and theorems related to the definition.

In chapter 3, many types of fractional versions of differential equations according
to the conformable fractional operator are discussed and solved.

In particular, a- order conformable linear, Bernoulli, exact, and homogeneous frac-
tional differential equations of order « are studied. Moreover, the fractional differ-
ential equations of order 2« are generalized and investigated, for instance, fractional
generalization of Undetermined Coefficients, and Variation of Parameters methods
are presented.

Also, a linear system of fractional conformable differential equations is investigated
and solved.



Finally, in Chapter 4, other recent types of fractional derivatives such as UD-

fractional derivative, Exponential fractional derivative, and Hyperbolic fractional
derivative are introduced as a limit approach derivative, and they are associated
with the classical first derivative with different base(coefficient) functions.
On one side their Calculus and their main properties are studied and some compar-
isons with the conformable fractional derivatives and other fractional derivatives are
made. On the other side, many applications to fractional differential equations are
solved based on these fractional differential operators.



Chapter 2

Conformable fractional derivative

In this chapter, we study the conformable fractional derivative introduced by Khalil
.et.al [15] which is more natural and effective than previous definitions and can be
generalized to include any «, we study the main proprieties and theorems related to
the definition.

2.1 Properties and main theorems

In this section, we discuss, improve and complement some recent results of the con-
formable derivative introduced and established by Khalil et.al. [I5]. Among other
things we show that each function f defined on (a,b),a > 0 has a conformable
derivative if and only if it has a classical first derivative. [20]

Definition 2.1. Given a function f : [0,00) — R. Then the conformable fractional
deriwative of f of order a, 0 < a < 1is defined by

(T f) (2) = tim L EHE) — 1)

e—0 g

for all x > 0. If f is a-differentiable in some (0,a),a > 0, and lim, o+ (Tof) (x)
exist, then

(T.)(0) = lim (T..f) (2)

We sometimes, write f*(t) for (T, f)(t), to denote the conformable fractional deriva-
tive of order a.. In addition, if the conformable fractional derivative of f of order «
exists, then we say f is an a- differentiable function.



2.1. PROPERTIES AND MAIN THEOREMS

As a consequence of the above definition, the following useful theorem is obtained.

Proof. Since f is a — differentiable function at x = x(, we know that

(T f) () = fim 1 0+ 5707) = f(@0)

e—0 £

exists. If we next assume x # xy we can write the following

f (l'o + 6513(1)_a) - f(xo)5

3

flao+exg®)) = f(xo) =

as € — 0, then

lim f (zo +exy™®) — flwo) = f'(20).0

let h = 23", then

lim f (zo 4+ h) = f(xo)
h—0
Hence, f is continuous at xg [

The following theorem s an important result to prove the next consequences.

Theorem 2.1. (The Result Theorem of Conformable Fractional Derivative) If b >
a>0 and [ : |a,b] = R is differentiable function then f is a-differentiable function
at x > a, then

since by assumption, f is differentiable at x > 0. This completes the proof of the
theorem. []

It can easily be shown that T, satisfies all proprieties in the following theorem.

Proposition 2.1. Properties of Conformable Fractional Derivative.

Let a € (0,1] and f, g be a— differentiable at a point x > 0. Then

(i) To(c) = 0.c € R for all constant functions f(z) = c.

7



2.1. PROPERTIES AND MAIN THEOREMS

(i1) To(xP) = pxP~*, for all p € R.
(1ir) To(af +bg)(z) = aT,(f)(x) + 0T, (9)(z), for all a,b € R.
(i) To(f9)(x) = g(@)Ta(f)(x) + f(2)Talg)(2).

0(@) T () ()~ £(2) T (9) ()
(v) Ta ( )( )= o@T :

(vi) To(f 0 g)(x) = f'(g(2))Ta(g)(x) (Chain Rule).

Proof. Using Theorem 2.2, all properties will be proven consecutively. Now, for fixed
€ (0,1], it is easily seen that

This proves property (i).
Secondly, for the property (ii),

d
T, (xP) = xl_a%(:vp) =P

this propriety coincided happen with the same traditional definition of Riemann
Louisville and of Caputo on polynomials.
Using similar arguments applied to property (iii)

To(af +bg)(x) = z'~*(af + bg)'()
=a'"%(af + bg)'( )
= gl-@ (af )+ bg'(x )
=2 "af(z) + ' by (2)
= aT,(f)(z) + bTu(g)(2)

Hence, the definition satisfies linearity property. Then property (iv) is proven by

To(fg)(x) = 2" (fg) (x)
=z (f'g+ fd) ()
=27 (f'g) (z) + 2" (f¢) ()
=z f'(x)g(x) + 27 f(x)g (x)
= (Tuf(x)) g(x) + (Tag(x)) f(2)



2.1. PROPERTIES AND MAIN THEOREMS

Then, for (v)

Ta(f o g)(x) =t7(f 0 g)'(x)
=" f" (g(2))g'(x)
= f'(g(2))t" g (x)
= f'(9(=)) (Talg(2))
This completed the proof of the theorem. O

Corollary 2.1. Corollary of Quotient Property
Let a € (0,1] and f be a— differentiable at a point x > 0. Then

fo <%> - [ﬁ&é

Proof. Using Theorem 2.2 and the property (v) of proposition 2.1, then

(i) = (72a)

e [@)0) — ()

]

Corollary 2.2. Let a € (0,1] and f be a— differentiable at a point x > 0. Then

Toa(f(2))* =2 (f(2) /()



2.1. PROPERTIES AND MAIN THEOREMS

Proof. Using theorem 2.2, we get

To(f(2))* = 2" (f(2)*)'
' “(2f( )f' ()
—2( (2)f(x))

O
Further, many functions behave as in the usual derivative. Here are some formulas

Example 2.1. Conformable fractional derivative of certain functions:

(i) Tn (L2*) =1
(it) Ty (sin 22%) = cos L.

(iii) Ty (cos 2a®) = —sin 22,

() T, (eixa) = e,

We should notice that a function could be a- differentiable function for some «
at a point but not differentiable.

Example 2.2. let f(z) = 2y/x, then Ti/5(f)(0) = lim, o+ T12(f)(x) = 1 where
Ti/2(f)(0) =1 for x > 0. But T1(f)(0) does not exist. This is not the case for the
known classical fractional derivatives.

Ramark 2.1. The indez law, that is, T,Ts(f) = Tuis(f) for any o, 5 does not hold
mn general.

Indeed, if f(z) = 2®,a = 5,8 = 3 then T%T%(f) = Lg)x%, while T%Jr%(f) =
T:(f) = 246. Hence, T Ty (f) # Ty ().

Nezxt, we consider the possibility of a € (n,n + 1], for some n € N. We have the
following definition.

Definition 2.2. Let « € (n,n + 1|, and f be an n-differentiable at x, where x > 0.
Then the conformable derivative of f of order « is defined as

fllal-1) (w 1 m(fcﬂ—a)) — flal=1)(g)
To(f)(z) = lim :

e—0 g

where [« is the smallest integer greater than or equal to a.

Ramark 2.2. As a direct consequence of the above definition one can show that

To(f)(@) = 217 flel (a)

where a € (n,n + 1], and f is (n + 1)-differentiable at z > 0.

10



2.1. PROPERTIES AND MAIN THEOREMS

Ramark 2.3. For a = 1, that is, « = n we obtain that the conformable derivative

(FD) coincides with the classical first derivative d];(f), that is, with %Ef). Howewver,
the zero order derivative Ty(f)(x) = f©O(z) of a function f(x) does not return the
function f(x), because To(f)(x) = xl_O%(:c) = x%(az) # f(z) in general case.where
a € (n,n+1] and f is (n+ 1) differentiable at x > 0.

The previous definitions of fractional derivative Riemann-Liouville and Caputo
do not enable us to study the analysis of a-differentiable functions. However, In def-
inition2.1 makes it possible to prove basic analysis theorems such as Rolle’s theorem
and the mean value theorem/[5].

Theorem 2.2. (Rolle’s Theorem for Conformable Fractional Differentiable Func-
tions) Let a > 0 and f : [a,b] — R be a function satisfying the following
(i) f continuous on [a,b],
(ii) f is a— differentiable for some o € (0, 1),
(i) f(a) = f(b),
Then, there exists ¢ € (a,b) such that f(*)(c) = 0.

Proof. Since f is continuous on [a, b] and f(a) = f(b), there exists ¢ € (a, b) at which
the function has a local extreme.With no loss of generality, assume c is a point of
local minimum. So

f et (ec!™) = f(o)

T.(f(c)) = lim

e—07F €
- 1-—a) _
7, () = i LD IO
e—0~ €
But, the two limits have opposite signs, so T, (f(c)) = 0. O

Theorem 2.3. (Mean Value Theorem for Conformable Fractional differentiable func-
tions).
Let a > 0 and f : [a,b] — R, be a given function that satisfies

(i) f is continuous on [a,b],
(ii) f is a-differentiable for some o € (0,1).
Then, there ezists ¢ € (a,b) such that

(@) (p) — f(0) — f(a)
Fe) (1/a)b@ — (1/a)a>’

Proof. The equation of the secant through ((a, (f(a))and (b, (f(b))is
f<b> — f(a) (ll,a . laa>

Lpe — Lgo \ o o
« o

y— f(a) =

11



2.1. PROPERTIES AND MAIN THEOREMS

which we can write as

y= 10— F) <lxa _ laa> + f(a).

éba = éaa o} o)
Define g(x) as

0 - f@) (1xa . 1aa) |

Lpo — Lgo \ o
« «

then, g(a) = g(b) = 0, g is continuous on [a.b] and differentiable on (a,b), so by Roll’s
theorem, there exist ¢ in (a, b) such that g*(c) = 0, but

(@ () = £ () — f(b) — f(a)
g ( ) f ( ) (1/0&)[)0‘—(1/C¥)6La
hence,
f(b) — f(a)

9e) = 1) - ~o0.

(1/a)b> — (1/a)ac
Then, the function g satisfies the conditions of the fractional Rolle’s theorem.
Hence there exists ¢ € (a, b), such that g (c) = 0.Using the fact T, (1t*) =1,

we obtain, ) @
(@) — J(b) — fla
f(e) (1/a)bl® — (1/a)a>

Theorem 2.4. (Cauchy Theorem for Conformable Differentiable Functions).
Leta> 0 and f,g: [a,b] — R be given functions that satisfy

(i) f,g are continuous on |a, b,
(ii) f,g are a-differentiable for some o € (0,1) and g!®(t) # 0 for all t € (a,b),
Then, there ezists ¢ € (a,b), such that

f D) _ fb) - f(a)

g9()  g(b) —g(a)

Proof. Consider the function

It is clear that the function F(t) satisfies the conditions of Rolle’s theorem for Con-
formable Differentiable functions equivalent to classical differentiable functions on

12



2.1. PROPERTIES AND MAIN THEOREMS

(a,b). Hence, according to Theorem 2.3, there exists ¢ € (a,b), such that F’(c) = 0,
that is,

Since
o) e f@(e)  f9()
gc) e lgle)  g@(c)
Hence the result is obtained. O

Theorem 2.5. (Darboux’s Theorem for Conformable Differentiable Functions)
Letb>a >0 and f : (0,4+00) — R be a given function that satisfies
(i) f is a-differentiable for some a € (0,1).
(it) f(a)- f@(0) <0.
Then, there exists ¢ € (a,b), such that f®(c) = 0.

Proof. According to Theorem, the function f is differentiable on (0, 4o00). Further,
from as well as by we have that

alfablfafl(a)f/(b) <0

that is,
f'a)f'(b) <0
Now, using classical Darboux’s theorem for differentiable functions,we obtain that
there exists ¢ € (a, b) such that f/(c) = 0, that is, f®(c) = 0.
Hence the proof is complete. O

Finally, we have the following results:
Theorem 2.6. Let f : [a,b] — R be a-differentiable for some o € (0,1).

(i) If %) is bounded on [a,b] where a > 0. Then f is uniformly continuous on [a,b],
and hence f is bounded.

(ii) If £ is bounded on [a,b] and continuous at a. Then f is uniformly continuous
on [a,b], and hence f is bounded.

It is well-known that if f'(x) is bounded on I = [a,b], then f is uniformly con-
tinuous on I. However, the converse need not be true. To see this, consider
f(x) =2y/x on I =[0,1]. Then f is uniformly continuous on [0, 1] but f'(x)
is mot bounded there. However, boundedness of f*)(z) for 0 < o < 1 and the
continuity of f on I (continuity of f at 0 in the subspace topology is equivalent to
right continuity of f at 0), which implies, by the above theorem?2.7, the uniform
continuity of f on I

13



2.2. CONFORMABLE FRACTIONAL INTEGRAL

2.2 Conformable Fractional Integral

In the case of the integration, the most important class of functions where the
integral is defined is the space of continuous functions. The conformable fractional
integral is discussed as follows, see Abdeljawad [1)].

Definition 2.3. Let f : [a,00) — R be continuous function. Let a > 0, and
a € (0,1). Then the conformable fractional integral 12(f)(x) exists

f(t)

R

@ =1 (-0 @) = [

If the Riemann improper integral exists.
For the sake of simplicity, let’s consider a = 0, hence we work on

I(f)(x) = I*(f)(x)
Example 2.3. Find the following integral I3 (cos 2+/x)
2

Solution:
* 2
[?(0082\/5):/ Mdt
2

1
o tiT2

Let u = 2\/x then du = \/Lgdx, so the integral becomes

t
/ cos udu = sin(2+/7)
0

The following theorem explains that a— fractional derivative and a— fractional
integral are inverse of each other.

Theorem 2.7. Inverse Property
Let a > 0 and o € (0,1). Also, let f be a continuous function such that I*(f(z))
exists. For all x > a, then

T, [I°f(2)] = f(@).

Proof. Since f is continuous, then I*(f) is certainly differentiable. Using theo-
remx, then

T [I*(f())] ="

14



2.2. CONFORMABLE FRACTIONAL INTEGRAL

In the right case we can similarly prove:

The following results are the conformable fractional versions of the mean value
theoerem for integrals

Theorem 2.8. (Mean Value Theorem for Fractional Integral)

If f:]a,b] = R is a continuous function on [a,b]. Then, there exists ¢ in |a, b

such that, ,
[ L= po) (2o - 2o)
0 T « o

Proof. Since f(t) is continuous on [a, b], then I*f(t) = [7 gl(i”i dx is continuous
on [a, b], a— differentiable on (a,b) and T,, [I*f(t)] = f(t). So by the mean value
theorem for conformable derivatives Theorem 2.4, there is a number ¢ such that

a<c¢<band

« (0%

Pﬂ@—ﬂﬂ@:];@#@ﬂ(lW—lw>.
However, it is known that

T, [1°f ()] = f(e),

o (b) = / ), [P0,

rl-o tl a
a

and

1°f(a) = £<3dt—0

{f 3dt (o) (éb"‘ - éaa)

Theorem 2.9. (Second Mean Value Theorem for Fractional Integral)

Let f and g be functioned satisfying the following conditions: continuous and
integrable, bounded on |a,b].Let m = inf{f(z) : x € [a,b]} and M = sup{f(z) :
x € |a,b]. Then, there exists a number ¢ € (a,b) such that

b b
[Ate)y, o, [ st
a 'y @ a z -«
Proof. If m = inf f, M = sup f and g(x) > 0 in [a, b], then

myg(x) < f(x)g(x) < Mg(x) (2.1)
Divide( by x!7® and then integrate with respect to x over (a,b), resulting

m/ /f d<M/x1a

Thus

a

]




2.3. PARTIAL CONFORMABLE FRACTIONAL DERIVATIVE

Then there exists a number ¢ in [m, M| such that

xlfa

2.3 Partial Conformable Fractional derivative

In this section, the conformable partial fractional derivative of a real-valued func-
tion with several variables is defined. As an application, the o - exact and homo-
geneous conformable fractional differential equations, see [23] and [2F).

Definition 2.4. Let f be a real valued function with n variables and a = (ay, ..., a,) €
R™ be a point whose © — th component is positive. Then the limit

hmf(al,...,ai—ksa}_a,...,an) — flay,...,ap)
e—0 g

If exists, is denoted 371 (a), and called the i — th conformable partial derivative

of f of order a € (0,1] at a.

Definition 2.5. If a real valued function f with n variables has all conformable
partial derivatives of order o € (0,1] at @ = (aq,...,a,) € R™, each a; > 0, then
the conformable gradient of f of the order o at a is

. o° o°
vefia) = (g f(@) g (@)
Example 2.4. Consider
fla,y) = 227 — 4?+e

find V£ (1,2)

solution

Vef(1,2) = (4a, —32 — 16a)

Definition 2.6. Let a € (0,1] and f be a real valued function with n variables
defined on an open set D C R", such that, for all (x1,...,x,) € D, each z; > 0,
a function f is said to be in C,(D,R) if all its conformable fractional partial
derivatives of order o exists and are continuous on D.

The following Theorem for conformable partial derivatives fractional orders pre-
sented as follows:

16



2.3. PARTIAL CONFORMABLE FRACTIONAL DERIVATIVE

Theorem 2.10. Let o, 5 be positive constants such that 0 < «, 8 < 1. Assume

That f(x,y) is function for which 8% <%> and % (%) exists and are

continuous over a domain X C R"™ such that for all (z,y) € X, x,y >0, then
0% (°f(z,y)) _ 97 (0°f(x,y)
oz oyP oyP Oz

For all (z,y) € X

Example 2.5. Consider

flz,y) = 22°7 + day”*,

then

o° (aﬁ (2026 — dyP+e)

ox® 8y6 ) - 4<B - Q)yamlia

and

aﬁ <aa(2x2,ﬁ _ 4y2+a)

_ a, l—«a
G 20 ) = 4B+

The « - exact conformable fractional differential equation is introduced as follows:

Definition 2.7. Let 0 < a < 1. A first-order differential equation of the form
M (z,y)dx + N(x,y)dy = 0 is called « - exact if there exists a function ®(z,y)
such that

0P 0P

=M and =
and ——

= N
oy~

Consequently,
d*®(z,y) = M(z,y)dx + N(z,y)dy =0

from the properties of the conformable fractional derivative, we get ® as a con-
stant function.

Example 2.6. Consider
2x%y“dx + (x%‘ — 4y2+a) dy =0

for some o € (0, 1].
Solution: Here

ov (2xaya) e and o° (x2a o 4y2+o<)

= 2azx”
oy~ oz ar

Thus the equation is conformable a— exact.

17



Chapter 3

Conformable Fractional
Differential Equations

In this chapter, we will study and solve many types of fractional differential equa-
tions according to conformable fractional differential operators(12], [13], [24], [6],
[10].

3.1 Conformable a— order fractional differen-
tial equations

In this section, we will study different methods for solving various types of frac-
tional differential equations of the first-order linear and nonlinear fractional equations[12),

[6].

3.1.1 Conformable linear, Bernoulli, and Ricatti fractional
differential equations

Definition 3.1. The first order linear conformable fractional differential equation
1s defined as
To(y) + h(x)y = k(z) (3.1)

Where 0 < a < 1,T,(y) describe the conformable derivative of y and h(x), k(z)
are a-differentiable Functions.

If k(z) =0, then
To(y) + h(z)y=0 (3.2)

18 called homogeneous.

Ramark 3.1. When o = 1 we get better the classical differential equations of
first order expressed as y' + h(z)(y) = k(z)

18
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To solve , it can be transformed to

' + h(x)y = k(z)
hz)  k(x) (3.3)

! —
Y + :L-lfay - ajlfa

Now equation is an ordinary first-order differential equation that has a
general solution

xl—a

y = o J Hkds [ / k@) o oy c}

which can be written as:

y = o~ lah(@) |:Ia (k‘(:ﬁ)e[‘*h(x)) + C:| (3.4)

On the other side, one can obtain the solution in equation as a sum of the
homogeneous and particular solution as follows:

Ramark 3.2. The general solution for the differential equation 1S given by:

y(@) = yn() + yp(2)

Theorem 3.1. The homogeneous solution of the conformable differential equa-

tion 15 indicated by

Where yp, is homogeneous solution and h is any continuous function in the domain
of I2.

Proof. we have just verified that

y(z) = ce”'="™

We get by substituting into equation (3.3|)

d
dz
I0h(x)] e~ 10ah@) 4 cp(g)e ah(®@)

xl—a

Toly) + h(z)y = ca' ™ [e*fgh(x)} + ch(x)e~1ah@)

19
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Theorem 3.2. The particular solution of the conformable differential equation

s given by

yp() = A(z)e ="

Where h(z) is any continuous function in the field of I and the function X :
R — R is obtained through the following condition,

M) = 15 (k(z)e*)
Proof. Substituting

yp(w) = A(w)e 1)
in equation (3.1)), We obtain

To(y) + h(x)y =T, ([g (k(a:)elgh(’“")> elgh(x)) + h(x) (Ig (k(x)elgh(‘”)> e Tah(®)

= k(x)e® — I° <k<x)€12h(z)) h(q;)effgh(x) + h(z) (Ig <k($)elgh(:v)> o 19h()
= k(z).
]

Example 3.1. Find a particular and the homogeneous solution to the following
fractional differential equation

Ti(y) —y = 5e>"
Solution : The homogeneous solution is

Yn = ce 1D = Ve
and a particular solution is

Yp = A(z)e 1D = 10V/te?V?

Example 3.2. Solve the first-order linear fractional differential equation

(IS

Ty(y)+y=2®+2

2
Solution: we have h(z) = 1 and k(z) = 2% + 2% then by substituting in the
general solution ,we get
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Definition 3.2. The Bernoulli fractional differential equations can be expressed
in the following way.
Tu(y) + h(z)y = k(z)(y)"

where h(x) and k(x) are a-differentiable function, and y is a function that to be
determined.
This equation can be transformed as

' (y') + h(z)y = k(z)(y)",

which implies that
h(z) —_ k(z)

y = ()" (3.5)

It is clear that it will be linear for n = 0 or n = 1. By changing the dependent
variable, it can be reduced to a linear ordinary equation for every other value of n.

y +

ZL‘l_O‘ Il—a

Let z =y then ' = (1 — n)y™™y/,
hence equation 15 reduced to linear equation

h(z)

xl—oa

24+ (1—n) z=(1—-mn)

According to the results the general solution is as follows

1
1-n

)= (ela((ln)h(az)) {[a ((1 — n)k(l’)@la((lfn)h(x))> + C])

Example 3.3. Solve the first order linear conformable fractional differential
equation

Ti(y) + Vay = (ze7) (y) "

Solution:
We have Bernoulli fractional differential equations, where h(x) = \/x and k(x) =
xre 2. So the general solution is

1
1-n

. (ela((ln)h(:r)) {Ia ((1 - n)k(%)ela((lfn)h(x))) + cD

= e %x%%—c ’
N 3
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Definition 3.3. The Riccati fractional differential equations are a natural exten-
sion of a first order fractional differential equation.

Taly) = h(z) + k(@)y + u(@)(y)*,

where h(x), k(x) and u(x) are a-differentiable functions, and y is a function that
1sn’t recognized.

If a specific solution vy, is known, then there’s the general solution, which comes
in the form of y = y1 + z where z is an all-encompassing solution to the following
Bernoulli Fractional differential equation.

To(z) + (—k(z) — 2u(2)y1) 2 = u(z)(2)?
Example 3.4. Solve the Riccati fractional differential equations

Ty) = —ave+ ﬁy + VoY) = Ve

Solution: We first solve the Bernoulli Fractional differential equation.

1(2) + (57 — 2VEVE) 2 = VP

The general solution s

So )
2\/xres®?
pr— 3 .
]
c—e3*’?
Therefore
4.3
c—e3”

3.1.2 Method of undetermined coefficients

In this section, a fractional version of the method of undetermined coefficients is
presented under some specific conditions. Let us start with the following defini-
tion.

Definition 3.4. Let n € N, the set of natural numbers, and « € (0,1). We call
a a factor of n if there exists k € N such that ka = n.
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Example 3.5. % 1s a factor of 2 with k = 4, and % 1s a factor of 1 with k = 3.
But % 1s not a factor of 1.

Definition 3.5. A fractional polynomial of degree n and factor « is a function
of the form

P(x)=a 2" + ap 12" "+ ... 4 app12” + @y,

where a; € R, the set of real numbers.
We write P(x) is an (n,a)— fractional polynomial. If a, = 0, we take n to be
the smallest n for which o 1s a factor.

Example 3.6. P(z) = x + z2 — 4 is a (1, %) — fractional polynomial,

and Q(X) = 2% +5r — 22 47 is a (2, %) — fractional polynomial.

In addition, H(x) = = + 25 —1is a (1, %) — fractional polynomial. Here the
coefficient of x5 is 0.

Definition 3.6. Let J(«a) be the set of all (n,a)-polynomials for all n € N and
fized o

clearly, J(«) is a subspace of the space of all continuous functions on [0, 00).

Let G(a) be the space of all functions of the form ¢y sin (%) + ¢o CcOS (%), where
c1,c9 € R.

E(«a) be the space of all functions of the form ce%, where ¢ € R;

and let M («) be the space of all functions of the form e (Pl(m) sin (£-) + Pa(z) cos (%)) ,
where Py, Py € J().

Definition 3.7. A differential equation is called an (n,«) - fractional differential
equation if it is of the form

0y ™ + a0y L+ a1y @+ angy = f(2),

where « is a factor of the natural number n. It is called a fractional differential
equation of order n and factor a. If a,, = 0, we take n to be the smallest n for which
a is a factor.

In this section, we consider linear equations of the form

y' @ +ay = f(x) (3.6)
where f(x) is an element of one of the spaces J(a),G(a), E(«), and M(«).
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Let us write yy, for the solution of the homogeneous equation y® 4+ ay = 0, and Yp
for any particular solution of y®) + ay = f(x). Then as in the case of ordinary
differential equations, the general solution is y, = yn + Yp.

Ramark 3.3. [t is interesting to observe that the general solution of the homogeneous
. . 1, .o . . ..

part of the equation s yp = €'a" | where r is the solution of the auziliary

equation v+ a = 0.

Now, to find y, using the method of undetermined coefficients, the function f(x) must

be in one of the spaces J(«a),G(a), E(a), and M(«).

Consequently, if f(x) = ce®™, then y, must be be™, where b is to be determined by
substituting be® in y® + ay = ce®”.

If f(x) = ¢y sina® + cycosx®, then y, must be by sinz® + by cos x*, where by and by
are to be determined by substituting in the equation y'® 4+ ay = ¢, sin x® 4 ¢4 cos .

Similarly if f(x) is an (n, «)-fractional polynomial.
Example 3.7. Let us consider the general solution of the following fractional differ-
ential equations:

(a) y(%) + 2y = sin+/z.

() y3) —y=u.

(c) y<%) — 3y = zeV?® cos /.
Solution(1):The auziliary equation of

isr+2=0, sor =-2.
Hence

Yp = be 2VE = pe=tVE,
and,

y, = Asin/x + Bcos
Noting there is no similarity between y, and any of the terms of y,.
Substituting y, in the equation

y(%) + 2y = sin /7,

we get. A:% cmdB:—%
Hence

8 2
y:be"l\/z—l—ﬁsin x—1—7608\/5.

Solution(2): The auziliary equation of
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sr—1=0, sor=1.
Hence
3,
Yn = be®V*
Again, , )
Y, = ax + bx3s + cxs +d
Since there is no similarity between any of the terms of y, and y,. Substituting y, in

1

the equation y(ﬁ) —y =2z, we get

2 2
a J 7C 3’ 9

Solution(3): One can easily see that y, = beSV®. As for Yp, the form is

Yp = eV® (clx + co/T + 03) (Asin /z + Bcos/z),

Noting that there is no similarity between yy, and any of the terms of y,. If there
is a similarity between y, and any of the terms of y, we give this example:
Example 3.8. Solve

1

y(i) —y = 5e2V®

Here y, = e*V*, and the form of Yp 18 Yp = be?V= . But if we substitute Yp in the
equation, we will not be able to determine b.

Hence we try
yp = by/ze?V".

Substitute such y, in the equation to get
1
by/ze?V" + §bezﬁ — by/ze?V® = 5e?VT

Hence b= 10. So y, = ce?>V® + 10y/ze?Ve.
Thus in case of similarity between any of the terms of y, and yy we multiply the
assumed form of y, by x®, whenever the equation is Y@+ by = f(x).

3.1.3 Conformable Fractional (reduced to) Exact Equations

As a continuation of (Section 2.3), we solve some fractional differential equations
reduced to a fractional alpha-ezxact,also the alpha- homogeneous fractional differential
equations is presented and solved, see [24)], and[23).

We start with the following result which is a generalization of the classical one.
Theorem 3.3. Let 0 < a < 1. Let M, N be real-valued functions with two variables
defined on a set D and the class C, on D. Then M(x,y)dz + N(x,y)dy = 0 is a—
exact if and only if

°N _ °M
ore oy’

V(z,y) € D
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As a consequence of the above theorem a— exact fractional differential equations
can be solved in the same as exact ordinary differential equations.
Next, we discuss the solution of non-a— exact fractional differential equations it could
be reduced to a— ezact.
Definition 3.8. Let 0 < o < 1. Let M, N,u be real-valued functions with two
variables defined on a set D and class C,, on D, with x,y > 0,areforall(x,y) € D.
The function p(x,y) is an integrating factor to the fractional differential equation
M (z,y)dx + N(z,y)dy = 0, if the fractional differential equation

pw(x,y)M (x,y)dx + p(z, y)N(z,y)dy = 0

18 a-exact.

Ramark 3.4. To find an integrating factor p(z,y), apply the a— ezxactness condition
on the equation

9*(uN) _ 0*(pM)

oz Oy~
That 1s,
9°M  9°N 81 81
. - TE M .
1 ( o oa > N(z,y) e (z,y) o (3.7)

This is a fractional partial differential equation for the unknown function u(x,y),
which s more difficult to solve than the original fractional ordinary differential equa-
tion. However, for some special cases can be solve for an integrating factor.

1) w is a function of © ory

If 1 is a function of x only, that is, p = p(x), then

01 o*u

o Tapt oy~ =0
And equation (3.7) becomes
0*M  O0*N
NT““:"(aya - axa)
This implies that
1 1 [0°M 0N
i ““:N<aya B axa)

Since p(x) is a function of x only, the left-hand side is a function of x only.
Hence, if an integrating factor of the form u(z) is to exit, the right-hand side must
be is a function of x only. Then the integrating factor is,

() = exp [ [+ (a;y]‘f oY > a:o‘ldx] (3.8)
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Interchanging M and N, and x andy in equation (@, one obtains an integrating
factor for another special case

m(y) = exp[/ !

M

O°N 0°M
ox® oy~

-~

) Yy~ dy]

J/

function of y only

Example 3.9. Find an integrating factor of the following equation

2y/zydz + (22 — 4,/y) dy =0

Solution. Here

92 (2/7) 92 (20 — 1)

Oy/? =V and CISYE

Thus the equation is not conformable a— exact. So,

92 (2r ~ 1y5) 9 (2/7)
Oxl/2 B oyl/2

=20/x

— V3

Thus
1 Vi 1

Oé/*L = = —
I 2y 20y

So now it is matter routine to solve the equation noticing that

p(y) = exp [/ %y‘”zdy] =y

2. w1s a function of x and y
If w is a function of z only, where z = z(x,y), then

60[# _ a—1 aaz aalu _ a—1 8az
ama ——(jldi)(Z) z 81@” aya __<22UL><Z) z aya
And equation becomes
0z 0z O'heleft — handM — O*N
. a—1 . . J— . — —
(Tan) (2) - 2 (N Ox“ M dy® ) a ( dy® Oz )

This implies the right-hand

1 oM _ 6°N
(Taps) (2) =
p(2) a1, <N. o0 ) 6_)
ox™ oy™

Since p(z) is a function of z only, left hand side is a function of z only. Hence, if

an integrating factor of the form p(z) is to exit, right hand side must be is a function
of z only. Then the integrating factor is,
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oM 0N

oy« ol

u(z) = exp / 227 dz (3.9)
za—1.<]\/'.3°‘z _M.a_o‘>
oz oy«

Example 3.10. Find an integrating factor of the form u(z), where z = xy, of the
following equation

(4y'* — 6ay®) da + (62%y — 42'*) dy = 0

for Some a € (0,1].

Solution. Here
8(1 (4ya+l o 6mya)
oy~

=4(1+ o)y — 6ax
And

o« (6$ay _ 4Ia+1)
ox®
Thus, the equation is not o - exact.

Now, computing the conformable fractional partial derivative of function pu(z) with
respect to x and vy, then

=6ay —4(1 4+ a)x

o B 0y 0%z o

() (2) 2 22 =y (Tap) 2)
And

aaﬂ . a—1 aaz _

o = (o) (2) 27 5% = (L) (2

Substituting these derivatives in equation so that

S _2-q

Finally, applying the fractional integral with respect to z on both sides of above
equation, an integrating factor is obtained

2—a, 2—«

(e, y) ==y

Example 3.11. Find an integrating factor of the form u(z), where z = x + vy, of the
following equation

<3x% — y%> dx + <3y% + x%> dy =0

Solution: Here
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Now, computing the conformable fractional partial derivative of function u(z) with
respect to x and y, then

= () 05 =k () 0
And ) i
25 1 G e
so that 1 1
o (1) () = =2

Finally, applying the fractional integral with respect to z on both sides of above
equation, an integrating factor is obtained

1
_93+y

w(z,y)

3.1.4 Homogeneous fractional differential equation

In Section?2.3, the homogeneous conformable fractional functions is studied, here ho-
mogeneous fractional conformable differential equations is introduced and solved by
reduce it to a-exact.

Theorem 3.4. Let a € (0,1] and M, N are real valued functions with two variables
defined on an open set D for witch (tx,ty) € D whenevert > 0 and (z,y) € D, with
x,y > 0, that satisfies

1. M, N are homogeneous function of degree r
2. M,N € C,(D, R) Then an integrating factor of the homogeneous differential equa-
tion M(x,y)dz+ N(x,y)dy =0, is given by
1
x® - M(z,y) +y* - N(z,y)

w(z,y) =

providing
x® M(z,y) +y* - N(z,y) #0,V(z,y) € D

Proof. In fact, computing the conformable fractional partial derivatives of functions
uM and pN with respect to x and y, respectively, then

(g“ (aﬁa : M(%]\;)(fr’gz‘ : N(x,y))

Y- Na,y) - Z580 — oM (a,y)N(z,y) — y* - M(z,y) - S5 e

(x> M(x,y) +y* - N(x,y))?

And

29



3.2. GENERAL SOLUTION OF SECOND ORDER FRACTIONAL
DIFFERENTIAL EQUATIONS

ai (xa : M(:C,Jgj)(i’ zzf : N(w,y))

2 M(z,y) - ENED oM (2, y)N (2, y) — 2 Nz, y) - L)

oz oz
(xa ' M(l’,y) +ye- N(l’,y))2

Finally, using the Conformable Euler’s Theorem on homogeneous functions, the
result is followed. O

Example 3.12. Consider
(x2+a + yxl—i-a) dax + (2x2+a + 3y2+a) dy =0

For some a € (0, 1].

Since M(z,y) = 2> + yz'™ and N(z,y) = 22*7 + 3y**™ are homogeneous
functions of degree 2 + o and class C, on open set D, with xz,y > 0, then above
equation is a homogeneous differential equation and

1 1
T (x2+a + yx1+a) + ya <2x2+a + 3y2+a> - SL’2+2Q + yx1+2a + 2x2+aya + 3y2+2a

p(x,y) =

s an integrating factor of it.

3.2 General solution of second order fractional dif-
ferential equations

In this section, a general method for solving second order fractional differential equa-
tions has been presented based on conformable fractional derivative. This method
realizes on determining a general solution of homogeneous and a particular solution
of second order linear fractional differential equations.[13]

First, the main theory of this fractional equations is presented.

Definition 3.9. Consider the general second order linear fractional differential equa-
tion based on conformable fractional derivative as follows

T.To(y) + P(2)Tu(y) + Q(2)y = R(x) (3.10)

Where P(x),Q(z), and R(x) are a-differentiable functions and y is an unknown
function.
If R(x) is identically zero, then equation reduces to the homogeneous fractional
equation.

ToTo(y) + P(2)To(y) + Q(z)y =0 (3.11)
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Theorem 3.5. If y,(x) is the general solution of fractional and y,(x) is any
particular solution of fractional , then yp, (:E) + yp(x) is a general solution of

fractional :

Proof. Suppose that y(x) is a solution of (3.10]), since y,(x) is any particular solution
of fractional (3.10]), then we want to show that y(x) — y,(x) is a solution of (3.11)):

ToTo(y — yp) + P(@)To(y — yp) + Q@) (y — yp) = TuTu(y) + P(2)Tu(y) — ToTulyy) + P(x)Ta(yp)
+Q(z)yp) = R(x) — R(z)
=0
Since yj, is a general solution to (3.11)), it results that

y(r) — yp(x) = yn(2)
y(z) = yn(w) + yp(z)
0

Theorem 3.6. If yi(z) and yz2(x) are any two solutions of fractional , then
Ciyi(x) + Caya(x) is also a solution for any constants Cy and C,.

Proof. The statement follows immediately from the fact that
ToTo (Cryp () + Coya () +P () Ty (Crya(z) + Coya(x))+Q(z) (Cryn () + Caya(x))

= & (LT, (0(2) + P@) T (10 (2)) + Qadn(a)) +

Co(TaT, (12(2) + P(@)T, (12(2)) + Qa)a(w))
=C1-04+C-0=0

Since by assumption, y;(x) and ys(x) are solutions of equation ([3.11)) .

Definition 3.10. The fractional Wronskian of two functions f(x) and g(x) is de-
fined by

f(2) (z)
Wa(f(x), g(x)) = To(f(2)) Tag(g(x))|

= [(2) - Ta(g(2)) — g(2). Ta(f(2)).

Theorem 3.7. If y1(x) and yz(x) are any two solutions of fractional on an
interval [a,b], then their fractional Wronskian W = W (y1(x), y2(x)) is either iden-
tically zero or never zero on [a,b].

Proof. We begin by observing that

Ta(W) = TaTa<y2> — Yo TaTa(yZ)
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Next, since y;(x) and y,(z) are both solutions of fractional equation, we have
ToTo(yi(2)) + P(2)Ta(yi(2)) + Q(@)yr(2) = 0
TaTo(y2(x)) + P(2)Ta(y2(2)) + Q(2)y2(x) = 0.

First equation multiplying by ¥, subtract to the second equation by y; result in

(y1 TaTu(y2) — Y2 TaTu(y2)) + P(2) (11 Ta(y2) — y2 Taly1)) =0

or

T (W) + P(z)W = 0.

The general solution of this first order fractional differential equation based on
conformable fractional derivative is

W = Wa (IO) eiIOl(P(z))7

and since the exponential factor is never zero, the proof is completed O

Theorem 3.8. If y(x) and y2(x) are any two solutions of fractional equation
on an interval [a,b], then they are linearly dependent on this interval if and only if
their fractional Wronskian W = W (y1(x), y2(x)), is identically zero.

Proof. Let y;(x) and yo(z) are linearly dependent, and we show

Wa(y1(),y2(z)) = 0.

First, assume without loss of generality, that yo = Cyy, for some constant, so

To(y2) = C To(11)

By elimination C', from this equation, we obtain

Y1 Ta(y2) —y2 Tu(y1) =0,

which proves this half of the theorem.
We now assume that the W, (y1(z),y2(z)) = 0, and prove linearly dependent.
If y1(x) is identically zero on [a, b], then the functions are linearly dependent.

We may therefore assume that y;(x), does not vanish identically on [a, b], from

which it follows by continuity that y;(z) does not vanish at all on some sub-interval
e, d] of [a,b].

Since the Wronskian is identically zero on [a, b], we can divide it by y? to get

Y1 Toly2) — y2 Tu(y1)

—0
Y3
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on [¢,d]. which written as

Y2
Ta() =0,
and by conformable fractional integrating we obtain
®_ e
Y1
or
Y2 = Cy1,

for some constant C, and all x, in [c, d].
Finally, since yo, and Cy, have equal value in [c,d], they have equal conformable
fractional derivative, so

Y2 = Cy17

For all x, in [a, b], which concludes the argument. ]

Theorem 3.9. Let yi(z) and ya(x) be linearly dependent of the homogeneous frac-
tional equation on the interval [a,b]. Then Cyyi(x) + Coya(x) is the general
solution of the fractional equation on this interval.

Proof. Let y(z), be any solution of (3.11f on [a,b]. We must show that constant
(4, Cy, can be found so that

y(r) = Cry1 () + Caya(z),

for all z in [a, b]. Since Cyy;(z) + Caya(z), and y(x) are both solutions of (3.11)) on
[a, b], it suffices to show that for some point zy, in [a, b], we can find Cy, Cy so that

Cry1 (o) + Coya(wo) = y(wo)

and
C1 To(y1(w0)) + C To(ya(w0)) = Taly(wo))

For this system to be solvable for C7, (Y, it suffices that the following determinant
be non-zero.

yl(l’o) Z/z(iﬂo)
To(yi(wo)) Ta(ya(z0))

= y1(20) - T (y2(70)) — y2(x0) - Tu(y1(20))

This leads us to investigate the function Wronskian of that W, (y1(zo), y2(z0)),
have a value different from zero.

Next, we study some special cases. O
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3.2.1 The general solution of the homogeneous fractional
equation when one solution is known

Assume that yi(x), is a known nonzero solution of Equation , and let yo(x) =

v(x)yi(z), is a solution of the equation where v(x) an unknown function.
So

T, (yg(x)) =v(z) T, (y1(13)) +y1(x) - To(v(z))

ToTo (@) = v(@) - ToTo (u(2) +2 Ta (11(2)) - Ta(v(@) + 11(2) - TaTo (11(2))

By substituting the above results into Equation|3.11], we get

0(@) (TaTa (11 (@) + P@)Ta (11(2)) + Q@)y (@) ) 431 (1) T Tul0(@)) +Tu () (P (@) (x)

+2 T (11 (z)) = 0.
Since yy(x) is a solution of Eq. , It reduces

1 (2) T T (0(2)) + Ta(0(2)) (P@)ys(2) +2 Ta (1)) = 0

or

L@ _ )T ()
To(v(z)) 1 (z)
A fractional integration now gives In (Ta(v(x))) — _9n (y1 (:1:)) ~ I(P(2))

- P(z)

and

1
v(x) =1, (—ela(P(x))) .
vi(z)

Consequently, the general solution of homogeneous fractional equation 18
as follow,

1
(o) = Cunla) + Co (o (Sase 7 ) (o)
yi(x)
Example 3.13. If yi(x) = 3/x is a solution of the following homogeneous equation

OV Ty Ty(y(a)) - 69/ T (y(w) + 2y(x) = 0

Then, we have

34



3.2. GENERAL SOLUTION OF SECOND ORDER FRACTIONAL
DIFFERENTIAL EQUATIONS

Therefore

3

yo(x) = 9V a2

So the general solution is as follows,
yn(z) = Ci/x + CoV 22
Example 3.14. We know that ui(x) = x is a solution of

20Ty T (u(z)) + VT T (u(x)) — 2u(z) = 0.

solution:
According to the previous approach v(x) and second solution uy(x) are obtained as

follows,
x? 1

v(z) = —T,UQ(Z’> =5

Therefore a general solution of above equation has the following form,

up(z) = Cha + Coz ™t

3.2.2 The homogeneous fractional equations with constant
coeflicients

We are now in a position to give a complete discussion of the homogeneous equation
of Eq. for the special case in which p and q are constants.

ToTo(y(x)) +p Taly(@)) + qy(z) = 0 (3.12)

Our starting point is the fact that the exponential function em(éma), has the prop-
erty that its conformable fractional derivative are all constant multiples of the function
itself. It leads us to consider

y(z) = em(3=") (3.13)
as a possible solution for Equation, we have
To(y(x)) = me™ =) (3.14)
and )
T Ta(y(x)) = mPem ") (3.15)
Substituting Equations , sand into yields
(m* + pm + q)em(éxa) =0 (3.16)

and since ™) is never zero, holds if and only if m satisfies the following
auxiliary equation,
m?+pm +q=0. (3.17)
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It is clear that the roots my and mo of Equation are distinct real numbers
if and only if p> —4q > 0. In this case, we get the two solutions

i (z) = e (Fa®)
and .
Yo(x) = em2(5T%)
Since the ratio L
eml(ax ) B (m1—m2)(lx0‘)
emQ(éza) — ’

1s not constant, these solutions are linearly independent and
yn(z) = C16m1(éma) + 0267”2(%“5&)

1s the general solution of Equation.

If my = my, then we obtain only one solution y;(z) = emi(
Therefore, we can easily find a second linearly independent solution by the previous
method as the following form

ha() = (Lm) (22

«

140)
@ .

and the general solution of Equation 18

yn(x) = <01 + Cy (éﬁ)) o (La2)

If the roots my and mo are distinct complex numbers, then they can be written in the
form a £ Ib and our two real solutions of Equation are as follows

1 o 1
() = €5 (cos b —a")

Ly, 1
ya(w) = " (sin b(—a)).

So the solution of Equation will be obtained as the following

yn(z) = ea(we?) (C’1 cosb (lxa> + Cysinb <lx“)>
Q e}

Example 3.15. Consider the following homogeneous fractional differential equation
ToTo(y(x)) = 3 Ta(y(x)) + 2y(z) = 0.
The auziliary equation is as follows

m?>—3m+2=0
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with the roots my; = 1, and mqy = 2.
The general solution of the above equation is as follows

yh(;p) = Ole<éxa) —+ CQQQ(éIa),
Example 3.16. The general solution of homogeneous equation of
ToTo(w(@)) +4 Taly(z)) + 4y(z) =0

will be obtained as follows

yn(z) = (01 e (é)) (2(30°)

Example 3.17. Let’s consider the following homogeneous fractional differential equa-
tion
ToTo(y(x)) = 2 Ta(y(x)) + 3y(z) = 0.

Using the above result, we get

yn(x) = ela*) (cl cos V2 ( xa) + Cysin V2 (é:ﬂ)) .

1
o

3.2.3 Euler’s conformable fractional equation

A conformable version of Cauchy-Fuler fractional differential equation is studied.

Definition 3.11. The homogeneous fractional differential equation,

(1:(:&) T Ta(y(x)) + p (éx%w» Fay(e) =0, > 0(3.18)

«

where p,q are constant, is called Euler’s fractional | equation.

By using the change independent variable.

z = ln(éxa)
we have
T(y(2)) = (2)a) % (3.19)
LI (0(2) = ~(a) 9 4 (Lar) 2 7Y (3.20)
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Substituting Equations and into (5.18), we get

d*y dy

— —1)—= =0 3.21
ettty (3.21)
That equation is an ordinary differential equation with constant coefficient,

and according to this approach the auxiliary equation has the following form

m?>+(p—1)m+q=0 (3.22)

Suppose my and my are roots of Equations. If they are distinct real numbers,
then the following solution of can be obtained as,

1 1
yh(w) = Cl(axa)ml + C2(axa)m2-
If
mi = Mao,

we derive the general solution as:

yh(m) = (01 + Cs ln(éxo‘))(éxa)m1_

And if my and mo are distinct complex numbers then the general solution of

Equation will be derived as follows:

1 1 : I
yn(z) = (axo‘)a[C’l Ccos bln(axo‘) + Oy smbln(ax )]
Example 3.18. Let’s consider the following homogeneous fractional differential equa-
tion ] ]
(2 TaTuly(@) = 2= Taly(a)) + 29(2) = 0

The auxiliary equation is as follows
m* —3m+2=0

with the roots my; = 1, and mqy = 2.
So the general solution is

wo-ei (b))

Example 3.19. consider following homogeneous equation

(La T,T(y(2)) — 3(22*)Tu(y(@)) + dy(z) = 0.

« o

The root of auxiliary equation are

m1:m2:2.
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(ZL') - (C] + Og lIl( x ))<—x )

Example 3.20. Let’s consider Euler’s fractional equation as follows

(") TTaly(@)) + (") Ta(y(2) + 29(2) = 0

The root of auxiliary equation are

my = —1+i,m2 =—1—u.
Consequently, we have,
(@) = (~2°) O cos(In(~2)) + Casin(In(+2%))]
(@) = (2 1 n(—z 2sin(In(=z
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3.3 Determining a particular solution of nonho-
mogeneous fractional equation

In this section, we have introduced variation of parameters and undetermined coef-
ficients methods for determining a particular solution of nonhomogeneous fractional
equations.

3.3.1 Variation of parameters or Lagrange approach

Assume that ui(x),us(x) are two linearly independent solution homogeneous frac-
tional differential equation of the second order fractional differential equation ,
we suppose that the particular solution uy(x) of equation , 1S

up(x) = h(x)ur(z) + 92(z)ug(x), (3.23)

where Y1 (x),92(x) are two unknown functions. By computing the conformable

fractional derivative of , we derive

To(up()) = (ur Ta(01(2)) + uz Ta(V2(2))) + (V1 Ta(ur(2)) + Vo Talua()).

Now,suppose that
U1 Ta<191($) -+ U2 Ta(ﬁg(l’) =0. (324)

So
To(up(z)) =1 To(ui(z)) + Vo Ty (ua(x)). (3.25)

Therefore,

ToTo(up(x)) = 01 ToTo(ur (@) +T0(91(2) To (ui(z)) + Ta(P2(2)) Ta (us(z)) +02 ToTw(us(z)).
(3.26)
By substituting , and mto equation , and some manip-

ulation, we get

m(zmgm@n+P@m4m@»+m@mu»

+%(ﬂ£ﬂW@»+P@EAW@D+M@mm»
+T, (91(2)) To (w1 (2)) + To (92(2)) Ta (ua(2)) = R(x)

Since uy(x), and uz(x) are solutions of [3.11, the two expressions in parentheses
are equal to zero, and so the above equation reduces to

Ty (01()) To (ur () + To (92(2)) T (u2(z)) = R(z). (3.27)
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Considering equation and equation together, we obtain the following

results
x) = —us(z)R(z)
0i(w) = L (Wa (ul(x),UZ(x))>7
o u () R(x)
Uo() = Iy (Wa (ul(:v),u2(£13))>

up(z) = uy () - —uz(2) () ug(x) - (o) B{)
»(2) () - Lo <Wa (ul(m)’w(gj))> +ua() - Lo (Wa (U1($),U2($))>

Example 3.21. Let’s consider the following fractional equation
OV T2 T (u(x)) — 63/2T2 (u(x)) + 2u(x) = 92°Va?.
By using the previous, the homogeneous solutions are as follows,
uy(x) = 39w, up () = IV a2

, and a particular solution is

So the general solution

3 39
u(z) = C1¥/x + CovV/a? — %x?’.

Example 3.22. Find the general solution of

20T T%(u(x)) +Vz T%(u(x)) —2u(z) = 42°

The homogeneous solutions are uy(x) = x, and uy(z) = —5=

2x
, and a particular solution s

up(r) = —x
So the general solution of an equation is

u(z) = Oz + Coz ™t + 0.252°.
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3.3.2 The method of undetermined coefficients

In this section, we use the Undetermined coefficients procedure to find w,(x) for a
special case of the non-homogeneous equation of the homogeneous equation .
In particular, we consider

ToTo(u(x)) +p To(u(z)) + qu(z) = R(x)

, where p,q are constant and

«

1, 1\’ Lo\ a(ian) 1
R(x)={a+a | —2%) +a|—x +oFan | — e"\a” Jcosy | —x™ | .
« « « «

We choose a particular solution in the following form
o) = | (Aot A1 () 4 a (Ba) 4 g (30)") X8 iy () +

(Bo Br (3a) + Ba (0) o4 B (30)") 2 siny (3) ] ()"

R(z) = <a0 + a1 (£2%) + ay (éxo‘)Q +tay (lxa)n> ¢*(57") siny (52%) or

a
that Ag, Ay, ..., An, By, By, ..., By, unknown coefficients and m is the lowest non-
negative integer number, that removes homogeneous solutions, in choosing u,(x).
Example 3.23. Consider the following nonhomogeneous fractional equation
T: T:(u(w)) — 2 Tz (u(x)) = 18Va? — 10.
Solution: The homogeneous solutions are

33
ui(z) = 1,uz(x) = g

, And a particular solution is
up() :33$2_QZ7 <3m2>2
So the general solution is
u(z) = Cy + 02643# +3Va? — 2Z7 (W)
Example 3.24. Find the general solution of
T, T (u(z)) —2 T (u(z)) 4+ u(z) = 2v/xe?V®

2

Solution: A
u(z) = C12V + Cor/ze®V" + gx\/EeZ‘/“%

Example 3.25. Consider non-homogeneous fractional equation as follows
Ty Ti(u(z)) +4u(z) = 4cosdy/z + 322 — 8/
This equation has a general solution such as,

u(x) = Oy cos dv/x + Cysindy/x + 2v/x sindy/x + 8z — 2v/z — 2.
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3.4 Systems of Linear Fractional Differential Equa-
tions

In this section we discuss systems of conformable linear differential equations with

constant coefficients. We give full solution for homogeneous and non-homogeneous
systems[10)].

3.4.1 The Solution of the homogeneous system

Consider the square systems of order 2. Let y1,ys be any two functions of the variable
x such that

?Aa) =any + any2 + fi

?Jéa) = ag1y1 + axny2 + fo

with o € (0,1]. This system can be written in the form
Y@ =AY + F

whereA:<aH am),Y:<y1 ), andF:<f1>
Q21 (22 Y2 J2

Theorem 3.10. Let A has two real distinct real eigenvalues Ay and Ay say, with
corresponding eigenvectors Ey and Ey respectively. Then the system

Y@ = Ay, (3.28)
has two independent solutions
Alza
Y1 = E1€ a
and
Agma
}a = 1226 @

and the general solution of the system 18

Y =aY1 + Y,
where Yy, is the solution of the homogeneous system .
Proof.

o da e da e 2 e’
}45 ) = —————Z?lfzél&47 = l?l—————EfAix = Z?l,klfzkix = /11;1€3k£1 = /45/1
dz® dz®
Similarly for Y5.
Since system ({3.28) is linear and homogeneous then the result follows.
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Example 3.26. Consider the system

Solution:
The eigenvalues of the matrix are \y = 2, and Ay = —2. The corresponding
ergenvectors are By = ( :1)) and By = < _11 .Hence

and

So, the general solution is

3 2% -1 _ga®
Yh:cl<1>62a+02< 1 )eza.

Theorem 3.11. Let A has a complex eigenvalue A = ¢ + id with corresponding
ergenvectors E,and N = ¢ —1d 1s an eigenvalue with eigenvector E. Then the system

Y = Ay

has two independent solutions:

[e%

Y, =e"a (Gcosdx— + Hsindx—>
o o

and N N
Y, = e% <Hcosdm— — Gsindx—)
o Q
where BB .
G = 5 H=1 5
Further

Y, = c1Y1 + Y.

44



3.4. SYSTEMS OF LINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

Proof. Follows directly, by substituting Y7, and Y5 in equation (3.28)) as in Theorem

(3.10), and the facts:
1 1
T, (sin —wo‘> = cos <—x°‘)
Q Q

1 1
T, <COS —iL‘a> = —sin (—xa)
o Q

Example 3.27. Consider the system Y (®) = ( (1] _01 > Y.

and

The eigenvalues are i and —i. The eigenvectors are E =

—1 0 -1
<1 ).SOG—<1>,andH—< 0 ).So
0 z® —1 ox —sin%
}/1—<1>COSE+< 0 >smg—< cos% )

v _ -1 E_ 0 ,m_o‘_ —cos%
5 = 0 COSa 1 sma— —sin%

Theorem 3.12. Let A has a repeated real eigenvalue A say, with an eigenvector E.
Then the system Y = AY has two linearly independent solutions

and

Az

. b1 i Az Cq Az

b ) and ( “ ) are to be determined through substituting Yo in the

and

Co
. Further Y, = 1] + Y5,

Proof. The proof follows the same lines as in the classical case. m

Example 3.28. Consider the system
-2 =3
() —
v _< 2 >y
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The eigenvalues of A are 1 and 1 . An eigenvector for A corresponding to the

eigenvalue 1 is _11 ) Hence

ForY,, we put

N R A c1 2

Using the properties of the conformable fractional derivative when substituting in
the system we get

()= (%) () = () e

3 ¢ o 0 2
Y2_<—3 AN A

3.4.2 The particular Solution of the non-homogeneous sys-

tem
Consider the system Y (®) = AY + F. we have found the solution of the homogeneous
system Y@ = AY . In this case we try to find a particular solution of the non-
homogeneous system Y@ = AY + F, say Y,. Then the general solution will be
Y, =Y+,

Let Yy and Ys be the two independent solutions of the system Y = AY | where
Ais a 2 by 2 matriz. We Form the matrix

ot) = (1 Y2 )

, whose columns are Y, and Yy. Since Yy and Yy are independent, then ¢(t) is
invertible. Let us denote the conformable integral of any function g by I4)(g), where

= ' de.

xl—a

L1)(9)
Now, we introduce the following theorem.

Theorem 3.13. A particular solution of the system Y = AY + F is Y, =
$(@) o) (¢! () F(2))

Proof. The proof is just the method of variation of parameters. Now,

Co

YhzclYi—l-CQE:qb(t)(Cl )
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So we replace the parameters ¢; and ¢y by functions say u; and us. Following the
classical procedure to get

Y, = o(@) (o) (67 (2) F ().

Now let us check that such Y, satisfies Y}D(a) =AY, +F:
Since the conformable derivative satisfies the multiplication rule for differentia-
tion, we get:

(¢@) ) (67 @) F(2) = 6 @) ) (67 @) F(x) + 6(w)6™" (1) F(a)

(3.29)
= ¢ (2) (o) (¢ (x)F(2) + F(z)

But since both Y; and Y5 satisfy the equation Y;(O‘) = AY;, then it follows that
¢ (z) = Ag(x). Consequently,

¢ (2) () (¢! (@) F(2) = Ad()](0) (¢ () F (2)
= AY,

Thus we get from equation 1) that Y};(a) =AY, + F. m
Example 3.29. Consider the system
1

4 2 15 =
(o) — _ —25-
Y ( 3 1 ) Y ( 4 )xe
—1

The eigenvalues of the matriz are —2 and 5, and the corresponding homogeneous

_gz% 5z
(& a 26 «@
) — C :L_(X C I(X
" 1(—36_2a ) 2(—3e5a )

« «
e ¥ 2e5%

o ) . The inverse of ¢(x)

with Y (0) =

solution is

ta
—3e7 % 3%

Now, the fundamental matriz ¢(t) = <

18

Now,
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where

One can see that

Hence
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Chapter 4

Other fractional derivatives with
applications

In this chapter, we study three types of fractional derivatives that are also defined
by using the limit approach, but they have different s, structures, namely the UD,
FExponential, and Hyperbolic fractional derivatives will be considered, as their main
properties and their basic calculus results, in addition, fractional differential equations
concerning these fractional operators are studied and solved.

4.1 The UD fractional derivative

Ajay Dizit, Amit Ujlayan in [9] and [8] have introduced a U-D fractional derivative
as a convexr combination of the function and its first derivative, where (D*f) (z) =
(1—a)f(z)+af'(x) fora € (0,1], they have studied the main results of this operator.

4.1.1 Definition and main properties of the UD derivative

Definition 4.1. For a given function f : [0,00) = R and a € [0, 1], the UD deriva-
tive of order o is defined as

ecl=a) f (ZL‘€%> — f(z)
D% f(x) = lim
e—0 €
If this limit exists, then D f(z) is called the UD derivative of f for o € [0,1],
with the understanding that D f(x) = %(f). Also, if [ is UD differentiable in the
interval (0, x) for x >0 and « € [0, 1] such that lim, o+ f*(z) exist then,

fH(0) = lim f(z)

z—0t

Now, we study the main results and properties of the UD-derivative
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Theorem 4.1. Let f:[0,00) — R be a differentiable function and o € [0,1]. Then,
f is UD differentiable and

Df=(1—a)f+aDf (4.1)

Proof. We have

0 (ne) 1t
D f(z) = lim

e—0 g

where a € [0, 1]. O

Proposition 4.1. Let f and g be two differentiable functions in [0,00) and 0 <
a,v < 1, then the following properties hold:

1. D*(af +bg) = aD*f + bD%g (linearity)

2 D(fg) = (D°f) g+ a(Dg)f  (product rule)

3. D* (%) = (W) (quotient rule)

4. D*(g.h) # (D%g) .h + (D“h) g (violation of Leibnitz’s rule)
5. D*(DV)g=DY (D% g (commutativity)

Ramark 4.1. The UD derivative of order o, € [0, 1], as given in Definition 2.1.
violets the Leibnitz’s rule for fractional derivatives,

D*(fg) # gD f + fD%g

It also violets the law of indices,

D* (D) f # D" f
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Example 4.1. The UD derivatives of order o, € [0,1], of some elementary real-
valued differentiable functions in [0,00), can be given as following:

(i) D* ((bz)™) = (1 — a)(bz)™ + bma(bx)™!
(it) D* (") = ((1 — a) + ba)e
(iii) D*(sin(bx)) = (1 — a) sin(bx) + ba cos(ba)
(iv) D*(cos(bx)) = (1 — @) cos(bx) — basin(bx)
(v) D*(log(bz)) = ba(bz)~! + (1 — ) log(bz)

(vi) D*(c) = (1 — a)c, where ¢ is constant.

Ramark 4.2. The equation asserts that the UD derivative of order a, o € [0, 1],
of a differentiable function f :[0,00) — R, is a convexr combination of the function
and the first derivative itself.

Also,

D f(x) = f(x)

for a =0 and
D f(x) = f'(),

for a =1, i.e., the UD derivative posses conformable property of conformable frac-
tional derivatives.

Definition 4.2. Let f : [0,00) — R is a n times differentiable function. Then, the
UD deriwvative of of order o, € (n,n + 1], is defined as

¢=(1=a) flal-1 <x€%> — flal-1(g)
D%f(x) = lim
e—0 9

where [a| represents the smallest integer greater than or equal to .

4.1.2 The main results about The UD derivative

The definition of the UD-derivative enable us to study the basic analysis of this deriva-
tive.

Theorem 4.2. Let the function f is not unbounded in [0,00). If f is UD differen-
tiable for some a € [0,1] at x = a, then f continuous at x = a.
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Proof. We show that lim. f(z + ea) = f(z).

lim f(z + ea) — f(z) = lim ((1 tel—a)f(zter) —e(l —a)f(z+ea) - f(l’)) .

e—0 €

_ lim ((1 +e(1—a)flz+ea) — f(x))

€

e —lime(l — a)f(z + ex)

e—0 e—0

= lim (D" f) e~ lim (1 — ) f(z + ea)

= 0( as f is not unbounded for all 0 < z < c0)

O]
Theorem 4.3. (Rolle’s theorem for the UD derivative).
Leta >0 and f : [a,b] — R is a giwven function such that
1. f is continuous in [a,b],
2. f is differentiable in (a,b),
3. fla) = f(b).
Then, there ezists a point ¢ € (a,b), such that
Df(e) = (1 = a)f (o),
where o € [0, 1]. O
Proof. As we know that Df(c) = (1 — a)f(c) + af’(¢) and from classical Rolle’s
theorem of f, f’(¢) = 0 implies D*f(c) = (1 — a) f(c). O
Theorem 4.4. (Mean Value theorem for the UD derivative).
Let a >0 and f : [a,b] — R is a given function such that
1. f is continuous in [a,b],
2. f is differentiable in (a,b). Then, there exists a point ¢ € (a,b), such that
o f(b) — f(a
D°f(e) = (1 - ) f(e) + L= S0
where o € [0, 1].
Proof. The Result follows from the classical mean value theorem of f. O

Theorem 4.5. Let f, g are two functions such that
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1. f, g are continuous in |a,bl,
2. f,g are UD differentiable in Ja,b[ for 0 < a <1,
3. D*f(x) = D*g(x) for all x in (a,b) and 0 < o < 1. Then,

(a—1)x

(f —9)(x) =ne =,
where n 1s a constant.

Proof. Let y(x) = f(z) — g(x) for all € (a,b), then

D% =0
y(x) + aDy(z) =
(a—1)z
=y(x) =ne =

(a—1)

Corollary 4.1. If D*f(x) =0, then f is not constant, in fact f(x) =ne o *.

Lemma 4.1. (Sturm separation theorem,)

Ifu(x) and v(x) are two non-trivial continuous linearly independent solutions to a
homogeneous second-order linear differential equation with xo and x, being successive
roots of u(x), then v(x) has exactly one root in the open interval (o, x1)

The following theorem is the UD-fractional version of the Sturm separation theo-
rem.

Theorem 4.6. Let y1,ys be two linearly independent solutions of

D*D%y(x) + p(x) Dy (x) + q(z)y(z) = 0

where p(x), q(x) are continuous functions on (a,b) and a € (0,1]. Then y, has a zero
between any two consecutive zeroes of yo. that is, zeros of y1,ys occur alternately.

Proof.
' (5) + Py (1) + Q(a)y(x) = 0,
where
P(r) = —(2(1 — a) 4 p(a)), Q(x) = 5 (1 ~ )’ + (1~ a)p(a) +q(x))

«

and the result follows from (Sturm separation theorem of ordinary differential equa-
tions). O
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4.1. THE UD FRACTIONAL DERIVATIVE

4.1.3 Geometrical interpretation of the UD derivative

The geometrical interpretation of the UD derivative of order a € [0,1] of some real-
valued differentiable functions can be visualized as follows [9]:

B

- D%

1] 0.5 i3 15 2

—+ X

Figure 4.1: D operating on f(z) = log(z) + €*,2 > 0

- D% ()

Figure 4.2: D* operating on f(z) = sin(z) + cos(z)

54
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4.1.

- D%(x)

1
25 3

1 1
1.5 2
=

Figure 4.3: D® operating on f(z) = z7/2,2 > 0

For a € (0, 1], the above graphs show that D f(x) = f(x) fora =0 and D*f(z) =
f'(x) for a =1. Also, D*f(x) tends to f'(x) uniformly as « tends from 0 to 1.

4.1.4 The UD Integral Or Anti-UD Derivative Of Order «

In this section, we define the UD integral of order o, € (0, 1], which is an inverse

operator of the proposed UD derivative.

Let g be a UD differentiable function as needed and 0 < o« < 1. Then ,
D% (z) = f(x), where D = @
g - ’ — dl‘a

d

=(1—a)g(x) +aD(g(z)) = f(x); where D = o

dg(z) (1—a) . 1
=98 L B0y = 2 f)
(a-1),

8}
1 a— —«
=g(z) = Ee( al)x/f(ﬂv)'eua o gy 4+ Ce'a

where C' is constant.
Also g(z) = I*(f(x)), is called anti-UD derivative of f(x) for a € (0,1]. One

may verify that, at o = 1, this integral coincides with the classical integral.
Definition 4.3. Let f be a continuous function in [a,b]. The UD integral, IS f, is

defined as follows:

1 z l—a
I f(x) = a/ e%(t_;”)f(t)dt, where o € (0, 1]
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4.1. THE UD FRACTIONAL DERIVATIVE

Theorem 4.7. If g be a continuous function in (a,b) then for x > a

1. D (I3g(x)) = g(x)
2. 12 (Dg) = g(x) — e's~“g(a)
Proof. (1)

D (150(a)) = (1= )izate) + 0 [ =5 g0t

(a—1)z (1—a)z

=(1—a)llg(z)+ [(1+“a) /xew-c(t_mg(t)dt—l—e a e o g(x)

= (1= a)lig(x) + (a = DIgg(x) + g(z) = g(x)

2
I (Dg(a)) = (L= )Izg(a) + [ 5 g 0y

= (1= a)Zg(e) + 7 (550) — (1 - a)I2g(a)

a

e

=g(z) —ea

(a—z)

g(a)

Corollary 4.2. If g(a) =0 then D* (I%g) = I® (D%g) = g.
Some properties of the UD-integral are presented in the following theorem.

Theorem 4.8. If g and h are continuous functions then the operator I possesses
the following properties:

13(Ag + ph) = Mg g + plgh

I3 (I3g) = 13 (I3g) ;v € (0,1

Iy (I39) # 13*(9)

If g < h then I2(g) < I2(h)

15 9] < 179l

If g >0 then I%(g) > 0

Neither D*(g) = D (Iél‘“) (g)) nor I (D%(g)) = 1= (g)

NS G o~

where 0 < a,v < 1,z > 0,D and I be the usual differentiation and integration
respectively.

Proof. (1),(2), (5) and (6) are obvious.

2)
Ry



4.1. THE UD FRACTIONAL DERIVATIVE

:_G(Q“U / / =) g € arg

(changing order of integration)

T (1-a)y i a(l—7) (/ €<l%)(€_x)g(£)d£ - / e(ly)(fﬂ)g(@) '

1
— JO — ~ ] — e
o (i =) g(x) = 119 (x)

(3) For = 5,a = 0 and g(z) =

1/2 ( 71/2 a . .2
We have I, (Io g(sc)) =4e  [(x — 2) + (v +2)e ] and Tyg(z) = 5.
(4) For a = 1,a =0 and g(z) =
We have I)/%g(z) = 2 [(z—1)+e*],DY?g(z) = i(z+1) D (Ié/Qg( )) =2—¢"

and Iy (D'2g(a)) = 3 (5 +

We end up the section with a list of UD Integrals of some elementary functions
in the following proposition. O]

Proposition 4.2. Anti UD derivative of some elementary functions:

(a Ly

LI\ = g5 + Ce

« m m m___m! m—r a " (a71>az
2 1% (b +0)™) = ey St~ )" G2 b+ 0 (o )+ e

3. 1% (e"Fe) = abff_im +Ceae

. —a) sin(bx+c)—ab cos(bx+c (e=1) .
4 I°(sin(bo + ¢)) = U=lierd abontbria) 4 et

-1)

xT

5. I%(cos(bxr +¢)) = (=2) Coi(zbbxzic();rib)sm(bﬁc) + C

where A and C are constants

4.1.5 Some UD-fractional differential equations

In this section, it is assumed that D = d—a, the functions involved in the considered
fractional differential equations are all differentiable in [0, 00), range of the fractional
order lies in (0,1], and the UD derivative is used as given by the equation . First,
we introduce and solve the linear, Bernulli, and Riccati UD-fractional deferential

equations.

Definition 4.4. The general form of the first order linear UD-fractional differential
equation is defined as:

D%(y) + hx)y = k(x) (4.2)
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4.1. THE UD FRACTIONAL DERIVATIVE

When o € (0,1],If k(x) = 0 then

D%(y) + h(x)y =0 (4.3)

Is called a homogeneous UD-fractional equation.
Equation can be rewritten as

D*(y) + h(z)y = k(z)

(1—a)y+ay + h(z)y = k(x)

g+ Lm0t o) o

So, the general solution of the first-order linear ordinary differential equations

s given as follows:

() th(@) k(x (1—a)+h(z)
o

Example 4.2. Consider the fractional differential equation,
DY3y(z) + 2y(x) = .
This equation can be written as:

dy(x)
dx

which has the general solution:
y(z) = e (/ 3ze e dy + c) ,

y(x) = 3ce™ 4 3¢

+10y(z) = 3¢

Hence

where ¢ 1s an arbitrary constant.
Definition 4.5. The generalized UD Bernoulli fractional differential equations can
be expressed as
D%y +p(x)D%y = f(x)y", o, €(0,1],n €N, (4.5)
where p(x), f(x) are a-differentiable functions and y(x) is an unknown function

to be found.

Forn =0 orn =1, the equation becomes linear, otherwise, it is nonlinear.
Note that:

28



4.1. THE UD FRACTIONAL DERIVATIVE

1) when « n equation (4.5), we have
(i) when o # (3 in equation (4.3]), we h

[+ Bp()]y + [(1 = ) + +p(@)[(L = B)ly] = f(z)y™
Multiply both sides by (y‘"o‘), to get

o+ Bp(@)]y ™"y + [(1 — o) + (1= B)lp(x)y" " = f(x) (4.6)

/

Now, let u =y~ then, ' = (1 — na)y~"=y/.
The equation @ becomes
1 —na)
ul+(— 1—a)+ (1—-70)p(x)|u=
L - a)+ (- o)

Where o+ Bp(x) # 0.
which is linear first ODE that has the general solution

(1 —na)

a+ﬁﬂﬂﬂ@

y_< oo [ [ 12531 1amwwmmillﬁ%mex+%)

o+ 5p(x

where no # 1.

Example 4.3. Consider the generalized Bernoulli UD-fractional differential equa-
tion:

D%y + Diy =9
y(0)=0

Solution: According to the above formula, the general solution of the equation,
considering y(0) = 0 to get c = —% is given by

@) = (Lot )
x)=|—=e: -

Y 5 5

(i1) As a special case, when na # 1,8 =0 in equation , we have

The UD fractional Bernoulli differential equation of order o can be represented by

D +p(x)y = f(x)y" ,a€0,1]

This equation can be transformed by UD property to a fractional differential equa-
tion as

(1 =)y +ay +pla)y = flz)y"
Simplify this equation, we get

ay' +[(1—a) +p(@)ly = f(z)y"
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4.1. THE UD FRACTIONAL DERIVATIVE

Multiplying both sides of the equation by y~"¢, to get the bernoulli equation

ay'y "+ [(1—a) +p(a)]y" " = f(z)

Now, let u =y then, v’ = (1 — na)y~"y/, where [a + Bp(z) # 0].
Thus,it is transformed to linear equation

o'+ T ) 4 plagu = L1

that has the following solution:

[ (@),

1
1—-na
y = (e—f 0=n9 [(1—a)+p()lde { / of L= (1—a) bp(a))aa (1 — 1Y) @)z + CD 7

«

where nav # 1,n # 0 .

Example 4.4. Consider the Bernoulli fractional differential equation

2
y(%) + % =z sinxy%

y(0)=0

Solution:

Using the above formula with y(0) = 0 to get ¢ = —%. Hence the general solution
of the equation is given by:

Moreover, we provide various types of UD-fractional differential equations.

Example 4.5. Consider the fractional differential equation,
DY (D) y(x) = 0. (4.7)
Using the UD derivative property, the equation can be written as,

avy’(z) + (@ +v = 2a7)y'(z) + (L - a)(1 = y)y(z) = 0
This yields the solution,

a—1 y=1

y(zr) = Ae( a )I—I—Be( gl >x

where A, B are arbitrary constants.
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4.1. THE UD FRACTIONAL DERIVATIVE

It should be noted that the solution depends on parameter o only (when x #0) if
one uses a Conformable derivative.

Example 4.6. The relaxed equation in fractional space is described by the equation
d*y(x)
dx®

where ¢ > 0,2 >0 and 0 < a < 1 has the solution,

+ cy(z) =0, (4.8)

y(a) = Eq (=c"2%)

in terms of Mittag-Leffler function.
And, using Conformable derivative, the solution of the fractional differential equa-

tion (@ 1S gilven as
t (03
y(t) = Aexp (—(—>)
«

where A is an arbitrary constant.
Again, using the proposed UD- derivative, the solution of @ 1S given as

o) - ey (=)

where B 1s an arbitrary constant.
Above all the obtained solutions coincide at o = 1.

Example 4.7. Using the UD derivative, the fractional initial value problem for the
damped simple harmonic oscillator

Py(z)  dy(x)
dx? to dx®

+wiy(z) = f(2);0 < a < 1,2 >0, with

may be written as

TV 2B | yfa) = fa)

Which complementary function of the solution will be

A2 A2
e /2 [ Asin ,u—zx—l—Bcos p®

where X = ab and p = b(1 — a) + wi.Ans well, the particular integral and the
values of arbitrary constants A, B can be found using initial conditions when f(x) is
known.



4.1. THE UD FRACTIONAL DERIVATIVE

Example 4.8. Consider

d1/2
Q:le/Qy + y = 6sinx; DYV =

_d$1/2’8>0

we may write

1 1, ., :
§xy+ 3 (xy +y) = 3sinx
which is
DY?(zy) = 3sinx
so that
zy = I'V*(3sinz) +c = 6696/696 sinzdr 4+ Ce™™
hence

xy = 3(sinz — cosx) + Ce™”
Example 4.9. Consider another problem

1/3

d
3DY3y 4+ y = 3ze®; DV3 =

= dx1/3’x>0

multiplying by exp(x) and using UD differential operator, we get

which can be written as,

operating I3 we get

3:(: 1 —3x
y=ge (x—4>+Ce

Ramark 4.3. In the above two problems, if one uses one of the existing analytic
definitions of fractional derivative, for example, the following Conformable derivative

df
[)ﬁ _ 1B 1
we obtain the following answers

_g—1/2 _e1/2 _ )
ze ? :3/6S s32gins + C

and
1/3 1 1/3
ze® = /8368+S +C

respectively. This shows the proposed derivative yields a better result.

62



4.2. EXPONENTIAL FRACTIONAL DERIVATIVE

4.2 Exponential Fractional Derivative

Kajouni et al.[T]|] have introduced a new fractional derivative based on exponential
function, the main properties and results, and some applications to fractional differ-
ential equations are studied in this section.

4.3 Definition and basic properties

Definition 4.6. Given a function f : [0,00) — R, and then the exponential frac-
tional derivative of f order a is defined by

T pll—a)z) _ f(p
<Daf><x>:hlinof( +h : )= f(@)

for all x > 0, and a € (0,1). If f is a differentiable in some (0,a),a > 0, and
lim, o+ (D*f) (x) exists, then define

(D*f)(0) = lim (Df) (x).

z—07F

Now, we study the basic analytic results and main properties of this derivative.

Theorem 4.9. If a function f :[0,+00) — R and « differentiable at xo > 0, then
f is continuous at xg.

Proof. Since

£ (0 -+ hel=70) — £ (o) = (F(ao + he' = — f(a0))/h x h

then
. (1—a)zo | __ — (1-a)zo | :

lim. { f <:I:0 + he ) f (wo)] = Jim. << f (to + he ) f (x0)> /h) x lim h.
Then,

: _ — fla)

Eh_H}O [f (o +¢) f(Io)] [ (20) x 0
which implies that
Jim f (zo +¢) = f (20)

Hence, f is continuous at xg. O

Theorem 4.10. Let 0 < a <1 and f, g be a differentiable at a point x > 0. Then,
1. D*(af +bg) = a(D*f) +b(D%g), for all a,b €€ R.

2. D (2P) = pel=*2zP=1 for all p € R.

3. D%(\) =0, for all constant functions f(x) = \.
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4.3. DEFINITION AND BASIC PROPERTIES

4. (D*fg) = f(D%) + g (D*f).
5. (D*(f/9) = (f (D%g) +g(D*f)) /g*.
6. If in addition, f is differentiable, then (Df) (z) = (=% f/(z).

Proof. We prove only (6), and the others can be shown as consequences.

f (x n he(l‘“)”“) ~ f(2)
(D) (@) = lim, .
L fe+e) - f@)
—; cela—1)p
1-a)z lim f([L‘ + 5) B f(l’)

e—0 g

— e(l—a)xf/($)

=€

]

The following are the Exponential fractional derivative of some basic functions

Example 4.10. Let b,c,p € R and 0 < o < 1. Then :
1. D> (zP) = (pe(lfo‘)’”> 2Pt for all p € R.

2. Do(1) = 0.
3. D (e*) = cel=¥ec®  for all ¢ € R.
4. D*(sin(bx)) = be=** cos(bx), b € R.

5. D%(cos(bz)) = —be'=*sin(bx), b € R.

Theorem 4.11. the following exponential fractional derivatives of certain functions:

1. D* <sin (1/1 — ae(la)x>) = cos <1/1 — ae(l’a)m).

2. D (cos <1/1 - ae(lo‘)x>)) — —sin (1/1 _ Oée(lfa)x>
3)' Da (el/l—ae(17&)1> _ 61/17016(17&)1'

4. D (1/1 - ae@—a)z) ~1.

Definition 4.7. Let a € (n,n + 1], for some n € N, and f function be an n differ-
entiable at x > 0. Then the a- fractional derivative of f is defined by
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) (x X he(nﬂ—a)z) — f)(2)
(D*f) (z) = lim .

if the limit exists.

Ramark 4.4. As a direct consequence of Definition 4.7, we can show that
(Daf) ($) _ enJrlfozf(n«H) (l’),
where o € (n,n+ 1] and f is (n+ 1) differentiable at x > 0.

Our definition makes it possible to prove basic analysis theorems such as Rolle’s
theorem and the mean value theorem.

Theorem 4.12. Rolle’s theorem for exponential fractional differentiable functions
Let a >0 and f : [a,b] — R be a given function that satisfies

1. f is continuous on [a,b],

2. f is a-differentiable for some a € (0, 1),
3. fla) = f(b).
Then, there exists ¢ €]a,b|, such that f(*)(c) = 0.

Proof. Since f is continuous on [a,b], and f(a) = f(b), there is ¢ €la,b| which is
a point of local extrema. With no loss of generality, assume c is a point of local

minimum. So
fc+ec™) = flo)

D%f(c) = lin(1)+ .
. fe+ec™™) — f(c).
e—0— £

But,the first limit is non-negative ,and the second limit is non positive.

Hence f®(c) = 0. O

Theorem 4.13. Mean value theorem for exponential fractional differentiable func-
tions
Let a >0 and f : [a,b] — R be a given function that satisfies

1. f is continuous on [a,b],

2. [ is a-differentiable for some o €]0, 1],
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Then, there exists ¢ €]a,b|, such that

f(b) — f(a)
(1/1 — a)elt=ab — (1/1 — av)et—)a’

£ e) =

Proof. Consider the function

B f(b) = f(a) I e 1 -
g(x) = f($)_f(a)_(1/1 —a)e=b — (1/1 — a)e(l-a)a (1 _ &e( - 1 — ae( ) )

f(b) - f(a’) 1 1—-a)a 1 1—-a)a
o) = SO~ =i = (171 = ayeo-on (1 R Pl ) -
and

f(b) B f(CL) 1 1—a)b 1 1—-a)a
0(0) = F0) @)~ e = g (e ) o

Thus g(a) = g(b). By Rolle’s theorem, there exists ¢ € (a, b), such that ¢g(®(c) =
0. Using the fact that D* (1/1 — oze“‘“””) = 1, the result follows.
[

Along the same lines in basic analysis, one can use the present mean value theorem
to prove the following proposition.

Proposition 4.3. Let f : [a,b] — R be « differentiable for some o € (0,1).

1. If £ is bounded on [a,b], where a > 0, then f is uniformly continuous on [a,b],
and hence, f is bounded.

2. If f*) is bounded on [a,b] and continuous at a, then f is uniformly continuous on
[a,b], and hence, f is bounded.

4.3.1 Exponential Fractional Integral

Definition 4.8. Let a € (0,1) and a > 0, let f be a function defined on (a, x|, Then,
the « fractional integral of f is defined by

@) = [ e ss)ds

a

Next, we can present the Inverse result theorem of this operator.

Theorem 4.14. If f : [a,00) — R is any continuous function in the domain of I,
and 0 < a < 1. Then, for x > a, we have

DRIsf(x) = f(x)
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Proof. Since f is continuous, then ¢ f(t) is clearly differentiable.

Hence,
d

eI (@) = 18 f) a)

:e(l—a)x%\/ e(a—l)Sf(S)dS

a

_ 6(1_a)x€(a_1)$f($)
= f(z)

Also, we can show the other inverse result as follows:

Ramark 4.5. Let f : (a,b) — R be the function differentiable and 0 < a < 1.
Then, for x > a, we have

DG f(x) = f(z) — f(a).

4.3.2 Exponential fractional differential equations

In this section, we solve some Exponential fractional equations by reducing it to well-
known ordinary differential equations .

Example 4.11. Solve the equation
y @ +y=0

Solution:
the auziliary equation for
vy =0
18
(a—1)r+1=0
so that the solution is given by y(z) = /1=

Example 4.12. Consider the following equation:

YD) 4 omo/2y — g

By multiplying it by e*, we obtain e*y/?) + e*/?y = x and take advantage of the
product rule for this fractional derivative

() = .
By using the fractional integral, we have
e’y = / te!/? dt + C.
0

Therefore,
y(x) = (20 —4)e "2 + ce™®.
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Example 4.13. Find the solution y which verifies this equation.

wm::fjﬁ

Yy yex/Q

Thus, the fractional differential becomes

2
e—:p/2y/(x) _ -y - me—m/27
Y
which brings back to

’ T
yt+y=——.
Y

This is a differential equation of Bernoulli and can be solved to

y = (_1267:2/2 + 0671/2)1/2
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4.4 Hyperbolic Fractional Derivative

Recently a new fractional derivative based on hyperbolic functions has been introduced
by Iyad Alhribat, and Amer Abu hasheesh in [{], its main properties and the basic
calculus of this fractional derivative with applications to certain fractional differential
equations have been studied.

4.4.1 Definition and main properties

Definition 4.9. Given a function f : [0,00) — R, and « € (0,1], the hyperbolic
fractional derivative of order a is defined by

(D*f) (z) = Jim L@ Rreoshl = a)) = f()

o 3 , forallx > 0,a € (0,1].

We will, sometimes, write f® for (D*f)(z), to denote the hyperbolic fractional
deriwatives of f of order . In addition, if the Hyperbolic fractional derivative of f
of order «v exists, then we simply say f is a-differentiable.

If f is hyperbolic a-differentiable in tus he interval (0,a) for a >0 and a € (0, 1]
such that lim, o+ (D*f) (z) exists, then (D*f) (0) = lim, o+ (D*f) (z).

In the case of the conformable fractional derivative proposed in [15],we have two
important remarks that are considered as the main motivation for our definition:

Ramark 4.6. A function could be o - differentiable at a point but not differentiable,
for example, take f(x) = 2/x, T%(f)(O) = lim, o+ T%(f)(x) = 1 where T%(f)(x) =1
for x > 0. But T1(f)(0) does not exist. While for our definition, hyperbolic -
differentiable implies differentiable which is an advantage of our derivative.

Ramark 4.7. If f and T, f(z) are differentiable, we have

A @) = - e L) 4 ate L

dx da? f(@).
Therefore,this expression tends to infinity when x is very small, but this brings reg-
ularities in several mathematical problems especially when seeks to bounded T, f ().
Now, we present the main properties and results concern to our mew fractional
derivative.

Theorem 4.15. If a function f : [0,00) — R is hyperbolic a-differentiable at o > 0,
then f is continuous at xg.

- f(a?g—&—h cosh(l—a)xo)—

Proof. Since f (zo + hcosh(l — a)zo) — f (z9) = - flwo) h, then

) o f ((L’(] + hcosh(1 — oz)xo) — f(zo) ..
}llli%f (zo + hcosh(l — a)zo) — f (wg) = ]llli% - fl}g(l) h.
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4.4. HYPERBOLIC FRACTIONAL DERIVATIVE

Let € = hcosh ((1 — a)zo), then
lim f (2o 4 h cosh(bounda)zo) — f (x0),
h—0

f (o +€) = f(w0)

= cosh ((1 — @)zo) (.11_1)1(1) . : %,li% h,
= cosh ((1 — a)zo) f' (z0) - 0 = 0.
Which implies lim. o f (o +€) = f (20),hence f is continuous at z. O

Theorem 4.16. Let f,g be hyperbolic a-differentiable at a point x > 0, then for
0<a<l

1. D*(af +bg) = a(D*f)+b(D%g) for all a,b € R,

D% (2P) = pcosh((1 — a)x)xP~! for all p € R,

D*(X\) =0 for all constant function f(x) = A,

D(fg) = f (D%g) + g (D*f),

Do (1) _ 9(D*)—f(D%g)

g g2 )
D(f o g)(x) = f'(9(x))D*(g9)(x),
In addition, if f is differentiable, then (D*f) (z) = cosh((1 — a)x)f'(x).

Proof. We need only to prove (7) and (4), since the other rules are direct conse-
quences.

NS G e e

o h cosh(1
(Df) (z) = }lllg(l) f(z + hcosh( h— a)x) — f(x)

Let ¢ = hcosh((1 — a)z)

Therefore

(D*f) () = cosh((1 — a)z) lim fla+ 52 —fl@)
— cosh((1 — a)2)/'(x).

(4):

(D*fg) (z) = lim f(z + hcosh(l — a)x)g(x + hcosh(1l — a)x) — f(x)g(x)

h—0 h ’

— lim f(z+hcosh(l—a)z)g(xz+h cosh(l—a)z)— f(x)g(x+h cosh(l—a)z)+ f(x)g(x+h cosh(l—a)z)— f(x)g(x)
- h—0 h

= lim flw+ heosh(l = a)z) = f(gc)g(:v—i—h cosh(1—a)z)+f(z) lim

9

g(x + hcosh(l — a)x

h—0 h h—0 h
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= (D°f) (#) lim g(2 + hcosh(1 — a)z) + f(x) (D) (2).

Since g is continuous at z, then lim; 0 g(x + hcosh(1 — a)z) = g(x),hence

D*(fg) = f(D%g) +g(D"f).
O
Example 4.14. [t is worth noting the following hyperbolic fractional derivatives of

certain functions for a € (0, 1].

1. D*(sinh(1 — a)x) = (1 — a) cosh®((1 — a)z),
2. D%(tanh(1l — a)z) = (1 — a)sech((1 — o)z

3. D%(2cosh(l — a)z) = (1 — a)sinh(2(1 — «
4. D*(2tan™! <e(1_0‘)x>) =1-a.

),
)

z),

We generalize the definition of hyperbolic fractional derivative for o € (n,n +
1],n € N.

Let o € (n,n + 1], for some n € N, and f is n-differentiable at x > 0, then the
hyperbolic a— fractional derivative is defined by:

(Df) (z) = ;llll,% f(z + hcosh(lh— a)z) — f(z)

if the limit exists.

Ramark 4.8. As a direct consequence of this definition, we can show that
(D) (x) = cosh(((n +1) — a)z) f"+Y,
where o € (n,n+ 1] and f is (n+ 1)- differentiable at x > 0.

The previous definitions of fractional derivative Riemann—Liouville and Caputo
do not enable us to study the analysis of a— differentiable functions. However, our
definition makes it possible to prove basic analysis theorems such as Rolle’s theorem
and the mean value theorem.

Theorem 4.17. Rolle’s theorem for hyperbolic fractional differentiable functions.
Let a > 0 and f : [0,00) — R be a given function that satisfies

1. f is continuous on [a, ],

2. f is a-differentiable for some o € (0,1],

3. fla) = f(b).

Then there exists ¢ € (a,b), such that f(*)(c) = 0.
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Proof. Suppose f is continuous on [a,b], and f(a) = f(b), then there is a local
extreme point ¢ € (a,b). Without loss of generality, assume c is a point of local
minimum. So,

fle+ hcosh(l —a)c) — f(c)

(D) (¢) = lim

h—0t h
_ lim f(c+ hcosh(l —a)c) — f(c)'
h—0- h
But, the first limit is nonnegative, and the second limit is nonpositive. Hence
(Df) () = 0. O

Theorem 4.18. Mean value theorem for hyperbolic fractional differentiable func-
tions.
Let a >0 and f :[0,00) = R, be a given function that satisfies

1. f is continuous on [a,b],
2. f is a-differentiable for some o € (0,1].

Then there ezists ¢ € (a,b), such that

o f(b) — f(a)
(D7) () = SO =S) .
= [tan (e(=e) — tan (6(1*0‘)‘1)]
Proof. Consider the function: g(z) = f(z) — f(a)—
f(b) — f(a) |i 2 tanfl <e(1fa)x> . 2 tanfl (e(la)a>:| )
2 [tanfl (e(-2)) — tan~! (e(ka)a)} l—« e
Then,
g(a) = g(b) =0,
hence by Rolle’s theorem, there exists ¢ € (a, b), such that
g (c) =0.
Using the
2tan~! (e(l-®)®
()
1 -«
we get
o f(b) — f(a)
D) () = O
1—a [tan (6( —a) ) — tan (e( —a)a)]

]

To work on the calculus of the hyperbolic fractional derivative, we need to define
a corresponding anti-derivative.
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4.4.2 Hyperbolic Fractional Integral and applications

We introduce the hyperbolic a-fractional integral as follows:

Definition 4.10. Let a € (0,1] and a > 0, let f be a function defined on (a, x|, then
the hyperbolic a— fractional integral of f is defined by:

7)(e) = [ see((1 = a)s)f(s)ds
Example 4.15. Fvaluate the following hyperbolic fractional integrals.
1 1 — [* —
1. I% <cosh(2x)> Ji lds = — 1.
2. ]concernz‘ng(]-> = fox sech (%S) ds = 4tan~! (6%50) — .

Ramark 4.9. Since sech((1—a)s) is continuous and bounded, then if f(s) is contin-
uous and bounded on (a,z], then I2(f)(x) = [7sech((1 — a)s)f(s)ds is convergent;

which 1s an extra advantage to the hyperbolic fractional integral.

The following result shows the inverse property of the hyperbolic fractional oper-
ator.

Theorem 4.19. If f : [0,00) — R is any continuous function in the domain of I,
and 0 < a < 1. then, for x > a, we have DY (I8f(x)) = f(x).

Proof. Since f is continuous on, then I¢f(x) is clearly differentiable. Hence,

DRI () = cosh((1 ~ o))+ (T4f(2))

— cosh((1 — @@% / sech((1 — a)s) f(s)ds,
= cosh((1 — a)z)sech((1 — a)x) f(z),
= f(x).

0

As an application to solve certain well-known fractional differential equations with
respect to our hyperbolic differential operator with o € (0, 1].

Definition 4.11. The general form of the linear hyperbolic fractional differential
equation of order « is given by:

Yy +pla)y = f(x), (4.9)
where p(x) and f(x) are a-differentiable functions.
Clearly equation ((4.9) )is equivalent to
cosh((1 — a)a)y/ + pla)y = /(x). (4.10)
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If we Divide equation ((4.10)) by cosh((1 — a)z), we get

y' + p(x)sech((1 — a)z)y = f(x)sech((1 — a)x). (4.11)

Now, equation ((4.11)) is a first order linear ordinary differential equation that

has the general solution
1
y=—= "(f(@)u(x)),
i (@)

where p(x) is the integrating factor given by:
p(z) = el (p(2))

Example 4.16. Solve the hyperbolic fractional differential equation
¥ 4+ (1 — a)sinh((1 — a)z)y = 1.

This equation is transformed to the linear equation
v + (1 — ) tanh((1 — a)x)y = sech((1 — a)x).
We compute the integrating factor

,U(.CC) _ €f(1_a) tanh((1-a)z)dz _ 6ln(cosh((1—o¢)x) — COSh((l _ Ol).T)

Hence, the general solution is given by

y = sech((1 — a)z) / ldx = sech((1 — a)z)(x + ¢),
= zsech((1 — a)x) + c¢sech((1 — a)zx).
Definition 4.12. The general form of the Bernoulli hyperbolic fractional differential
equation of order « is given by:

Y +p(z)y = f(x)y",n #0, 1L (4.12)

where p(x) and f(z) are a-differentiable functions.

To solve equation (([4.12)), we use the substitution z = y'~™ that reduce it to
linear

hyperbolic fractional differential equation

294 (1 —n)px)z=(1-n)f(z), (4.13)
that has a general solution
1 1

y= [m(fo‘((l —n)f(@)pu(x)] =,

where the integrating factor

p(z) = el (=mp@),
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Example 4.17. Solve the hyperbolic fractional differential equation
sech((1 — a)x)
; .

Y@ + (1 — a)sech((1 — a)z)y = (1 — )

The substitution z = y* reduces the equation into linear hyperbolic fractional
differential equation

2(®) 1 2(1 — a)sech((1 — a)x)z = 2(1 — a) sech((1 — a)z).
We compute the integrating factor

J2(1—a)sech?((1—a)z)dx 2tanh((1—a)z)

) _ 6I"‘(Q(l—oc) sech((1—a)z) —e ,

(@ =e

hence, the general solution is given by

2

y = 672tanh((lfa):r;) ([a <2<1 . CK)62tanh((1fo¢)ac) SGCh((l . CY).Z'))) ’

N|—=

e~ 2tanh((1—a)z) (/ <2(1 — a)eztanh((l_a)x) sech®((1 — a)-I))) )

1
_ <e—2tanh((1—a)x) (€2tanh((1—a)z) + C>) 2 _ \/1 n ce—2tanh((1-a)z)

Definition 4.13. The general form of the Riccati hyperbolic fractional differential
equation of order « is given by:

Y@ = hw) + k(2)y + u(@)y?, (4.14)

where h(x), k(x), and u(zx) are a-differentiable functions.

To solve equation ().If a specific solution y; is known, then the general
solution, which comes in the form of y = y; + 2z, where z is the general solution to
the following Bernoulli hyperbolic fractional differential equation

2@ 4 (—k(z) — 2u(x)y1) 2 = u(z)2>. (4.15)
Example 4.18. Find the general solution of the hyperbolic fractional differential
equation
(_21.4 _'_x2y+y2) <e(1—o¢)x _|_6(oz—1)a:>

(@)

Yy = 9.3 )
given that y, = —x? is a solution.
We can simplify the equation to get
y @ = ( v+y) cosh((1 — a)z) = cosh((1 — a)z) (—2z + 7'y + 27°y) ,

3
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which s Riccati equation. To solve it, we solve first the corresponding Bernoulli

equation ((4.19)). After doing all the simplifications, we get

2 4 (27" cosh((1 — a)z)) z = 27 cosh((1 — a)z)2?,

that has a general solution

T 1 3cz

~1
_ —3 32
z = (z(I*(—z " cosh((1 — a)z)) - (x(% + c) X

so the general solution for Riccati equation is

s 2?4 3z 22 — 3ca®
y=u N 14 3cz® 1+ 3ca3
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N

— y=f(x)

— Conformable.F.D

— Hyperbolic.F.D
05

Figure(1)

1 —y=f(x)

— Conformable.F.D

Figure(2)

Finally,the above figures represent some graphical comparison between the con-
formable fractional derivative vs. the hyperbolic fractional derivative for two func-
tions with different values of a.

Figure(1): shows the graphs of f(x) = 22, and its conformable fractional derivative
vs. its hyperbolic fractional derivative with o = 0.1.
Figure(2): shows the graphs of f(x) = vx — 22, and its conformable fractional

deriwvative vs. its hyperbolic fractional derivative with o = 0.5.
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