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Abstract

In this thesis, we give the definitions of fractional derivatives, fractional integral, and
the concept of the fuzzy sets. In particular, we use these definitions in addition to
the generalization of the Hukuhara differences for the closed intervals on the real line
to develop the theory of inerval-valued fractional calculus and fractional differential

equations with fractional order. Several examples are presented.
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Chapter 1

Fractional Calculus and Interval

Analysis

1.1 Frational Calculus

Fractional calculus is a branch of mathematics which is as old as calculus [12]. It deals
with studies several different possibilities of defining real number orders or complex num-

ber order of the differentiation operator.

It’s story can be traced back to the end of the 17" century, the time when Newton and
Leibniz developed the foundation of differential and integral calculus. It was started as
a trial to understand the question of whether the meaning of a derivative to an integer
order n could be extended when n is not an integer. This question was first raised by

RS
dxn?

notation for the n'* derivative of the linear function f(z) = x. L’hopital curiously asked

L’Hopital in 30*",1695. In a letter to Leibniz, he posed a question about Leibniz

what the result would be if n = % Leibniz responded that it would be ” an apparent

paradox, from which one day useful consequences will be drawn”[26].

In the following, the discussion of the subject of fractional calculus caught the attention
of other great mathematicians, many of whom directly or indirectly contributed to it’s
development. They included Euler, Laplace, Fourier, Riemann, Liouville and many oth-
ers [19].

Over the years, many mathematicians, using their own notation and approachs, have
found various definitions that fit the idea of non-integer order integral or derivative such

that Riemann Liouville, Grunwald-Letnikov, and Caputo derivatives.



In this chapter, we present several definitions of fractional derivetives and integrals such
as Riemann Liouville, Grunwald-Letnikov, Caputo derivatives, and conformable frac-
tional derivative and the fractional integral.

In the next chapter, we will present these definition using interval valued functions in
addition to present the fractional differential equation.

1.1.1 Riemann Liouville Fractional Derivative

In this section, we present the necessary definitions and theorems that are related to the

Riemann Liouville fractional derivative and integral.

Riemann Liouville definition of fractional integral can be motivated by the general-
ization of Gamma formula which defined as a generalization of the factorial for all real

numbers as follows -~
[a) = / t* texp{—t} dux.
0

In the following we denote by C([a,b],R) the set of all continuous functions in the

interval of real numbers [a, b].

Definition 1.1. /3] Let f(z) € C([a,b],R). The integrals

T () = ﬁ / (x— )" f(t)de, t > a,

and . ,
IEf(t) = m/t (t—2)* ' f(t)dx, t <,

where a > 0, are called, respectively the left and right Riemann-Liouville fractional

integrals of order «.

In this thesis, we will consider only the left Riemann-Liouville fractional integral,

and denoted by

17 f(t) = ﬁ / (t — o) f(a) da,

Proposition 1.1. /3] If f(t) € C([a,b],R), ai,as > 0, then
I I f(t) = 10T f(t) (1.1)
Proof.

INIRf(t) = —F(al)lF(CJzQ)/a /T(t—x)al_l(:p—T)”_lf(T) dx dr

_ —F(a1)1F o / ) [ / (=) (o — 1) de| d,

2



the substitution z = 7 + s(t — 7), yields
1

I = frpe | 70 [ =00 = 9 st = n) e - r)dsdr

[(a1) () 0

! t e — ) "t dsdr

= gt J, O [t
1 t arta=lgin o) dr

_ W/ F()(E = 7)7 L3y an) d,

where B(a, as) is the Beta function, which is defined as the following [10]

1
B(x,y) = / "N 1 =) tdt, a2,y > 0.
0

Also, the Beta function has a close relationship to the Gamma function, where

_ ')l (y)
Hence,
]gllng(t) = m/a f(T)(x—T)al"'a?_l%dT
1 t

= Tarron / (t — )t f(7) dr

F(Oél + (g
= TUrerf(f),

(1.2)

(1.3)

]

Definition 1.2. /28] The Riemann-Liouville fractional derivative of order « for a func-

tion f(t) € C'([a,b],R);b > 0 is given by:
dn

Daf(t) = SoIf()

1 d ! n—a—1
= m@/@(t—@ f(z)dx,

for every t € [a,b] andn —1 < a < n, where n > 0 is an integer.

The following Example illustrates the previous two definitions

Example 1.1. Let f(t) = C where C is an arbitrary constant in the interval [0,2].

Then



e The Riemann-Liouville Fractional Integral

1

ISfit) = m/o(t—.r)a_lc’dx

= %/Ot(t—x)aldx

[,

o 0

(07

I'(a+1)

e The Riemann-Liouville Fractional Derivative

a 1 d" ! n—a—1
_ ¢ af (=)
 I(1—a)dt n—a |,

C o,
o —aar )

after n-times derivatives, we get that

C
(n—a)l'(1 —a«)

Dgf(t) = m—a)n—a—-1)...(—a)t™.

Definition 1.3. [12] For order o and f € (Cla,b],R), D> f(t) = I,*f(t).

The following is the composition rules and the relation between the Riemann Liou-

ville Fractional Derivative and Integral which can be derived from definitions

Theorem 1.1. Composition Rule[12]
Let f € C([a,b],R). Then

1. Dngng = D31+a2f, aq, ag > 0.

Dalion Zf a1 > Q9,

IaQ_alf Zf o < Qo.

2. D[ f =

Proof. Using Proposition 1.1. and Definition 1.3., we get that



DD f = 1,1, f,
]—(Oq-i-cm)f7

a

D(m +a2)f_

a

Do — [Teifor
— T ifa, >,

o] —Q :
= D ifag > as.

]

Theorem 1.2. /3, 18] The Relation between Riemann-Loiuville Fractional In-
tegral and Derivative
Let a > 0. Then for every f € (Cla,b],R):

1. DEIf(t) = J(2).

n— _g)e—k—1 —a
2. 18D f(t) = f(t) = Xopsy T 1a e f(8).

Example 1.2. In this ezample, we verify that
Cp+1)

Ia _ p___ ~\F T _ a+p
2oy = e
for some p > —1 and a > 0.
By definition
I¥(x—a) = L/gn(x — )t —a)P dt
‘ I'(a) Ja
Now by substituting t = a + s(x — a), we get
1 1
IY(x—a) = —/ v —a)*(x —a)’(l —s5)*'sPds
o | -G —ara-s)

= —(J;_a)aer 1 —5)*¥ P ds
S AR

(. —a)*"?
= Wﬁ(]}—f‘l,&), by (12)

(r—a)*™T(p+1)-T(a)

= T Taipry 0D
_ I'(p+1) (z — a)™tP
- Tlp+a+1) '

5



1.1.2 Caputo Fractional Derivative

In this section we present a definition of fractional derivative which is called the Caputo
Fractional Definition and it’s relationship to the Riemann-Liouville Fractional derivative.

The Caputo definition of fractional derivative can be written as [30]

1 A0
Cpo = / dt, n—1 .
a x F(n—a) i (J}—t)a_n"H , n <a<n
and
DI f(z) = f™(2),
for n € N.

Remark 1.1.1. [12] YDPK = 0 if K is constant.

The relationship between Riemman Liouville fractional derivative and the Caputo deriva-
tive can be obtained using the composition Rule which was derived before as follows [39].
Forn—1<a<nneN:

fDef(a) =MD (REDUf(n)

(
= Hepr (REDT (D (a)))

— RLpn | n—a ]nfn)+Zf(k )(x_a)k

k!
k=0
n-1 _ \k—a
k=0

Hence
k—a

a - « f x—a)
B2 (@) = D f +Z o

Thus under the homogeneous initial condltlons, the Riemann-Liouville and the Caputo

fractional derivatives are equivalent. i.e.,

BLDef(x) =D f(z) <= fW(a)=0, 0<k<n-—L

1.1.3 Grunwald-Letnikov Fractional Derivative

In this section, we introduce another definition of fractional derivative, which is called

the Grinwald-Letnikov Fractional Derivative and its implementation.

6



Let f be a continuous function. Then the ordinary derivatives are defined in terms of

the so-called backward differences as follows

df . flx) = flz—h)

dz i h ’
Ef gy S = 2f = h) + fle—20)

dx? h—0 h

df L f(@) = 3f(x —h) +3f(x —2h) — f(z —3h)
— = lim '
da3 h—0 h

If we continue in this manner, then we can write a general formula for the n*-derivative

of a function f(z). Indeed, for n € N, f € (CV[a,b],R) and j > n, then

Tl S [<—1>J‘ (") ste —jh)] , (1.4)

J=0

where the relation (1.4) expresses a linear combination of function values of f(x) in
variable z, and the binomial coefficient with alternating signs for positive values of n

[30]

In the case of negative value of n, we define
(—n) —n(-n—-1)(-n—-2)...(—n—j+1)
J J!
jnn+1) ... (n+j—1)

7!
= 7|
J
so, replacing n by —n in (1.4), we get
d—"f .
dl’_n - f( )(:C)
n [
= lm-= > (1) L] f(z = jh),
=0

where n is a positive integer number.



Remark 1.1.2. [30]
For the binomial coefficients calculations, we can use the relation between Fuler’s

Gamma function and fractorial, defined as

(n)_ nl T(n+1)
i) dn—j4)! TE+1I(n—j+1)

and for (g) = 1.

Griinwald-Letnikov fractional derivative is the generalization of the n-derivative func-
tion which is given by (1.4). The idea behind it is that h should approaches 0 as n
approaches oo, and since (?) =0 for n < j,n € N, and assume that h take only the

values

Hence

—lim S (—1) (”) F(z — jh),
j=0 J
since N goes to oo when hy goes to 0, then the following definition is derived.

Definition 1.4. Ifn > 0,f € C"[a,b] and a < x < b andn < a <n+ 1, then
al a
Do) = fim e S-(-17 (%) e = i
=0

is called the Griinwald-Letnikov derivative of order « of f(x).

Implementation of Griinwald-Letnikov Fractional Order Derivative

The most contents of this subsection are from [38].
In this subsection we present the The Griinwald-Letnikov definition of the fractional

order derivative which defined as

L
DY f(x) = lim Y~ wi® f(x - jh),
h—0 <
j=o
where wj(-a) are the binomial coefficient calculated recursively as following:

. ]717

1
wi® = 1w = (1— ot )w(“) j=1,2,3 ...
j



where h is the step size and L is the window size.

In order to implement this operator, an approximate version of length L is given by:

()

DL f() = 2o > wl® fo— jh),

j=0

According to the short memory principle, the error in calculating this approximated

derivative is bounded by:

) ) ML
Aw = |Dif(2) = D 1/ ()| < r—yp

where (a+L < x < b) and |f(z)| < M when a < x < b. So, it can be concluded that the
error is reduced by increasing the window size and the magnitude of the wj decreases
with increasing of j.

The above procedure can be applied to solve the general form of a fractional order

differential equation which is given as following
D = P(x,t).

To simulate this system based on Griinwald-Letnikov definition, the following set of

equations are used:
m
xy, = P(x(tg—1),tp)h" — Zw?lzlx(tk_j),
j=1

where m = L for the approximated window variation of the Griinwald-Letnikov operator

and m = k when the entire state memory is used in calculation.

Griinwald-Letnikov equation consists of two parts, the first is the binomial coefficients:

1
w((]a)zl’w<a):(1_06+ )w(a) j=1,2,3,..., (1.5)

J ; Jj—Db
J

the second part is the dot product of the row and column vectors presented by

(o)
DL f() = 2o > wl® fo— jh),

j=0



The following system represented the row and column vector dot products output:

WoTo
WoT1 + w1

WoTo + W1T1 + Waky

WLy + W1 Tp—1 + ... + WyZTo.

The above procedure can be extended to solve order system of three differential equa-
tions, the following example illustrates an application of the Griinwald-Letnikov system

of equations:

Example 1.3. (Liu System Implementation):

The fractional order Liu system is given by:

D" = —ax — ey2
D® = by —kxz
D® = —cz+ maxy.

A numerical solution of the Liu system can be represented as follows

vy, = (—ax(tp1) — ey*(ti—1))h® — Zw] 12 (tk—j)

Yo, = (by(tp—1) — ka(te-1)z(tr-1))h® — Z Wiz y(tr—;)

j=1

2y, = (—cz(tp—1) +ma(te_1)y(te—1))h® — Zw] 12 (tk—g).
j=1

where q1, g2, q3 are the fractional orders.

1.1.4 Conformable Fractional Derivative

In this section, we present the definition of the Conformable Fractional and it’s propri-
eties.

In 2014, the authors in [17] defined a new simple fractional derivative called ”The Con-
formable Fractional Derivative” depending just on the basic limit definition of the deriva-

tive.

10



Definition 1.5. [17] Given a function f : [0,00) — R. Then the The Conformable
Fractional Derivative of f of order « is defied by
1-a
T(a)(f)<t):11mf(t+6t )_f(t)’

e—0 €

for allt > 0,a € (0,1). So, if the Conformable fractional derivative of f of order «

exist, then we simply say f is a-diffrentiable.

If f is a-differentiable in some intervals (0,a),a > 0, and lim,_,o+ f(®(¢) exist, then
define

Note that, this definition coincides with the classical definition of Riemann-Liouville and
Caputo Fractional Derivative on polynomials, i.e., up to constant multiple.

As a consequence of the above definition, we can easily show that 7, satisfies all the
properties in the following theorem.

Theorem 1.3. [17, 11] Let o € (0,1] and f, g be a-differentiable. Then

1. Linearity
T (af +bg) = aT(a)(f) + bT(g).

2. Leibniz Rule
T (fg) = [T(f)]g + [T (9))

3. T@(t?) = ptP=, for all p € R.

4. T@(X) =0, for all constant functions f(t) = \.

5. T(a)(ﬁ) _ gTa(f)g;fTa(g)_

6. If f is differentiable, then T (f)(t) = t'~*9L

dt -

As a consequence of the previous theorem, the following are Conformable Fractional

Derivative of some certain functions.
(1) T@(e?) = ct' =%, c € R.

(2) T (cos(bt)) = —bt'~*sin(bt).

11



(3) T (sin(bt)) = bt'=* cos(bt).
(4) T (1) =1.
such that
1. T, (Sln ) coS= ta
2. T, (COS ) —sinéto‘.
3. Tp(eat) = eat”
Remark 1.1.3. A function f could be a- differentiable but not differentiable.
For example; take f(t) = 2v/t, then T%f((]) = lim;_,o+ T%f(t) = 1, where T%f(t) =1,

for ¢t > 0. But 7} f(¢) does not exist.

Fractional Integral

When it comes to integration, the most important class of functions to define the in-
tegral is the space of continuous functions. particularly, define the fractional integral
on polynomials, using the Weistrass theorem [7].and let J,(f(¢)) denote the fractional
integral of a continuous function f(t).

Let a € (0,00). Define J,(t7) = Z% for any p € R, and a # —p, then

L If f(t) = >0, bit®, then define

2. If f(t) = > p_, bet*, where the series is uniformly convergent, then define

equation®J, (f) = > 7, bk f:; :

Note that, J, is linear on it is domain, and if & = 1, then J,, is the usual integral.

The following definition for the a-fractional integral of a function f € C[0,00),a > 0.
Definition 1.6. [17]

s = e = [ 18

where the integral is the usual Riemann improper integral, and « € (0,1).

12



For example, 19 (v/tsint) = [ sinzdz = 1 — cost.
2
The following theorems illustrates some results of the Conformable Fractional Integral.

Theorem 1.4. T, I12f(t) = f(t), for t > a, where f is any continuous function in the

domain of 1.

Proof. Since f is continuous, then I?f(t) is differentiable. Hence,

T = P SI)
_ 11—« d ! f(S)
t E j gl-a ds
— tl—a&
tlfa

S0

Theorem 1.5. [33] Let f be a- differentiable. Then

ITLf(t) = f(t) = f(a).

Proof. Using the definition of the usual Riemann improper integral and the Conformable

fractional derivative, we get that

[T, f(t) = / Tafs)

Sl—a

- [,

1.2 Interval Analysis

Since not all numbers can be represented exactly with finite number of digits such that
irrational number, so the result of each calculation may contain some errors, then we
need a new arithmetic form to use with mathematical calculations which works with an
interval [a,b] that defines the range of values that x can have instead of working with
an uncertain single real number.

This treatment is typically limited to real intervals, i.e., quantities in the form
[a,b] = {z € Rla <z < b},

13



where a = —oo and b = oo are allowed [27].
This interval would be an unbounded interval; with both infinite or would be the ex-
tended real number line, addition to other types of intervals open such that (a,b),or

half-open such that (a,b], and [a,b) appear through mathematics.

1.2.1 Basic Terms and Concepts:

We will adopt the convenient of denoting intervals and their endpoints by capital letters.

The following are some definitions corresponding to intervals concepts:

1. End Point Notation
The left and right endpoint of an interval X will be denoted by X and X, respec-

tively. Thus,
X =X, X].

2. Interval Equality
Two intervals X and Y are said to be equal if the corresponding endpoints are

equal:

X=YifX=Yand X=Y.

3. Intersection Interval

e The intersection of two intervals X andY is empty if either Y < X or X < Y,

and we write
XNy =90

o [nterval intersection is defined as follows

XNY = {z:z€e X and z €Y}
= [max{&,ﬁ},min{Y,?}].

e Intersection plays a key role in interval analysis. If we have two intervals
containing a result of interest, then the intersection which may be narrower,

also contains the result.

4. Union Interval and Interval Hull

14



e The union of two intervals X and Y can be defined as

XUY = {z:z€ XorzeY}
= [min{&,X},max{Y,?}].

e In general, the union of two intervals may not be an interval, such that [0, 2],
and [4,5] are two intervals, but there union is not an intervals, since they

have a nonempty intersection, where ¢ is not an interval.

e The interval hull of two intervals defined by
XUY = [min{X, Y}, max {Y,?}],
is always an interval and it is used in interval computations.In general;

XUY C XUY.

5. Width, Absolute Value, and Midpoints

e The width (length) of an interval X is defined and denoted by

wX)=X-X

==

e The absolute values (Magnitude) of X, denoted by |X| is the maximum of

the absolute values of it’s endpoints
x| = max { X, X[}

where |z| < |X]| for all x € X.

e The midpoint of X is given by

m(X) = {X+X}.

N —

The following example illustrate the previous definitions of the interval concepts:
Example 1.4. Let X =[0,3] and Y = [-2,2]. Then:
e The intersection and union of X and Y are
Xny = [0,2],

XUY = [-2,3].

15



o The width of X and Y respectively

o The absolute value of X andY is

|X| = 3,
vl = 2

o The midpoint of X is m(X) =2 and m(Y') = 0.

1.2.2 Order Relations for Intervals

We say that
X<YifX<Y,
where the relation < is transitive such that let A, B and C three intervals where
A< Band B < C then A<C,

Also; we call the interval X is positive if x > 0 for all z € X or negative if z < 0 for all
re X.

Another transitive order relation for intervals is the set inclusion:

XgYifandonlyifX§Xand7§7.

1.2.3 Arithmetic Operations on Intervals

We define arithmetic operations and functions on intervals in such a way that the result
of the calculation is a new interval that is guaranteed to contain the true range of the
function.

Let K indicate the set of all nonempty compact intervals of the real line R, and let X
and Y be two intervals such that 2 € X = [X, X] and y € Y = [V, Y], then using the
intervals proprieties we have the following;

1. The Minkowski Addition of two intervals X and Y is the set[22]

X+Y = {z+y:zeX,yeY}
= [X+Y, X+Y].

16



2. The difference of two intervals X and Y is the set

X-Y = {z—y:zeX,yeY}
= X-Y,X-Y]

3. The scalar multiplication is defined by [22, 33], let Ay, Ao, A3, Ay € R, A\, A > 0,
and A3, Ay are both have the same sign (i.e. either both of them are positive or
negative), then it holds that

(a)

AX = AX,X]
AX,\X], if A>0,
= {o, if \A=0,

AX, )0 X], if A<O0.
respectively.
(b)
A(AeX) = (MA)X,

(/\3 + >\4)X == )\3X + )\4X

(c) If A = —1, then the scalar multiplication gives the opposite of X

(d) In general; (X) + (—X) # 0; that is the opposite of X is not the inverse
of X with respect to Minkowski addition. Minowski difference is X — Y =
X+ (=Y) =[X - Y, X — Y] with respect to the above operations.

4. The product of X and Y is given by

XY = {ay:zeX,yeY}
= [min {5}, max {S}],

Y,XY,YX,W}, we sometimes write X - Y more briefly as XY

where S = {
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5. The quotient é is defined as

where

==
Il
—N—
Neg
| —
Mm
~
—

this assumes 0 ¢ Y.

6. Given that, an interval X can be written as

X = m(X) + %w(X)[—l, 1

The following example illustrates the interval arithmetic operations:
Example 1.5. let X=/-2,-1] and Y=[-2,4] then:

o X +Y =[-4,3],

e X —Y =[0,-5],

e To find X Y, we need to find first S = {—4,2,—-8,4}, so XY = [min S, max S| =
[_8’4]7

* % - [17_4]

1.2.4 Interval Vectors and Matrices

By an n-dimensional interval vector, we mean an ordered n—tuple of intervals,
(X1, Xo, ..o, Xn).

We will also denote interval vectors as capital letters such as X.

Example 1.6. A three dimensional interval vector

X = (Xl,XQ,Xg)
= ([leyl]v[X%E]’[X?nE])a
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can be represented in the xixox3—plane ; it is the set of all points (xq,x2,x3) such that

Xp <a <X,
X <oy <X,
X <21 < Xy

Let X = (X1, Xs,...,X,) and Y = (Y7, Y5, ..., Y,) be two interval vectors. Then we
have the following proprieties:

1. The intersection of two interval vectors is empty if the intersection of any of their

corresponding components is empty, i.e.,
If X;NY; =0 for some i€ {1,2,...,n}
then X NY = (). Otherwise,
XNY =(X1NnY,XoNnYs, ..., X,,NY,),
which is again an interval vector.
2. XCYitX,CY;foralli=1,...,n.

3. The width(length) of an interval vector X is the largest of the width of any of it is
component intervals

4. The midpoint of an interval vector X is
m(X) = (m(Xy), m(Xz),...,m(X,)),
5. The norm of an interval vector X is
X[ = | max 1G],

this serves as a generalization of absolute value.
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Chapter 2
Interval Fractional Analysis

The study of fractional calculus starts from the beginning of 1695s, and continued to
benifit from it’s development forms in various fields such as electrochemistry and radi-
ology. Also, the fractional differential equation and its applications have been widely
used in various fields such, as science and engineering.

The interval arithmetic provides a possibility to measure uncertainties of uncertain vari-
ables regarding the lack of knowledge of the complex information of the system, where
the interval-valued arithmetic and interval- valued differential equations are the partic-
ular cases of the set-valued analysis and set differential equations, respectively [33].
Recently, the theory of fuzzy calculus and fuzzy differential equations have become one
of the most important subjects in the mathematical analysis area [39], where the con-
nection between the fuzzy analysis and the interval analysis introduced as an attempt
to handle interval uncertainty that appears in many mathematical models of some de-
terministic real world phenomena [22].

The concept of Hukuhara derivative of a set-valued mapping is rigorously combined with
the theoretical foundation of the initial differential equations and the fuzzy differential
equation, where we can use this mapping to permit them to achieve the solutions of

initial differential equations with diminishing diameter of solutions values [33].

2.1 Derivatives and Integrals of Interval-Valued Func-

tions

In this section, we present some recent and basic notions on the integral and differential
calculus for interval-valued functions. In addition to that, some essential theorems for

interval spaces and interval functions are introduced.
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Generalized Hukuhara Differences:

The generalized Hukuhara difference (or gH-difference for short) of two intervals A =

la,@] and B = [b,b] € K is defined as follows [25, 37]
A0,B = [min {Q—Z_),d—l_)} , max {Q—Q,E—Z_)}],

which can be written as follows

A B=< " b
! b

If A,B € K and w(A) > w(B), then the gH-difference A 6,B will be denoted by
A0,B and it is called Hukuhara Differenceor (H"- difference for short) of A and B.
Note that A6,B # A+ (—1)B. If w(A) < w(B), then the gH- DifferencesA §,B which
denoted by AHB[24] and it is called the second Hukuhara difference (H ™ -difference) [24].

Note that the second Hukuhara difference is equivalent to
ABB=A60,B=—(B6A4), if w(A) <w(B).

We recall that

1. w(—=A) =w(A).

2. w(A+ B) = w(A) + w(B).

3. w(Ab, B) = |w(A) —w(B)|.
If A= [a,a], then norm of A is given by

A = masx {a], [al}

A metric structure on K is given by the Housedorff-Pompeiu distance H : XK — [0, 00)
is defined by H(A, B) = max{]g—l_)], |5—l_7|} for A = [a,a) and B = [b,b] [22]. Tt is
known that (I, H) is a complete, separable and locally compact metric space [13].

Let A, B € K. Then we have [33, 39]

e H(A,B) = ||A¢,B||.

e If there exist an interval C' € K such that A = B+ ', then we call C' the Hukuhara
difference of A and B.
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Definition 2.1. [2/] Let X, Y € K. Then X <Y (Y 2 X) if and only if X <Y and
X<Y (X >Y and X > ?). We call < the partial ordering on K.

In following lemma, we will show some interesting properties on the partial ordering <.

Lemma 2.1. [39] Suppose X, Y, Z W € K and ¢ € R". Then
1. X=Yif XY andY < X.
2. If X Y, then X+Z <Y + Z.
3. If X Y, then cX <X cY.
4. X 2Y, then (-1)Y < (-1)X.
5. If XY emists, then X <Y iff YOX < 0.
6. If the Hukuhara difference X0Z, and X0Y exist, then Z XY <— X0Y <X X60Z.
7. If X XY X Z, then H(X,Y) <H(X,Z) and H(Y, Z) < H(X, Z).

On the other hand, for & € N. We say that the sequence (Xj),k € N, X € K is
nondecreasing (nonincreasing), if X =< Xyi1(Xg = Xpy1) for all £ € N. Consider the
interval functions X,Y : [a,b] — K, then the partial ordering < can be extended to the
space of interval functions as follows [24]

X <Y +— X(t) <Y(t)and X(t) < Y(t),

for all t € [a,b] .

If F: [a,b] - K is an interval-valued function such that F(t) = [f(t), f(¢)], then
limy_, F(t) exist if and only if limy_, f(¢) and lim,_, f(t) exist as finite number.

In this case, we have[22]

lim F(t) = [lim f(t), lim F(£)].

t—to t—to — t—to

In particular, F'is continuous if and only if f and f are continuous. If F,G : [a,b] — K
are two interval-valued function, then we define the interval-valued function F6,G :
la,b] — K by (F0,G)(t) = F(t)0,G(t) for all t € [a,b]. If there exist lim; ,, F(t) = A
and lim, ,,;, G(t) = B, then lim,_,;, (F' 6, G)(t) exist, and [22]

lim (F0,G)(t)= A0, B.

t—to
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In particular, If F,G : [a,b] into K are continuous functions, then the interval function
(F8,G) is a continues interval-valued function.
Let C([a,b], ) denote the set of continuous interval-valued function from [a,b] — K.

Then C([a,b],K) is a complete normed space with respect to the norm [22]

[Elc := sup [[F(@)]]
t<b

We say that an interval-valued function F : [a, b] — K is w-increasing (w-decreasing) on
[a, b] if the real function ¢ — wg(t) := w(F(t)) is increasing (decreasing) on [a, b, and

we say that F' is w-monotone on [a, b] [22, 24].

Lemma 2.2. [24] Let X : [a,b] — K be a w-monotone interval-valued function and A €
IC and letY : [a,b] — IC, be the interval-valued function defined by Y (t) = A0, X(t),t €
la,b]. Then

1. If w(X(t)) < w(A) for all t € [a,b], then Y and X are differently w-monotone

(that is, one is w-increasing and the other is w-decreasing) on [a,b].

2. If (w(X(t)) > w(A) for all t € [a,b], then Y and X are equally w-monotone (that

is, both are w-increasing or both w-decreasing) on |a, b].

Generalized Hukuhara Derivative:

Definition 2.2. [25, 37] Let F : [a,b] — K be an interval-valued function and let
to € |a,b]. We define F'(ty) € K (provided it exists) as follows

e k.

We call F'(to) the generalized Hukuhara derivative (gH-derivative for short) of F' at t.

Also we define the left gH-derivative F” (tg) € KC (provided it exists) as

P (1) — tim EUt0 1) 0 Flto)

h—0— h

and the right gH-derivative I (ty) € K (provided it exists) as

, . F(to+h) 6, F(t
) — 1y TP
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We say that F' is generalized Hukuhara differentiable (gH-differentiable for short) on
la,0] if F'(t) € K exist for all ¢ € [a,b]. At the endpoints of [a,b] we consider only the
one sided gH-derivative [22].

The following are some properties which illustrate the behaviour of the gH-derivative

Proposition 2.1. [25, 37] Let F : [a,b] — K be such that F(t) = [f(t), f(t)].t €
[a,b]. If the real-valued functions f and f are differentiable at ¢ € [a,b], then F is
gH-differentiable at t € [a,b] and

F/(t) = [min {£'(6), F (8) } smax { /(). F (1)}

Note that the gH-differentiablity of F' does not imply the differentiability of f and
f (25, 9]. For example, F(t) = [t,/t] : [0,1] — K, is gH- differentiable but f = /¢ is
not differntiable at ¢ = 0.

Proposition 2.2. [25] Let F : [a,b] — K be such that F(t) = [f(t), f(t)],t € [a,b]. If
F is w-monotone and gH-differentiable on [a,b], then [ and f' exist for all t € [a,b).

Moreover, we have that:

1. F(t) = [f'(1),

7/(15)] for allt € [a,b], if F' is w-increasing.
2. F'(t) = [7I(t),f(t)] for allt € [a,b], if F is w-decreasing.

Note that if F' : [a, b] — K is gH-differentiable and w-monotone on [a, b], then w(F(t))
is differentiable on [a,b] and for all ¢ € [a, b] we have [24]

() = 1) =

Q—-lg,

w(F'(t)) = SHw(F(),

if ' is w-increasing on [a, b], and

w(F (1)) = S0 ~T0) = S(w(F),

if F'is w-decreasing on [a,b]. The follows is an example that illustrates the previous

propositions.
Example 2.1. Consider the interval-valued function F :[0,1] — IC given by

F(t)

[t? — 2t, 7]

Since w(F(t)) = 2t, it follows that F is w-increasing on [0,1]. Because f(t) = t*> — 2t
and f(t) = t* are differentiable on [0, 1], then by Proposition 2.1, we obtain that:

FI(t) = [2t — 2,2t], t € [a,].
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If we consider the interval-valued function G : [2t — 3, [t — 1|], then G is w-decreasing
on [0,1] and w-increasing on [1,2]. Also g and g are differentiable on [0, 2]/ {1}, where
[22]

- da+
S o= gy =2
91 = 91) =2,
d
N oy = =2 and Ly =2
a VT VT

It follows that G’ (1) = [-2,2], G’ (1) = 2, then G is gH-differentiable on [0,2]/ {1}
and
[—2t,2] ifteo,1),

G@%:[zm] it e (1,2].

Proposition 2.3. [25] Let F : [a,b] — K be w-monotone and gH-differentiable on [a, b].
The following are true:

1. For all F € K and for all X € R, the interval-valued functions F + X, F 0, and
AF' are the gH-differentiable on |a,b],and

(F+) = F,
(Fo,\) = F
(\F) = \F'.

2. If ' and G are equally w-monotone, then

(F+G) = F'+G and
(F8,G) = F6,G.

3. If ' and G are differently w-monotone, then

(F+G) = F'0,(-G") and
(Fo,G) = F'+(-G).

The Lebesgue integral for interval-valued function is a special case of the Lebesgue
integral for the set-valued mapping [6].
Let F : [a,b] — K be an interval valued function such that F(t) = [f(t), f(t)], where f
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and f are measurable and Lebesgue integrable on [a,b]. Then we define f;F(t) dt by

[22]
/abF(t) dt = [/abi(t) dt,/abf(t) dt] |

and we say that F'is Lebesgue integrable on |a,b].

An interval-valued function F': [a,b] —€ K is called a step set valued function if there

exists a partition {Jy : k =1,2,...,n} of disjoint Lebesgue measurable subset in [a, b].
ie,

U Jk = [CL, b]a

keN

such that F' is constant on each set Jy, k € N [22].

In the following, we present a definition which we will need it in the coming formulas

Definition 2.3. [31/The Space L>({2)

Let Q be any set, and a function f that is measurable on 2 is said to be essentially
bounded on Q, if there is a constant K such that |f(x)] < K a.e on Q. The greatest
lower bound of such constants K is called the essential supremum of |f| on Q, and is
denoted by

esssup |f(x)].
€

We denote by L>(Q)) the vector space of all functions f, that are essentially bounded on
Q, functions being once again identified if they are equal a.e. on Q. Then ||f||s can be
defined by

| fllec = esssup | f(z)].
€N

An interval-valued function F' : [a,b] — K is called measurable if it is almost ev-
erywhere in [a,b] a point wise-limit of the sequence F,, : [a,b] — K, m > 1 of simple
interval-valued functions such that

lim H(F,(t), F(t)) = 0.

m—0o0

for a.e t € [a, b][22].

It is clear that an interval-valued function F': [a,b] — K is measurable if and only if
f and f are measurable. In addition, it is clear that F : [a,b] — K is integrable on [a, b]
if and only if F' is measurable and the real function t +— ||F(t)|| is Lebesgue integrable
on [a,b] [6, 5].
For 1 < p < oo, let LP([a,b]) be the set of all interval-valued functions F' : [a,b] — K
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such that the real function ¢t — ||F(t)|| belongs to LP([a,b]). Then LP(]a,b]) is a complete
metric space with respect to the metric H, defined by H,(F,G) = ||F'0,G||,, where
U NEIdes  1<p <o,

|F]], =
esssupcioy [P p=oc.

An interval-valued function F': [a,b] — K is said to be absolutely continuous if for all
& > 0, there exist § > 0 such that for each family {(Sk,tk) k=1,2,... ,n} of disjoint

open intervals in [a, b] with
n

Z(tk — Sk) < (S,

k=1

we have
n

Y H(F(t) — F(se)) < &

k=1

Let AC(]a, b], K) denote the set of all absolutely continuous interval function from [a, b]
to K [22].

Proposition 2.4. [22] An interval-valued function F : [a,b] — K is absolutely continu-

ous if and only if [ and £ are both absolutely continuous.

Proposition 2.5. [22, 25] Let F : [a,b] — K be Lebesgue integrable on |a,b|. Then the
interval-valued function G : [a,b] — K defined by

t
G(t) ::/ F(s)ds, te€]a,b)]. (2.1)
Then we have the following
1. G is absolutely continuous and G'(t) = F(t), for a.e. t € [a,].

2. If F is continuous on [a,b], then G is continously gH-differentiable on [a,b] and
G'(t) = F(t), for allt € [a,b].

Proposition 2.6. [22, 25] If F € AC([a,b],K), then F is gH-differentiable for a.e. on
la,b] and F' € L'([a,b],K).
Moreover, if F is w-monotone on [a,b], then
t
F(t)0,F(a) = / F'(s)ds (2.2)

for all t € [a,b].
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Also, if we assume that if F' is w-increasing on [a, b], then (2.2) is equivalent to

F(t):F(a)+/ F'(s) ds,

and if F' is w-decreasing on [a, b], then (2.2) is equivalent to

F@)zzFQU@A—lX/tF%k,

for all ¢ € [a, b]][24].

We note that the relation (2.2) is not true if F' is not w-monotone on [a, b] [22].

Example 2.2. If F : [0,1] — K is the interval valued function given by
Ft) = [-21,1— ]

since w(F(t)) = —(t* — 2t — 1), then F is w-increasing on [0,1], and since f, and f are
differentiable on [0,1]. Then by Proposition 2.2., we obtain that

F'(t) =[-2,-2t], te€][0,1].
Now, we have that
t t
/ F'(s)ds = / [—2, —2t] ds
0 0
= [-2t, 7],

and
ﬂﬂ@ﬂmsz—ﬂ#/F@Ms

for allt € [0,1]. Therefore, (2.2) is not true for each t € [0, 1].

2.2 Fractional Derivatives and Integrals of Interval-
Valued Functions

In this section we present definitions and some properties of the Riemann-Liouville, Con-

formable, and Caputo fractional derivatives and integrals of interval-valued functions.
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2.2.1 Riemann-Liouville Fractional Integral of Interval-Valued

Functions

We recall that if f € L'[a,b], then the Riemann-Liouville fractional integral I% f of
order a > 0 is defined by

1

1200 = e / (t — )" f(s)ds,

for a.e. t € [a,b)].

Definition 2.4. For a given real valued function f € L'[a,b] and o > 0, we define f, :
[a,b] = R by fo(t) := (1% f)(t),t € [a,b], and for a € (0,1], we define fi_q : [a,b] = R
by fi-a(t) := (1,7 f)(t),t € [a,b].

In the following, we present some properties of the Riemann-Liouville fractional
integral [24, 14, 34].

1. If f € AC]a,b], then f, € AC]a,b] and

d . d
afa@) = (Lﬁ-&f)(t) +
for a.e. t € [a, b].

2. For any a € (0, 1], we have that f,(t) € AC]a,b] if and only if f1_,(t) € AC|a,b).
Moreover, in this case

d Lo d (t — a)fa
a0 = LG DO + =5 /@),

for a.e. t € [a, b].
3. If f € L®[a,b], then f,(t) € Cla,b] and f,(a) = 0.

Definition 2.5. [24] Let F' € L*([a,b],K),1 < p < oo. Then the interval-valued
Riemann-Liouville fractional integral of order a > 0 of the interval-valued function F is
defined for a.e. t € [a,b] by

PO = g [ =9 Fls) ds.
If F=[f,f]l € L'([a,b],K) and a > 0, it is obvious that
(T F)(t) = (1o f(8), Ig F (1),
for all t € [a,b].
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In the following, we will discuss the cases of increasing and decreasing of the interval-

valued Riemann-Liouville fractional integral.

Lemma 2.3. [22]
Let ® € L'[a, b] be a positive and increasing real function on [a,b] and let o € (0,1]. Then
the real function ¢(t) = ft(t — 8)7*®(s) ds is also increasing on [a,b].

a

Remark 2.2.1. [22]

From the previous lemma it follows that if F' € L*([a,b],K) (1 < p < 00) is w-increasing
on [a,b], then the interval-valued functions (J% F)(t) and (J}7“F)(t) are w-increasing
on [a,b] if « € (0,1). If ® € L'[a,b] is positive and decreasing on [a,b], then the real
function ¢(t) is not decreasing on |[a,b|, in general.

For example, if ¢ : [0,2] — [0,2] is given by ¢(t) =1 —t. Then the function

mw=:Aa—@am®w

- /Ot(t —§)(1 — s)ds

let t — s = x, and substitute it in the integral. Then we get

-« t
¢(t):l—a(l_04—2)’

is increasing on (0,2 — ] and decreasing on [2 — a, 2] for a € (0,1).

In the following theorems, we present the operations on the interval-valued Riemann-

Liouville fractional integral.

Theorem 2.1. [2/]
If F,G € L*([a,b],K), (p € [1,00)) and a, B > 0, then for a.e. t € [a,b] we have that

1w (T8 F)®) = I2w(F(D)).
2 (Jaﬁ((JﬁF)(t))) (1) = (TP F) (D).
3. (T2 (cF))) (t) = «(TXF)(t) for each ¢ € RT.
4 (T (F +G)) (1) = (TEF)(0) + (TG (D).
Theorem 2.2. [22] If F,G € L'([a,b],K) and o > 0, then

E(t) 6, T2 GUE) © T2 (F 6,G)(t), (2.3)
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for allt € [a,b].

Moreover, if the difference w(F(t)) — w(G(t)) has a constant sign on [a,b], then

for all t € [a,b].

In the following example, we show that the inclusion in Theorem 2.2 is strict.

- E () 0y T G() = Toi (F 0, G)(1),

(2.4)

Example 2.3. [22] Let F,G : [0,3] — K be given by F(t) = [0,t] and G(t) = [-2,0],
respectively. First, we remark that w(F(t)) — w(G(t)) has not a constant sign on [0, 3].

so we have

Hence

LFO0,TLCH) =

for all t €10, 3].

1
LF() =

0§+G(t) =

On the other hand, we have that

(F6,G)(2)

= [min{2,¢} ,max {2,t}]

[£,2]
[2, 1]

if telo0,2],
if te (23],

31




fort €10,2], the difference w(F(t)) —w(G(t)) =t — 2 has a constant sign on [0,2], and

we have

LE0GW = [ -9t
= Lﬂ[/ts(t—s)édsﬂ/t(t—s) ds]
4 s
= Sﬁ[t273t2]7
that is )
ox (F10,G)(t) = ()0, 7% G(1)
But for t € (2,3], we have
2 (FO,G)(t) = F(ll) 0 (t—s)_é[s,Q]ds%—%/Q(t—s)_5[2,s]ds
4 3 1 3
= m t2 — (t —2) 3t2+(t—2)z}
o [tz,3t2],

that is O%Jr (F6,G)(t) D OaF(t) o, O%G(t) fort € (2,3]. It follows that the inclusion in
(2.3) is strict on [0, 3].

Theorem 2.3. [22, 34] The interval-valued Riemann-Liouville fractional integral of or-
der a > 0 is a bounded operator from L*([a,b],K) into LP(|a,b], ) where p € [1,00),i.e.,

(b—a)*
iy
T Fllp < Mo+ )H |Ip-
Moreover, if a € (0,1) and 1 <p < é, then J2. is a bounded operator from LP([a, b], )
into L9([a, b], ) where ¢ = =L

(1—ap)*

2.2.2 Riemann-Liouville Fractional Derivative of Interval-Valued

Functions

First, from Section 1.1 we recall the Riemann-Liouville fractional derivative of order
a € (0,1] for a real function f € C([a,b],R) is defined for a.e. t € [a, b] by

Dgi f(t) =

d o, 1 d [ _a
dt]“* ()—m&/ﬂ(t—ﬂ f(r)dr
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In particular, when o = 1, then D}, f(¢) = f'(¢) for a.e. t € [a,b]. For a given interval-
valued function F = [f, f] € L'([a,b],K) and a € (0,1], we define the interval-valued
function Fy_, : [a,b] — K by

Foalt) = (5P = [ s Fle)ds.

for a.e. t € [a, b].

If the gH-derivative (F_,)" exist for a.e. t € [a,b], then (Fi_,)" is called the interval-
valued Riemann-Liouville fractional derivative (or Riemann-Liouville gH-fractional deriva-
tive ) of order a € (0,1]. The Riemann-Liouville gH-fractional derivative of F' will be
denoted by D¢, F'. Therefore

(D F)(t) = (T F)'(b),

for a.e. t € [a, b].

In particular, when a = 1 and F € AC([a,b],K), then (D!, F)(t) = F'(t) for a.e.
t € [a,bl.

In the following, we present some theorems and lemmas which illustrate the Interval-
Valued Riemann-Liouville Fractional Derivative with the interval function’s increasing

or decreasing.
Theorem 2.4. [22] Let F = [f, f] € AC([a,b],K). Then

1. Fi_, € AC([a,b],K) and

Di f(t) = [m {(D2 DO, (D2 D)} max { (D £)(2), <Dz::><t>}] ,
for a.e. t € [a,b].

2. If either F is w-increasing on [a,b] or F' is w-decreasing and Fy_, is w-increasing
on la,bl], then
(D F)(t) = [(Dgs [)(1), (Dgs ()]

for a.e. t € [a,b].

3. If Fi_, is w-decreasing on |a,b]. Then
(D F)(t) = (D3 (1), (Dgs f) (1)

In the following, we present a lemma that will be used to prove the coming theorem.
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Lemma 2.4. [18/ If 0 < a < 1, then

B fi—ala)
I'(a)

(La+ D [)(t) = f(t) (t—a)*".

Moreover, if « =n € N. Then the following equality holds

(L D () = f(t) = (t—a)".

Theorem 2.5. [22] Let F € L'([a,b],K) be such that Fy_, € AC([a,b],K). Then

1. If %w(Fl,a) >0 for a.e. t € [a,b], then

w(F() > =0

Ww(ﬂ_a(a)),

for a.e. t € [a,b].

2. If Sw(Fi_,) <0 for a.e. t € [a,b], then

(t = a)!
w(F(t)) < Ww(Fl_a(a»,
for a.e. t € [a,b].
Proof. (1)
Using lemma 2.4., we get
“ D% w =w —(t_a)a_lw a
12 Dw(F() = w(P(e) — S —u(Fioa(o) (25)
for a.e. t € [a,b]. Now since
a pa e da
S Dgw(P() = I ST w(F()
o d
= I3 Sw(Pia(a)
for a.e. t € [a,b], it follows that
wlF () - L ulFia(@) = 15 gulFa ),

for a.e. t € [a, b].
Noting that I% Sw(Fi_4(t)) > 0 for ae. ¢ € [a,b] if Sw(Fi_4(t)) >0 for a.e. t € [a,b)],
so we are done. Similarly, we can prove (2). O
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Lemma 2.5. [24] Let F = [f, f] € AC([a,b],K). Then

1. If either F' is w-increasing on [a,b] or F' is w-decreasing and Fi_, is w-increasing

on la,bl], then
(t—a)

(DR F)(t) = (J,- “F)(t) +
for a.e. t € [a,b].
2. If F and F_,, are w-decreasing on [a,b], then

1o _ 1—o (t B a)—a
(D F)(t) = (T4 F)(t)ﬁgr(l—_a)(—F(a)),

for a.e. t € [a,b].
The following theorem is a direct consequence of Proposition 2.3.
Theorem 2.6. [2/] Let F,G € AC([a,b],K) be w-monotone on [a,b] and let o € (0, 1]
a) If Fi_, and G1_, are equally w-monotone on |a,b|, then
(Dgr (F 4+ G))(t) = (Dg+ (F))(t) + (D (G)) (1),
for a.e. t € |a,b], and
(D« (F 0, G))(¢) = (D (1))(t) 0y (D3« (G))(1),
for a.e. t € a,b].

b) If Fi_o and Gy_, are differently w-monotone on [a,b], i.e., if one of them is w-

increasing on [a,b], then the other is w-deacreasing on [a,b], then

(D (F+ G))(t) = (Dg+ (F)) (1) 0, (—(Dgi (G))) (1),
for a.e. t € [a,b], and

(D2+ (F0,G))(t) = (Dg: (F) (1) + (—(D3+ (G))) (1),
for a.e. t € [a,b].

The following propositions represent the relation between interval-valued Riemann-

liouville fractional integral and derivative.

35



Proposition 2.7. [22] If F € L”([a,b],K) (1 < p < o), then
Do I+ F(t) = F(t),
for a.e. t € [a,b].
Proof. From previous definitions and theorems, we have
DI F(t) = ( +
= (T F)'(1)
(

[ Fsdsy

= F(1).

T TEFY ()
1
at
t
S

for a.e. t € [a, b]. O

Proposition 2.8. [22] Let ' € LP([a,b],K) (1 < p < o0) be such that Fi_, €
AC([a,b],KC). If there exists an interval-valued function G € LP(la,b],K) with F =
2 G. Then

jaoiDngF(t) - F(t)7
for a.e. t € [a,b].
Proof. Indeed, we have that
LD () = T&(T F)(t)

= a‘i(jalj *J%G) Using the proof of the previous proposition.

= F(t). Given from the statement of the proposition.

[]

Proposition 2.9. [22, 2/] Let F € L'([a,b],K) be such that Fy_, € AC([a,b],K). If
either Lw(Fi_4(t)) > 0 for a.e. t € [a,b] or Lw(Fi_o(t)) <0 for a.e. t € [a,b], then

the gH-Difference F(t) 6, %Fl,a(a) exists for a.e. t € [a,b], and

R R (2.6)

for a.e. t € [a,b].

Proof. From Theorem 2.5 and its proof, we get that
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1. The existence of the difference

for a.e. t € [a, b].

for a.e. t € [a,b].

3. If Lw(Fi_a(t)) > 0 for ae. t € [a,b], then F|_, is w-increasing on [a, b).
Thus

T D F(t) = Jah(Fia) (1)

= JaID% £, DT
= (13D )(®), (18- D T)(B)]

B (t—a)* ! - (t—a)*'=

= [i(t) — Tfl—a( ), f(t) — T'(a) flfa(a)]
(t a)afl

= F()~— @ Fi_q(a),

for a.e. ¢t € [a,b]. By a similar reasoning we obtain (2.6) if Sw(F_,(t)) < 0 for
a.e. t € [a,bl.

O

Remark 2.2.2. [22] Under the conditions of Proposition 2.7, the relation (2.6) can be

written as
(t _ a)oc—l

(o)

for a.e. t € [a,b], if Lw(Fi_o(t)) >0 for a.e. t € [a,b], and as

F(t) = Fia(a) + TADGF(1)

(t —a)*?

B = ")

Fi_a(a)0y(~ T3 DS F (1))

for a.e. t € |a,b], if %w(Fl_a(t)) <0 for a.e. t € [a,b]

The following example illustrates the previous proposition.
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Example 2.4. [22] Let us consider the interval-valued function F : [0,1] — K given by
F(t) = [t2,t72] if t € (0,1] and F(0) = [0,1]. Then F € L([0,1],K), F is w-decreasing
on (0,1], and

1_% 1 ™
Ry =9 0 = = [T
for all t €0, 1].
It follows that Fy_1 € AC([0,1],K) and Lw(Fi_a(t)) <0 for all t € [0,1]. Since the

interval-valued function F1—% is w-decreasing on [0, 1], then we have that

/T

Di.F(t) = Fl_,(t) = 0. el

for all t €10,1], and so O%DEJFF(t) = [0,¢2], for all t € [0,1].
On the other hand,

11 14

that is J%. Dg F(t) = F ()0, 15

Fy_1(0) for all't € [0,1].

2.2.3 Conformable Fractional Derivative of Interval-Valued
Functions

In this subsection, we introduce and study the conformable fractional derivative which

developed under interval arithmetic. The most content of this subsection is from [7, 33].

Definition 2.6. Let T : (a,b) — K and t € (a,b), we say that T is generalized con-
formable fractional differential at t, if there exists T, (t) € R such that

t t=0, T (¢
T () = timg LU LT

9 e—0 €

then T is called a-differentiable at t € (a,b).

In the following theorem, we discuss the value of T according to the function be-

haviour of monotonicity .

Theorem 2.7. Let T(t) = [T1(t), Ta(t)] be a-differentiable and w-monotone on (a,b).
Then for every t € (a,b), the derivatives T1(t) and Ta(t) exist and

1. T@(t) = [7‘1(0‘) (1), 7’2(0‘) (t)], if T is w-increasing.
2. T(t) = [7;(0‘) (1), 7'1(0‘) V)], if T is w-decreasing.
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Proof. Using the generalized conformable fractional derivative, we have for the case of

w-increasing

T(t+t)0,T(t)

Tt = lim

e—0 €
O ), T a0, (600, T )
e—0 c
o [T e - T, T+ et ) - T ()]
e—0 .

= (170, 7).
Similarly, we can get the proof of the case of w-decreasing. m

In the following theorem, we state the relation between Conformable fractional

derivative and Conformable fractional integral of interval-valued functions.

Theorem 2.8. [33] Let F be a-differentiable and w-monotone, then
I, TYE(t) = F(t)0,F(a)
for a.e. t € |a,b], where 1, is the fractional integral.
Proof. Similarly to the proof of Theorem 1.4 and using the definition of integrability,

differentiability and Theorem 2.7, the proof is straightforward. ]

2.2.4 Caputo Fractional Derivative of Interval-Valued Func-

tions

First, from Section 1.1.3, we get that if f € Cfa, b], then the Caputo fractional derivative
denoted by D, f of order « is defined for a.e. ¢t € [a,b] by

1 AR
C Nna
D% = dt —1l<a<n.
e F(n—oz)/a (@ — et 1 “sr

Let F € L'([a,b], K) such that the Riemann-Liouville fractional derivative D%, F exists
a.e. on [a,b], for a € (0,1]. In this case we will define the interval valued Caputo
fractional derivative (“DS, F)(t) of order o € (0,1] of F' by

1 t o
m/a(z—s) F/(s) ds,

for a.e. t € [a,b]. Certainly, (“D, F)(t) = J*F'(t) for a.e. t € [a,b] where (“D2, F)(t)
is called the Interval-Valued Caputo Fractional Derivative (or Caputo gH-Fractional

(“Dg: F)(t) =
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Derivative) of order o € (0,1) [22].
In the following Proposition and Remark, we show how we can find the value of the
interval-valued Caputo fractional derivative with respect to its from the function in-

creasing or decreasing behaviour.

Proposition 2.10. /23] Let F € AC([a,b], K) with F(t) = [f, f]. Then
(¢D%, F)(t) 2 [min {CD3+ f CD;;J} , max {CD3+ / CD;;J}], (2.7)
for a.e. t € [a,b].

Now, the following remark illustrates the condition where the inequality (2.7) is hold.

Remark 2.2.3. [22] If F(t) = [f, f] € AC([a,b],K) and o € (0,1), then it is obvious
that
(D3 F)(t) = lmin {“D3. f, D3 T}, max { D £, D T},

for a.e. t € [a,b]. If F is w-monotone, then

i . D F(t) = [D2 f,°D f] for a.e. t € [a,b], if F is w-increasing.

i . “DY F(t) = [°D2, f, ‘D, f] for a.e. t € [a,b], if I is w-decreasing.

In the following theorems, we will discuss the operation between interval function

via interval-valued Caputo fractional derivative.
Theorem 2.9. [22] Let F,G € AC([a,b],K) be w-monotone on |a,b] and let o € (0,1)

1. If F and G are equally w-monotone on [a,b]. Then

D+ (F +G)(t)

(“Da F)(1) + (“Dgx G)(1),
for a.e. t € |a,b], and
D+ (F0,G)(t) 2 (‘D F) ()0, ("D G) (1),

for a.e. t € a,b]. Moreover, if the difference (w(F'(t)) — w(G'(t))) has a constant
sign for a.e. t € |a,b], then

D+ (F6,G)(t) = (“Dgs F) ()0, ("D G) (1),

for a.e. t € [a,b].
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2. If F and G are differently w-monotone on [a,b], then
D+ (F 0, G)(t) = (“Dg- F)(t) + (=D G) (1),
for a.e. t €la,b], and
D+ (F+G)(1) 2 (D F)(1)8, (=D G) (1),

for a.e. t € [a,b]. Moreover, if the difference (w(F'(t)) — w(G'(t))) has a constant
sign for a.e. t € [a,b], then

D+ (FO,G)(t) = (“Dg+ F)(£)0, (= "D+ G) (1),
for a.e. t € [a,b].

The following example illustrates that relations in the Theorem 2.9 can be false if

the assumptions are not satisfied.

Example 2.5. [22] Consider the interval-valued functions F,G : [0,2] — K, given by
F(t) = [0, —t*+2t] and G(t) = [0, 2t>—4t+3], respectively. We have that wr(t) = —t>+2t
and wg(t) = 2t — 4t + 3 for all t € [0,2]. It follows that F is w-increasing on [0,1] and
w-decreasing on [1,2], and G is w-decreasing on [0,1] and w-increasing on [1,2]. Then

we have that

(F+G)(t) = [0,#* —2t+3],
(F0,G)(t) = [-3t*+6t—3,0],
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for allt € [0,2]. Also, it is easy to check that

Fl(t) =

G'(t) =

(F+G)(t) =

and

(FO,G)(t) =

(

\
(

\
(

\

.

\

[0,2—2t], t e [0,1),
{0}7 t=1,

[2—2t,0], tE(l,Q],
[4t—4,0], t e [0,1),

{0}7 t=1,
0,4t — 4], te(1,2],

[2—2t,0], telo,1),

{0}7 t=1,
[O,Zt — 2], t e (1,2],

0,6 —6t), tel0,1),
0, t=1,
[6—6t,0], te(1,2]

We see that w(F'(t)) —w(G'(t)) has a constant sign on each interval [0, 1] and [1,2], but

it does not have a constant sign on the interval [0,2]. For allt € [0, 1], we obtain that

“DZ F(t)
“Dg.G(1)
CD§+ (F+ G)(t)

“DE. (FO,G)(1)

and

“DZ, F(t) + D2, G(1)

‘D3 F(t)0,°Dg.G(t)

A E




Also, )
“DE(F0,G)(1) ¢ “Dg\ F(1)8,°Ds G (0)

but

1 1 2
“DEF(t) + (=DE)G(t) = [—t% = o}

and

"D}, F(1)0,(~*DE.)G(t) =

Similarly, using the same procedure we obtain that for t € (1,2]

DLEW)+ (DG = oz [ D + (= Detate - 17+ - 0r}
4 “DE(FO,G)(1).
and
CD@F@W%—%ﬁﬁGw _ 5%[@_1ﬁ4p—ni+(;—wﬁ}
# Dy (F+G)0)
But

1 1 1 3
“Dg F(1)0y(—°Dg. )G (1) D “Dg (F + G)(1) for t € (5,

The next theorem gives an equivalent formula of the interval-value Caputo fractional

9.

derivative. But before that, we will present a lemma we need it in the proof of the

theorem.

Lemma 2.6. [3/] For a real-valued function ¢ € AC]a,b], we have

(t—a)

m¢(@)7

D2, o(t) = D2 o(t) +

for a.e. t € [a,b].

Theorem 2.10. /22, 2] Let F = [f, f] € AC([a,b),K). Then the following Properties

are then true
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1. If either F' is w-increasing on [a,b] or F is w-decreasing and Fy_, is w-increasing
on la,bl], then
Dy F(1) = D2 (08, () (25)
——F(a .
at T(1 - a) ’

for a.e. t € [a,b].

2. If both F' and F\_, are w-decreasing on [a,b], then

_ e (t—a)
D F(t) = wﬂﬂ%m(—F(G)L (2.9)

for a.e. t € [a,b].
Proof. 1f F'is w-increasing, then Fj_, is w-increasing on [a, b] and we have

(t—a)
Il —a)

(t—a)™

"D F(t) + Ta—a)

F(a) = [Dgif(t), "D f(O)] + 5

= DRSO+ [ S DT+ { S Fa)

= (D f(t), Dy f(1)]
= Dy F(t),

[f(a), f(a)]

that is (2.8) is true for a.e. t € [a, b].

If F'is w-decreasing and F}_, is w-increasing on [a, b], then

Do F(t) + (-De F(t) = [*Dgi f(1), "D F(0)] + [Dg f(¢), Dg f(2)]
[ e, (e
- g 1
(t—a)™@

It follows that

D F(t)

for a.e. t € [a, b].
Using the same procedures, we get (2.9) if both F' and Fj_,, are w-decreasing on [a,b]. [

In the following there are some properties which illustrate the relationships between
the interval-valued Riemann-Liouville fractional integral and Caputo fractional deriva-

tive.
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Proposition 2.11. [22] If F € AC([a,b],K) is a w-monotone interval-valued function
and o € (0, 1], then
TP F(t) = F(1)0,F(a), (2.10)

for a.et € a,b).

Proof. By Proposition 2.5, we have that

TEDLF(®) = JaTeFE)
= a1+F/(t)

= /atF’(s)ds

= F(t)0,F(a),
for a.e. t € [a, b]. O
Remark 2.2.4. [22] The relation (2.10) can be written as
F(t) = Fla) + T2 D2 F(1).
if F' is w-increasing on [a,b], and as
P(t) = F(a)0,(~1)75 D% F(t),

if F' is w-decreasing on [a,b]. Also, we remark that the equality (2.10) can be false if F
is not monotone on [a,b).
Indeed, for interval-valued function F(t) = [0, —t* + 2t],t € (1,2], we have that

g 8 3 3 3 1
Dg. F(t) = NG (t—1)z,(—1)2+ (5 — i)tz |,
for all t € (1,2]. Hence we obtain that
JEDEF(t) = [-2°+4t+2,* 4 2t 4 2]

£ F(t)0,F(0).

Proposition 2.12. [22] Let F' € L*([a,b],K) be such that either F is w-increasing on

la,b], or F is w-decreasing on [a,b] and Fy(t) := J& F(t) is w-increasing on [a,b], then
D2, T8 F(t) = F(t), (211)

for a.e. t € [a,b).
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Proof. It is known that for a real-valued function ¢ € L>[a, b], we have that *D%, I ¢(t) =
o(t) for a.e. t € [a,b]'. If F is w-increasing on [a, b], then from Lemma 2.3 it follows
that Fy, is also w-increasing on [a, b]. Therefore in both cases, F,, is w-increasing on [a, b]

and we have

‘DULILF(t) = DI f, IS FI(t)
= [“Dg I f,°De I3 f1(t)

= [, /1)

= F(t),
for a.e. t € [a, b]. O

The equality (2.11) can be false if F' is not w-monotone on |a,b] [22]. Now, the

following example illustrates the Proposition 2.12.

Example 2.6. [22] Consider the interval-valued function F : [0, 1] — KC, given by F(t) =
[tz,¢72] if t € (0,1], and F(0) = [0,1]. Then F € L'([0,1],K), but F ¢ L>=([0,1],K).

we have that .
1 ™
Fi(t) = oiF(t):ﬁ |:§ta7T:| :

for all t €0, 1].
It follows that F1 € AC([0,1],K) and %w(F%) < 0 for all ¢ € [0,1]. Since the
interval-valued function F 1= T F is w-decreasing on [0, 1], we have that

™
Dy Fy = F(1) = 0. 7], (2.12)
for all t € [0,1], and so “Dg. J 2 F(t) = [0,22] # F(t), for all ¢ € [a, b].
The following theorem show the interval-valued differential equations with there initial

conditions.

Theorem 2.11. [2/] Let H be an interval-valued function such that H(t) € C'([a,b], K),
and let (T3 H)(t) be w-increasing on [a,b]. Then there is a w-monotone unique solution
X € C([a,b],K) of the initial-value problem

(“Dg: X)(t) = H(¢),

X(a) =X, € K, (213)

given by
1

X(t)0,X, = m/ (t—s)* LH(s)ds, (2.14)

lsee Lemma 2.21 in Kilbas et al. [18]
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Proof. From (2.14) we get that X (a) = Xy and X € C([a,b],K), and for t € (a,b] and
H € C([a,b],K), we get that

(Do [X(1)0,X (a)]) = (T, [X(1)0,X (a)))’
= (J T H)'(1)
= H(t).
This infers that X is a solution of (2.13). Then the proof is completed. O

If X € C([a,b],K) is such that w(X (t)) > w(Xy) for all ¢ € [a, b], then (2.14) can be

written as
X@%:Xh+/mg%€%—iﬂﬁd& t € la,b).

Otherwise, if w(X(t)) < w(Xp) for all ¢ € [a,b], then (2.14) can be written as

t t — S)a—l

;ﬂﬂzxﬂ—U/ETZJ—H@M&tEMﬁ]

If X € C([a,b],K) is an interval-valued function such that X,(t) := X(¢)§,X(a),t €
la,b], satisfies (2.14), then X, is called the Condensed solution of (2.14). Moreover,
if X € C(la,T],K) may produce two solutions of (2.14): a w-increasing solution X 1
(1) = X(a) + Xu(t),t € [a,b], if X is w-increasing on [a, b], and a w-decreasing solution
X 1 (t) = X(a)0(—=X,(t)),t € [a,b], if X is w-decreasing on |a, b].

The following Example illustrates the interval-valued differential equation and its solu-

tion.

Example 2.7. [2]] Let us consider the following initial-value problem

(D2 X)(t) = [t.1], te 0,1,

(2.15)
X(0) = [0,1],
and its associated integral equation
1
X(1)0,X(0) = (T2 F)(t), t€l0,1], (2.16)

where F(t) :=[t,1],t € [0,1]. We have that

: IR S PR
(JZF)(t) = (@/“ )" 2[s,1] ds
4 5 2 1
= |:3\/Et ,\/7_Tt‘|, te[tml]a



1
where ty = 0. If we put Yo(t) == (T2 F)(t), t € [to,1]. Then

N|=

S (o) =5

1—2t),t € (to, 1.
= (1-20).t € (1o,

3

It follows that Yy is w-increasing on [to, 3] and w-decreasing on [3,1]. Then the condensed

solution Xq of the integral equation (2.16), namely
Xo(t) = Xo(t)yXo(to),

B R P | B [to, 1]
- 3ﬁ \/7_1' ) 0

produces a w-monotone solution Xy of (2.15) only on the interval [to, %] We obtain the

3
2
)

w-increasing solution

Xot (1) = X(0)+(TX),

and the w-decreasing solution

Xod () = [0, 0(=(T3X)(1))

2 1 4 3
= 110 | — tz — t2
0.1] [ v 3w ]
I L t € [to, 1]
I DV W 007

The solution Xy can be extended to the right of the point t; up to a point ty € (t1,1] such
1

that (JF)(t) is w-increasing on [t1,ts]. The extension of Xy up to ty is an interval-

valued function X : [to,ta] — K such that Xy (t) = Xo(t) for t € [ty,t1] and X, is the

solution of the following initial-value problem

(DLX)0) = [1.1), 1€ [1,1],
X(t1) = Xo(t1).

(2.17)

where Xo(t1) = Xo(t)0,Xo(te) = (T2 F)(t); that is,
X(h) = Xo T () = X(to) + (T2 F)(t).

if Xo is w-increasing and

1

X(t1) = Xo 4 (t1) = Xo(to)0(— (T F)(t)),
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if Xo is w-decreasing. Here, Xo(to) = [0,1] and X(t;) = Xo 1 (t1) = {é\/g, 1+ %} ,

if X is w-increasing, and X (t;) = Xo | (t1) = [ 21+ %\/g} if X is w-decreasing.

The integral equation associated to (2.17) is

X(0)0,X (1) = (T2)F(t), t€ [t 1]. (2.18)

t

Next, we have that

1

aipe = [l

2

4t +2n 2
— [ N \/t—tl,ﬁ\/t t|, telt,1].
If we put Y1(t) == (jﬁ)F(t), t € [t1,1]. Then
Lo Wi) = — (14t —20), te (]
dt 1 9 W(t—tl) 1 ) 1, 1]

it follows that Y| is w-increasing on [t1,ts], and w-decreasing on [ty, 1], where ty =
s(141t)=2
Then the condensed solution X, of the integral equation (2.18) is

4t + 2t
3T

and it is produces four w-monotone solutions for initial value problem (2.17), namely

Xi(t) == Xy ()0, X1 (1) = [ Vi —t, %\/t — tl] , L€ [k, ),

X A1) = Xot(h)+ (T2)F(),

- ey

1 4t 4 2t 2 2
= _\/j 1 / t1,1+\/7 \/t—tll 3 te[t1,t2],
T 3T T

{415 + 2t Ny 2

3

and

Vit —1y,

X () = Xi L)+ (TDF(D)
2 m]

_ \[ \/; {415 + 2t 2

2 4t+2t1 \F )
= — Vi—1tq,1 —+ —Vt—t
7T \/— 1, + - - + ﬁ 1] )
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for t € [t1,1ta], and two w-decreasing solutions

1

Xy () = XlT He(=((T2)F(1)

e

2 4t—|—2t
= 3\/7+_\/ t171+\/7 1\/t_t1]7 te[t17t2]7

Vr NG

and

X @) = X1 J2)F(1)))

B

2 2 4t + 2t4
= —+ —t—t, 1+ =1/ — t—1t t t1,tal.
\/;—l-ﬁv 15 +3\/;+ N vV 1]7 € [t1, o]

In fact, X1 11 (t) is the w-increasing solution and X1 T (t) is the w-decreasing solution
of (2.17), if we use the initial condition X (t1) = Xo 1 (t1). Similarly, Xy }1 (t) is the
w-increasing solution and Xy . (t) is the w-decreasing solution of (2.17) if we use the
initial condition X (t1) = Xo {1 (t1).

Now, one can check that the interval-valued function X 1:1[0,1] — K given by

Xo 1 (1), tE€lt,t],

XT= Xyt (1), telt,ta,

is a w-increasing solution of (2.15) on [to, ta]. Similar, the interval-valued function X |:
[0,1] = K given by

Xol (), te€ltota,

Xq W (1), te]t,ts,

is a w-increasing solution of (2.15) on [ty, t2]. By mathematical induction we can show

X L(t)=

that for any Xo can be extended to the right of the point t, up to the point t,11 € (t,,1]
1

such that ((J2)F(t)) is w-increasing on [t,, tni1], where toiq = s(141t,),n > 0; that is
l

t,=1-— ( )",n > 0. Indeed, suppose that Xy was extended up to the point t, such that

Xoo1(t) = Xooa(8)0,X0—1(tn-1)

At Ztn
- + 1\/ nl; 71_\/t_25n—1 3

20



where t € [t,_1,t,]. The extension of Xy up to t,y1 is an interval-valued function
X, ¢ [to, tug1] = K such that X,(t) = X,—1(t) fort € [to,t,] and X, is the solution of

the following initial value problem

(DEX)(0) = [11], 1€ [ta.1],

X(tn) _ Xn_l(tn% (2.19)
where X 1(tn) = X 1(£2)0Xn1(tn_1) = ((jt;t VE(t)). Neat,
(b xay = [ e s
o [at+2t, 2
- |t Vi)
where t € [t,,1]. If we putY, = ((Jﬁ)F(t)) t € [tn, 1], then Sw(Y,(t)) = m(l—l—

tn — 2t),t € (tn,1]. It follows that Y, is w-increasing on [t,,t,+1] and w-decreasing on
[tni1, 1], where ty41 = 3(14t,). Then the condensed solution X, of the integral equation
associated with (2.19) is given by

Xo(t) = Xn(t)8,X,(tn)
4t + 2t,, 2
= VEi—tn, —=Vt—1n|, t€ |lnlnt1],
Bﬁ ﬁ [ +1]
and it produces 2™ w-increasing solutions and 2" w-decreasing solutions for initial value
problem (2.19).
A reasoning, not so difficult, lead us to establish the extended monotone solutions of

(2.19) on [0,1]. We obtain the w-increasing solution X 1:1[0,1] — K given by

Xo T (1), telto,t],

Xt(t)=
Xn Tn <t>7 te [tnatn—i—l]vn Z ]-a
where
4t+2t 2
X, " (t) = [ n 3\/_ ——Vt—t,, b, + \/_\/ tnl ,t € [tn,tn+1],n > 1,

1

and 1" means T1 ... T —n + 1 — times
Also, the w-decreasing solution X |: [0,1] — K is given by

X Lo (t), ift e[t t],

X1 (t)=
\l/( ) X \LZ (t>7 the [tnathrl]?n Z 17
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where

2 At + 21,
) [C VA T3/

2 - 1 - 1 1
n - - = _/—) dn == 1 P— 3 - 7. a5 =}

and [™ means |} ...l —n + 1 — times

\/t—tn] b€ [ty tnia],n > 10

2.3 Fuzzy Fractional Differential Equations

This section consists of subsections: In the first, we introduce some basic notions of
fuzzy set and fractional calculus, and in the second, we present several topics such as

differential equations of fractional order with uncertainty.

2.3.1 Definitions and Preliminaries

Definition 2.7. [21] A fuzzy set (class) A in X is characterized by a membership func-

tion Ua(x) which associated with each point in X or a real number in the interval [0, 1]

J.

with the value of Ua(z) at x representing the ” grade of membership” of x in A.
The space of fuzzy numbers in R is denoted by E with the following properties [4]

1. w is normal. i.e., there exists an zg € R such that u(zg) = 1.

2. w is fuzzy convex. i.e., for z,y € R and 0 < XA < 1, then

u(Az + (1 — N)y) > min {u(z),u(y)} .

3. w is upper semicontinuous.
4. [u]’ = cl {z € R;u(z) > 0} is compact.

For 0 < ¢ < 1, denoted [u]? = {z € R:u(z) > ¢}, it follows that the g-level set [u]?
is closed interval for each ¢ € [0,1]. From this characterization of fuzzy numbers, it
follows that a fuzzy number u is completely determined by the end point of the interval

[u]? = [u?,ud], then we can define 0 as following

1, =0,
0, x#0,

>
I
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Then we need to define a metric space d on E which is denoted by dy and defined as

d(u,v) = sup dg([u]?, [v]?), (2.20)

0<g<1
where dy is the Hausedorff metric which is given by
dy([u]?, [v]") = max {Jof — ufl, [v] —ul]}. (2.21)

Note that the arithmetic operations on E are the same of the arithmetic operations
under intervals.

Now; we need to define some spaces related to the fuzzy sets, let T C R, then [4]
1. C(T, E) is the space of all continuous fuzzy functions on T.

2. LY(T, E) is the space of all fuzzy functions f : T — E which are Lebesgue integrable
on the bounded interval T of R.

3. C.([a,b], E) is a complete metric space with respect to the metric

hy(u,v) = max t"d(u(t), v(t)),

te[0,a]

and
C.([0,a), E) = {u e C((0,a], E) : t"'u € C([0,a], E)} .

Definition 2.8. [4] Let « > 0 and u : (0,a] — E be such that [u(t)]? = [u(t),u3(t)] for
every t € (0,a] and q € [0,1]. Suppose that ui,ul € C((0,a], E) N L*((0,a),R) for each
q € [0,1], and let

A= s [/Otu—s)“ (), [ (65 1u3<s>ds],

then the family {A, : q € [0,1]} is defined a fuzzy number u € E such that [u]? = A,.

Let u : T — E be a fuzzy function such that [u(t)]? = [u](t),ud(t)],t € T and
q € [0,1]. Then we have [4, 35]

1. The derivative u/(t) of a fuzzy function u is defined as follows:

[W' ()] = [(u])'(®), () (®)], ¢ <€][0,1], (2.22)

where this equation provided a fuzzy number «/(¢) € E.
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2. The fuzzy integral is defined by

[/abu(t)dtr _ [/abu‘{(t)dt,/abug(t)dt] g e0,1],

provided that ud(t) and ul(¢) are Lebesgue integrable, and we get that fuzzy inte-

gral is a fuzzy number.

3. We have that

T u(s) ds = u(t),

a

for a.e. on [a,b].

4. Tf the endpoints functions (uf)'(¢) and (u3)’'(t) in (2.22) are integrable, then
¢
u(t) = u(a) +/ u'(s)ds,t € [a,b].

2.3.2 Fuzzy Fractional Derivative and Fuzzy Fractional Inte-
gral

Definition 2.9. [5] Let u € C((0,a], E) N L'((0,a), E). Then the fuzzy fractional

integral of order a > 0 of u

Iu(t) = ﬁ/{) (t—s)*tu(s)ds, t€(0,a).

and

[T%u(t)]? = ﬁ [/0 (t — 5)* 1 ud(s) ds,/o (t — ) 1ud(s) ds] ,t€(0,a).

For a = 1, we obtain I'u(t) = [, u(s) ds, which is the integral operator.
Let u,v € C((0,a], EYNL'((0,a), E). Then the fuzzy fractional integral function satisfies
the following properties [4]:

1. I%(cu)(t) = cI*u(t) for each constant ¢ € E.
2. I*(u+v)(t) = I*u(t) + [*v(t).
3. I T%2q(t) = I*1T*2u(t), where oy, ag > 0.
Now; we introduce an example to illustrate the concept of fuzzy fractional integral

function.
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Example 2.8. Let u: [0,a] — E be a constant fuzzy function. Then u(t) = c € E for
t €10,al.

Now, if [c]? = [c], cl], then

[IFu(t)]* =

Hence,
1

['(a+1)
Definition 2.10. [}/ Let u € C((0,a], E) N L'((0,a), E) be a given function such that
[u(t)]? = [uf(t),ud(t)] for every t € (0,a] and ¢ € [0,1]. Then the fuzzy fractional

derivative of order 0 < o < 1 of u is given by the following

I*u(t) = t%u(t).

Dout) = ﬁ% /0 (t— 5)~u(s) ds,

and

[D%u(t)]? = ﬁ [%/0 (t —s)"“ui(s) ds, %/0 (t — s)"“ul(s) ds] ,

provided that the equation defines a fuzzy number D*u(t) € E, where
[Du(t)]” = [Dui(t), D*u5(t)],
for every t € (0,a] and q € [0, 1].

Note that Du(t) = $1'"*u(t) for t € (0,al.
In the following proposition some properties of the fuzzy fractional derivative are intro-
duced.

Proposition 2.13. [5] Let u,v € C((0,a], E) N L'((0,a), E) be a given fuzzy functions
and 0 < a < 1. Then the fuzzy fractional derivative satisfies the following properties

1. D¥(cu)(t) = eD*u(t), for each constant ¢ € E.
2. D*(u+v)(t) = D*u(t) + Dv(t).
3. DI*u(t) = u(t).
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The following is an example which illustrates the fuzzy fractional derivative.

Example 2.9. [5] Let v : (0,a] — E be a constant fuzzy function, u(t) = ¢ € E for
t € (0,a.
If [c]? = [c], ¢5], then

Do) = F(l;—fl) [% /0 (t—s)_o‘c‘fds,% /0 (t—s)-%gds]

t a .q
= F(l— )[01762]
_ e £)]e
RO
Hence 4o
Dfe= ra- a)c7

for every c € K

In the following, we combine two types of differential equations of fractional order
and with uncertainty [5].
Let a € (0,1],7 > 0, and E be the set of fuzzy numbers. Consider the differential

equation with uncertainty of the type:
DX () = f(t, X(8),t € (0, (2.23)

where f : [0,7]x E' — E is a contionous Riemann-Liouville fractional derivative of order
« which is given by Definition 1.2 of the function X : (0,7] — R.

In this case, the initial condition is

lim #'7*X(t) = X, € R. (2.24)

t—0t+

For example, consider the corresponding equation, for € R and o : [0,7] — R
DX (t) +aX(t) =0o(t), t € (0,71, (2.25)

with the initial condition
X(0) = Xo.

If we apply to both side of (2.25) by 1%, then the solution is given by [18§]

X(t) = Xol(a)t* ' By o(—at®) + /0 (t — 8)* ' Eyu(—alt — 5)*)o(s) ds, (2.26)
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where E, , is the classical Mittage Leffler function which given by [15]

)= Rl 1)

k=0
If o =1, then
t
X(t) = Xoexp{—at} + / exp{—a(t —s)}o(s)

Let E be the set of real numbers and consider the nonlinear differential equation
with uncertainty

X'(t) = f(t, X (¢)),t € (0,7T], (2.27)

where f:[0,7] x E — E is continuous, and the initial condition
X(0) =Xy € E. (2.28)
For a > 0, the solution of the linear problem
X'(t)=aX(t)+o(t),t € (0,77,

with the initial condition (2.28) is given by [21]

X(t) = exp{at} (XO +/0 exp{—as}o(s) ds) :

Let us consider the fractional differential equation with uncertainty (2.24), where f :
[0,T] x E — E is continuous, with the initial condition

lim ' X () = X, € E.
t—0+

Suppose that A > 0 such that f is given by
S, X) = AX +g(t, X),

where ¢ : [0,T] x E — E is continuous.
We can write (2.23) as

DX (t) = AX(t) +g(t, X(t)), te€][0,T]. (2.29)
Hence the solution of (2.29) can be derived from (2.26), and it can be written as
X(t) =T(a)t* ' Eyo(M*) X + /Ot(t —8)* B, oAt — 8))g(s, X (5)) ds,
where a = —\ and o(t) = g(t, X (t)).
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Example 2.10. [2] Consider the fractional differential equation
DX(t) = 0,t € (0,T]

with the initial condition
lim ' X () = X, € R.

t—0t+

Then the general solution given in [18] is
X(t) = ct* 1,

with ¢ = Xy € R.

2.3.3 Fuzzy Fractional Differential Equation

The most content of this part is from [5].

Consider the following fuzzy fractional differential equation
D% = f(t,u) (2.30)

where 0 < a < 1 and f : [0,a] x E — E is continuous function on (0,a| x E, with the
initial condition
lim " u(t) = up € E. (2.31)

=0+
A fuzzy function v € C((0,a], E) N L'((0,a), E) is a solution of fuzzy fractional dif-
ferential equation (2.30) if D*u is continuous on (0, a], and satisfy (2.30). A function
u € C([0,al], F) is called an integral solution for (2.30) if f(t,u(t)) € C((0,al, E) N
L'((0,a), E) and
u(t) = ct® 1+ I°f(t, u(t)), (2.32)

holds a.e. on [0, a.
In the following, are some properties of the solution of fuzzy fractional differential equa-
tion are presented.

Proposition 2.14. If f(t,u(t)) € C((0,a], E)NL'((0,a), E). Then an integral solution
of (2.30) is also a solution of (2.30).

Proposition 2.15. Let f : (0,a] x E — E be a given fuzzy function. If t*=“f(t,u) is
continuous on [0,1] x E and there exists M > 0 such that d(t'=® f(t,u),0) < M for each
t € (0,a] and u € E. Then

u(t) = ugt® "t + I°f(t,u(t)), (2.33)
is a solution for the initial value problem (2.30) and (2.31).
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Proof. 1t is clear that u(t) given by (2.33) is an integral solution of (2.30). Then, it’s
sufficient to show that

lim d(t' “u(t =
tggg( u(t), uo) = up,

so we have
lim d(t' ™ u(t),uo) = lim d(t'™Yuet® ' + 7T f(t, u(t)), uo)

t—0t+ t—0+
l1-o

= lim d(uy + t—/o (t —8)* L f(t,u(t)) ds, up)

t—0t F(Oz)

11—«

—/0 (t — s)o‘_ld(f(s,u(s)),@) ds

Mtl—a t
lim —/ (t—s)*1s!™ds
0

IN
5.

IN

]

We conclude with the following theorems which describe the integral equation and

the cases where the fuzzy differential equation has a unique solution.

Theorem 2.12. Let 0 < a < 1. If f : E — E satisfies the following:
F(0) =0,

d(f(u), f(v)) < Ld(u,v),

for some L > 0 independent of u,v € E. Then for any fized c € E, the fuzzy fractional

(2.34)

integral equation

u(®) :cta-1+ﬁ /O (£ — 5)™ 1 F(u(s)) ds

has a unique solution u € C1_,([0,a|, E) for each a > 0.
Theorem 2.13. Let 0 < v < 1. Assume that t*f(t,u) is continuous on [0,1] x E, and
that

ho(f(t,w), f(t,v)) < Lt™*ho(u, ), (2.35)
for every u,v € E and t € (0,1]. If LT'(1 — «) < 1, then the initial value problem (2.30)
and (2.31) has a unique integral solution u € C([0,1], E).

Theorem 2.14. Let 0 < a < 1, if f : E — F satisfies (2.34), then for each ug € E, the
fuzzy value problem

D = f(u),

fu) (2.36)

limtﬁo-&- tl_o‘u(t) = Uy,

29



has a unique solution u € Cy1_,([0,al, E) for all a > 0.

Proof. Assume that

a—1 1 ! a—1
ult) = et + s / (t — )" F(u(s)) ds,

be an integral equation for (2.36), with ¢ € E. Then by Theorem 2.12, this integral

equation has a unique solution u € C1_,([0,al, E). So, it is sufficient to show that

lim t'"%u(t) = c.

t—0t
Then, we have
L tl—cx t . .
lim d("u(e).c) = i dlet fs [ (0= 9" flu(s) ds.0)
tl—oz t R
< 1 _ Oé—].
< Jim [ =it a0y s
< Jim 20 / (= $)° Vd(u(s), 0) ds
= O I'(a) Jo ° WS
: Ltl_a ' a—1_a-1
< Jim Folulhe, / (t - 5)1s* L ds
. LT(a)t®
= ] _ _
A% T2y Mlh-o
= 0.
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