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Abstract. Positron Emission Tomography (PET) is an important nu-
clear medicine imaging technique which enhances the effectiveness of
diagnosing many diseases. The raw-projection data, i.e. the sinogram,
from which the PET is reconstructed, contains a very high level of Pois-
son noise. The latter complicates the PET image’s interpretation which
may lead to erroneous diagnoses. Suitable denoising techniques prior to
reconstruction can significantly alleviate the problem. In this paper, we
propose filtering the sinogram with a constraint curvature motion diffu-
sion for which we compute the edge stopping function in terms of edge
probability under the assumption of contamination by Poison noise. We
demonstrate through simulations with images contaminated by Poisson
noise that the performance of the proposed method substantially sur-
passes that of recently published methods, both visually and in terms of
statistical measures.

1 Introduction

Positron Emission Tomography (PET) is an in vivo nuclear medicine imaging
method that provides functional information of the body tissues. The PET image
results from reconstructing very noisy, low resolution raw data, i.e. the sinogram,
in which important features are shaped as a curved structures. Enhancing the
PET image spurred a wide range of denoising models and algorithms. Some
methodologies focus on enhancing the reconstructed PET image directly, where
others prefer enhancing the sinogram prior to reconstruction. Existing methods
may suffer drawbacks such as the careful selection of a high number of param-
eters, smoothing of the important features’ boundaries, or prohibitive compu-
tation. Recently, nonlinear diffusion techniques have been investigated for PET
images. Many researchers did explore the application of the well-known Perona
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and Malik anisotropic diffusion [15] in combination with diverse diffusivity func-
tions, on PET images [2, 4, 5, 14, 26], as well as on sinograms [6, 25]. The main
drawback of this filter, with respect to the Poisson noise, which characterize
such type of images, is that the diffusion produces important oscillations in the
gradient, which finally leads to a poorly smoothed image [28, 29]. Moreover, the
adopted diffusivity functions do not consider the special properties of the sino-
gram in which the preservation of the curved-shape features is paramount (see
Figure1. In [28], mean curvature motion and Gaussian curvature motion of PET
images have been investigated. Total variation (TV) scheme for smoothing the
PET images was also discussed in [28]. Happonen et al. [29] propose filtering the
sinogram in the stackgram domain where the signal along the sinusoidal trajec-
tories of the sinogram can be filtered separately. They used and compared the
Gaussian and nonlinear filters.

Filtering the sinogram has the advantage that the noise distribution is known,
which is not the case after reconstruction. Consequently, this work proposes
filtering the sinogram by means of a curvature constrained filter in which the
amount of diffusion is modulated according to a probabilistic diffusivity function
that suits images contaminated with Poisson noise. In addition, a comparison of
the proposed method with TV-based methodologies proposed in [1] and [12], is
conducted. For this purpose, a simulated thorax PET phantom was constructed
to which varying levels of Poisson noise have been added is used. For evaluat-
ing the filtering approaches, contrast noise curves (contrast versus background
noise at different iteration numbers) were generated for the different filtering
approaches.

The reminder of the paper is organized as follows. Section 2, briefly review
the notions of curvature motion, edge affected diffusion filtering, and self-snakes.
The proposed filtering scheme is introduced in Sect. 3. Section 4.1 introduces the
applied validation methods, the remainder of Sec.4 discusses the experimental
results. Conclusions and future work are given in Sec.5.

2 Geometry Driven Scale-Space Filtering

This section reviews the formulations for mean curvature motion (MCM), Edge
Affected Variable Conductance Diffusion (EA-VCD), and self-snakes. Let f be a
scalar image defined on the spatial image domain Ω, then the family of diffused
versions of f is given by:

U(f) : f(.) → u(., t) with u(., 0) = f(.) (1)

where U is referred to as the scale-space filter, u is denoted the scale-space image,
and the scale t ∈ R+ [23, 26]. The denoised or enhanced version of f , is a given
u(., t) that is closest to the unknown noise-free version of f .



2.1 Curvature Motion

One way of introducing smoothness in the curve is to let it evolve under its
Euclidean curvature k. Mean curvature motion (MCM) is considered as the
standard curvature evolution. MCM allows diffusion solely along the level-lines.
In Gauge coordinates the corresponding PDE formulation is:

ut(., t) = uvv = k|∇u| = div
[ ∇u

|∇u|
]
|∇u| (2)

Hence diffusion solely occurs along the v-axis.

2.2 Edge Affected Variable Conductance Diffusion

Variable Conductance filtering (VCD) is based on the diffusion with a variable
conduction coefficient that controls the rate of diffusion [23]. In the case of Edge
Affected-VCD (EA-VCD), the conductance coefficient is inversely proportional
to the edgeness. Consequently it is commonly referred to as the edge stopping
function (g), in which the edgeness is typically measured by the gradient mag-
nitude. The EA-VCD is governed by:

ut = div [g(|∇u|)∇u] (3)

The above PDE system together with the initial condition given in (1) is com-
pleted with homogenous von Neumann boundary condition on the boundary of
the image domain. Note that the Perona and Malik’s antitropic diffusion [15] is
an EA-VCD.

2.3 Self-Snakes

Self-snakes are a variant of the MCM in which an edge-stopping function is
introduced [19]. The main goal is preventing further shrinking of the level-lines
once they have reached the important image edges. For scalar images, self-snakes
are governed by:

ut = |∇u|div
[
g(|∇u|) ∇u

|∇u|
]

(4)

This equation adopts the same boundary condition as (3). Furthermore, it can
be decomposed in two parts [19, 23]:

ut = g|∇u|div
[
∇u
|∇u|

]
+(∇g).∇u

= gk|∇u| +(∇g).∇u
(5)

The first part describes a degenerate forward diffusion along the level lines, i.e.
orthogonal to the local gradient; it allows preserving the edges. Additionally,
the diffusion is limited in areas with high gradient magnitude and encouraged
in smooth areas. Actually the first term is the constraint curvature motion. The
second term can be viewed as a shock filter since it pushes the level-lines towards
valleys of high gradient, acting as Osher’s shock filter [18].



3 The Probabilistic Curvature Motion Filter

Based on (i) the curvature motion method, and (ii) a probabilistic diffusivity
function, we presented in an earlier work [16], this section introduces the pro-
posed filtering schemes for PET sinogram, considering the following character-
istics:

1. The important features in the sinogram are curved structures with high
contrast values. These represent the region of interests in the reconstructed
PET image, e.g. tumor.

2. The weak edges in the sinogram are the edges that contains low contrast
values. In other words, edges with small |uww|.

3. The noise in the sinogram is a priori identified as a Poisson noise.

The above presented schemes, namely, MCM (2), EA-VCD (3) and the Self-
Snakes (5), can be derived using the following general equation:

ut = g1(|∇u|)uvv + g2(|∇u|)uww (6)

where the second order Gauge derivatives of the image in the (vv) and (ww)
directions are given by:

uvv = uxxu2
y−2uxuyuxy+uyyu2

x

(u2
x+u2

y)
uww = uxxu2

y+2uxuyuxy+uyyu2
x

(u2
x+u2

y)
(7)

Equation (6) comprises, a diffusion modulated by g1 along the image edges (vv)
(a smoothing term), and a diffusion adjustable by g2 across the image edges (ww)
(a sharpening term). Careful modeling of these terms allows efficiently denoising
the PET sinograms, whilst keeping their interesting features. In the following
sections, we propose the use of a probabilistic diffusivity function, and derive
two diffusions schemes, for which we did apply the Gauge derivatives numerical
approximation that was described in [23].

3.1 The Probabilistic Diffusivity Function

The main idea of the Probabilistic Diffusivity Function [16] is to express the
diffusivity function as the probability that the observed gradient presents no
edge of interest under a suitable marginal prior distribution for the noise-free
gradient histogram. The diffusivity function was defined as:

gpr(x) = A(1− P (H1|x)) (8)

where the normalizing constant A is set to A = 1/(1− P (H1|0)) to ensure that
gpr(0) = 1; the hypothesis H1 describes the notion whether an edge element of
interest is present given the considered noise, and H0 an edge element of interest
is absent. Formally,

H0 : y ≤ σn, and H1 : y > σn (9)



with y being the ideal, noise-free, gradient magnitude, and σn the noise standard
deviation in the observed gradient image. In [16] it has been demonstrated that

gpr(x) = (1 + µη(0))
1

1 + µη(x)
(10)

where µ = P (H1)/P (H0) is the prior odds, and η(x) = p(x|H1)/p(x|H0) is the
likelihood ratio.

Considering a Laplacian prior p(y) = λ
2 e−λ|y|, we have µ =

(
eλσn − 1

)−1 [16],
and the parameter λ can be estimated as

λ = [0.5(σ2 − σ2
n)]−1/2 (11)

with σ2 denoting the variance of the noisy image, and σ2
n, as defined above. Due

to limited space, the reader is referred to [16] for the detailed expression of η(x)
in (10).

The proposed diffusivity function,(10), has no free parameters to optimize,
and it fits well in the cluster of the reference backward-forward diffusivities.
Indeed, for the considered PET sinograms, the noise standard deviation, σn,in
11 is being estimated as σ2

n = V ar(uLn) where the image noise uLn is recon-
structed from the two finest resolution levels coefficients by applying the wavelet
decomposition of u, using daubechi(4) function.

3.2 Probabilistic Constraint Curvature Motion

For the probabilistic constraint curvature motion (PCCM), we start from a con-
straint version of mean curvature motion: the diffusion across the level lines is
prohibited whilst the diffusion along the level-lines is controlled via the proba-
bilistic diffusivity function (10):

ut = gpr(|∇u|)uvv = gpr(|∇u|)k|∇u| (12)

Thus the function g1 in (6) is chosen to be g1
.= gpr, for dealing with Poisson

noise. This filter effectively smooths the image, as well as preserves edges of the
important features such as lines, curve and flow-like structures.

By its nature, the PCCM cannot enhance the weak edges and/or features in the
sinogram. The second term in (6) allows the sharpening. Consequently, we set
g2

.= g′1. In this way, weak but important edges are enhanced whilst the noise is
removed efficiently. Formally, the enhanced PCCM (ePCCM) is given by:

ut = gpr(|∇u|)uvv + g′pr(|∇u|)uww (13)



3.3 Probabilistic Self Snakes (PSS)

It can be demonstrated that the diffusion of scalar images via EA-VCD can be
decomposed into (5), moreover, it can be rewritten as [7, 23]:

ut = g(|∇u|)uvv + [g(|∇u|) + g′(|∇u|)|∇u|] uww (14)

consolidating the properties of both the self-snakes and the EA-VCD into a sin-
gle diffusion schema. Considering equation (6), and the proposed probabilistic
diffusivity function, we have g1(x) .= gpr(x), and the sharpening term, g2(x) .=
gpr(x) + xg′pr(x).

This filter proves to be very effective and flexible for the sinogram image
where the high contrast regions, which represent a tumor in the reconstructed
PET, should be smoothed wisely without blurring the poor edges. Like EA-
VCDT, the main advantage of this filter is that the average gray value of the
image is not altered during the diffusion process which is a significant issue in
the sinogram.

4 Experiments and Discussion

4.1 Introduction

The goal of the conducted experiments consists of measuring the performance
of the proposed filtering methods, and studying their influence on the two com-
monly used PET reconstruction methods. The filtered back projection (FBP)
[11], and the iterative ordered subset expectation maximization (OSEM) [8], re-
spectively. The FBP algorithm is computationally efficient while the OSEM al-
gorithm can incorporate easily prior information on the image to improve image
quality. In our experiments, the reconstruction parameters of these algorithms
are set as follows: the hamming parameter in the FBP method is 0.5, while for the
OSEM, we use 16 subsets and run it for 4 iterations. In the following the recon-
structed PET images are denoted by UF(t) = FBP(ut), and UO(t) = OSEM(ut),
respectively, for a given enhanced sinogam ut.

A simulated thorax PET phantom, containing three regions of interest (tu-
mors) was constructed. To which varying levels of Poisson noise have been added
and used for the evaluation. 50 realizations (noisy sinograms) with added noise
level of 1x106 coincident events, have been generated. Each sinogram has a
size of 256x256 pixels and their spacing is 2x2 mm

pixel . Figure.1(a) shows the ideal
noise-free sinogram with the PET images obtain via the FBP (Fig.1(c)) and,
OSEM (Fig.1(d)) reconstruction. A corresponding noise contaminated realiza-
tion is shown in Fig.1(b),(e)-(f).

The proposed PCCM and PSS diffusion schemes have been assessed and
evaluated against resent Total Variation (TV) denoising techniques, namely, the
approach of Chambolle [1], denoted here after as TV-C, and the Nesterov [12]
algorithm, denoted as TV-N.



(a) (b) (c)

(d) (e) (f)

Fig. 1. (a) Original simulated sinogram and its reconstructed PET image using (b)
FBP (c) OSEM reconstruction. (d) An example of one realization of a noisy sinogram
and (e-f) the corresponding reconstructed PET images. The tumors (ROI) are the 3
clearly visible white spots.

4.2 Quantitative Evaluation Measures

Two types of evaluation measures are adopted. The first set stems from measur-
ing the quality of the filtering techniques whilst the second set originates from
validating the quality of the PET reconstruction. As ground-truth information,
the former uses the noise-free image, whilst the latter needs prior identification
of the important areas by a medical professional.

Denoising Quality The idea is to verify the quality of the denoised sinogram,
ut, with respect to the noise-free image I. In this work, we adopt the following
measures [22]:

DQ1 The Peak Signal to Noise Ratio (PSNR) is a statistical measure of error,
used to determine the quality of the filtered images. It represents the ratio
of a signal power to the noise power corrupting. Obviously, one sees that
the higher the PSNR, the better the quality.

PSNR(t) = 10log10

Card(Ω)∑
p∈Ω

|I(p)− ut(p)| (15)

DQ2 The correlation (Cmρ) between the noise-free and the filtered image. The
higher this correlation the better the quality is.

Cmρ(t) = ρ [I, ut] (16)



DQ3 The calculated variance of the noise (NV) describes the remaining noise-
level. Therefore, it should be as small as possible.

NV(t) = V ar (|I − ut|) (17)

In this work, we are interested in comparing the maximum of each measure for
the different filtering approaches. The latter yields the best obtainable result per
measure.

The Contrast Recovery Curve For evaluating the filtering on the reconstructed
PET images, the filtered data, at discrete scales for the proposed PDE ap-
proaches, and regularization parameters values, for the TV approaches, were
reconstructed using the FBP and the OSEM approaches. With the reconstructed
data sets we determine the contrast recovery curve using a set of region of in-
terests that were identified by a medical professional. In our case, the 3 white
spots that represent tumors in Fig.1. This was accomplished by quantifying a
Contrast Gain, cg, and coefficients of variations V arcg. We calculate the con-
trast gain cgi for each realizations i ∈ [1, N = 50] and its overall variance. Let
R = {r1, r2, . . . , rn} be the set of identified ROIs (n = 3 in our case), and B a
representative background tissue area,then:

cgi(t) = 1
n

∑
r∈R

1
Card(r)

∑
p∈r

U (i)(p, t)− 1
Card(B)

∑
p∈B

U (i)(p, t)

V arcg(t) = 1
N

N∑
i=1

(cgi(t)− 1
N

N∑
j=1

cgj(t))2
(18)

where p is a pixel. The V arcg versus cg plot provides a straightforward evaluation
method for the contrast-noise tradeoff [3]. The best quality PET reconstruction
is situated in the upper, i.e. high contrast gain, left, i.e. high stability, area of
the plot.

4.3 Evaluation

A fundamental issue with scale-spaces induced by diffusion processes, as the ones
proposed in this paper, is the automatic selection of the most salient scale. For
our PET sinogram denoising application, we use an earlier proposed optimal
scale selection approach [22], where the maximum correlation method has been
adopted:

topt = argmax
[
Ĉmp(t)

]
= argmax

[
σ[ut] +

σ[no(t0)]
σ[ut0 ]

σ[no(t)]
]

(19)

withno is the so-called outlier noise, which we estimated using the proposed
wavelet-based noise estimation. Note that, t0 is the zeroth scale, thus ut0 = f
and n(t0) represents the initial amount of noise.



Figures 2.(a),(d) illustrates the obtained optimal scale using the PSS ap-
proach, and and the TV-C results, respectively. The Table 1 lists the quantita-
tive results comparing the different denoising approaches. The best performing
filtering method, per measure is, displayed in bold. As it can be seen, the best
performing filtering is achieved when using the PSS. Furthermore, we notice
that for all the used measures, the proposed diffusion methods outperform the
considered TV-based filters.

Table 1. Denoising quality measures v.s. filtering approaches.

f PCCM ePCCM PSS TV-C TV-N

PSNR(topt) -17.510 -4.1000 -4.1000 -3.9900 -5.7200 -5.1100
NV(topt) 7.5100 1.6000 1.6000 1.5500 1.9300 1.8000
Cmρ(topt) 0.8500 0.9915 0.9916 0.9917 0.9876 0.9890

Figure 3 depicts the Contrast Recovery Curves for the investigated filtering
methods. Recall that, the best enhancement is obtained when the contrast gain
is as high as possible whilst the variance over it remains as small as possible.
Furthermore, the degree of smoothness of the curve indicates the stability and
biasing level.

(a) (b) (c)

(d) (e) (f)

Fig. 2. Enhanced sinogram and reconstructed PET images. PSS-based approach first
row, TV-based approach second row.
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Fig. 3. The contrast-noise curve. The best performance occurs in the area where the
contrast gain is high and its variance is low.

We may observe that all investigated methods have a good performance.
However, the proposed PSS yields the best performance on the given data set.

5 Conclusions

Experiments results show that combining the probabilistic diffusivity function
with the curvature motion diffusion produces a powerful nonlinear filtering method
that is appropriate for PET sinograms. It preserves the boundaries of the curvy
shape features and wisely smoothes the regions of interest as well as the other
regions. Our findings show that the PCCM method smoothes the PET images
and keeps the boundaries of the important features, while the weak edges in some
cases are vanished. On the other hand, the ePCCM method overcome this prob-
lem and the contrast recovered better in the ROIs by the enhancing term in the
filter. This filter gives a well smoothed image and preserves the edges, and gains
the advantage of the curvature motion diffusion and the shock filter. The PSS
approach deal better with the problem of the poor and discontinuity of edges
which is common in the PET images. Using the probabilistic diffusion function
has proven to be an effective and suitable tool for controlling the diffusion pro-
cess in the proposed scheme. The results, as shown in the contrast-noise curves,
demonstrate that this function has a great capability to detect and enhance the
important features edge’s in the high noisy sinogram images. Moreover, The pro-
posed diffusivity function has no free parameters to optimize. All parameters are
image-based, and are automatically estimated and proved to give the the best
results.
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